
Triality in Little String Theories
Stefan Hohenegger

29. Apr. 2019

GGI Workshop: String Theory from a Worldsheet Perspective

based on work in collaboration with: Brice Bastian, Amer Iqbal and Soo-Jong Rey 

Galileo Galilei Institute, 29 Apr. 2019

hep-th 1610.07916 ,  hep-th 1710.02455 
hep-th 1711.07921,  hep-th 1807.00186,  hep-th 1810.05109,  hep-th 1811.03387



very rich structure

at the heart of key structures in M-theory and string theory
Strong Motivation to study supersymmetric/-conformal quantum theories in dimensions > 4:

(flagship example: world-volume theory of multiple M5-branes)
encode topological invariants and data of underlying string geometry
connection to supersymmetric gauge theories in 4 dimensions (AGT relations)

Study of Quantum Theories in Higher Dimensions



very rich structure

at the heart of key structures in M-theory and string theory
Strong Motivation to study supersymmetric/-conformal quantum theories in dimensions > 4:

(flagship example: world-volume theory of multiple M5-branes)
encode topological invariants and data of underlying string geometry
connection to supersymmetric gauge theories in 4 dimensions (AGT relations)

Mathematically very involved and difficult to study using ‘traditional’ methods
typically lack of Lagrangian description (e.g. (2,0) theories — might not exist?)

gauging difficult in 6 dimensions (lack of vector degrees of freedom)
lack of perturbative description 

Study of Quantum Theories in Higher Dimensions



very rich structure

at the heart of key structures in M-theory and string theory
Strong Motivation to study supersymmetric/-conformal quantum theories in dimensions > 4:

(flagship example: world-volume theory of multiple M5-branes)
encode topological invariants and data of underlying string geometry
connection to supersymmetric gauge theories in 4 dimensions (AGT relations)

Mathematically very involved and difficult to study using ‘traditional’ methods
typically lack of Lagrangian description (e.g. (2,0) theories — might not exist?)

gauging difficult in 6 dimensions (lack of vector degrees of freedom)
lack of perturbative description 

use vast net of dualities to map the problem to a ‘tractable’ setup=)

Study of Quantum Theories in Higher Dimensions



very rich structure

at the heart of key structures in M-theory and string theory
Strong Motivation to study supersymmetric/-conformal quantum theories in dimensions > 4:

(flagship example: world-volume theory of multiple M5-branes)
encode topological invariants and data of underlying string geometry
connection to supersymmetric gauge theories in 4 dimensions (AGT relations)

Mathematically very involved and difficult to study using ‘traditional’ methods
typically lack of Lagrangian description (e.g. (2,0) theories — might not exist?)

gauging difficult in 6 dimensions (lack of vector degrees of freedom)
lack of perturbative description 

use vast net of dualities to map the problem to a ‘tractable’ setup=)

Geometrically:
Calabi Yau manifolds 
(refined) topological string

Brane Configurations
(Non-)compact M5/M2-systems
D5-NS5-brane configurations

World-sheet description
M-strings

Study of Quantum Theories in Higher Dimensions



very rich structure

at the heart of key structures in M-theory and string theory
Strong Motivation to study supersymmetric/-conformal quantum theories in dimensions > 4:

(flagship example: world-volume theory of multiple M5-branes)
encode topological invariants and data of underlying string geometry
connection to supersymmetric gauge theories in 4 dimensions (AGT relations)

Mathematically very involved and difficult to study using ‘traditional’ methods
typically lack of Lagrangian description (e.g. (2,0) theories — might not exist?)

gauging difficult in 6 dimensions (lack of vector degrees of freedom)
lack of perturbative description 
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Geometrically:
Calabi Yau manifolds 
(refined) topological string

Brane Configurations
(Non-)compact M5/M2-systems
D5-NS5-brane configurations

World-sheet description
M-strings

use ‘stringy’ tools to compute quantities in quantum field theory 
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Rich class of examples realised in 11-
dimensional M-theory through 
systems of parallel M5-branes with 
M2-branes stretched between them 

[Haghighat, Iqbal, Kozçaz, Lockhart, Vafa 2013]
[Haghighat, Kozçaz, Lockhart, Vafa 2013]
[SH, Iqbal 2013]

[SH, Iqbal, Rey 2015]
[Haghighat 2015]

[Haghighat, Murthy, Vafa, Vandoren 2015]
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stretched M2-branes 

M-string provide description of  
(almost) tensionless strings in 6. dim. 
relevant for                  SCFTN = (2, 0)

notably: F-theory compactification on toric, non-compact Calabi-Yau threefolds
[Morrison, Vafa 1996]

[SH, Iqbal, Rey 2015]
[Bhardwaj, Del Zotto, Heckman, Morrison, Rudelius, Vafa 2016]

[Heckman, Morrison, Vafa 2013]
[Del Zotto, Heckman, Tomasiello,  Vafa 2014]
[Heckman 2014]
[Haghighat, Klemm, Lockhart, Vafa 2014]
[Heckman, Morrison, Rudelius, Vafa 2015]
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Brane Configurations
The most general configuration of branes in M-theory in 11 dimensions looks like

non-compact case: R
M5-branes distributed along non-comp. (6)-direction
with M2-branes stretched between them

M5-branes arranged on a circle

necessary for little-string interpretation 
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Compactification:

Deformations:

Compactify (0,1) to                             with radii        and       T 2 ⇠ S1 ⇥ S1

introducing complex coordinates                                                and (z1, z2) = (x2 + ix3, x4 + ix5) (w1, w2) = (x7 + ix8, x9 + ix10)

gauge theory: Omega-background mass-deformation
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BPS States and Topological String
Free Energy: Counts number of BPS configurations, i.e. M2-branes wrapping holomorphic 

[Haghighat, Iqbal, Kozçaz, Lockhart, Vafa 2013]
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Newton Polygons
Alternative view on the three gauge theories: Newton polygons as dual of web diagrams 
Example: (N,M) = (3, 2)
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<latexit sha1_base64="zZ95vW9D7qf3on/wH2iY5VcXQ7w=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSK0UEpaBfUgFL14USoYW0hD2Ww37dLNJuxuhBL6M7x4UPHqv/Hmv3Hb5qCtDwYe780wM8+POVPatr+tpeWV1bX13EZ+c2t7Z7ewt/+ookQS6pCIR7LtY0U5E9TRTHPajiXFoc9pyx9eT/zWE5WKReJBj2LqhbgvWMAI1kZyS3eV2/Jl6aRSL3cLRbtqT4EWSS0jRcjQ7Ba+Or2IJCEVmnCslFuzY+2lWGpGOB3nO4miMSZD3KeuoQKHVHnp9OQxOjZKDwWRNCU0mqq/J1IcKjUKfdMZYj1Q895E/M9zEx2ceykTcaKpILNFQcKRjtDkf9RjkhLNR4ZgIpm5FZEBlphok1LehFCbf3mROPXqRdW+Py02rrI0cnAIR1CCGpxBA26gCQ4QiOAZXuHN0taL9W59zFqXrGzmAP7A+vwBdTGO8g==</latexit><latexit sha1_base64="zZ95vW9D7qf3on/wH2iY5VcXQ7w=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSK0UEpaBfUgFL14USoYW0hD2Ww37dLNJuxuhBL6M7x4UPHqv/Hmv3Hb5qCtDwYe780wM8+POVPatr+tpeWV1bX13EZ+c2t7Z7ewt/+ookQS6pCIR7LtY0U5E9TRTHPajiXFoc9pyx9eT/zWE5WKReJBj2LqhbgvWMAI1kZyS3eV2/Jl6aRSL3cLRbtqT4EWSS0jRcjQ7Ba+Or2IJCEVmnCslFuzY+2lWGpGOB3nO4miMSZD3KeuoQKHVHnp9OQxOjZKDwWRNCU0mqq/J1IcKjUKfdMZYj1Q895E/M9zEx2ceykTcaKpILNFQcKRjtDkf9RjkhLNR4ZgIpm5FZEBlphok1LehFCbf3mROPXqRdW+Py02rrI0cnAIR1CCGpxBA26gCQ4QiOAZXuHN0taL9W59zFqXrGzmAP7A+vwBdTGO8g==</latexit><latexit sha1_base64="zZ95vW9D7qf3on/wH2iY5VcXQ7w=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSK0UEpaBfUgFL14USoYW0hD2Ww37dLNJuxuhBL6M7x4UPHqv/Hmv3Hb5qCtDwYe780wM8+POVPatr+tpeWV1bX13EZ+c2t7Z7ewt/+ookQS6pCIR7LtY0U5E9TRTHPajiXFoc9pyx9eT/zWE5WKReJBj2LqhbgvWMAI1kZyS3eV2/Jl6aRSL3cLRbtqT4EWSS0jRcjQ7Ba+Or2IJCEVmnCslFuzY+2lWGpGOB3nO4miMSZD3KeuoQKHVHnp9OQxOjZKDwWRNCU0mqq/J1IcKjUKfdMZYj1Q895E/M9zEx2ceykTcaKpILNFQcKRjtDkf9RjkhLNR4ZgIpm5FZEBlphok1LehFCbf3mROPXqRdW+Py02rrI0cnAIR1CCGpxBA26gCQ4QiOAZXuHN0taL9W59zFqXrGzmAP7A+vwBdTGO8g==</latexit>
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<latexit sha1_base64="tLukINdEmDz8F233jDPfXuuwe6c="></latexit><latexit sha1_base64="tLukINdEmDz8F233jDPfXuuwe6c="></latexit><latexit sha1_base64="tLukINdEmDz8F233jDPfXuuwe6c="></latexit>
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<latexit sha1_base64="g95wCseF+XbinazD+sbqCm1ziFQ="></latexit><latexit sha1_base64="g95wCseF+XbinazD+sbqCm1ziFQ="></latexit><latexit sha1_base64="g95wCseF+XbinazD+sbqCm1ziFQ="></latexit>

-) decomposition into two horizontal strips W↵1↵2↵3
�1�2�3

<latexit sha1_base64="rlLKwAW7mbzChZq6r85Q9Z9p6xs=">AAACHHicbVBNS8NAEN34WetX1KOXYBE8laQW1FvRi8cKxhbaGCbbTbt0swm7G6GE/hEv/hUvHlS8eBD8N27SHLR1YHmP92aYnRckjEpl29/G0vLK6tp6ZaO6ubW9s2vu7d/JOBWYuDhmsegGIAmjnLiKKka6iSAQBYx0gvFV7nceiJA05rdqkhAvgiGnIcWgtOSbzc591geWjMB3SmyUeDr1s35AVO4U0JiB1s2aXbeLshaJU5IaKqvtm5/9QYzTiHCFGUjZc+xEeRkIRTEj02o/lSQBPIYh6WnKISLSy4rrptaxVgZWGAv9uLIK9fdEBpGUkyjQnRGokZz3cvE/r5eq8NzLKE9SRTieLQpTZqnYyqOyBlQQrNhEE8CC6r9aeAQCsNKBVnUIzvzJi8Rt1C/q9k2z1ros06igQ3SETpCDzlALXaM2chFGj+gZvaI348l4Md6Nj1nrklHOHKA/ZXz9AOLvof4=</latexit><latexit sha1_base64="rlLKwAW7mbzChZq6r85Q9Z9p6xs=">AAACHHicbVBNS8NAEN34WetX1KOXYBE8laQW1FvRi8cKxhbaGCbbTbt0swm7G6GE/hEv/hUvHlS8eBD8N27SHLR1YHmP92aYnRckjEpl29/G0vLK6tp6ZaO6ubW9s2vu7d/JOBWYuDhmsegGIAmjnLiKKka6iSAQBYx0gvFV7nceiJA05rdqkhAvgiGnIcWgtOSbzc591geWjMB3SmyUeDr1s35AVO4U0JiB1s2aXbeLshaJU5IaKqvtm5/9QYzTiHCFGUjZc+xEeRkIRTEj02o/lSQBPIYh6WnKISLSy4rrptaxVgZWGAv9uLIK9fdEBpGUkyjQnRGokZz3cvE/r5eq8NzLKE9SRTieLQpTZqnYyqOyBlQQrNhEE8CC6r9aeAQCsNKBVnUIzvzJi8Rt1C/q9k2z1ros06igQ3SETpCDzlALXaM2chFGj+gZvaI348l4Md6Nj1nrklHOHKA/ZXz9AOLvof4=</latexit><latexit sha1_base64="rlLKwAW7mbzChZq6r85Q9Z9p6xs=">AAACHHicbVBNS8NAEN34WetX1KOXYBE8laQW1FvRi8cKxhbaGCbbTbt0swm7G6GE/hEv/hUvHlS8eBD8N27SHLR1YHmP92aYnRckjEpl29/G0vLK6tp6ZaO6ubW9s2vu7d/JOBWYuDhmsegGIAmjnLiKKka6iSAQBYx0gvFV7nceiJA05rdqkhAvgiGnIcWgtOSbzc591geWjMB3SmyUeDr1s35AVO4U0JiB1s2aXbeLshaJU5IaKqvtm5/9QYzTiHCFGUjZc+xEeRkIRTEj02o/lSQBPIYh6WnKISLSy4rrptaxVgZWGAv9uLIK9fdEBpGUkyjQnRGokZz3cvE/r5eq8NzLKE9SRTieLQpTZqnYyqOyBlQQrNhEE8CC6r9aeAQCsNKBVnUIzvzJi8Rt1C/q9k2z1ros06igQ3SETpCDzlALXaM2chFGj+gZvaI348l4Md6Nj1nrklHOHKA/ZXz9AOLvof4=</latexit>



Newton Polygons
Alternative view on the three gauge theories: Newton polygons as dual of web diagrams 
Example: (N,M) = (3, 2)

<latexit sha1_base64="zZ95vW9D7qf3on/wH2iY5VcXQ7w=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSK0UEpaBfUgFL14USoYW0hD2Ww37dLNJuxuhBL6M7x4UPHqv/Hmv3Hb5qCtDwYe780wM8+POVPatr+tpeWV1bX13EZ+c2t7Z7ewt/+ookQS6pCIR7LtY0U5E9TRTHPajiXFoc9pyx9eT/zWE5WKReJBj2LqhbgvWMAI1kZyS3eV2/Jl6aRSL3cLRbtqT4EWSS0jRcjQ7Ba+Or2IJCEVmnCslFuzY+2lWGpGOB3nO4miMSZD3KeuoQKHVHnp9OQxOjZKDwWRNCU0mqq/J1IcKjUKfdMZYj1Q895E/M9zEx2ceykTcaKpILNFQcKRjtDkf9RjkhLNR4ZgIpm5FZEBlphok1LehFCbf3mROPXqRdW+Py02rrI0cnAIR1CCGpxBA26gCQ4QiOAZXuHN0taL9W59zFqXrGzmAP7A+vwBdTGO8g==</latexit><latexit sha1_base64="zZ95vW9D7qf3on/wH2iY5VcXQ7w=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSK0UEpaBfUgFL14USoYW0hD2Ww37dLNJuxuhBL6M7x4UPHqv/Hmv3Hb5qCtDwYe780wM8+POVPatr+tpeWV1bX13EZ+c2t7Z7ewt/+ookQS6pCIR7LtY0U5E9TRTHPajiXFoc9pyx9eT/zWE5WKReJBj2LqhbgvWMAI1kZyS3eV2/Jl6aRSL3cLRbtqT4EWSS0jRcjQ7Ba+Or2IJCEVmnCslFuzY+2lWGpGOB3nO4miMSZD3KeuoQKHVHnp9OQxOjZKDwWRNCU0mqq/J1IcKjUKfdMZYj1Q895E/M9zEx2ceykTcaKpILNFQcKRjtDkf9RjkhLNR4ZgIpm5FZEBlphok1LehFCbf3mROPXqRdW+Py02rrI0cnAIR1CCGpxBA26gCQ4QiOAZXuHN0taL9W59zFqXrGzmAP7A+vwBdTGO8g==</latexit><latexit sha1_base64="zZ95vW9D7qf3on/wH2iY5VcXQ7w=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSK0UEpaBfUgFL14USoYW0hD2Ww37dLNJuxuhBL6M7x4UPHqv/Hmv3Hb5qCtDwYe780wM8+POVPatr+tpeWV1bX13EZ+c2t7Z7ewt/+ookQS6pCIR7LtY0U5E9TRTHPajiXFoc9pyx9eT/zWE5WKReJBj2LqhbgvWMAI1kZyS3eV2/Jl6aRSL3cLRbtqT4EWSS0jRcjQ7Ba+Or2IJCEVmnCslFuzY+2lWGpGOB3nO4miMSZD3KeuoQKHVHnp9OQxOjZKDwWRNCU0mqq/J1IcKjUKfdMZYj1Q895E/M9zEx2ceykTcaKpILNFQcKRjtDkf9RjkhLNR4ZgIpm5FZEBlphok1LehFCbf3mROPXqRdW+Py02rrI0cnAIR1CCGpxBA26gCQ4QiOAZXuHN0taL9W59zFqXrGzmAP7A+vwBdTGO8g==</latexit>
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<latexit sha1_base64="tLukINdEmDz8F233jDPfXuuwe6c="></latexit><latexit sha1_base64="tLukINdEmDz8F233jDPfXuuwe6c="></latexit><latexit sha1_base64="tLukINdEmDz8F233jDPfXuuwe6c="></latexit>

dual of web 
diagram
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<latexit sha1_base64="g95wCseF+XbinazD+sbqCm1ziFQ="></latexit><latexit sha1_base64="g95wCseF+XbinazD+sbqCm1ziFQ="></latexit><latexit sha1_base64="g95wCseF+XbinazD+sbqCm1ziFQ="></latexit>

-) decomposition into two horizontal strips W↵1↵2↵3
�1�2�3

<latexit sha1_base64="rlLKwAW7mbzChZq6r85Q9Z9p6xs=">AAACHHicbVBNS8NAEN34WetX1KOXYBE8laQW1FvRi8cKxhbaGCbbTbt0swm7G6GE/hEv/hUvHlS8eBD8N27SHLR1YHmP92aYnRckjEpl29/G0vLK6tp6ZaO6ubW9s2vu7d/JOBWYuDhmsegGIAmjnLiKKka6iSAQBYx0gvFV7nceiJA05rdqkhAvgiGnIcWgtOSbzc591geWjMB3SmyUeDr1s35AVO4U0JiB1s2aXbeLshaJU5IaKqvtm5/9QYzTiHCFGUjZc+xEeRkIRTEj02o/lSQBPIYh6WnKISLSy4rrptaxVgZWGAv9uLIK9fdEBpGUkyjQnRGokZz3cvE/r5eq8NzLKE9SRTieLQpTZqnYyqOyBlQQrNhEE8CC6r9aeAQCsNKBVnUIzvzJi8Rt1C/q9k2z1ros06igQ3SETpCDzlALXaM2chFGj+gZvaI348l4Md6Nj1nrklHOHKA/ZXz9AOLvof4=</latexit><latexit sha1_base64="rlLKwAW7mbzChZq6r85Q9Z9p6xs=">AAACHHicbVBNS8NAEN34WetX1KOXYBE8laQW1FvRi8cKxhbaGCbbTbt0swm7G6GE/hEv/hUvHlS8eBD8N27SHLR1YHmP92aYnRckjEpl29/G0vLK6tp6ZaO6ubW9s2vu7d/JOBWYuDhmsegGIAmjnLiKKka6iSAQBYx0gvFV7nceiJA05rdqkhAvgiGnIcWgtOSbzc591geWjMB3SmyUeDr1s35AVO4U0JiB1s2aXbeLshaJU5IaKqvtm5/9QYzTiHCFGUjZc+xEeRkIRTEj02o/lSQBPIYh6WnKISLSy4rrptaxVgZWGAv9uLIK9fdEBpGUkyjQnRGokZz3cvE/r5eq8NzLKE9SRTieLQpTZqnYyqOyBlQQrNhEE8CC6r9aeAQCsNKBVnUIzvzJi8Rt1C/q9k2z1ros06igQ3SETpCDzlALXaM2chFGj+gZvaI348l4Md6Nj1nrklHOHKA/ZXz9AOLvof4=</latexit><latexit sha1_base64="rlLKwAW7mbzChZq6r85Q9Z9p6xs=">AAACHHicbVBNS8NAEN34WetX1KOXYBE8laQW1FvRi8cKxhbaGCbbTbt0swm7G6GE/hEv/hUvHlS8eBD8N27SHLR1YHmP92aYnRckjEpl29/G0vLK6tp6ZaO6ubW9s2vu7d/JOBWYuDhmsegGIAmjnLiKKka6iSAQBYx0gvFV7nceiJA05rdqkhAvgiGnIcWgtOSbzc591geWjMB3SmyUeDr1s35AVO4U0JiB1s2aXbeLshaJU5IaKqvtm5/9QYzTiHCFGUjZc+xEeRkIRTEj02o/lSQBPIYh6WnKISLSy4rrptaxVgZWGAv9uLIK9fdEBpGUkyjQnRGokZz3cvE/r5eq8NzLKE9SRTieLQpTZqnYyqOyBlQQrNhEE8CC6r9aeAQCsNKBVnUIzvzJi8Rt1C/q9k2z1ros06igQ3SETpCDzlALXaM2chFGj+gZvaI348l4Md6Nj1nrklHOHKA/ZXz9AOLvof4=</latexit>

-) decomposition into three vertical strips W↵1↵2
�1�2

<latexit sha1_base64="m7Oz4UNb6btWWKIkkvel8Fwrh8c=">AAACDXicbVDLSsNAFJ3UV62vqEs3g6XgqiRFUHdFNy4rGFtoY5hMb9qhkwczE6GEfoEbf8WNCxW37t35N07SLLT1wHAP59zLnXv8hDOpLOvbqKysrq1vVDdrW9s7u3vm/sGdjFNBwaExj0XPJxI4i8BRTHHoJQJI6HPo+pOr3O8+gJAsjm7VNAE3JKOIBYwSpSXPbHTvswHhyZh4dllbMy8b+KBypShaMOtW0yqAl4ldkjoq0fHMr8EwpmkIkaKcSNm3rUS5GRGKUQ6z2iCVkBA6ISPoaxqREKSbFefMcEMrQxzEQr9I4UL9PZGRUMpp6OvOkKixXPRy8T+vn6rg3M1YlKQKIjpfFKQcqxjn2eAhE0AVn2pCqGD6r5iOiSBU6QRrOgR78eRl4rSaF03r5rTevizTqKIjdIxOkI3OUBtdow5yEEWP6Bm9ojfjyXgx3o2PeWvFKGcO0R8Ynz9uFZvq</latexit><latexit sha1_base64="m7Oz4UNb6btWWKIkkvel8Fwrh8c=">AAACDXicbVDLSsNAFJ3UV62vqEs3g6XgqiRFUHdFNy4rGFtoY5hMb9qhkwczE6GEfoEbf8WNCxW37t35N07SLLT1wHAP59zLnXv8hDOpLOvbqKysrq1vVDdrW9s7u3vm/sGdjFNBwaExj0XPJxI4i8BRTHHoJQJI6HPo+pOr3O8+gJAsjm7VNAE3JKOIBYwSpSXPbHTvswHhyZh4dllbMy8b+KBypShaMOtW0yqAl4ldkjoq0fHMr8EwpmkIkaKcSNm3rUS5GRGKUQ6z2iCVkBA6ISPoaxqREKSbFefMcEMrQxzEQr9I4UL9PZGRUMpp6OvOkKixXPRy8T+vn6rg3M1YlKQKIjpfFKQcqxjn2eAhE0AVn2pCqGD6r5iOiSBU6QRrOgR78eRl4rSaF03r5rTevizTqKIjdIxOkI3OUBtdow5yEEWP6Bm9ojfjyXgx3o2PeWvFKGcO0R8Ynz9uFZvq</latexit><latexit sha1_base64="m7Oz4UNb6btWWKIkkvel8Fwrh8c=">AAACDXicbVDLSsNAFJ3UV62vqEs3g6XgqiRFUHdFNy4rGFtoY5hMb9qhkwczE6GEfoEbf8WNCxW37t35N07SLLT1wHAP59zLnXv8hDOpLOvbqKysrq1vVDdrW9s7u3vm/sGdjFNBwaExj0XPJxI4i8BRTHHoJQJI6HPo+pOr3O8+gJAsjm7VNAE3JKOIBYwSpSXPbHTvswHhyZh4dllbMy8b+KBypShaMOtW0yqAl4ldkjoq0fHMr8EwpmkIkaKcSNm3rUS5GRGKUQ6z2iCVkBA6ISPoaxqREKSbFefMcEMrQxzEQr9I4UL9PZGRUMpp6OvOkKixXPRy8T+vn6rg3M1YlKQKIjpfFKQcqxjn2eAhE0AVn2pCqGD6r5iOiSBU6QRrOgR78eRl4rSaF03r5rTevizTqKIjdIxOkI3OUBtdow5yEEWP6Bm9ojfjyXgx3o2PeWvFKGcO0R8Ynz9uFZvq</latexit>



Newton Polygons
Alternative view on the three gauge theories: Newton polygons as dual of web diagrams 
Example: (N,M) = (3, 2)

<latexit sha1_base64="zZ95vW9D7qf3on/wH2iY5VcXQ7w=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSK0UEpaBfUgFL14USoYW0hD2Ww37dLNJuxuhBL6M7x4UPHqv/Hmv3Hb5qCtDwYe780wM8+POVPatr+tpeWV1bX13EZ+c2t7Z7ewt/+ookQS6pCIR7LtY0U5E9TRTHPajiXFoc9pyx9eT/zWE5WKReJBj2LqhbgvWMAI1kZyS3eV2/Jl6aRSL3cLRbtqT4EWSS0jRcjQ7Ba+Or2IJCEVmnCslFuzY+2lWGpGOB3nO4miMSZD3KeuoQKHVHnp9OQxOjZKDwWRNCU0mqq/J1IcKjUKfdMZYj1Q895E/M9zEx2ceykTcaKpILNFQcKRjtDkf9RjkhLNR4ZgIpm5FZEBlphok1LehFCbf3mROPXqRdW+Py02rrI0cnAIR1CCGpxBA26gCQ4QiOAZXuHN0taL9W59zFqXrGzmAP7A+vwBdTGO8g==</latexit><latexit sha1_base64="zZ95vW9D7qf3on/wH2iY5VcXQ7w=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSK0UEpaBfUgFL14USoYW0hD2Ww37dLNJuxuhBL6M7x4UPHqv/Hmv3Hb5qCtDwYe780wM8+POVPatr+tpeWV1bX13EZ+c2t7Z7ewt/+ookQS6pCIR7LtY0U5E9TRTHPajiXFoc9pyx9eT/zWE5WKReJBj2LqhbgvWMAI1kZyS3eV2/Jl6aRSL3cLRbtqT4EWSS0jRcjQ7Ba+Or2IJCEVmnCslFuzY+2lWGpGOB3nO4miMSZD3KeuoQKHVHnp9OQxOjZKDwWRNCU0mqq/J1IcKjUKfdMZYj1Q895E/M9zEx2ceykTcaKpILNFQcKRjtDkf9RjkhLNR4ZgIpm5FZEBlphok1LehFCbf3mROPXqRdW+Py02rrI0cnAIR1CCGpxBA26gCQ4QiOAZXuHN0taL9W59zFqXrGzmAP7A+vwBdTGO8g==</latexit><latexit sha1_base64="zZ95vW9D7qf3on/wH2iY5VcXQ7w=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSK0UEpaBfUgFL14USoYW0hD2Ww37dLNJuxuhBL6M7x4UPHqv/Hmv3Hb5qCtDwYe780wM8+POVPatr+tpeWV1bX13EZ+c2t7Z7ewt/+ookQS6pCIR7LtY0U5E9TRTHPajiXFoc9pyx9eT/zWE5WKReJBj2LqhbgvWMAI1kZyS3eV2/Jl6aRSL3cLRbtqT4EWSS0jRcjQ7Ba+Or2IJCEVmnCslFuzY+2lWGpGOB3nO4miMSZD3KeuoQKHVHnp9OQxOjZKDwWRNCU0mqq/J1IcKjUKfdMZYj1Q895E/M9zEx2ceykTcaKpILNFQcKRjtDkf9RjkhLNR4ZgIpm5FZEBlphok1LehFCbf3mROPXqRdW+Py02rrI0cnAIR1CCGpxBA26gCQ4QiOAZXuHN0taL9W59zFqXrGzmAP7A+vwBdTGO8g==</latexit>
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-) decomposition into two horizontal strips W↵1↵2↵3
�1�2�3
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-) for diagonal decomposition: choose different fundamental domain
single strip W↵1↵2↵3↵4↵5↵6
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Newton Polygons
Alternative view on the three gauge theories: Newton polygons as dual of web diagrams 
Example: (N,M) = (3, 2)
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presentation of the web diagram associated
with alternative fundamental domain



Newton Polygons
Alternative view on the three gauge theories: Newton polygons as dual of web diagrams 
Example: (N,M) = (3, 2)
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presentation of the web diagram associated
with alternative fundamental domain

-) all fundamental domains equivalent

-) lead to same partition function
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Vertical expansion of           gives rise to a gauge theory with gauge group           and part. fct.U(6) Z(6,1)
vertZ6,1
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Symmetry transformations do not flop any curve whose area is proportional to             V

Vertical expansion of           gives rise to a gauge theory with gauge group           and part. fct.U(6) Z(6,1)
vertZ6,1
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Symmetry transformations do not flop any curve whose area is proportional to             V

Z(3,2)
diag Z(6,1)

vert=) partition functions             and              have same asymptotic expansion               

Vertical expansion of           gives rise to a gauge theory with gauge group           and part. fct.U(6) Z(6,1)
vertZ6,1



Generalisation to (N,M)
Duality conjectured to hold for generic (N,M)

XN,M ⇠ XNM/k,k k = gcd(N,M)where



Generalisation to (N,M)
Duality conjectured to hold for generic (N,M)

XN,M ⇠ XNM/k,k k = gcd(N,M)where

Newton polygon (dual of the topic web diagram)

· · · · · ·

...

...N

M



Generalisation to (N,M)
Duality conjectured to hold for generic (N,M)

XN,M ⇠ XNM/k,k k = gcd(N,M)where

Newton polygon (dual of the topic web diagram)

· · · · · ·

...

...N

M

Fundamental domain  
for tiling the plane



Generalisation to (N,M)
Duality conjectured to hold for generic (N,M)

XN,M ⇠ XNM/k,k k = gcd(N,M)where

Newton polygon (dual of the topic web diagram)

· · · · · ·

...

...

•

•

•

•

•

•

•

•

•

•

•

•

• •

•

•

•

•

•

•

•

•

•

•

•

•

(N
M k
,
N

M k
)

(N
M k

+
1,

N
M k
)

N

M



Generalisation to (N,M)
Duality conjectured to hold for generic (N,M)

XN,M ⇠ XNM/k,k k = gcd(N,M)where

Newton polygon (dual of the topic web diagram)

· · · · · ·

...

...

•

•

•

•

•

•

•

•

•

•

•

•

• •

•

•

•

•

•

•

•

•

•

•

•

•

(N
M k
,
N

M k
)

(N
M k

+
1,

N
M k
)

N

M

equivalent tiling of the plane 
by these two lines, which visit 

every inequivalent point 
exactly once



XN,M ⇠ XN 0,M 0
NM = N 0M 0

gcd(N,M) = gcd(N 0,M 0)
for 

Consequence: dualities between Calabi-Yau threefold (extended moduli space)



XN,M ⇠ XN 0,M 0
NM = N 0M 0

gcd(N,M) = gcd(N 0,M 0)
for 

Consequence: dualities between Calabi-Yau threefold (extended moduli space)

example:X6,5

1

2

3

4

5

6

1

2

3

4

5

6

a

b

c

d

e

a

b

c

d

e

v1

v2

v3

v4

v5

v6

v7

v8

v9

v10

v11

v12

v13

v14

v15

v16

v17

v18

v19

v20

v21

v22

v23

v24

v25

v26

v27

v28

v29

v30

v1

v2

v3

v4

v5

v6

h6

h1

h2

h3

h4

h5

h6

h12

h7

h8

h9

h10

h11

h12

h18

h13

h14

h15

h16

h17

h18

h24

h19

h20

h21

h22

h23

h24

h30

h25

h26

h27

h28

h29

h30

m1

m2

m3

m4

m5

m6

m7

m8

m9

m10

m11

m12

m13

m14

m15

m16

m17

m18

m19

m20

m21

m22

m23

m24

m25

m26

m27

m28

m29

m30



XN,M ⇠ XN 0,M 0
NM = N 0M 0

gcd(N,M) = gcd(N 0,M 0)
for 

Consequence: dualities between Calabi-Yau threefold (extended moduli space)

example:X6,5 ⇠ X10,3

1

2

3

4

5

6

7

8

9

10

1

2

3

4

5

6

7

8

9

10

a

b

c

a

b

c

v01

v02

v03

v04

v05

v06

v07

v08

v09

v010

v011

v012

v013

v014

v015

v016

v017

v018

v019

v020

v021

v022

v023

v024

v025

v026

v027

v028

v029

v030

v01

v02

v03

v04

v05

v06

v07

v08

v09

v010

h0
10

h0
1

h0
2

h0
3

h0
4

h0
5

h0
6

h0
7

h0
8

h0
9

h0
10

h0
20

h0
11

h0
12

h0
13

h0
14

h0
15

h0
16

h0
17

h0
18

h0
19

h0
20

h0
30

h0
21

h0
22

h0
23

h0
24

h0
25

h0
26

h0
27

h0
28

h0
29

h0
30

m0
1

m0
2

m0
3

m0
4

m0
5

m0
6

m0
7

m0
8

m0
9

m0
10

m0
11

m0
12

m0
13

m0
14

m0
15

m0
16

m0
17

m0
18

m0
19

m0
20

m0
21

m0
22

m0
23

m0
24

m0
25

m0
26

m0
27

m0
28

m0
29

m0
30



XN,M ⇠ XN 0,M 0
NM = N 0M 0

gcd(N,M) = gcd(N 0,M 0)
for 

Consequence: dualities between Calabi-Yau threefold (extended moduli space)

example:X6,5 ⇠ X10,3

⇠ X15,2 ⇠ X30,1 ⇠ X5,6

⇠ X3,10 ⇠ X2,15 ⇠ X1,30

1

2

3

4

5

6

7

8

9

10

1

2

3

4

5

6

7

8

9

10

a

b

c

a

b

c

v01

v02

v03

v04

v05

v06

v07

v08

v09

v010

v011

v012

v013

v014

v015

v016

v017

v018

v019

v020

v021

v022

v023

v024

v025

v026

v027

v028

v029

v030

v01

v02

v03

v04

v05

v06

v07

v08

v09

v010

h0
10

h0
1

h0
2

h0
3

h0
4

h0
5

h0
6

h0
7

h0
8

h0
9

h0
10

h0
20

h0
11

h0
12

h0
13

h0
14

h0
15

h0
16

h0
17

h0
18

h0
19

h0
20

h0
30

h0
21

h0
22

h0
23

h0
24

h0
25

h0
26

h0
27

h0
28

h0
29

h0
30

m0
1

m0
2

m0
3

m0
4

m0
5

m0
6

m0
7

m0
8

m0
9

m0
10

m0
11

m0
12

m0
13

m0
14

m0
15

m0
16

m0
17

m0
18

m0
19

m0
20

m0
21

m0
22

m0
23

m0
24

m0
25

m0
26

m0
27

m0
28

m0
29

m0
30



Consequences for General Configuration (N,M)
Summarise dualities for generic               (partially conjectural):(N,M)



Consequences for General Configuration (N,M)
Summarise dualities for generic               (partially conjectural):(N,M)

Extended moduli space of              : XN,M

XN,M ⇠ XN 0,M 0
NM = N 0M 0

gcd(N,M) = gcd(N 0,M 0)
for 

intermediate Kähler cone(s) that are passed through
in the series of flop- and symmetry transformations
connecting XN,M and XN0,M0

Kähler cone of XN,M

Kähler cone of XN0,M0

walls of Kähler cones

[SH, Iqbal, Rey 2016]



Consequences for General Configuration (N,M)
Summarise dualities for generic               (partially conjectural):(N,M)

Extended moduli space of              : XN,M

XN,M ⇠ XN 0,M 0
NM = N 0M 0

gcd(N,M) = gcd(N 0,M 0)
for 

intermediate Kähler cone(s) that are passed through
in the series of flop- and symmetry transformations
connecting XN,M and XN0,M0

Kähler cone of XN,M

Kähler cone of XN0,M0

walls of Kähler cones

Partition function invariant (proven for              )M = 1

ZN,M ({h}, {v}, {m}, ✏1,2) = ZN 0,M 0({h0}, {v0}, {m0}, ✏1,2)
[Bastian, SH, Iqbal, Rey 2017]
[SH, Iqbal, Rey 2016]



Consequences for General Configuration (N,M)
Summarise dualities for generic               (partially conjectural):(N,M)

Extended moduli space of              : XN,M

XN,M ⇠ XN 0,M 0
NM = N 0M 0

gcd(N,M) = gcd(N 0,M 0)
for 

Partition function invariant (proven for              )M = 1

ZN,M ({h}, {v}, {m}, ✏1,2) = ZN 0,M 0({h0}, {v0}, {m0}, ✏1,2)
[Bastian, SH, Iqbal, Rey 2017]
[SH, Iqbal, Rey 2016]

Weak coupling regions within given Kähler cone: 

•
••

•

R
m ! ! 1

•

R
h ! ! 1

•

R
v ! ! 1



Consequences for General Configuration (N,M)
Summarise dualities for generic               (partially conjectural):(N,M)

Extended moduli space of              : XN,M

XN,M ⇠ XN 0,M 0
NM = N 0M 0

gcd(N,M) = gcd(N 0,M 0)
for 

Partition function invariant (proven for              )M = 1

ZN,M ({h}, {v}, {m}, ✏1,2) = ZN 0,M 0({h0}, {v0}, {m0}, ✏1,2)
[Bastian, SH, Iqbal, Rey 2017]
[SH, Iqbal, Rey 2016]

Weak coupling regions within given Kähler cone: 

•
••

•

R
m ! ! 1

•

R
h ! ! 1

•

R
v ! ! 1

quiver gauge theories with gauge groups

k = gcd(N,M)for 

Ghor = [U(M)]N

Gvert = [U(N)]M

Gdiag = [U(NM/k)]k



Consequences for General Configuration (N,M)
Summarise dualities for generic               (partially conjectural):(N,M)

Extended moduli space of              : XN,M

XN,M ⇠ XN 0,M 0
NM = N 0M 0

gcd(N,M) = gcd(N 0,M 0)
for 

Partition function invariant (proven for              )M = 1

ZN,M ({h}, {v}, {m}, ✏1,2) = ZN 0,M 0({h0}, {v0}, {m0}, ✏1,2)
[Bastian, SH, Iqbal, Rey 2017]
[SH, Iqbal, Rey 2016]

Weak coupling regions within given Kähler cone: 

•
••

•

R
m ! ! 1

•

R
h ! ! 1

•

R
v ! ! 1

quiver gauge theories with gauge groups

k = gcd(N,M)for 

Ghor = [U(M)]N

Gvert = [U(N)]M

Gdiag = [U(NM/k)]k

represent low energy limits of LSTs

T-duality



Consequences for General Configuration (N,M)
Summarise dualities for generic               (partially conjectural):(N,M)

Extended moduli space of              : XN,M

XN,M ⇠ XN 0,M 0
NM = N 0M 0

gcd(N,M) = gcd(N 0,M 0)
for 

Partition function invariant (proven for              )M = 1

ZN,M ({h}, {v}, {m}, ✏1,2) = ZN 0,M 0({h0}, {v0}, {m0}, ✏1,2)
[Bastian, SH, Iqbal, Rey 2017]
[SH, Iqbal, Rey 2016]

Weak coupling regions within given Kähler cone: 

•
••

•

R
m ! ! 1

•

R
h ! ! 1

•

R
v ! ! 1

quiver gauge theories with gauge groups

k = gcd(N,M)for 

Ghor = [U(M)]N

Gvert = [U(N)]M

Gdiag = [U(NM/k)]k

represent low energy limits of LSTs

T-duality

triality of LSTs



Dihedral Symmetries of Configuration (N,1)
Web of dualities among different theories can be turned into symmetries for individual theories

[SH, Bastian 2018]



Dihedral Symmetries of Configuration (N,1)
Web of dualities among different theories can be turned into symmetries for individual theories

Example (N,M)=(2,1): 
[SH, Bastian 2018]



Dihedral Symmetries of Configuration (N,1)
Web of dualities among different theories can be turned into symmetries for individual theories

Example (N,M)=(2,1): 
[SH, Bastian 2018]

a

a

1

2

1

2

h1

h2

h1

v1

v2

m1

m2

m1

m2

S2

S1

S2

S2

S1

S2

ba
1

ba
2

S

R
�

2S

<latexit sha1_base64="aRM3hDDbdcbdVu/j+CVLnC/5+M4="></latexit>

dual web diagrams
a

a

1

2

1

2

h1

h2

h1

m2

m1

v2

v1

v2

v1

S 0
2

S 0
1

S 0
2

S 0
2

S 0
1

S 0
2

ba 0
1

ba 0
2

S 0

R
0 �

2S
0

<latexit sha1_base64="CjkdDv3fsNTc3SveVwHYHN+cenA="></latexit>

ba1 = v1 + h2 , ba2 = v2 + h1 ,

S = h2 + v2 + h1 , R� 2S = m1 � v2 .
<latexit sha1_base64="WF2iEDorm0M4yqATNCzXVvLwJR0="></latexit>

ba01 = m1 + h1 , ba02 = m2 + h2 ,

S0 = h2 +m1 + h1 , R0 � 2S0 = v2 �m1 .
<latexit sha1_base64="CVuFlrti/nPAaoJ8feRohKif4cE="></latexit>



Dihedral Symmetries of Configuration (N,1)
Web of dualities among different theories can be turned into symmetries for individual theories

Example (N,M)=(2,1): 
[SH, Bastian 2018]

a

a

1

2

1

2

h1

h2

h1

v1

v2

m1

m2

m1

m2

S2

S1

S2

S2

S1

S2

ba
1

ba
2

S

R
�

2S

<latexit sha1_base64="aRM3hDDbdcbdVu/j+CVLnC/5+M4="></latexit>

dual web diagrams
a

a

1

2

1

2

h1

h2

h1

m2

m1

v2

v1

v2

v1

S 0
2

S 0
1

S 0
2

S 0
2

S 0
1

S 0
2

ba 0
1

ba 0
2

S 0

R
0 �

2S
0

<latexit sha1_base64="CjkdDv3fsNTc3SveVwHYHN+cenA="></latexit>

ba1 = v1 + h2 , ba2 = v2 + h1 ,

S = h2 + v2 + h1 , R� 2S = m1 � v2 .
<latexit sha1_base64="WF2iEDorm0M4yqATNCzXVvLwJR0="></latexit>

ba01 = m1 + h1 , ba02 = m2 + h2 ,

S0 = h2 +m1 + h1 , R0 � 2S0 = v2 �m1 .
<latexit sha1_base64="CVuFlrti/nPAaoJ8feRohKif4cE="></latexit>

Implies the following symmetry of the partition function:
0

BB@

ba1
ba2
S
R

1

CCA = G1 ·

0

BB@

ba01
ba02
S0

R0

1

CCA

<latexit sha1_base64="LAW+Ue+jqw3j81iEv4MFyiAXPXQ="></latexit>

withG1 =

0

BB@

1 0 �2 1
0 1 �2 1
0 0 �1 1
0 0 0 1

1

CCA

<latexit sha1_base64="LCdjdSaDmDbvneMLx0KEpc2uHec="></latexit>

detG1 = 1
<latexit sha1_base64="rtDWAOMr+vxUnjo7vHMLeD4lsoA=">AAACDXicbVDLSgNBEJyNrxhfazx6GQyCBwm7UdCLEPSgxwjmAUkIs5NOMmT2wUyvJC75Bv/Aq/6AN/HqN3j3Q5w8DiaxoKGo6qaa8iIpNDrOt5VaWV1b30hvZra2d3b37P1sRYex4lDmoQxVzWMapAigjAIl1CIFzPckVL3+zdivPoLSIgwecBhB02fdQHQEZ2iklp1tIAwwaQOOGqf0tuVeuS075+SdCegycWckR2YoteyfRjvksQ8Bcsm0rrtOhM2EKRRcwijTiDVEjPdZF+qGBswH3Uwmv4/osVHatBMqMwHSifr3ImG+1kPfM5s+w55e9Mbif149xs5lMxFBFCMEfBrUiSXFkI6LoG2hgKMcGsK4EuZXyntMMY6mrrkUFP2nUcbU4i6WsEwqhbx7li/cn+eK17OC0uSQHJET4pILUiR3pETKhJMBeSGv5M16tt6tD+tzupqyZjcHZA7W1y/1nptL</latexit>

G1 ·G1 = 114⇥4
<latexit sha1_base64="wtf7qzBINJpa47I+8UpSEUdGcqk=">AAACGnicbVC7SgNBFJ31GeNr1dLCiUGwCrsxoI0QtNAygnlANiyzk9lkyOyDmbtCXLb0L/wDW/0BO7G1sfdDnDwKk3hg4HDOvZw7x4sFV2BZ38bS8srq2npuI7+5tb2za+7tN1SUSMrqNBKRbHlEMcFDVgcOgrViyUjgCdb0Btcjv/nApOJReA/DmHUC0gu5zykBLbnm0Y1rO7QbAdbk0nYKTsF204oDPGAKVzLXLFolawy8SOwpKaIpaq7543QjmgQsBCqIUm3biqGTEgmcCpblnUSxmNAB6bG2piHROZ10/JEMn2ili/1I6hcCHqt/N1ISKDUMPD0ZEOireW8k/ue1E/AvOikP4wRYSCdBfiIwRHjUCu5yySiIoSaESq5vxbRPJKGgu5tJAT54zPK6Fnu+hEXSKJfss1L5rlKsXk0LyqFDdIxOkY3OURXdohqqI4qe0At6RW/Gs/FufBifk9ElY7pzgGZgfP0CxT2fVA==</latexit>

where



Generalising to include other duality transformations:

a

a

1

2

1

2

h1

h2

h1

v1

v2

m1

m2

m1

m2

ba
1

ba
2

S

R
�

2S

a

a

1

2

1

2

h1

h2

h1

m2

m1

v2

v1

v2

v1

ba 0
1

ba 0
2

S 0

R
0 �

2S
0

a

a

1

2

2

1

v2

v1

v2

h1

h2

m2

m1

m1

m2

ba 002

ba 001

S 00

R
00
�

S
00

a

a

1

2

2

1

m1

m2

m1

h2

h1

v1

v2

v2

v1

ba 0001

ba 0002

S 000

R
000
�

S
000

G1G1

G2

G2

G3

G3

<latexit sha1_base64="sFSbrpRcqpNLJlMTQOfSm8rwOjA="></latexit>



Generalising to include other duality transformations:

G1 =

0

BB@

1 0 �2 1
0 1 �2 1
0 0 �1 1
0 0 0 1

1

CCA

<latexit sha1_base64="LCdjdSaDmDbvneMLx0KEpc2uHec="></latexit>

G2 =

0

BB@

1 0 0 0
0 1 0 0
1 1 �1 0
2 2 �4 1

1

CCA

<latexit sha1_base64="BfLW6Kk5QSLRRbSrb6mpSqOyLJw="></latexit>

G3 =

0

BB@

1 0 �2 1
0 1 �2 1
1 1 �3 1
2 2 �4 1

1

CCA

<latexit sha1_base64="JW+CJmV9/aKkbijiCBQA48YYcd8="></latexit>

a

a

1

2

1

2

h1

h2

h1

v1

v2

m1

m2

m1

m2

ba
1

ba
2

S

R
�

2S

a

a

1

2

1

2

h1

h2

h1

m2

m1

v2

v1

v2

v1

ba 0
1

ba 0
2

S 0

R
0 �

2S
0

a

a

1

2

2

1

v2

v1

v2

h1

h2

m2

m1

m1

m2

ba 002

ba 001

S 00

R
00
�

S
00

a

a

1

2

2

1

m1

m2

m1

h2

h1

v1

v2

v2

v1

ba 0001

ba 0002

S 000

R
000
�

S
000

G1G1

G2

G2

G3

G3

<latexit sha1_base64="sFSbrpRcqpNLJlMTQOfSm8rwOjA="></latexit>



Generalising to include other duality transformations:

G1 =

0

BB@

1 0 �2 1
0 1 �2 1
0 0 �1 1
0 0 0 1

1

CCA

<latexit sha1_base64="LCdjdSaDmDbvneMLx0KEpc2uHec="></latexit>

G2 =

0

BB@

1 0 0 0
0 1 0 0
1 1 �1 0
2 2 �4 1

1

CCA

<latexit sha1_base64="BfLW6Kk5QSLRRbSrb6mpSqOyLJw="></latexit>

G3 =

0

BB@

1 0 �2 1
0 1 �2 1
1 1 �3 1
2 2 �4 1

1

CCA

<latexit sha1_base64="JW+CJmV9/aKkbijiCBQA48YYcd8="></latexit>

114⇥4 G1 G2 G3

114⇥4 114⇥4 G1 G2 G3

G1 G1 114⇥4 G3 G2

G2 G2 G3 114⇥4 G1

G3 G3 G2 G1 114⇥4
<latexit sha1_base64="mQrzKvVckyY065o4KhohpFWN0UA="></latexit>

a

a

1

2

1

2

h1

h2

h1

v1

v2

m1

m2

m1

m2

ba
1

ba
2

S

R
�

2S

a

a

1

2

1

2

h1

h2

h1

m2

m1

v2

v1

v2

v1

ba 0
1

ba 0
2

S 0

R
0 �

2S
0

a

a

1

2

2

1

v2

v1

v2

h1

h2

m2

m1

m1

m2

ba 002

ba 001

S 00

R
00
�

S
00

a

a

1

2

2

1

m1

m2

m1

h2

h1

v1

v2

v2

v1

ba 0001

ba 0002

S 000

R
000
�

S
000

G1G1

G2

G2

G3

G3

<latexit sha1_base64="sFSbrpRcqpNLJlMTQOfSm8rwOjA="></latexit>



Generalising to include other duality transformations:

G1 =

0

BB@

1 0 �2 1
0 1 �2 1
0 0 �1 1
0 0 0 1

1

CCA

<latexit sha1_base64="LCdjdSaDmDbvneMLx0KEpc2uHec="></latexit>

G2 =

0

BB@

1 0 0 0
0 1 0 0
1 1 �1 0
2 2 �4 1

1

CCA

<latexit sha1_base64="BfLW6Kk5QSLRRbSrb6mpSqOyLJw="></latexit>

G3 =

0

BB@

1 0 �2 1
0 1 �2 1
1 1 �3 1
2 2 �4 1

1

CCA

<latexit sha1_base64="JW+CJmV9/aKkbijiCBQA48YYcd8="></latexit>

114⇥4 G1 G2 G3

114⇥4 114⇥4 G1 G2 G3

G1 G1 114⇥4 G3 G2

G2 G2 G3 114⇥4 G1

G3 G3 G2 G1 114⇥4
<latexit sha1_base64="mQrzKvVckyY065o4KhohpFWN0UA="></latexit>

a

a

1

2

1

2

h1

h2

h1

v1

v2

m1

m2

m1

m2

ba
1

ba
2

S

R
�

2S

a

a

1

2

1

2

h1

h2

h1

m2

m1

v2

v1

v2

v1

ba 0
1

ba 0
2

S 0

R
0 �

2S
0

a

a

1

2

2

1

v2

v1

v2

h1

h2

m2

m1

m1

m2

ba 002

ba 001

S 00

R
00
�

S
00

a

a

1

2

2

1

m1

m2

m1

h2

h1

v1

v2

v2

v1

ba 0001

ba 0002

S 000

R
000
�

S
000

G1G1

G2

G2

G3

G3

<latexit sha1_base64="sFSbrpRcqpNLJlMTQOfSm8rwOjA="></latexit>

{114⇥4, G1, G2, G3} ⇠= Dih2
<latexit sha1_base64="+x5Li7e8aUgveQeRWSqyC8jCZws=">AAACHXicbVBNS8NAEN34bf2KevSytQgepCS1oEdRQY8K1ha6IWy223bpZhN2J2IJ+SNe/CtePCjiwYv4b9zWHvx6MPB4b4aZeVEqhQHP+3Cmpmdm5+YXFktLyyura+76xrVJMs14gyUy0a2IGi6F4g0QIHkr1ZzGkeTNaHAy8ps3XBuRqCsYpjyIaU+JrmAUrBS6dZL7pEzKfpjXCYiYG1wv9s5C31bN1j4pCEtUDxPgt5Cfin4R1kK34lW9MfBf4k9IBU1wEbpvpJOwLOYKmKTGtH0vhSCnGgSTvCiRzPCUsgHt8balito7gnz8XYF3rNLB3UTbUoDH6veJnMbGDOPIdsYU+ua3NxL/89oZdA+DXKg0A67Y16JuJjEkeBQV7gjNGcihJZRpYW/FrE81ZWADLdkQ/N8v/yXXtaq/X61d1itHx5M4FtAW2ka7yEcH6AidowvUQAzdoQf0hJ6de+fReXFev1qnnMnMJvoB5/0TAUygDg==</latexit>

Group Structure:



Generalisation to (N,1): Symmetry group

G(N) ⇥ DihN
<latexit sha1_base64="iILGGYSP1nCVkE3WnVJn94iDUmo=">AAACDnicbVDLSgNBEJyNrxhfUY9eBkMggoTdKOgxqKCnEME8ILuE2ckkGTL7YKZXDEu+wIu/4sWDIl49e/NvnE32oIkFDUVVN91dbii4AtP8NjJLyyura9n13Mbm1vZOfnevqYJIUtaggQhk2yWKCe6zBnAQrB1KRjxXsJY7ukz81j2Tigf+HYxD5nhk4PM+pwS01M0Xse0RGLpufD0p1Y7sYxu4xxROCHuA+IoPJ91aN18wy+YUeJFYKSmgFPVu/svuBTTymA9UEKU6lhmCExMJnAo2ydmRYiGhIzJgHU19onc68fSdCS5qpYf7gdTlA56qvydi4ik19lzdmdyu5r1E/M/rRNA/d2LuhxEwn84W9SOBIcBJNrjHJaMgxpoQKrm+FdMhkYSCTjCnQ7DmX14kzUrZOilXbk8L1Ys0jiw6QIeohCx0hqroBtVRA1H0iJ7RK3oznowX4934mLVmjHRmH/2B8fkD+mubcg==</latexit>



Generalisation to (N,1): Symmetry group

G(N) ⇥ DihN
<latexit sha1_base64="iILGGYSP1nCVkE3WnVJn94iDUmo=">AAACDnicbVDLSgNBEJyNrxhfUY9eBkMggoTdKOgxqKCnEME8ILuE2ckkGTL7YKZXDEu+wIu/4sWDIl49e/NvnE32oIkFDUVVN91dbii4AtP8NjJLyyura9n13Mbm1vZOfnevqYJIUtaggQhk2yWKCe6zBnAQrB1KRjxXsJY7ukz81j2Tigf+HYxD5nhk4PM+pwS01M0Xse0RGLpufD0p1Y7sYxu4xxROCHuA+IoPJ91aN18wy+YUeJFYKSmgFPVu/svuBTTymA9UEKU6lhmCExMJnAo2ydmRYiGhIzJgHU19onc68fSdCS5qpYf7gdTlA56qvydi4ik19lzdmdyu5r1E/M/rRNA/d2LuhxEwn84W9SOBIcBJNrjHJaMgxpoQKrm+FdMhkYSCTjCnQ7DmX14kzUrZOilXbk8L1Ys0jiw6QIeohCx0hqroBtVRA1H0iJ7RK3oznowX4934mLVmjHRmH/2B8fkD+mubcg==</latexit>

‘shuffling’ of roots



Generalisation to (N,1): Symmetry group

G(N) ⇥ DihN
<latexit sha1_base64="iILGGYSP1nCVkE3WnVJn94iDUmo=">AAACDnicbVDLSgNBEJyNrxhfUY9eBkMggoTdKOgxqKCnEME8ILuE2ckkGTL7YKZXDEu+wIu/4sWDIl49e/NvnE32oIkFDUVVN91dbii4AtP8NjJLyyura9n13Mbm1vZOfnevqYJIUtaggQhk2yWKCe6zBnAQrB1KRjxXsJY7ukz81j2Tigf+HYxD5nhk4PM+pwS01M0Xse0RGLpufD0p1Y7sYxu4xxROCHuA+IoPJ91aN18wy+YUeJFYKSmgFPVu/svuBTTymA9UEKU6lhmCExMJnAo2ydmRYiGhIzJgHU19onc68fSdCS5qpYf7gdTlA56qvydi4ik19lzdmdyu5r1E/M/rRNA/d2LuhxEwn84W9SOBIcBJNrjHJaMgxpoQKrm+FdMhkYSCTjCnQ7DmX14kzUrZOilXbk8L1Ys0jiw6QIeohCx0hqroBtVRA1H0iJ7RK3oznowX4934mLVmjHRmH/2B8fkD+mubcg==</latexit>

G(N) ⇠=

8
>><

>>:

Dih3 if N = 1 ,
Dih2 if N = 2 ,
Dih3 if N = 3 ,
Dih1 if N � 4 .

<latexit sha1_base64="BH7MfS0czGZMYWs8Y6hu1wJE8K0="></latexit>

‘shuffling’ of roots

where



Generalisation to (N,1): Symmetry group

G(N) ⇥ DihN
<latexit sha1_base64="iILGGYSP1nCVkE3WnVJn94iDUmo=">AAACDnicbVDLSgNBEJyNrxhfUY9eBkMggoTdKOgxqKCnEME8ILuE2ckkGTL7YKZXDEu+wIu/4sWDIl49e/NvnE32oIkFDUVVN91dbii4AtP8NjJLyyura9n13Mbm1vZOfnevqYJIUtaggQhk2yWKCe6zBnAQrB1KRjxXsJY7ukz81j2Tigf+HYxD5nhk4PM+pwS01M0Xse0RGLpufD0p1Y7sYxu4xxROCHuA+IoPJ91aN18wy+YUeJFYKSmgFPVu/svuBTTymA9UEKU6lhmCExMJnAo2ydmRYiGhIzJgHU19onc68fSdCS5qpYf7gdTlA56qvydi4ik19lzdmdyu5r1E/M/rRNA/d2LuhxEwn84W9SOBIcBJNrjHJaMgxpoQKrm+FdMhkYSCTjCnQ7DmX14kzUrZOilXbk8L1Ys0jiw6QIeohCx0hqroBtVRA1H0iJ7RK3oznowX4934mLVmjHRmH/2B8fkD+mubcg==</latexit>

G(N) ⇠=

8
>><

>>:

Dih3 if N = 1 ,
Dih2 if N = 2 ,
Dih3 if N = 3 ,
Dih1 if N � 4 .

<latexit sha1_base64="BH7MfS0czGZMYWs8Y6hu1wJE8K0="></latexit>

‘shuffling’ of roots

where

Explicitly

G(N) ⇠=
⌦
{G2(N),G0

2(N)
��(G2(N))2 = (G0

2(N))2 = (G2(N) · G0
2(N))n = 11}

↵
<latexit sha1_base64="x1uH53h2Tzt4P8DRlVNwufDJgXA="></latexit>



Generalisation to (N,1): Symmetry group

G(N) ⇥ DihN
<latexit sha1_base64="iILGGYSP1nCVkE3WnVJn94iDUmo=">AAACDnicbVDLSgNBEJyNrxhfUY9eBkMggoTdKOgxqKCnEME8ILuE2ckkGTL7YKZXDEu+wIu/4sWDIl49e/NvnE32oIkFDUVVN91dbii4AtP8NjJLyyura9n13Mbm1vZOfnevqYJIUtaggQhk2yWKCe6zBnAQrB1KRjxXsJY7ukz81j2Tigf+HYxD5nhk4PM+pwS01M0Xse0RGLpufD0p1Y7sYxu4xxROCHuA+IoPJ91aN18wy+YUeJFYKSmgFPVu/svuBTTymA9UEKU6lhmCExMJnAo2ydmRYiGhIzJgHU19onc68fSdCS5qpYf7gdTlA56qvydi4ik19lzdmdyu5r1E/M/rRNA/d2LuhxEwn84W9SOBIcBJNrjHJaMgxpoQKrm+FdMhkYSCTjCnQ7DmX14kzUrZOilXbk8L1Ys0jiw6QIeohCx0hqroBtVRA1H0iJ7RK3oznowX4934mLVmjHRmH/2B8fkD+mubcg==</latexit>

G(N) ⇠=

8
>><

>>:

Dih3 if N = 1 ,
Dih2 if N = 2 ,
Dih3 if N = 3 ,
Dih1 if N � 4 .

<latexit sha1_base64="BH7MfS0czGZMYWs8Y6hu1wJE8K0="></latexit>

‘shuffling’ of roots

where

Explicitly

G(N) ⇠=
⌦
{G2(N),G0

2(N)
��(G2(N))2 = (G0

2(N))2 = (G2(N) · G0
2(N))n = 11}

↵
<latexit sha1_base64="x1uH53h2Tzt4P8DRlVNwufDJgXA="></latexit>

n =

8
<

:

3 for N = 1, 3
2 for N = 2
1 for N � 4

<latexit sha1_base64="l9tKloRf5h2V2MdtXSWdD06gpNU="></latexit>



Generalisation to (N,1): Symmetry group

G(N) ⇥ DihN
<latexit sha1_base64="iILGGYSP1nCVkE3WnVJn94iDUmo=">AAACDnicbVDLSgNBEJyNrxhfUY9eBkMggoTdKOgxqKCnEME8ILuE2ckkGTL7YKZXDEu+wIu/4sWDIl49e/NvnE32oIkFDUVVN91dbii4AtP8NjJLyyura9n13Mbm1vZOfnevqYJIUtaggQhk2yWKCe6zBnAQrB1KRjxXsJY7ukz81j2Tigf+HYxD5nhk4PM+pwS01M0Xse0RGLpufD0p1Y7sYxu4xxROCHuA+IoPJ91aN18wy+YUeJFYKSmgFPVu/svuBTTymA9UEKU6lhmCExMJnAo2ydmRYiGhIzJgHU19onc68fSdCS5qpYf7gdTlA56qvydi4ik19lzdmdyu5r1E/M/rRNA/d2LuhxEwn84W9SOBIcBJNrjHJaMgxpoQKrm+FdMhkYSCTjCnQ7DmX14kzUrZOilXbk8L1Ys0jiw6QIeohCx0hqroBtVRA1H0iJ7RK3oznowX4934mLVmjHRmH/2B8fkD+mubcg==</latexit>

G(N) ⇠=

8
>><

>>:

Dih3 if N = 1 ,
Dih2 if N = 2 ,
Dih3 if N = 3 ,
Dih1 if N � 4 .

<latexit sha1_base64="BH7MfS0czGZMYWs8Y6hu1wJE8K0="></latexit>

‘shuffling’ of roots

where

Explicitly

G(N) ⇠=
⌦
{G2(N),G0

2(N)
��(G2(N))2 = (G0

2(N))2 = (G2(N) · G0
2(N))n = 11}

↵
<latexit sha1_base64="x1uH53h2Tzt4P8DRlVNwufDJgXA="></latexit>

G2(N) =

0

BBBBB@

0 0

11N⇥N

...
...

0 0
1 · · · 1 �1 0
N · · · N �2N 1

1

CCCCCA

<latexit sha1_base64="8q9/C9GIDg3ryfjde7b44QPZZQg="></latexit>

with the  (N + 2)⇥ (N + 2)
<latexit sha1_base64="gD4+BufTtoJuFJNuRBZ0ukueaYc=">AAAB+nicbZDLSsNAFIZP6q3WW6pLN4NFqAglqYIui25cSQV7gTaUyXTSDp1MwsxEKbWP4saFIm59Ene+jdM0C239YeDjP+dwzvx+zJnSjvNt5VZW19Y38puFre2d3T27uN9UUSIJbZCIR7LtY0U5E7Shmea0HUuKQ5/Tlj+6ntVbD1QqFol7PY6pF+KBYAEjWBurZxfLt6fVk65mIVUo5Z5dcipOKrQMbgYlyFTv2V/dfkSSkApNOFaq4zqx9iZYakY4nRa6iaIxJiM8oB2DAptV3iQ9fYqOjdNHQSTNExql7u+JCQ6VGoe+6QyxHqrF2sz8r9ZJdHDpTZiIE00FmS8KEo50hGY5oD6TlGg+NoCJZOZWRIZYYqJNWgUTgrv45WVoVivuWaV6d16qXWVx5OEQjqAMLlxADW6gDg0g8AjP8Apv1pP1Yr1bH/PWnJXNHMAfWZ8/ElaR7w==</latexit>

matrices

G0
2(N) =

0

BBBBB@

�2 1

11N⇥N

...
...

�2 1
0 · · · 0 �1 1
0 · · · 0 0 1

1

CCCCCA

<latexit sha1_base64="w8aeqi7a5WENzfUI4hRGjrUK1fo="></latexit>

and

n =

8
<

:

3 for N = 1, 3
2 for N = 2
1 for N � 4

<latexit sha1_base64="l9tKloRf5h2V2MdtXSWdD06gpNU="></latexit>



Conclusions and Further Directions
Studied dualities in a class of Little String Orbifolds:

efficiently described by dual F-theory compactification on a class of toric CY3folds   XN,M

partition function             compute as topological string partition function on   XN,MZN,M

Kähler cone of             contains three weak coupling regions in which web diagram     XN,M

decomposes into parallel strips

weak coupling regions give rise to different (but equivalent) expansions of              that can              ZN,M

be interpreted as instanton partition functions, realising a triality of 5dim quiver gauge th.:
Ghor = [U(M)]N () Gvert = [U(N)]M () Gdiag = [U(MN

k )]k k = gcd(N,M)for 

implies (dihedral) symmetries of the partition function
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k )]k k = gcd(N,M)for 

Future directions: 

study implications of triality on W-algebras associated with AGT dual theories

study extended web of dualities by considering further weak coupling regions in the
extended moduli space of XN,M

Generalisation to other LSTs than A-series

further dualities: [U(M)]N () [U(M 0)]N
0

NM = N 0M 0

gcd(N,M) = gcd(N 0,M 0)

for

implies (dihedral) symmetries of the partition function


