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Some Detectors

Detector Mass Energy

LUX/XENON1T ~1 ton ~1-30* keV

CDMS ~few kg “

DAMA ~250 kg “

Borexino ~300 ton >~150 keV

SNO ~1000 ton >~ 1 MeV

Icecube ~107 ton >~10 GeV

DUNE (near/far) ~75 ton/40,000 ton >~ 5 MeV

* this upper limit is typical upper limit of “search window”



Some Comments

• Both DM and neutrino detectors are looking for low rate signal
• Low backgrounds 

• Often similar technologies e.g. LAr vs LXe
• Excellent tracking, energy resolution, PID, etc

• Larger volumes and higher thresholds
• Non-standard DM models can pass thresholds

Use neutrino detectors for DM (and vice versa)
Broaden and strengthen the search program



DM @ neutrino detectors
• Indirect effects e.g. solar capture of DM followed by 
annihilation into neutrinos

[Joakim Edsjo]

• Boosted DM variant (also from GC) [Cui + collaborators]3
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FIG. 1: The chain of processes leading to boosted DM signal from the Sun. DM’ denotes the lighter DM in the two-component
DM model. X is a lighter dark sector particle that may decay away. Details of the two example models, semi-annihilating DM
and two-component DM, are given in Section II.

currently Super-Kamiokande (SK) [17]. Several planned and proposed experiments could have sensitivity, including
not only Hyper-Kamiokande (HK) [18], but liquid Argon based detectors such as l LAr TPC and GLACIER [24, 25].
Other large volume detectors such as IceCube/PINGU/MICA [19–21], KM3NeT [22], and ANTARES [23] are best
suited to looking for higher energy recoils. Note that these experiments were designed to look for neutrinos and/or
proton decay, but can be repurposed to find boosted DM. This is not surprising as interactions of boosted DM with
hadronic matter are similar in structure to neutral-current interactions of high energy neutrinos.

Compared to the boosted DM signal from DM annihilation in the GC as studied in [5], the signal from the
Sun involves more processes, including the capture, evaporation, annihilation, and rescatter (slow-down) of the DM
particles in the Sun, as well as the scattering of boosted DM o↵ nuclei in the terrestrial detectors. In addition, there
is the apparent challenge that an appreciable DM-nucleon scattering rate giving rise to detectable signals is likely to
be ruled out by the existing DM DD bounds on the thermal non-relativistic component of DM. In our work, we have
taken all the above complexities into consideration, and found that there are large classes of models with reasonable
range of parameter space giving good detection prospect at SK and HK, while being compatible with conventional
DM detection limits. The key feature of these viable models is that the DM scattering o↵ nuclei is dominantly Spin-
Dependent (SD) and/or has a velocity-dependence, such as v2 in the non-relativistic limit. We also note that the
the signal reach can be further improved by using ionization-based liquid argon neutrino detectors where Cherenkov
threshold is irrelevant. In Fig. 1 we illustrate the chain of processes involved in giving rise to the boosted DM signal
in which we are interested.

A search for an excess of proton recoils pointing toward the Sun as we propose here is a new search that has
not been performed by the SK collaboration. In the search for neutrinos from WIMP DM annihilation in the Sun,
electron or muon tracks along the direction of the Sun, dominantly from charged-current interaction have been studied
[26–28], while similar proton recoils from neutral-current (NC) interaction were not investigated due to the relatively
larger scattering angle. Nonetheless, as discussed earlier, boosted DM only scatter o↵ SM via NC-type of interactions.
Unless very light mediator is involved, a proton recoil signal would typically have much larger rate compared to a
single-ring electron signal and is the primary search channel.

We would also like to reiterate other broad motivations for investigating boosted DM signals, as have been discussed
in more detail in [5]. First, annihilation into dark sector particles, as occurs in both our two-component DM or semi-
annihilating DM examples, evades strong constraints from DM detection experiments in a natural way, while still
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[D’Eramo and Thaler]



DM @ neutrino detectors

• Beam produced DM/dark sector states in near detectors
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FIG. 2. Inelastic DM production at electron and proton beam dump experiments via dark bremsstrahlung and meson decay. The resulting
�1, �2 pair can give rise to a number of possible signatures in the detector: �2 can decay inside the fiducial volume to deposit electromagnetic
energy; both �1 and �2 can scatter off detector targets T and impart visible recoil energies to these particles; or �1 can upscatter into �2,
which can then decay promptly inside the detector to deposit a visible signal. 7
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FIG. 3. Inelastic DM production at electron beam fixed-target missing energy/momentum experiments. Left: Setup for an LDMX style
missing momentum experiment [2, 23] in which a (⇠ few GeV) beam electron produces DM in a thin target (⌧ radiation length) and thereby
loses a large fraction of its incident energy. The emerging lower energy electron passes through tracker material and registers as a signal event
if there is no additional energy deposited in the ECAL/HCAL system downstream, which serves primarily to veto SM activity. Right: Setup
for an NA64 style experiment in which the beam (typically at higher energies, ⇠ 30 GeV) produces the DM system by interacting with an
instrumented, active target volume [24]. As with LDMX, the instrumented region serves to verify that the beam electron has abruptly lost most
of its energy and that there is no additional SM activity downstream.

which the thermal target is largely an invariant under varia-
tion of couplings and of mass hierarchies.

A. Mediator Model Building

Unlike weak-scale WIMPs, which realize successful
freeze-out with only SM gauge interactions, sub-GeV DM is
overproduced in the absence of light (⌧ mZ) new mediators
to generate a sufficiently large annihilation rate [29, 30]. To
avoid detection thus far, such mediators must be neutral under
the SM and couple non-negligibly to visible particles.

If SM particles are neutral under the new interaction, a

renormalizable model (without additional fields) requires the
mediator to interact with the SM through the hypercharge,
Higgs, or lepton portals

Bµ⌫ , H
†
H , LH, (1)

for vector, scalar, and fermionic mediators, respectively.
However, coupling a fermionic mediator to the lepton por-
tal requires additional model building4 and scalar mediators,
which mix with the Higgs are ruled out for predictive mod-
els in which DM annihilates directly to SM final states (see

4 A fermionic mediator coupled to the lepton portal requires additional

Bremsstrahlung  
(LDMX, DarkLight, …)
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which the thermal target is largely an invariant under varia-
tion of couplings and of mass hierarchies.

A. Mediator Model Building

Unlike weak-scale WIMPs, which realize successful
freeze-out with only SM gauge interactions, sub-GeV DM is
overproduced in the absence of light (⌧ mZ) new mediators
to generate a sufficiently large annihilation rate [29, 30]. To
avoid detection thus far, such mediators must be neutral under
the SM and couple non-negligibly to visible particles.

If SM particles are neutral under the new interaction, a

renormalizable model (without additional fields) requires the
mediator to interact with the SM through the hypercharge,
Higgs, or lepton portals

Bµ⌫ , H
†
H , LH, (1)

for vector, scalar, and fermionic mediators, respectively.
However, coupling a fermionic mediator to the lepton por-
tal requires additional model building4 and scalar mediators,
which mix with the Higgs are ruled out for predictive mod-
els in which DM annihilates directly to SM final states (see

4 A fermionic mediator coupled to the lepton portal requires additional
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Figure 2: An illustration of the dark matter production modes and elastic scattering signatures.
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Figure 3: Top: The production of a WIMP pair through neutral meson decay. Bottom: The scattering
of a WIMP in the MiniBooNE detector. The cross again represents the kinetic mixing between the vector
mediator V and the photon.

p+p(n) → V ∗ → χ†χ. The second is through decays of mesons with large radiative branching
such as π0 and η in the form π0, η → V γ → χ†χγ. Once produced, the dark matter beam can
be detected via elastic scattering on nucleons or electrons in the detector, as the signature
is similar to the neutral current scattering of neutrinos. The basic production and detection
principle is summarized in Fig. 2.

At MiniBooNE, the most relevant production mechanisms are via π0 and η which subse-
quently decay to vectors that in turn decay to WIMPs. These WIMPs can then scatter on
the nuclei or electrons in the MiniBooNE detector. This process is detailed in Fig. 3. We
estimate the π0 and η production by averaging and scaling [5] the π+ and π− Sanford-Wang
distributions used in Ref. [30] and use the cuts from the analysis of neutral current scattering
(on nucleons) in Ref. [30] to obtain a total efficiency of about 35%. (Similar efficiencies were
adopted in analyzing electron scattering.) Contours in the parameter space of the model
were computed corresponding to 1, 10, and 1000 neutral current-like scattering events on
nucleons or electrons with 2× 1020 POT at MiniBooNE. While the Sanford-Wang distribu-
tion used corresponds to a beryllium target, the results are not expected to differ much when
steering the beam into the iron beam dump since the ratio of the charged hadron production
(which sets the number of neutrinos produced) to neutral hadrons (which sets the number
of WIMPs produced) does not strongly depend on atomic number.

In Fig. 4, these contours are shown in the plane of direct-detection scattering cross
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Production and scattering  
(MiniBooNE, SHiP, etc…)

Lepton jets, Emerging tracks 
(LHC)

[e.g. Batell, Pospelov, Ritz]mV > 2m�
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A Result From MiniBooNE

15

!
MiniBooNE-DM Collaboration (1702.02688 & 1807.06137)

Beam dump mode run in 2012-13. Look for nuclear (electron) recoils.
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<latexit sha1_base64="WP2m/MAVJkiZBJNKlOAy2Qr0IK4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBiyUR8eNW9OKxgrGFNpbNdtou3WzC7kYooT/CiwcVr/4fb/4bt20O2vpg4PHeDDPzwkRwbVz32yksLa+srhXXSxubW9s75d29Bx2niqHPYhGrZkg1Ci7RN9wIbCYKaRQKbITDm4nfeEKleSzvzSjBIKJ9yXucUWOlhuc+Zifn40654lbdKcgi8XJSgRz1Tvmr3Y1ZGqE0TFCtW56bmCCjynAmcFxqpxoTyoa0jy1LJY1QB9n03DE5skqX9GJlSxoyVX9PZDTSehSFtjOiZqDnvYn4n9dKTe8yyLhMUoOSzRb1UkFMTCa/ky5XyIwYWUKZ4vZWwgZUUWZsQiUbgjf/8iLxT6tXVffurFK7ztMowgEcwjF4cAE1uIU6+MBgCM/wCm9O4rw4787HrLXg5DP78AfO5w+vX46t</latexit><latexit sha1_base64="WP2m/MAVJkiZBJNKlOAy2Qr0IK4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBiyUR8eNW9OKxgrGFNpbNdtou3WzC7kYooT/CiwcVr/4fb/4bt20O2vpg4PHeDDPzwkRwbVz32yksLa+srhXXSxubW9s75d29Bx2niqHPYhGrZkg1Ci7RN9wIbCYKaRQKbITDm4nfeEKleSzvzSjBIKJ9yXucUWOlhuc+Zifn40654lbdKcgi8XJSgRz1Tvmr3Y1ZGqE0TFCtW56bmCCjynAmcFxqpxoTyoa0jy1LJY1QB9n03DE5skqX9GJlSxoyVX9PZDTSehSFtjOiZqDnvYn4n9dKTe8yyLhMUoOSzRb1UkFMTCa/ky5XyIwYWUKZ4vZWwgZUUWZsQiUbgjf/8iLxT6tXVffurFK7ztMowgEcwjF4cAE1uIU6+MBgCM/wCm9O4rw4787HrLXg5DP78AfO5w+vX46t</latexit><latexit sha1_base64="WP2m/MAVJkiZBJNKlOAy2Qr0IK4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBiyUR8eNW9OKxgrGFNpbNdtou3WzC7kYooT/CiwcVr/4fb/4bt20O2vpg4PHeDDPzwkRwbVz32yksLa+srhXXSxubW9s75d29Bx2niqHPYhGrZkg1Ci7RN9wIbCYKaRQKbITDm4nfeEKleSzvzSjBIKJ9yXucUWOlhuc+Zifn40654lbdKcgi8XJSgRz1Tvmr3Y1ZGqE0TFCtW56bmCCjynAmcFxqpxoTyoa0jy1LJY1QB9n03DE5skqX9GJlSxoyVX9PZDTSehSFtjOiZqDnvYn4n9dKTe8yyLhMUoOSzRb1UkFMTCa/ky5XyIwYWUKZ4vZWwgZUUWZsQiUbgjf/8iLxT6tXVffurFK7ztMowgEcwjF4cAE1uIU6+MBgCM/wCm9O4rw4787HrLXg5DP78AfO5w+vX46t</latexit>

10�7
<latexit sha1_base64="2LyUhU8rjb0DU+9aKhfnlDzbAOk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBiyURoXorevFYwdhCW8tmO2mXbjZhdyOU0B/hxYOKV/+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bg45TxdBnsYhVK6AaBZfoG24EthKFNAoENoPRzdRvPqHSPJb3ZpxgN6IDyUPOqLFS03Mfs7PapFeuuFV3BrJMvJxUIEejV/7q9GOWRigNE1TrtucmpptRZTgTOCl1Uo0JZSM6wLalkkaou9ns3Ak5sUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z2unJrzsZlwmqUHJ5ovCVBATk+nvpM8VMiPGllCmuL2VsCFVlBmbUMmG4C2+vEz88+pV1b27qNSv8zSKcATHcAoe1KAOt9AAHxiM4Ble4c1JnBfn3fmYtxacfOYQ/sD5/AGw446u</latexit><latexit sha1_base64="2LyUhU8rjb0DU+9aKhfnlDzbAOk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBiyURoXorevFYwdhCW8tmO2mXbjZhdyOU0B/hxYOKV/+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bg45TxdBnsYhVK6AaBZfoG24EthKFNAoENoPRzdRvPqHSPJb3ZpxgN6IDyUPOqLFS03Mfs7PapFeuuFV3BrJMvJxUIEejV/7q9GOWRigNE1TrtucmpptRZTgTOCl1Uo0JZSM6wLalkkaou9ns3Ak5sUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z2unJrzsZlwmqUHJ5ovCVBATk+nvpM8VMiPGllCmuL2VsCFVlBmbUMmG4C2+vEz88+pV1b27qNSv8zSKcATHcAoe1KAOt9AAHxiM4Ble4c1JnBfn3fmYtxacfOYQ/sD5/AGw446u</latexit><latexit sha1_base64="2LyUhU8rjb0DU+9aKhfnlDzbAOk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBiyURoXorevFYwdhCW8tmO2mXbjZhdyOU0B/hxYOKV/+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bg45TxdBnsYhVK6AaBZfoG24EthKFNAoENoPRzdRvPqHSPJb3ZpxgN6IDyUPOqLFS03Mfs7PapFeuuFV3BrJMvJxUIEejV/7q9GOWRigNE1TrtucmpptRZTgTOCl1Uo0JZSM6wLalkkaou9ns3Ak5sUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z2unJrzsZlwmqUHJ5ovCVBATk+nvpM8VMiPGllCmuL2VsCFVlBmbUMmG4C2+vEz88+pV1b27qNSv8zSKcATHcAoe1KAOt9AAHxiM4Ble4c1JnBfn3fmYtxacfOYQ/sD5/AGw446u</latexit>

10�8
<latexit sha1_base64="HZPVdtji910h3rhilEixyDKDdL4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBiyURwXorevFYwdhCW8tmO2mXbjZhdyOU0B/hxYOKV/+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bg45TxdBnsYhVK6AaBZfoG24EthKFNAoENoPRzdRvPqHSPJb3ZpxgN6IDyUPOqLFS03Mfs7PapFeuuFV3BrJMvJxUIEejV/7q9GOWRigNE1TrtucmpptRZTgTOCl1Uo0JZSM6wLalkkaou9ns3Ak5sUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z2unJqx1My6T1KBk80VhKoiJyfR30ucKmRFjSyhT3N5K2JAqyoxNqGRD8BZfXib+efWq6t5dVOrXeRpFOIJjOAUPLqEOt9AAHxiM4Ble4c1JnBfn3fmYtxacfOYQ/sD5/AGyZ46v</latexit><latexit sha1_base64="HZPVdtji910h3rhilEixyDKDdL4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBiyURwXorevFYwdhCW8tmO2mXbjZhdyOU0B/hxYOKV/+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bg45TxdBnsYhVK6AaBZfoG24EthKFNAoENoPRzdRvPqHSPJb3ZpxgN6IDyUPOqLFS03Mfs7PapFeuuFV3BrJMvJxUIEejV/7q9GOWRigNE1TrtucmpptRZTgTOCl1Uo0JZSM6wLalkkaou9ns3Ak5sUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z2unJqx1My6T1KBk80VhKoiJyfR30ucKmRFjSyhT3N5K2JAqyoxNqGRD8BZfXib+efWq6t5dVOrXeRpFOIJjOAUPLqEOt9AAHxiM4Ble4c1JnBfn3fmYtxacfOYQ/sD5/AGyZ46v</latexit><latexit sha1_base64="HZPVdtji910h3rhilEixyDKDdL4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBiyURwXorevFYwdhCW8tmO2mXbjZhdyOU0B/hxYOKV/+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bg45TxdBnsYhVK6AaBZfoG24EthKFNAoENoPRzdRvPqHSPJb3ZpxgN6IDyUPOqLFS03Mfs7PapFeuuFV3BrJMvJxUIEejV/7q9GOWRigNE1TrtucmpptRZTgTOCl1Uo0JZSM6wLalkkaou9ns3Ak5sUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z2unJqx1My6T1KBk80VhKoiJyfR30ucKmRFjSyhT3N5K2JAqyoxNqGRD8BZfXib+efWq6t5dVOrXeRpFOIJjOAUPLqEOt9AAHxiM4Ble4c1JnBfn3fmYtxacfOYQ/sD5/AGyZ46v</latexit>

10�9
<latexit sha1_base64="yP0jLH8vzVl5YKyk5ZOpbImDzLU=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQXsrevFYwdpCG8tmu2mXbjZhdyKU0B/hxYOKV/+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgorq2vrG8XN0tb2zu5eef/gwcSpZrzJYhnrdkANl0LxJgqUvJ1oTqNA8lYwupn6rSeujYjVPY4T7kd0oEQoGEUrtTz3MTurTXrlilt1ZyDLxMtJBXI0euWvbj9macQVMkmN6Xhugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/Nzp2QE6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfR30heaM5RjSyjTwt5K2JBqytAmVLIheIsvL5PmebVWde8uKvXrPI0iHMExnIIHl1CHW2hAExiM4Ble4c1JnBfn3fmYtxacfOYQ/sD5/AGz646w</latexit><latexit sha1_base64="yP0jLH8vzVl5YKyk5ZOpbImDzLU=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQXsrevFYwdpCG8tmu2mXbjZhdyKU0B/hxYOKV/+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgorq2vrG8XN0tb2zu5eef/gwcSpZrzJYhnrdkANl0LxJgqUvJ1oTqNA8lYwupn6rSeujYjVPY4T7kd0oEQoGEUrtTz3MTurTXrlilt1ZyDLxMtJBXI0euWvbj9macQVMkmN6Xhugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/Nzp2QE6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfR30heaM5RjSyjTwt5K2JBqytAmVLIheIsvL5PmebVWde8uKvXrPI0iHMExnIIHl1CHW2hAExiM4Ble4c1JnBfn3fmYtxacfOYQ/sD5/AGz646w</latexit><latexit sha1_base64="yP0jLH8vzVl5YKyk5ZOpbImDzLU=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQXsrevFYwdpCG8tmu2mXbjZhdyKU0B/hxYOKV/+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgorq2vrG8XN0tb2zu5eef/gwcSpZrzJYhnrdkANl0LxJgqUvJ1oTqNA8lYwupn6rSeujYjVPY4T7kd0oEQoGEUrtTz3MTurTXrlilt1ZyDLxMtJBXI0euWvbj9macQVMkmN6Xhugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/Nzp2QE6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfR30heaM5RjSyjTwt5K2JBqytAmVLIheIsvL5PmebVWde8uKvXrPI0iHMExnIIHl1CHW2hAExiM4Ble4c1JnBfn3fmYtxacfOYQ/sD5/AGz646w</latexit>

↵D = 0.5
<latexit sha1_base64="5gioX/o5SOEAg5EQBp65pfvGmmI=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hFUQ9CUQ8eKxhbaELZbDft0s1m2d0IJfRvePGg4tVf481/47bNQVsfDDzem2FmXiQ508bzvp3S0vLK6lp5vbKxubW9U93de9Rppgj1ScpT1Y6wppwJ6htmOG1LRXEScdqKhjcTv/VElWapeDAjScME9wWLGcHGSkGAuRzg7u2V5551qzXP9aZAi6RekBoUaHarX0EvJVlChSEca92pe9KEOVaGEU7HlSDTVGIyxH3asVTghOown948RkdW6aE4VbaEQVP190SOE61HSWQ7E2wGet6biP95nczEF2HOhMwMFWS2KM44MimaBIB6TFFi+MgSTBSztyIywAoTY2Oq2BDq8y8vEv/EvXS9+9Na47pIowwHcAjHUIdzaMAdNMEHAhKe4RXenMx5cd6dj1lrySlm9uEPnM8fGNSQmg==</latexit><latexit sha1_base64="5gioX/o5SOEAg5EQBp65pfvGmmI=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hFUQ9CUQ8eKxhbaELZbDft0s1m2d0IJfRvePGg4tVf481/47bNQVsfDDzem2FmXiQ508bzvp3S0vLK6lp5vbKxubW9U93de9Rppgj1ScpT1Y6wppwJ6htmOG1LRXEScdqKhjcTv/VElWapeDAjScME9wWLGcHGSkGAuRzg7u2V5551qzXP9aZAi6RekBoUaHarX0EvJVlChSEca92pe9KEOVaGEU7HlSDTVGIyxH3asVTghOown948RkdW6aE4VbaEQVP190SOE61HSWQ7E2wGet6biP95nczEF2HOhMwMFWS2KM44MimaBIB6TFFi+MgSTBSztyIywAoTY2Oq2BDq8y8vEv/EvXS9+9Na47pIowwHcAjHUIdzaMAdNMEHAhKe4RXenMx5cd6dj1lrySlm9uEPnM8fGNSQmg==</latexit><latexit sha1_base64="5gioX/o5SOEAg5EQBp65pfvGmmI=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hFUQ9CUQ8eKxhbaELZbDft0s1m2d0IJfRvePGg4tVf481/47bNQVsfDDzem2FmXiQ508bzvp3S0vLK6lp5vbKxubW9U93de9Rppgj1ScpT1Y6wppwJ6htmOG1LRXEScdqKhjcTv/VElWapeDAjScME9wWLGcHGSkGAuRzg7u2V5551qzXP9aZAi6RekBoUaHarX0EvJVlChSEca92pe9KEOVaGEU7HlSDTVGIyxH3asVTghOown948RkdW6aE4VbaEQVP190SOE61HSWQ7E2wGet6biP95nczEF2HOhMwMFWS2KM44MimaBIB6TFFi+MgSTBSztyIywAoTY2Oq2BDq8y8vEv/EvXS9+9Na47pIowwHcAjHUIdzaMAdNMEHAhKe4RXenMx5cd6dj1lrySlm9uEPnM8fGNSQmg==</latexit>

MA0 = 3M� > 2M�
<latexit sha1_base64="5+bm6aGMXxhP1OAo37REw8PHI58=">AAACBHicdZBLSwMxFIXv+Kz1NepSF8EiuirTKqgLperGTaGCYwvtMGTStA3NPEgyQhlm48a/4saFilt/hDv/jZm2Qn0dCHyccy9JjhdxJpVlfRhT0zOzc/O5hfzi0vLKqrm2fiPDWBBqk5CHouFhSTkLqK2Y4rQRCYp9j9O617/I8votFZKFwbUaRNTxcTdgHUaw0pZrblXd5Gw3RSdoX1OL9FiKTlG56mbomoVS0RoKWb/gKyrAWDXXfG+1QxL7NFCEYymbJStSToKFYoTTNN+KJY0w6eMubWoMsE+lkwx/kaId7bRRJxT6BAoN3cmNBPtSDnxPT/pY9eTPLDP/ypqx6hw5CQuiWNGAjC7qxBypEGWVoDYTlCg+0ICJYPqtiPSwwETp4vKTJfwPdrl4XLSuDgqV83EbOdiEbdiDEhxCBS6hBjYQuIMHeIJn4954NF6M19HolDHe2YBvMt4+Ado5lnM=</latexit><latexit sha1_base64="5+bm6aGMXxhP1OAo37REw8PHI58=">AAACBHicdZBLSwMxFIXv+Kz1NepSF8EiuirTKqgLperGTaGCYwvtMGTStA3NPEgyQhlm48a/4saFilt/hDv/jZm2Qn0dCHyccy9JjhdxJpVlfRhT0zOzc/O5hfzi0vLKqrm2fiPDWBBqk5CHouFhSTkLqK2Y4rQRCYp9j9O617/I8votFZKFwbUaRNTxcTdgHUaw0pZrblXd5Gw3RSdoX1OL9FiKTlG56mbomoVS0RoKWb/gKyrAWDXXfG+1QxL7NFCEYymbJStSToKFYoTTNN+KJY0w6eMubWoMsE+lkwx/kaId7bRRJxT6BAoN3cmNBPtSDnxPT/pY9eTPLDP/ypqx6hw5CQuiWNGAjC7qxBypEGWVoDYTlCg+0ICJYPqtiPSwwETp4vKTJfwPdrl4XLSuDgqV83EbOdiEbdiDEhxCBS6hBjYQuIMHeIJn4954NF6M19HolDHe2YBvMt4+Ado5lnM=</latexit><latexit sha1_base64="5+bm6aGMXxhP1OAo37REw8PHI58=">AAACBHicdZBLSwMxFIXv+Kz1NepSF8EiuirTKqgLperGTaGCYwvtMGTStA3NPEgyQhlm48a/4saFilt/hDv/jZm2Qn0dCHyccy9JjhdxJpVlfRhT0zOzc/O5hfzi0vLKqrm2fiPDWBBqk5CHouFhSTkLqK2Y4rQRCYp9j9O617/I8votFZKFwbUaRNTxcTdgHUaw0pZrblXd5Gw3RSdoX1OL9FiKTlG56mbomoVS0RoKWb/gKyrAWDXXfG+1QxL7NFCEYymbJStSToKFYoTTNN+KJY0w6eMubWoMsE+lkwx/kaId7bRRJxT6BAoN3cmNBPtSDnxPT/pY9eTPLDP/ypqx6hw5CQuiWNGAjC7qxBypEGWVoDYTlCg+0ICJYPqtiPSwwETp4vKTJfwPdrl4XLSuDgqV83EbOdiEbdiDEhxCBS6hBjYQuIMHeIJn4954NF6M19HolDHe2YBvMt4+Ado5lnM=</latexit>

�
<latexit sha1_base64="Qm6lV4JovvUXIWiyWTh5PCDrAuI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN6KXjxWMLbQhrLZbpqlu5uwuxFK6F/w4kHFq7/Im//GTZuDtj4YeLw3w8y8MOVMG9f9dipr6xubW9Xt2s7u3v5B/fDoUSeZItQnCU9UL8Saciapb5jhtJcqikXIaTec3BZ+94kqzRL5YKYpDQQeSxYxgk0hDUjMhvWG23TnQKvEK0kDSnSG9a/BKCGZoNIQjrXue25qghwrwwins9og0zTFZILHtG+pxILqIJ/fOkNnVhmhKFG2pEFz9fdEjoXWUxHaToFNrJe9QvzP62cmugpyJtPMUEkWi6KMI5Og4nE0YooSw6eWYKKYvRWRGCtMjI2nZkPwll9eJf5F87rp3l822jdlGlU4gVM4Bw9a0IY76IAPBGJ4hld4c4Tz4rw7H4vWilPOHMMfOJ8/bKSOBQ==</latexit><latexit sha1_base64="Qm6lV4JovvUXIWiyWTh5PCDrAuI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN6KXjxWMLbQhrLZbpqlu5uwuxFK6F/w4kHFq7/Im//GTZuDtj4YeLw3w8y8MOVMG9f9dipr6xubW9Xt2s7u3v5B/fDoUSeZItQnCU9UL8Saciapb5jhtJcqikXIaTec3BZ+94kqzRL5YKYpDQQeSxYxgk0hDUjMhvWG23TnQKvEK0kDSnSG9a/BKCGZoNIQjrXue25qghwrwwins9og0zTFZILHtG+pxILqIJ/fOkNnVhmhKFG2pEFz9fdEjoXWUxHaToFNrJe9QvzP62cmugpyJtPMUEkWi6KMI5Og4nE0YooSw6eWYKKYvRWRGCtMjI2nZkPwll9eJf5F87rp3l822jdlGlU4gVM4Bw9a0IY76IAPBGJ4hld4c4Tz4rw7H4vWilPOHMMfOJ8/bKSOBQ==</latexit><latexit sha1_base64="Qm6lV4JovvUXIWiyWTh5PCDrAuI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN6KXjxWMLbQhrLZbpqlu5uwuxFK6F/w4kHFq7/Im//GTZuDtj4YeLw3w8y8MOVMG9f9dipr6xubW9Xt2s7u3v5B/fDoUSeZItQnCU9UL8Saciapb5jhtJcqikXIaTec3BZ+94kqzRL5YKYpDQQeSxYxgk0hDUjMhvWG23TnQKvEK0kDSnSG9a/BKCGZoNIQjrXue25qghwrwwins9og0zTFZILHtG+pxILqIJ/fOkNnVhmhKFG2pEFz9fdEjoXWUxHaToFNrJe9QvzP62cmugpyJtPMUEkWi6KMI5Og4nE0YooSw6eWYKKYvRWRGCtMjI2nZkPwll9eJf5F87rp3l822jdlGlU4gVM4Bw9a0IY76IAPBGJ4hld4c4Tz4rw7H4vWilPOHMMfOJ8/bKSOBQ==</latexit>

�̄
<latexit sha1_base64="2ndk9PwjJG7Jv8w+uQ+Ie8F15Vc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQtlsN+3SzSbuToQS+ie8eFDx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88mCTTjHsskYnuhNRwKRT3UKDknVRzGoeSt8PRzdRvP3FtRKLucZzyIKYDJSLBKFqp44dU+2woetWaW3dnIMukUZAaFGj1ql9+P2FZzBUySY3pNtwUg5xqFEzyScXPDE8pG9EB71qqaMxNkM/unZATq/RJlGhbCslM/T2R09iYcRzazpji0Cx6U/E/r5thdBnkQqUZcsXmi6JMEkzI9HnSF5ozlGNLKNPC3krYkGrK0EZUsSE0Fl9eJt5Z/aru3p3XmtdFGmU4gmM4hQZcQBNuoQUeMJDwDK/w5jw6L8678zFvLTnFzCH8gfP5A2cxj74=</latexit><latexit sha1_base64="2ndk9PwjJG7Jv8w+uQ+Ie8F15Vc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQtlsN+3SzSbuToQS+ie8eFDx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88mCTTjHsskYnuhNRwKRT3UKDknVRzGoeSt8PRzdRvP3FtRKLucZzyIKYDJSLBKFqp44dU+2woetWaW3dnIMukUZAaFGj1ql9+P2FZzBUySY3pNtwUg5xqFEzyScXPDE8pG9EB71qqaMxNkM/unZATq/RJlGhbCslM/T2R09iYcRzazpji0Cx6U/E/r5thdBnkQqUZcsXmi6JMEkzI9HnSF5ozlGNLKNPC3krYkGrK0EZUsSE0Fl9eJt5Z/aru3p3XmtdFGmU4gmM4hQZcQBNuoQUeMJDwDK/w5jw6L8678zFvLTnFzCH8gfP5A2cxj74=</latexit><latexit sha1_base64="2ndk9PwjJG7Jv8w+uQ+Ie8F15Vc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQtlsN+3SzSbuToQS+ie8eFDx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88mCTTjHsskYnuhNRwKRT3UKDknVRzGoeSt8PRzdRvP3FtRKLucZzyIKYDJSLBKFqp44dU+2woetWaW3dnIMukUZAaFGj1ql9+P2FZzBUySY3pNtwUg5xqFEzyScXPDE8pG9EB71qqaMxNkM/unZATq/RJlGhbCslM/T2R09iYcRzazpji0Cx6U/E/r5thdBnkQqUZcsXmi6JMEkzI9HnSF5ozlGNLKNPC3krYkGrK0EZUsSE0Fl9eJt5Z/aru3p3XmtdFGmU4gmM4hQZcQBNuoQUeMJDwDK/w5jw6L8678zFvLTnFzCH8gfP5A2cxj74=</latexit>

SM
<latexit sha1_base64="TITa6KKmitbRjTUwNjvRvxXpjfA=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8hY0I6i3oxYsQ0U0CyRJmJ7PJmHksM7NCWPIPXjyoePWDvPk3TpI9aGJBQ1HVTXdXlHBmrO9/e0vLK6tr64WN4ubW9s5uaW+/YVSqCQ2I4kq3ImwoZ5IGlllOW4mmWEScNqPh9cRvPlFtmJIPdpTQUOC+ZDEj2Dqp0dEC3d92S2W/4k+BFkk1J2XIUe+Wvjo9RVJBpSUcG9Ou+okNM6wtI5yOi53U0ASTIe7TtqMSC2rCbHrtGB07pYdipV1Ji6bq74kMC2NGInKdAtuBmfcm4n9eO7XxRZgxmaSWSjJbFKccWYUmr6Me05RYPnIEE83crYgMsMbEuoCKLoTq/MuLJDitXFb8u7Ny7SpPowCHcAQnUIVzqMEN1CEAAo/wDK/w5invxXv3PmatS14+cwB/4H3+AFt0joQ=</latexit><latexit sha1_base64="TITa6KKmitbRjTUwNjvRvxXpjfA=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8hY0I6i3oxYsQ0U0CyRJmJ7PJmHksM7NCWPIPXjyoePWDvPk3TpI9aGJBQ1HVTXdXlHBmrO9/e0vLK6tr64WN4ubW9s5uaW+/YVSqCQ2I4kq3ImwoZ5IGlllOW4mmWEScNqPh9cRvPlFtmJIPdpTQUOC+ZDEj2Dqp0dEC3d92S2W/4k+BFkk1J2XIUe+Wvjo9RVJBpSUcG9Ou+okNM6wtI5yOi53U0ASTIe7TtqMSC2rCbHrtGB07pYdipV1Ji6bq74kMC2NGInKdAtuBmfcm4n9eO7XxRZgxmaSWSjJbFKccWYUmr6Me05RYPnIEE83crYgMsMbEuoCKLoTq/MuLJDitXFb8u7Ny7SpPowCHcAQnUIVzqMEN1CEAAo/wDK/w5invxXv3PmatS14+cwB/4H3+AFt0joQ=</latexit><latexit sha1_base64="TITa6KKmitbRjTUwNjvRvxXpjfA=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8hY0I6i3oxYsQ0U0CyRJmJ7PJmHksM7NCWPIPXjyoePWDvPk3TpI9aGJBQ1HVTXdXlHBmrO9/e0vLK6tr64WN4ubW9s5uaW+/YVSqCQ2I4kq3ImwoZ5IGlllOW4mmWEScNqPh9cRvPlFtmJIPdpTQUOC+ZDEj2Dqp0dEC3d92S2W/4k+BFkk1J2XIUe+Wvjo9RVJBpSUcG9Ou+okNM6wtI5yOi53U0ASTIe7TtqMSC2rCbHrtGB07pYdipV1Ji6bq74kMC2NGInKdAtuBmfcm4n9eO7XxRZgxmaSWSjJbFKccWYUmr6Me05RYPnIEE83crYgMsMbEuoCKLoTq/MuLJDitXFb8u7Ny7SpPowCHcAQnUIVzqMEN1CEAAo/wDK/w5invxXv3PmatS14+cwB/4H3+AFt0joQ=</latexit>

SM
<latexit sha1_base64="TITa6KKmitbRjTUwNjvRvxXpjfA=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8hY0I6i3oxYsQ0U0CyRJmJ7PJmHksM7NCWPIPXjyoePWDvPk3TpI9aGJBQ1HVTXdXlHBmrO9/e0vLK6tr64WN4ubW9s5uaW+/YVSqCQ2I4kq3ImwoZ5IGlllOW4mmWEScNqPh9cRvPlFtmJIPdpTQUOC+ZDEj2Dqp0dEC3d92S2W/4k+BFkk1J2XIUe+Wvjo9RVJBpSUcG9Ou+okNM6wtI5yOi53U0ASTIe7TtqMSC2rCbHrtGB07pYdipV1Ji6bq74kMC2NGInKdAtuBmfcm4n9eO7XxRZgxmaSWSjJbFKccWYUmr6Me05RYPnIEE83crYgMsMbEuoCKLoTq/MuLJDitXFb8u7Ny7SpPowCHcAQnUIVzqMEN1CEAAo/wDK/w5invxXv3PmatS14+cwB/4H3+AFt0joQ=</latexit><latexit sha1_base64="TITa6KKmitbRjTUwNjvRvxXpjfA=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8hY0I6i3oxYsQ0U0CyRJmJ7PJmHksM7NCWPIPXjyoePWDvPk3TpI9aGJBQ1HVTXdXlHBmrO9/e0vLK6tr64WN4ubW9s5uaW+/YVSqCQ2I4kq3ImwoZ5IGlllOW4mmWEScNqPh9cRvPlFtmJIPdpTQUOC+ZDEj2Dqp0dEC3d92S2W/4k+BFkk1J2XIUe+Wvjo9RVJBpSUcG9Ou+okNM6wtI5yOi53U0ASTIe7TtqMSC2rCbHrtGB07pYdipV1Ji6bq74kMC2NGInKdAtuBmfcm4n9eO7XxRZgxmaSWSjJbFKccWYUmr6Me05RYPnIEE83crYgMsMbEuoCKLoTq/MuLJDitXFb8u7Ny7SpPowCHcAQnUIVzqMEN1CEAAo/wDK/w5invxXv3PmatS14+cwB/4H3+AFt0joQ=</latexit><latexit sha1_base64="TITa6KKmitbRjTUwNjvRvxXpjfA=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8hY0I6i3oxYsQ0U0CyRJmJ7PJmHksM7NCWPIPXjyoePWDvPk3TpI9aGJBQ1HVTXdXlHBmrO9/e0vLK6tr64WN4ubW9s5uaW+/YVSqCQ2I4kq3ImwoZ5IGlllOW4mmWEScNqPh9cRvPlFtmJIPdpTQUOC+ZDEj2Dqp0dEC3d92S2W/4k+BFkk1J2XIUe+Wvjo9RVJBpSUcG9Ou+okNM6wtI5yOi53U0ASTIe7TtqMSC2rCbHrtGB07pYdipV1Ji6bq74kMC2NGInKdAtuBmfcm4n9eO7XxRZgxmaSWSjJbFKccWYUmr6Me05RYPnIEE83crYgMsMbEuoCKLoTq/MuLJDitXFb8u7Ny7SpPowCHcAQnUIVzqMEN1CEAAo/wDK/w5invxXv3PmatS14+cwB/4H3+AFt0joQ=</latexit>

A0⇤
<latexit sha1_base64="WLhB3eKxY6Xrhjbw1AWTFMZkXY4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKKh5KIoN6qXjxWMLbQxrLZbtqlu5uwuxFK6F/w4kHFq7/Im//GTZuDtj4YeLw3w8y8MOFMG9f9dhYWl5ZXVktr5fWNza3tys7ug45TRahPYh6rVog15UxS3zDDaStRFIuQ02Y4vMn95hNVmsXy3owSGgjclyxiBJtcujp6POlWqm7NnQDNE68gVSjQ6Fa+Or2YpIJKQzjWuu25iQkyrAwjnI7LnVTTBJMh7tO2pRILqoNscusYHVqlh6JY2ZIGTdTfExkWWo9EaDsFNgM96+Xif147NdFFkDGZpIZKMl0UpRyZGOWPox5TlBg+sgQTxeytiAywwsTYeMo2BG/25Xnin9Yua+7dWbV+XaRRgn04gGPw4BzqcAsN8IHAAJ7hFd4c4bw4787HtHXBKWb24A+czx954o1l</latexit><latexit sha1_base64="WLhB3eKxY6Xrhjbw1AWTFMZkXY4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKKh5KIoN6qXjxWMLbQxrLZbtqlu5uwuxFK6F/w4kHFq7/Im//GTZuDtj4YeLw3w8y8MOFMG9f9dhYWl5ZXVktr5fWNza3tys7ug45TRahPYh6rVog15UxS3zDDaStRFIuQ02Y4vMn95hNVmsXy3owSGgjclyxiBJtcujp6POlWqm7NnQDNE68gVSjQ6Fa+Or2YpIJKQzjWuu25iQkyrAwjnI7LnVTTBJMh7tO2pRILqoNscusYHVqlh6JY2ZIGTdTfExkWWo9EaDsFNgM96+Xif147NdFFkDGZpIZKMl0UpRyZGOWPox5TlBg+sgQTxeytiAywwsTYeMo2BG/25Xnin9Yua+7dWbV+XaRRgn04gGPw4BzqcAsN8IHAAJ7hFd4c4bw4787HtHXBKWb24A+czx954o1l</latexit><latexit sha1_base64="WLhB3eKxY6Xrhjbw1AWTFMZkXY4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKKh5KIoN6qXjxWMLbQxrLZbtqlu5uwuxFK6F/w4kHFq7/Im//GTZuDtj4YeLw3w8y8MOFMG9f9dhYWl5ZXVktr5fWNza3tys7ug45TRahPYh6rVog15UxS3zDDaStRFIuQ02Y4vMn95hNVmsXy3owSGgjclyxiBJtcujp6POlWqm7NnQDNE68gVSjQ6Fa+Or2YpIJKQzjWuu25iQkyrAwjnI7LnVTTBJMh7tO2pRILqoNscusYHVqlh6JY2ZIGTdTfExkWWo9EaDsFNgM96+Xif147NdFFkDGZpIZKMl0UpRyZGOWPox5TlBg+sgQTxeytiAywwsTYeMo2BG/25Xnin9Yua+7dWbV+XaRRgn04gGPw4BzqcAsN8IHAAJ7hFd4c4bw4787HtHXBKWb24A+czx954o1l</latexit>

�⇤
<latexit sha1_base64="tE9TEppjKTV0Zf7Bs//013+iPV4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBPJRUBPVW9OKxgrGFNpbJdtMu3U3i7kYooX/CiwcVr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz32yksLa+srhXXSxubW9s75d29ex2nijKPxiJWrQA1EzxinuFGsFaiGMpAsGYwvJ74zSemNI+jOzNKmC+xH/GQUzRWanX6KCU+nHTLFbfqTkEWSS0nFcjR6Ja/Or2YppJFhgrUul1zE+NnqAyngo1LnVSzBOkQ+6xtaYSSaT+b3jsmR1bpkTBWtiJDpurviQyl1iMZ2E6JZqDnvYn4n9dOTXjhZzxKUsMiOlsUpoKYmEyeJz2uGDViZAlSxe2thA5QITU2opINoTb/8iLxTquXVff2rFK/ytMowgEcwjHU4BzqcAMN8ICCgGd4hTfn0Xlx3p2PWWvByWf24Q+czx8Pso+E</latexit><latexit sha1_base64="tE9TEppjKTV0Zf7Bs//013+iPV4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBPJRUBPVW9OKxgrGFNpbJdtMu3U3i7kYooX/CiwcVr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz32yksLa+srhXXSxubW9s75d29ex2nijKPxiJWrQA1EzxinuFGsFaiGMpAsGYwvJ74zSemNI+jOzNKmC+xH/GQUzRWanX6KCU+nHTLFbfqTkEWSS0nFcjR6Ja/Or2YppJFhgrUul1zE+NnqAyngo1LnVSzBOkQ+6xtaYSSaT+b3jsmR1bpkTBWtiJDpurviQyl1iMZ2E6JZqDnvYn4n9dOTXjhZzxKUsMiOlsUpoKYmEyeJz2uGDViZAlSxe2thA5QITU2opINoTb/8iLxTquXVff2rFK/ytMowgEcwjHU4BzqcAMN8ICCgGd4hTfn0Xlx3p2PWWvByWf24Q+czx8Pso+E</latexit><latexit sha1_base64="tE9TEppjKTV0Zf7Bs//013+iPV4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBPJRUBPVW9OKxgrGFNpbJdtMu3U3i7kYooX/CiwcVr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz32yksLa+srhXXSxubW9s75d29ex2nijKPxiJWrQA1EzxinuFGsFaiGMpAsGYwvJ74zSemNI+jOzNKmC+xH/GQUzRWanX6KCU+nHTLFbfqTkEWSS0nFcjR6Ja/Or2YppJFhgrUul1zE+NnqAyngo1LnVSzBOkQ+6xtaYSSaT+b3jsmR1bpkTBWtiJDpurviQyl1iMZ2E6JZqDnvYn4n9dOTXjhZzxKUsMiOlsUpoKYmEyeJz2uGDViZAlSxe2thA5QITU2opINoTb/8iLxTquXVff2rFK/ytMowgEcwjHU4BzqcAMN8ICCgGd4hTfn0Xlx3p2PWWvByWf24Q+czx8Pso+E</latexit>

X
"

<latexit sha1_base64="qlt5pu0S3o4w+UuImCYoFDJAcl4=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juBpIljA7mU2GzM4sM72BsOQzvHhQ8erfePNvnDwQTSxoKKq66e6KUiks+v6XV1hZXVvfKG6WtrZ3dvfK+wcPVmeG8YBpqU0zopZLoXiAAiVvpobTJJL8MRrcTPzHITdWaHWPo5SHCe0pEQtG0Umt9pAanlohteqUK37Vn4L8kNoiqcAcjU75s93VLEu4Qiapta2an2KYU4OCST4utTPLU8oGtMdbjiqacBvm05PH5MQpXRJr40ohmaq/J3KaWDtKIteZUOzbRW8i/ue1Mowvw1yoNEOu2GxRnEmCmkz+J11hOEM5coQyI9ythPWpoQxdSiUXwtLLyyQ4q15V/bvzSv16nkYRjuAYTqEGF1CHW2hAAAw0PMELvHroPXtv3vusteDNZw7hD7yPbyUfkVs=</latexit><latexit sha1_base64="qlt5pu0S3o4w+UuImCYoFDJAcl4=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juBpIljA7mU2GzM4sM72BsOQzvHhQ8erfePNvnDwQTSxoKKq66e6KUiks+v6XV1hZXVvfKG6WtrZ3dvfK+wcPVmeG8YBpqU0zopZLoXiAAiVvpobTJJL8MRrcTPzHITdWaHWPo5SHCe0pEQtG0Umt9pAanlohteqUK37Vn4L8kNoiqcAcjU75s93VLEu4Qiapta2an2KYU4OCST4utTPLU8oGtMdbjiqacBvm05PH5MQpXRJr40ohmaq/J3KaWDtKIteZUOzbRW8i/ue1Mowvw1yoNEOu2GxRnEmCmkz+J11hOEM5coQyI9ythPWpoQxdSiUXwtLLyyQ4q15V/bvzSv16nkYRjuAYTqEGF1CHW2hAAAw0PMELvHroPXtv3vusteDNZw7hD7yPbyUfkVs=</latexit><latexit sha1_base64="qlt5pu0S3o4w+UuImCYoFDJAcl4=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juBpIljA7mU2GzM4sM72BsOQzvHhQ8erfePNvnDwQTSxoKKq66e6KUiks+v6XV1hZXVvfKG6WtrZ3dvfK+wcPVmeG8YBpqU0zopZLoXiAAiVvpobTJJL8MRrcTPzHITdWaHWPo5SHCe0pEQtG0Umt9pAanlohteqUK37Vn4L8kNoiqcAcjU75s93VLEu4Qiapta2an2KYU4OCST4utTPLU8oGtMdbjiqacBvm05PH5MQpXRJr40ohmaq/J3KaWDtKIteZUOzbRW8i/ue1Mowvw1yoNEOu2GxRnEmCmkz+J11hOEM5coQyI9ythPWpoQxdSiUXwtLLyyQ4q15V/bvzSv16nkYRjuAYTqEGF1CHW2hAAAw0PMELvHroPXtv3vusteDNZw7hD7yPbyUfkVs=</latexit>

thermal freeze out channel

MiniBooNE
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�
<latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit>

�̄
<latexit sha1_base64="0p/xhwtC1DuAKrwsfIpCRdrcOVM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQplsN+3SzSbd3Qgl9E948aDi1d/jzX/j9gPR1gcDj/dmmJkXpoJr47pfTmFldW19o7hZ2tre2d0r7x886CRTlHk0EYlqhaiZ4JJ5hhvBWqliGIeCNcPBzcRvPjKleSLvzShlQYw9ySNO0Vip5YeofNrnnXLFrbpTkB9SWyQVmKPRKX/63YRmMZOGCtS6XXNTE+SoDKeCjUt+plmKdIA91rZUYsx0kE/vHZMTq3RJlChb0pCp+nsix1jrURzazhhNXy96E/E/r52Z6DLIuUwzwySdLYoyQUxCJs+TLleMGjGyBKni9lZC+6iQGhtRyYaw9PIy8c6qV1X37rxSv56nUYQjOIZTqMEF1OEWGuABBQFP8AKvztB5dt6c91lrwZnPHMIfOB/faJ6Pvw==</latexit><latexit sha1_base64="0p/xhwtC1DuAKrwsfIpCRdrcOVM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQplsN+3SzSbd3Qgl9E948aDi1d/jzX/j9gPR1gcDj/dmmJkXpoJr47pfTmFldW19o7hZ2tre2d0r7x886CRTlHk0EYlqhaiZ4JJ5hhvBWqliGIeCNcPBzcRvPjKleSLvzShlQYw9ySNO0Vip5YeofNrnnXLFrbpTkB9SWyQVmKPRKX/63YRmMZOGCtS6XXNTE+SoDKeCjUt+plmKdIA91rZUYsx0kE/vHZMTq3RJlChb0pCp+nsix1jrURzazhhNXy96E/E/r52Z6DLIuUwzwySdLYoyQUxCJs+TLleMGjGyBKni9lZC+6iQGhtRyYaw9PIy8c6qV1X37rxSv56nUYQjOIZTqMEF1OEWGuABBQFP8AKvztB5dt6c91lrwZnPHMIfOB/faJ6Pvw==</latexit><latexit sha1_base64="0p/xhwtC1DuAKrwsfIpCRdrcOVM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQplsN+3SzSbd3Qgl9E948aDi1d/jzX/j9gPR1gcDj/dmmJkXpoJr47pfTmFldW19o7hZ2tre2d0r7x886CRTlHk0EYlqhaiZ4JJ5hhvBWqliGIeCNcPBzcRvPjKleSLvzShlQYw9ySNO0Vip5YeofNrnnXLFrbpTkB9SWyQVmKPRKX/63YRmMZOGCtS6XXNTE+SoDKeCjUt+plmKdIA91rZUYsx0kE/vHZMTq3RJlChb0pCp+nsix1jrURzazhhNXy96E/E/r52Z6DLIuUwzwySdLYoyQUxCJs+TLleMGjGyBKni9lZC+6iQGhtRyYaw9PIy8c6qV1X37rxSv56nUYQjOIZTqMEF1OEWGuABBQFP8AKvztB5dt6c91lrwZnPHMIfOB/faJ6Pvw==</latexit>

⇡0, ⌘, . . .
<latexit sha1_base64="BckLZBXk/rlHpe3CKqfurnO9mJk=">AAAB+nicbVDLSgMxFM34rPU11qWbYBFcSJkRQd0V3bis4NhCO5ZMeqcNzTxI7ohl6K+4caHi1i9x59+YtrPQ1gMJh3PuITcnSKXQ6Djf1tLyyuraemmjvLm1vbNr71XudZIpDh5PZKJaAdMgRQweCpTQShWwKJDQDIbXE7/5CEqLJL7DUQp+xPqxCAVnaKSuXemk4sE5oR1AZu5egrprV52aMwVdJG5BqqRAo2t/mRzPIoiRS6Z123VS9HOmUHAJ43In05AyPmR9aBsaswi0n093H9Mjo/RomChzYqRT9XciZ5HWoygwkxHDgZ73JuJ/XjvD8MLPRZxmCDGfPRRmkmJCJ0XQnlDAUY4MYVwJsyvlA6YYR1NX2ZTgzn95kXintcuac3tWrV8VbZTIATkkx8Ql56RObkiDeISTJ/JMXsmbNbZerHfrYza6ZBWZffIH1ucP2X6TOQ==</latexit><latexit sha1_base64="BckLZBXk/rlHpe3CKqfurnO9mJk=">AAAB+nicbVDLSgMxFM34rPU11qWbYBFcSJkRQd0V3bis4NhCO5ZMeqcNzTxI7ohl6K+4caHi1i9x59+YtrPQ1gMJh3PuITcnSKXQ6Djf1tLyyuraemmjvLm1vbNr71XudZIpDh5PZKJaAdMgRQweCpTQShWwKJDQDIbXE7/5CEqLJL7DUQp+xPqxCAVnaKSuXemk4sE5oR1AZu5egrprV52aMwVdJG5BqqRAo2t/mRzPIoiRS6Z123VS9HOmUHAJ43In05AyPmR9aBsaswi0n093H9Mjo/RomChzYqRT9XciZ5HWoygwkxHDgZ73JuJ/XjvD8MLPRZxmCDGfPRRmkmJCJ0XQnlDAUY4MYVwJsyvlA6YYR1NX2ZTgzn95kXintcuac3tWrV8VbZTIATkkx8Ql56RObkiDeISTJ/JMXsmbNbZerHfrYza6ZBWZffIH1ucP2X6TOQ==</latexit><latexit sha1_base64="BckLZBXk/rlHpe3CKqfurnO9mJk=">AAAB+nicbVDLSgMxFM34rPU11qWbYBFcSJkRQd0V3bis4NhCO5ZMeqcNzTxI7ohl6K+4caHi1i9x59+YtrPQ1gMJh3PuITcnSKXQ6Djf1tLyyuraemmjvLm1vbNr71XudZIpDh5PZKJaAdMgRQweCpTQShWwKJDQDIbXE7/5CEqLJL7DUQp+xPqxCAVnaKSuXemk4sE5oR1AZu5egrprV52aMwVdJG5BqqRAo2t/mRzPIoiRS6Z123VS9HOmUHAJ43In05AyPmR9aBsaswi0n093H9Mjo/RomChzYqRT9XciZ5HWoygwkxHDgZ73JuJ/XjvD8MLPRZxmCDGfPRRmkmJCJ0XQnlDAUY4MYVwJsyvlA6YYR1NX2ZTgzn95kXintcuac3tWrV8VbZTIATkkx8Ql56RObkiDeISTJ/JMXsmbNbZerHfrYza6ZBWZffIH1ucP2X6TOQ==</latexit>

A0⇤
<latexit sha1_base64="PF5u0shNoytuzsGJ2YUtSnjXsqY=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UUF2FSNW12VTcuKxhbaGOZTCft0MmDmYlQQn/BjQsVt36RO//GSVtBRQ9cOJxzL/fe4yecSYXQh1FYWFxaXimultbWNza3yts7tzJOBaEuiXks2j6WlLOIuoopTtuJoDj0OW35o8vcb91TIVkc3ahxQr0QDyIWMIJVLp0f3h33yhVkWlXbrp5AZNpOre7YmiDbsc/q0DLRFBUwR7NXfu/2Y5KGNFKEYyk7FkqUl2GhGOF0UuqmkiaYjPCAdjSNcEill01vncADrfRhEAtdkYJT9ftEhkMpx6GvO0OshvK3l4t/eZ1UBXUvY1GSKhqR2aIg5VDFMH8c9pmgRPGxJpgIpm+FZIgFJkrHU9IhfH0K/ydu1XRMdH1aaVzM0yiCPbAPjoAFaqABrkATuICAIXgAT+DZCI1H48V4nbUWjPnMLvgB4+0TCEGNyA==</latexit><latexit sha1_base64="PF5u0shNoytuzsGJ2YUtSnjXsqY=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UUF2FSNW12VTcuKxhbaGOZTCft0MmDmYlQQn/BjQsVt36RO//GSVtBRQ9cOJxzL/fe4yecSYXQh1FYWFxaXimultbWNza3yts7tzJOBaEuiXks2j6WlLOIuoopTtuJoDj0OW35o8vcb91TIVkc3ahxQr0QDyIWMIJVLp0f3h33yhVkWlXbrp5AZNpOre7YmiDbsc/q0DLRFBUwR7NXfu/2Y5KGNFKEYyk7FkqUl2GhGOF0UuqmkiaYjPCAdjSNcEill01vncADrfRhEAtdkYJT9ftEhkMpx6GvO0OshvK3l4t/eZ1UBXUvY1GSKhqR2aIg5VDFMH8c9pmgRPGxJpgIpm+FZIgFJkrHU9IhfH0K/ydu1XRMdH1aaVzM0yiCPbAPjoAFaqABrkATuICAIXgAT+DZCI1H48V4nbUWjPnMLvgB4+0TCEGNyA==</latexit><latexit sha1_base64="PF5u0shNoytuzsGJ2YUtSnjXsqY=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UUF2FSNW12VTcuKxhbaGOZTCft0MmDmYlQQn/BjQsVt36RO//GSVtBRQ9cOJxzL/fe4yecSYXQh1FYWFxaXimultbWNza3yts7tzJOBaEuiXks2j6WlLOIuoopTtuJoDj0OW35o8vcb91TIVkc3ahxQr0QDyIWMIJVLp0f3h33yhVkWlXbrp5AZNpOre7YmiDbsc/q0DLRFBUwR7NXfu/2Y5KGNFKEYyk7FkqUl2GhGOF0UuqmkiaYjPCAdjSNcEill01vncADrfRhEAtdkYJT9ftEhkMpx6GvO0OshvK3l4t/eZ1UBXUvY1GSKhqR2aIg5VDFMH8c9pmgRPGxJpgIpm+FZIgFJkrHU9IhfH0K/ydu1XRMdH1aaVzM0yiCPbAPjoAFaqABrkATuICAIXgAT+DZCI1H48V4nbUWjPnMLvgB4+0TCEGNyA==</latexit>

�
<latexit sha1_base64="VNOLMmk11Nk4YovNtEk1FRQe8Ac=">AAAB7HicbVDLSgNBEJz1GeMr6tHLYBA8hV0R1FvQi8cIbhJIltA7mU3GzGOZmRXCkn/w4kHFqx/kzb9xkuxBEwsaiqpuurvilDNjff/bW1ldW9/YLG2Vt3d29/YrB4dNozJNaEgUV7odg6GcSRpaZjltp5qCiDltxaPbqd96otowJR/sOKWRgIFkCSNgndTsDkAI6FWqfs2fAS+ToCBVVKDRq3x1+4pkgkpLOBjTCfzURjloywink3I3MzQFMoIB7TgqQVAT5bNrJ/jUKX2cKO1KWjxTf0/kIIwZi9h1CrBDs+hNxf+8TmaTqyhnMs0slWS+KMk4tgpPX8d9pimxfOwIEM3crZgMQQOxLqCyCyFYfHmZhOe165p/f1Gt3xRplNAxOkFnKECXqI7uUAOFiKBH9Ixe0ZunvBfv3fuYt654xcwR+gPv8wfzBI7o</latexit><latexit sha1_base64="VNOLMmk11Nk4YovNtEk1FRQe8Ac=">AAAB7HicbVDLSgNBEJz1GeMr6tHLYBA8hV0R1FvQi8cIbhJIltA7mU3GzGOZmRXCkn/w4kHFqx/kzb9xkuxBEwsaiqpuurvilDNjff/bW1ldW9/YLG2Vt3d29/YrB4dNozJNaEgUV7odg6GcSRpaZjltp5qCiDltxaPbqd96otowJR/sOKWRgIFkCSNgndTsDkAI6FWqfs2fAS+ToCBVVKDRq3x1+4pkgkpLOBjTCfzURjloywink3I3MzQFMoIB7TgqQVAT5bNrJ/jUKX2cKO1KWjxTf0/kIIwZi9h1CrBDs+hNxf+8TmaTqyhnMs0slWS+KMk4tgpPX8d9pimxfOwIEM3crZgMQQOxLqCyCyFYfHmZhOe165p/f1Gt3xRplNAxOkFnKECXqI7uUAOFiKBH9Ixe0ZunvBfv3fuYt654xcwR+gPv8wfzBI7o</latexit><latexit sha1_base64="VNOLMmk11Nk4YovNtEk1FRQe8Ac=">AAAB7HicbVDLSgNBEJz1GeMr6tHLYBA8hV0R1FvQi8cIbhJIltA7mU3GzGOZmRXCkn/w4kHFqx/kzb9xkuxBEwsaiqpuurvilDNjff/bW1ldW9/YLG2Vt3d29/YrB4dNozJNaEgUV7odg6GcSRpaZjltp5qCiDltxaPbqd96otowJR/sOKWRgIFkCSNgndTsDkAI6FWqfs2fAS+ToCBVVKDRq3x1+4pkgkpLOBjTCfzURjloywink3I3MzQFMoIB7TgqQVAT5bNrJ/jUKX2cKO1KWjxTf0/kIIwZi9h1CrBDs+hNxf+8TmaTqyhnMs0slWS+KMk4tgpPX8d9pimxfOwIEM3crZgMQQOxLqCyCyFYfHmZhOe165p/f1Gt3xRplNAxOkFnKECXqI7uUAOFiKBH9Ixe0ZunvBfv3fuYt654xcwR+gPv8wfzBI7o</latexit>

�
<latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit>

�̄
<latexit sha1_base64="0p/xhwtC1DuAKrwsfIpCRdrcOVM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQplsN+3SzSbd3Qgl9E948aDi1d/jzX/j9gPR1gcDj/dmmJkXpoJr47pfTmFldW19o7hZ2tre2d0r7x886CRTlHk0EYlqhaiZ4JJ5hhvBWqliGIeCNcPBzcRvPjKleSLvzShlQYw9ySNO0Vip5YeofNrnnXLFrbpTkB9SWyQVmKPRKX/63YRmMZOGCtS6XXNTE+SoDKeCjUt+plmKdIA91rZUYsx0kE/vHZMTq3RJlChb0pCp+nsix1jrURzazhhNXy96E/E/r52Z6DLIuUwzwySdLYoyQUxCJs+TLleMGjGyBKni9lZC+6iQGhtRyYaw9PIy8c6qV1X37rxSv56nUYQjOIZTqMEF1OEWGuABBQFP8AKvztB5dt6c91lrwZnPHMIfOB/faJ6Pvw==</latexit><latexit sha1_base64="0p/xhwtC1DuAKrwsfIpCRdrcOVM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQplsN+3SzSbd3Qgl9E948aDi1d/jzX/j9gPR1gcDj/dmmJkXpoJr47pfTmFldW19o7hZ2tre2d0r7x886CRTlHk0EYlqhaiZ4JJ5hhvBWqliGIeCNcPBzcRvPjKleSLvzShlQYw9ySNO0Vip5YeofNrnnXLFrbpTkB9SWyQVmKPRKX/63YRmMZOGCtS6XXNTE+SoDKeCjUt+plmKdIA91rZUYsx0kE/vHZMTq3RJlChb0pCp+nsix1jrURzazhhNXy96E/E/r52Z6DLIuUwzwySdLYoyQUxCJs+TLleMGjGyBKni9lZC+6iQGhtRyYaw9PIy8c6qV1X37rxSv56nUYQjOIZTqMEF1OEWGuABBQFP8AKvztB5dt6c91lrwZnPHMIfOB/faJ6Pvw==</latexit><latexit sha1_base64="0p/xhwtC1DuAKrwsfIpCRdrcOVM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQplsN+3SzSbd3Qgl9E948aDi1d/jzX/j9gPR1gcDj/dmmJkXpoJr47pfTmFldW19o7hZ2tre2d0r7x886CRTlHk0EYlqhaiZ4JJ5hhvBWqliGIeCNcPBzcRvPjKleSLvzShlQYw9ySNO0Vip5YeofNrnnXLFrbpTkB9SWyQVmKPRKX/63YRmMZOGCtS6XXNTE+SoDKeCjUt+plmKdIA91rZUYsx0kE/vHZMTq3RJlChb0pCp+nsix1jrURzazhhNXy96E/E/r52Z6DLIuUwzwySdLYoyQUxCJs+TLleMGjGyBKni9lZC+6iQGhtRyYaw9PIy8c6qV1X37rxSv56nUYQjOIZTqMEF1OEWGuABBQFP8AKvztB5dt6c91lrwZnPHMIfOB/faJ6Pvw==</latexit>

�
<latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit>

�
<latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit>

A0⇤
<latexit sha1_base64="PF5u0shNoytuzsGJ2YUtSnjXsqY=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UUF2FSNW12VTcuKxhbaGOZTCft0MmDmYlQQn/BjQsVt36RO//GSVtBRQ9cOJxzL/fe4yecSYXQh1FYWFxaXimultbWNza3yts7tzJOBaEuiXks2j6WlLOIuoopTtuJoDj0OW35o8vcb91TIVkc3ahxQr0QDyIWMIJVLp0f3h33yhVkWlXbrp5AZNpOre7YmiDbsc/q0DLRFBUwR7NXfu/2Y5KGNFKEYyk7FkqUl2GhGOF0UuqmkiaYjPCAdjSNcEill01vncADrfRhEAtdkYJT9ftEhkMpx6GvO0OshvK3l4t/eZ1UBXUvY1GSKhqR2aIg5VDFMH8c9pmgRPGxJpgIpm+FZIgFJkrHU9IhfH0K/ydu1XRMdH1aaVzM0yiCPbAPjoAFaqABrkATuICAIXgAT+DZCI1H48V4nbUWjPnMLvgB4+0TCEGNyA==</latexit><latexit sha1_base64="PF5u0shNoytuzsGJ2YUtSnjXsqY=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UUF2FSNW12VTcuKxhbaGOZTCft0MmDmYlQQn/BjQsVt36RO//GSVtBRQ9cOJxzL/fe4yecSYXQh1FYWFxaXimultbWNza3yts7tzJOBaEuiXks2j6WlLOIuoopTtuJoDj0OW35o8vcb91TIVkc3ahxQr0QDyIWMIJVLp0f3h33yhVkWlXbrp5AZNpOre7YmiDbsc/q0DLRFBUwR7NXfu/2Y5KGNFKEYyk7FkqUl2GhGOF0UuqmkiaYjPCAdjSNcEill01vncADrfRhEAtdkYJT9ftEhkMpx6GvO0OshvK3l4t/eZ1UBXUvY1GSKhqR2aIg5VDFMH8c9pmgRPGxJpgIpm+FZIgFJkrHU9IhfH0K/ydu1XRMdH1aaVzM0yiCPbAPjoAFaqABrkATuICAIXgAT+DZCI1H48V4nbUWjPnMLvgB4+0TCEGNyA==</latexit><latexit sha1_base64="PF5u0shNoytuzsGJ2YUtSnjXsqY=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UUF2FSNW12VTcuKxhbaGOZTCft0MmDmYlQQn/BjQsVt36RO//GSVtBRQ9cOJxzL/fe4yecSYXQh1FYWFxaXimultbWNza3yts7tzJOBaEuiXks2j6WlLOIuoopTtuJoDj0OW35o8vcb91TIVkc3ahxQr0QDyIWMIJVLp0f3h33yhVkWlXbrp5AZNpOre7YmiDbsc/q0DLRFBUwR7NXfu/2Y5KGNFKEYyk7FkqUl2GhGOF0UuqmkiaYjPCAdjSNcEill01vncADrfRhEAtdkYJT9ftEhkMpx6GvO0OshvK3l4t/eZ1UBXUvY1GSKhqR2aIg5VDFMH8c9pmgRPGxJpgIpm+FZIgFJkrHU9IhfH0K/ydu1XRMdH1aaVzM0yiCPbAPjoAFaqABrkATuICAIXgAT+DZCI1H48V4nbUWjPnMLvgB4+0TCEGNyA==</latexit>

A0
<latexit sha1_base64="Ykxb1xAbd1eqMVvQXRbw2GoOIj0=">AAAB6HicdVDLSsNAFJ34rPVVdelmsIiuwqRq2uyqblxWMbbQhjKZTtqhk0mYmQgl9A/cuFBx6ye582+cPgQVPXDhcM693HtPmHKmNEIf1sLi0vLKamGtuL6xubVd2tm9U0kmCfVJwhPZCrGinAnqa6Y5baWS4jjktBkOLyd+855KxRJxq0cpDWLcFyxiBGsj3ZwfdUtlZDsV162cQGS7XrXmuYYg13PPatCx0RRlMEejW3rv9BKSxVRowrFSbQelOsix1IxwOi52MkVTTIa4T9uGChxTFeTTS8fw0Cg9GCXSlNBwqn6fyHGs1CgOTWeM9UD99ibiX14701EtyJlIM00FmS2KMg51Aidvwx6TlGg+MgQTycytkAywxESbcIomhK9P4f/Er9ieja5Py/WLeRoFsA8OwDFwQBXUwRVoAB8QEIEH8ASeraH1aL1Yr7PWBWs+swd+wHr7BO+RjSw=</latexit><latexit sha1_base64="Ykxb1xAbd1eqMVvQXRbw2GoOIj0=">AAAB6HicdVDLSsNAFJ34rPVVdelmsIiuwqRq2uyqblxWMbbQhjKZTtqhk0mYmQgl9A/cuFBx6ye582+cPgQVPXDhcM693HtPmHKmNEIf1sLi0vLKamGtuL6xubVd2tm9U0kmCfVJwhPZCrGinAnqa6Y5baWS4jjktBkOLyd+855KxRJxq0cpDWLcFyxiBGsj3ZwfdUtlZDsV162cQGS7XrXmuYYg13PPatCx0RRlMEejW3rv9BKSxVRowrFSbQelOsix1IxwOi52MkVTTIa4T9uGChxTFeTTS8fw0Cg9GCXSlNBwqn6fyHGs1CgOTWeM9UD99ibiX14701EtyJlIM00FmS2KMg51Aidvwx6TlGg+MgQTycytkAywxESbcIomhK9P4f/Er9ieja5Py/WLeRoFsA8OwDFwQBXUwRVoAB8QEIEH8ASeraH1aL1Yr7PWBWs+swd+wHr7BO+RjSw=</latexit><latexit sha1_base64="Ykxb1xAbd1eqMVvQXRbw2GoOIj0=">AAAB6HicdVDLSsNAFJ34rPVVdelmsIiuwqRq2uyqblxWMbbQhjKZTtqhk0mYmQgl9A/cuFBx6ye582+cPgQVPXDhcM693HtPmHKmNEIf1sLi0vLKamGtuL6xubVd2tm9U0kmCfVJwhPZCrGinAnqa6Y5baWS4jjktBkOLyd+855KxRJxq0cpDWLcFyxiBGsj3ZwfdUtlZDsV162cQGS7XrXmuYYg13PPatCx0RRlMEejW3rv9BKSxVRowrFSbQelOsix1IxwOi52MkVTTIa4T9uGChxTFeTTS8fw0Cg9GCXSlNBwqn6fyHGs1CgOTWeM9UD99ibiX14701EtyJlIM00FmS2KMg51Aidvwx6TlGg+MgQTycytkAywxESbcIomhK9P4f/Er9ieja5Py/WLeRoFsA8OwDFwQBXUwRVoAB8QEIEH8ASeraH1aL1Yr7PWBWs+swd+wHr7BO+RjSw=</latexit>

e�
<latexit sha1_base64="eS2LtIJXQn7LP4Kg2TcklegVLIo=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoPgxbCRgHoLevEY0TWBZA2zk95kyOzsMjMrhCWf4MWDilf/yJt/4+QhxFdBQ1HVTXdXkAiujet+OLmFxaXllfxqYW19Y3OruL1zq+NUMfRYLGLVDKhGwSV6hhuBzUQhjQKBjWBwMfYb96g0j+WNGSboR7QnecgZNVa6xrujTrFUKbsTEPcX+bJKMEO9U3xvd2OWRigNE1TrVsVNjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWKVLwljZkoZM1PmJjEZaD6PAdkbU9PVPbyz+5bVSE576GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU5gP4X/iHZfPyu5VtVQ7n6WRhz3Yh0OowAnU4BLq4AGDHjzAEzw7wnl0XpzXaWvOmc3swjc4b59WM41c</latexit><latexit sha1_base64="eS2LtIJXQn7LP4Kg2TcklegVLIo=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoPgxbCRgHoLevEY0TWBZA2zk95kyOzsMjMrhCWf4MWDilf/yJt/4+QhxFdBQ1HVTXdXkAiujet+OLmFxaXllfxqYW19Y3OruL1zq+NUMfRYLGLVDKhGwSV6hhuBzUQhjQKBjWBwMfYb96g0j+WNGSboR7QnecgZNVa6xrujTrFUKbsTEPcX+bJKMEO9U3xvd2OWRigNE1TrVsVNjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWKVLwljZkoZM1PmJjEZaD6PAdkbU9PVPbyz+5bVSE576GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU5gP4X/iHZfPyu5VtVQ7n6WRhz3Yh0OowAnU4BLq4AGDHjzAEzw7wnl0XpzXaWvOmc3swjc4b59WM41c</latexit><latexit sha1_base64="eS2LtIJXQn7LP4Kg2TcklegVLIo=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoPgxbCRgHoLevEY0TWBZA2zk95kyOzsMjMrhCWf4MWDilf/yJt/4+QhxFdBQ1HVTXdXkAiujet+OLmFxaXllfxqYW19Y3OruL1zq+NUMfRYLGLVDKhGwSV6hhuBzUQhjQKBjWBwMfYb96g0j+WNGSboR7QnecgZNVa6xrujTrFUKbsTEPcX+bJKMEO9U3xvd2OWRigNE1TrVsVNjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWKVLwljZkoZM1PmJjEZaD6PAdkbU9PVPbyz+5bVSE576GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU5gP4X/iHZfPyu5VtVQ7n6WRhz3Yh0OowAnU4BLq4AGDHjzAEzw7wnl0XpzXaWvOmc3swjc4b59WM41c</latexit>

e+
<latexit sha1_base64="x8GRq/un8r5F95Dm3AzCp310aMU=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoMgCGEjAfUW9OIxomsCyRpmJ73JkNnZZWZWCEs+wYsHFa/+kTf/xslDiK+ChqKqm+6uIBFcG9f9cHILi0vLK/nVwtr6xuZWcXvnVsepYuixWMSqGVCNgkv0DDcCm4lCGgUCG8HgYuw37lFpHssbM0zQj2hP8pAzaqx0jXdHnWKpUnYnIO4v8mWVYIZ6p/je7sYsjVAaJqjWrYqbGD+jynAmcFRopxoTyga0hy1LJY1Q+9nk1BE5sEqXhLGyJQ2ZqPMTGY20HkaB7Yyo6euf3lj8y2ulJjz1My6T1KBk00VhKoiJyfhv0uUKmRFDSyhT3N5KWJ8qyoxNpzAfwv/EOy6fld2raql2PksjD3uwD4dQgROowSXUwQMGPXiAJ3h2hPPovDiv09acM5vZhW9w3j4BUy2NWg==</latexit><latexit sha1_base64="x8GRq/un8r5F95Dm3AzCp310aMU=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoMgCGEjAfUW9OIxomsCyRpmJ73JkNnZZWZWCEs+wYsHFa/+kTf/xslDiK+ChqKqm+6uIBFcG9f9cHILi0vLK/nVwtr6xuZWcXvnVsepYuixWMSqGVCNgkv0DDcCm4lCGgUCG8HgYuw37lFpHssbM0zQj2hP8pAzaqx0jXdHnWKpUnYnIO4v8mWVYIZ6p/je7sYsjVAaJqjWrYqbGD+jynAmcFRopxoTyga0hy1LJY1Q+9nk1BE5sEqXhLGyJQ2ZqPMTGY20HkaB7Yyo6euf3lj8y2ulJjz1My6T1KBk00VhKoiJyfhv0uUKmRFDSyhT3N5KWJ8qyoxNpzAfwv/EOy6fld2raql2PksjD3uwD4dQgROowSXUwQMGPXiAJ3h2hPPovDiv09acM5vZhW9w3j4BUy2NWg==</latexit><latexit sha1_base64="x8GRq/un8r5F95Dm3AzCp310aMU=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoMgCGEjAfUW9OIxomsCyRpmJ73JkNnZZWZWCEs+wYsHFa/+kTf/xslDiK+ChqKqm+6uIBFcG9f9cHILi0vLK/nVwtr6xuZWcXvnVsepYuixWMSqGVCNgkv0DDcCm4lCGgUCG8HgYuw37lFpHssbM0zQj2hP8pAzaqx0jXdHnWKpUnYnIO4v8mWVYIZ6p/je7sYsjVAaJqjWrYqbGD+jynAmcFRopxoTyga0hy1LJY1Q+9nk1BE5sEqXhLGyJQ2ZqPMTGY20HkaB7Yyo6euf3lj8y2ulJjz1My6T1KBk00VhKoiJyfhv0uUKmRFDSyhT3N5KWJ8qyoxNpzAfwv/EOy6fld2raql2PksjD3uwD4dQgROowSXUwQMGPXiAJ3h2hPPovDiv09acM5vZhW9w3j4BUy2NWg==</latexit>

Ar
<latexit sha1_base64="Lppey50Sn1vG/Fwqi6nS/nH9b3g=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9RLx4juEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0IAornQ7woZyJmlgmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXS3Qte6VK37VnwEtk1pOKpCj0St/dfuKpIJKSzg2plPzExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauPLMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCLXFl5dJcFa9qvr355X6TZ5GEY7gGE6hBhdQhztoQAAEHuEZXuHNU96L9+59zFsLXj5zCH/gff4AeBuOlw==</latexit><latexit sha1_base64="Lppey50Sn1vG/Fwqi6nS/nH9b3g=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9RLx4juEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0IAornQ7woZyJmlgmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXS3Qte6VK37VnwEtk1pOKpCj0St/dfuKpIJKSzg2plPzExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauPLMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCLXFl5dJcFa9qvr355X6TZ5GEY7gGE6hBhdQhztoQAAEHuEZXuHNU96L9+59zFsLXj5zCH/gff4AeBuOlw==</latexit><latexit sha1_base64="Lppey50Sn1vG/Fwqi6nS/nH9b3g=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9RLx4juEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0IAornQ7woZyJmlgmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXS3Qte6VK37VnwEtk1pOKpCj0St/dfuKpIJKSzg2plPzExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauPLMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCLXFl5dJcFa9qvr355X6TZ5GEY7gGE6hBhdQhztoQAAEHuEZXuHNU96L9+59zFsLXj5zCH/gff4AeBuOlw==</latexit>

Ar
<latexit sha1_base64="Lppey50Sn1vG/Fwqi6nS/nH9b3g=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9RLx4juEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0IAornQ7woZyJmlgmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXS3Qte6VK37VnwEtk1pOKpCj0St/dfuKpIJKSzg2plPzExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauPLMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCLXFl5dJcFa9qvr355X6TZ5GEY7gGE6hBhdQhztoQAAEHuEZXuHNU96L9+59zFsLXj5zCH/gff4AeBuOlw==</latexit><latexit sha1_base64="Lppey50Sn1vG/Fwqi6nS/nH9b3g=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9RLx4juEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0IAornQ7woZyJmlgmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXS3Qte6VK37VnwEtk1pOKpCj0St/dfuKpIJKSzg2plPzExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauPLMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCLXFl5dJcFa9qvr355X6TZ5GEY7gGE6hBhdQhztoQAAEHuEZXuHNU96L9+59zFsLXj5zCH/gff4AeBuOlw==</latexit><latexit sha1_base64="Lppey50Sn1vG/Fwqi6nS/nH9b3g=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9RLx4juEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0IAornQ7woZyJmlgmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXS3Qte6VK37VnwEtk1pOKpCj0St/dfuKpIJKSzg2plPzExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauPLMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCLXFl5dJcFa9qvr355X6TZ5GEY7gGE6hBhdQhztoQAAEHuEZXuHNU96L9+59zFsLXj5zCH/gff4AeBuOlw==</latexit>

gD
<latexit sha1_base64="PSc/9tTm+icCBnyNJx2+hTzn3Og=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FPXisaGyhDWWznaRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZekAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRYIhLVCahGwSV6hhuBnVQhjQOB7WB0NfXbj6g0T+S9GafoxzSSPOSMGivdRf3rfrXm1t0ZyF/SKEgNCrT61c/eIGFZjNIwQbXuNtzU+DlVhjOBk0ov05hSNqIRdi2VNEbt57NTJ+TIKgMSJsqWNGSm/pzIaaz1OA5sZ0zNUC96U/E/r5uZ8NzPuUwzg5LNF4WZICYh07/JgCtkRowtoUxxeythQ6ooMzadig2hsfjyX+Kd1C/q7u1prXlZpFGGAziEY2jAGTThBlrgAYMInuAFXh3hPDtvzvu8teQUM/vwC87HN3wHjXU=</latexit><latexit sha1_base64="PSc/9tTm+icCBnyNJx2+hTzn3Og=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FPXisaGyhDWWznaRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZekAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRYIhLVCahGwSV6hhuBnVQhjQOB7WB0NfXbj6g0T+S9GafoxzSSPOSMGivdRf3rfrXm1t0ZyF/SKEgNCrT61c/eIGFZjNIwQbXuNtzU+DlVhjOBk0ov05hSNqIRdi2VNEbt57NTJ+TIKgMSJsqWNGSm/pzIaaz1OA5sZ0zNUC96U/E/r5uZ8NzPuUwzg5LNF4WZICYh07/JgCtkRowtoUxxeythQ6ooMzadig2hsfjyX+Kd1C/q7u1prXlZpFGGAziEY2jAGTThBlrgAYMInuAFXh3hPDtvzvu8teQUM/vwC87HN3wHjXU=</latexit><latexit sha1_base64="PSc/9tTm+icCBnyNJx2+hTzn3Og=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FPXisaGyhDWWznaRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZekAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRYIhLVCahGwSV6hhuBnVQhjQOB7WB0NfXbj6g0T+S9GafoxzSSPOSMGivdRf3rfrXm1t0ZyF/SKEgNCrT61c/eIGFZjNIwQbXuNtzU+DlVhjOBk0ov05hSNqIRdi2VNEbt57NTJ+TIKgMSJsqWNGSm/pzIaaz1OA5sZ0zNUC96U/E/r5uZ8NzPuUwzg5LNF4WZICYh07/JgCtkRowtoUxxeythQ6ooMzadig2hsfjyX+Kd1C/q7u1prXlZpFGGAziEY2jAGTThBlrgAYMInuAFXh3hPDtvzvu8teQUM/vwC87HN3wHjXU=</latexit>

gD
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FIG. 1. Dark trident production in the benchmark dark sector model, described in the text. Protons on target produce mesons
whose decays produce pairs of dark matter particles, � and �̄. Some of the dark matter particles will reach the detector (not
to scale) and will scatter with the argon nuclei that fill the detector. The scattering event can lead to the emission of one (or
several) dark photon(s) A0, which decays to a pair of charged leptons (electrons in the case of the figure).

associated to equally light mediators (see e.g. [16, 17]).⇤ We consider the simplest such model, described in detail
in Section II. The dark matter particle is a standard model singlet charged under a new U(1)D gauge interaction.
None of the standard model particles are charged under U(1)D but, assuming the U(1)D symmetry is broken, kinetic
mixing allows the new gauge boson – the dark photon – to interact with charged standard model particles.

In this scenario,† it is possible to produce dark photons in the near detectors of neutrino beam experiments and
have the dark photon decay predominantly and promptly into a lepton–antilepton pair, as depicted in Figure 1. First,
a dark matter particle � is produced at the target. It is very long-lived and weakly interacting so it easily finds its
way to the detector unperturbed, regardless of how far away it is. Second, the dark photon A0 is produced on-shell
by in the collision of a dark matter particle with a nucleus. The dark photon decays promptly in the detector. The
relevance of the dark trident channel depends dramatically on the parameters of the model. First, the branching ratio
of the dark photon into leptons must be large. This can only be achieved if the decay of the dark photon into dark
sector particles, including the dark matter particle, is forbidden, i.e., mA0 < 2m�. Second, the probability of emitting
a dark photon during � scattering must be large. This requires the dark coupling constant to be large or the dark
photon mass to be very small. Third, the dark matter production rate should not be too small. Here, the condition
mA0 < 2m� is a hindrance as it implies that dark matter production involves o↵-shell dark photon intermediate states.
The literature reveals [23, 24] that it is possible to produce enough dark matter particles when the dark photons are
o↵-shell, an issue we discuss in detail in Sec. III. Previous studies considered only leading-order dark-matter–nucleus
scattering as the detection signal. One narrow interpretation of our contribution is that we are exploring the benefits
of the rarer, but much more distinct, detection signal in the region of parameter space where dark matter production
is suppressed.

The dark trident signal provides ample experimental handles. In the remainder of this manuscript, we study the
phenomenology of the signal and show that, for our benchmark dark matter model, o↵-axis liquid argon detectors,
including the ones currently running or under construction at Fermilab, have improved sensitivity because neutrino
backgrounds can be suppressed [5]. The kinematics of dark trident events, including angular distributions, invariant
mass, as well as particle identification will be useful in further suppressing backgrounds.

II. A BENCHMARK MODEL

We consider the model where a fermionic dark matter particle � with mass M� interacts with those in the standard
model through a massive dark photon A0 with mass MA0 and its kinetic mixing with the photon. The Lagrangian

⇤ Dark matter models with light mediators have also been proposed in other contexts [18–20].
† This type of signal is not endemic to dark matter models. Frameworks in which a heavy sterile neutrino is produced in neutrino beams
and then proceeds to decay to a dark photon have been recently proposed to explain the MiniBooNE low energy excess [21, 22]. These
also lead to similar phenomenology.
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<latexit sha1_base64="BckLZBXk/rlHpe3CKqfurnO9mJk=">AAAB+nicbVDLSgMxFM34rPU11qWbYBFcSJkRQd0V3bis4NhCO5ZMeqcNzTxI7ohl6K+4caHi1i9x59+YtrPQ1gMJh3PuITcnSKXQ6Djf1tLyyuraemmjvLm1vbNr71XudZIpDh5PZKJaAdMgRQweCpTQShWwKJDQDIbXE7/5CEqLJL7DUQp+xPqxCAVnaKSuXemk4sE5oR1AZu5egrprV52aMwVdJG5BqqRAo2t/mRzPIoiRS6Z123VS9HOmUHAJ43In05AyPmR9aBsaswi0n093H9Mjo/RomChzYqRT9XciZ5HWoygwkxHDgZ73JuJ/XjvD8MLPRZxmCDGfPRRmkmJCJ0XQnlDAUY4MYVwJsyvlA6YYR1NX2ZTgzn95kXintcuac3tWrV8VbZTIATkkx8Ql56RObkiDeISTJ/JMXsmbNbZerHfrYza6ZBWZffIH1ucP2X6TOQ==</latexit><latexit sha1_base64="BckLZBXk/rlHpe3CKqfurnO9mJk=">AAAB+nicbVDLSgMxFM34rPU11qWbYBFcSJkRQd0V3bis4NhCO5ZMeqcNzTxI7ohl6K+4caHi1i9x59+YtrPQ1gMJh3PuITcnSKXQ6Djf1tLyyuraemmjvLm1vbNr71XudZIpDh5PZKJaAdMgRQweCpTQShWwKJDQDIbXE7/5CEqLJL7DUQp+xPqxCAVnaKSuXemk4sE5oR1AZu5egrprV52aMwVdJG5BqqRAo2t/mRzPIoiRS6Z123VS9HOmUHAJ43In05AyPmR9aBsaswi0n093H9Mjo/RomChzYqRT9XciZ5HWoygwkxHDgZ73JuJ/XjvD8MLPRZxmCDGfPRRmkmJCJ0XQnlDAUY4MYVwJsyvlA6YYR1NX2ZTgzn95kXintcuac3tWrV8VbZTIATkkx8Ql56RObkiDeISTJ/JMXsmbNbZerHfrYza6ZBWZffIH1ucP2X6TOQ==</latexit><latexit sha1_base64="BckLZBXk/rlHpe3CKqfurnO9mJk=">AAAB+nicbVDLSgMxFM34rPU11qWbYBFcSJkRQd0V3bis4NhCO5ZMeqcNzTxI7ohl6K+4caHi1i9x59+YtrPQ1gMJh3PuITcnSKXQ6Djf1tLyyuraemmjvLm1vbNr71XudZIpDh5PZKJaAdMgRQweCpTQShWwKJDQDIbXE7/5CEqLJL7DUQp+xPqxCAVnaKSuXemk4sE5oR1AZu5egrprV52aMwVdJG5BqqRAo2t/mRzPIoiRS6Z123VS9HOmUHAJ43In05AyPmR9aBsaswi0n093H9Mjo/RomChzYqRT9XciZ5HWoygwkxHDgZ73JuJ/XjvD8MLPRZxmCDGfPRRmkmJCJ0XQnlDAUY4MYVwJsyvlA6YYR1NX2ZTgzn95kXintcuac3tWrV8VbZTIATkkx8Ql56RObkiDeISTJ/JMXsmbNbZerHfrYza6ZBWZffIH1ucP2X6TOQ==</latexit>

A0⇤
<latexit sha1_base64="PF5u0shNoytuzsGJ2YUtSnjXsqY=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UUF2FSNW12VTcuKxhbaGOZTCft0MmDmYlQQn/BjQsVt36RO//GSVtBRQ9cOJxzL/fe4yecSYXQh1FYWFxaXimultbWNza3yts7tzJOBaEuiXks2j6WlLOIuoopTtuJoDj0OW35o8vcb91TIVkc3ahxQr0QDyIWMIJVLp0f3h33yhVkWlXbrp5AZNpOre7YmiDbsc/q0DLRFBUwR7NXfu/2Y5KGNFKEYyk7FkqUl2GhGOF0UuqmkiaYjPCAdjSNcEill01vncADrfRhEAtdkYJT9ftEhkMpx6GvO0OshvK3l4t/eZ1UBXUvY1GSKhqR2aIg5VDFMH8c9pmgRPGxJpgIpm+FZIgFJkrHU9IhfH0K/ydu1XRMdH1aaVzM0yiCPbAPjoAFaqABrkATuICAIXgAT+DZCI1H48V4nbUWjPnMLvgB4+0TCEGNyA==</latexit><latexit sha1_base64="PF5u0shNoytuzsGJ2YUtSnjXsqY=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UUF2FSNW12VTcuKxhbaGOZTCft0MmDmYlQQn/BjQsVt36RO//GSVtBRQ9cOJxzL/fe4yecSYXQh1FYWFxaXimultbWNza3yts7tzJOBaEuiXks2j6WlLOIuoopTtuJoDj0OW35o8vcb91TIVkc3ahxQr0QDyIWMIJVLp0f3h33yhVkWlXbrp5AZNpOre7YmiDbsc/q0DLRFBUwR7NXfu/2Y5KGNFKEYyk7FkqUl2GhGOF0UuqmkiaYjPCAdjSNcEill01vncADrfRhEAtdkYJT9ftEhkMpx6GvO0OshvK3l4t/eZ1UBXUvY1GSKhqR2aIg5VDFMH8c9pmgRPGxJpgIpm+FZIgFJkrHU9IhfH0K/ydu1XRMdH1aaVzM0yiCPbAPjoAFaqABrkATuICAIXgAT+DZCI1H48V4nbUWjPnMLvgB4+0TCEGNyA==</latexit><latexit sha1_base64="PF5u0shNoytuzsGJ2YUtSnjXsqY=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UUF2FSNW12VTcuKxhbaGOZTCft0MmDmYlQQn/BjQsVt36RO//GSVtBRQ9cOJxzL/fe4yecSYXQh1FYWFxaXimultbWNza3yts7tzJOBaEuiXks2j6WlLOIuoopTtuJoDj0OW35o8vcb91TIVkc3ahxQr0QDyIWMIJVLp0f3h33yhVkWlXbrp5AZNpOre7YmiDbsc/q0DLRFBUwR7NXfu/2Y5KGNFKEYyk7FkqUl2GhGOF0UuqmkiaYjPCAdjSNcEill01vncADrfRhEAtdkYJT9ftEhkMpx6GvO0OshvK3l4t/eZ1UBXUvY1GSKhqR2aIg5VDFMH8c9pmgRPGxJpgIpm+FZIgFJkrHU9IhfH0K/ydu1XRMdH1aaVzM0yiCPbAPjoAFaqABrkATuICAIXgAT+DZCI1H48V4nbUWjPnMLvgB4+0TCEGNyA==</latexit>

�
<latexit sha1_base64="VNOLMmk11Nk4YovNtEk1FRQe8Ac=">AAAB7HicbVDLSgNBEJz1GeMr6tHLYBA8hV0R1FvQi8cIbhJIltA7mU3GzGOZmRXCkn/w4kHFqx/kzb9xkuxBEwsaiqpuurvilDNjff/bW1ldW9/YLG2Vt3d29/YrB4dNozJNaEgUV7odg6GcSRpaZjltp5qCiDltxaPbqd96otowJR/sOKWRgIFkCSNgndTsDkAI6FWqfs2fAS+ToCBVVKDRq3x1+4pkgkpLOBjTCfzURjloywink3I3MzQFMoIB7TgqQVAT5bNrJ/jUKX2cKO1KWjxTf0/kIIwZi9h1CrBDs+hNxf+8TmaTqyhnMs0slWS+KMk4tgpPX8d9pimxfOwIEM3crZgMQQOxLqCyCyFYfHmZhOe165p/f1Gt3xRplNAxOkFnKECXqI7uUAOFiKBH9Ixe0ZunvBfv3fuYt654xcwR+gPv8wfzBI7o</latexit><latexit sha1_base64="VNOLMmk11Nk4YovNtEk1FRQe8Ac=">AAAB7HicbVDLSgNBEJz1GeMr6tHLYBA8hV0R1FvQi8cIbhJIltA7mU3GzGOZmRXCkn/w4kHFqx/kzb9xkuxBEwsaiqpuurvilDNjff/bW1ldW9/YLG2Vt3d29/YrB4dNozJNaEgUV7odg6GcSRpaZjltp5qCiDltxaPbqd96otowJR/sOKWRgIFkCSNgndTsDkAI6FWqfs2fAS+ToCBVVKDRq3x1+4pkgkpLOBjTCfzURjloywink3I3MzQFMoIB7TgqQVAT5bNrJ/jUKX2cKO1KWjxTf0/kIIwZi9h1CrBDs+hNxf+8TmaTqyhnMs0slWS+KMk4tgpPX8d9pimxfOwIEM3crZgMQQOxLqCyCyFYfHmZhOe165p/f1Gt3xRplNAxOkFnKECXqI7uUAOFiKBH9Ixe0ZunvBfv3fuYt654xcwR+gPv8wfzBI7o</latexit><latexit sha1_base64="VNOLMmk11Nk4YovNtEk1FRQe8Ac=">AAAB7HicbVDLSgNBEJz1GeMr6tHLYBA8hV0R1FvQi8cIbhJIltA7mU3GzGOZmRXCkn/w4kHFqx/kzb9xkuxBEwsaiqpuurvilDNjff/bW1ldW9/YLG2Vt3d29/YrB4dNozJNaEgUV7odg6GcSRpaZjltp5qCiDltxaPbqd96otowJR/sOKWRgIFkCSNgndTsDkAI6FWqfs2fAS+ToCBVVKDRq3x1+4pkgkpLOBjTCfzURjloywink3I3MzQFMoIB7TgqQVAT5bNrJ/jUKX2cKO1KWjxTf0/kIIwZi9h1CrBDs+hNxf+8TmaTqyhnMs0slWS+KMk4tgpPX8d9pimxfOwIEM3crZgMQQOxLqCyCyFYfHmZhOe165p/f1Gt3xRplNAxOkFnKECXqI7uUAOFiKBH9Ixe0ZunvBfv3fuYt654xcwR+gPv8wfzBI7o</latexit>

�
<latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit>

�̄
<latexit sha1_base64="0p/xhwtC1DuAKrwsfIpCRdrcOVM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQplsN+3SzSbd3Qgl9E948aDi1d/jzX/j9gPR1gcDj/dmmJkXpoJr47pfTmFldW19o7hZ2tre2d0r7x886CRTlHk0EYlqhaiZ4JJ5hhvBWqliGIeCNcPBzcRvPjKleSLvzShlQYw9ySNO0Vip5YeofNrnnXLFrbpTkB9SWyQVmKPRKX/63YRmMZOGCtS6XXNTE+SoDKeCjUt+plmKdIA91rZUYsx0kE/vHZMTq3RJlChb0pCp+nsix1jrURzazhhNXy96E/E/r52Z6DLIuUwzwySdLYoyQUxCJs+TLleMGjGyBKni9lZC+6iQGhtRyYaw9PIy8c6qV1X37rxSv56nUYQjOIZTqMEF1OEWGuABBQFP8AKvztB5dt6c91lrwZnPHMIfOB/faJ6Pvw==</latexit><latexit sha1_base64="0p/xhwtC1DuAKrwsfIpCRdrcOVM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQplsN+3SzSbd3Qgl9E948aDi1d/jzX/j9gPR1gcDj/dmmJkXpoJr47pfTmFldW19o7hZ2tre2d0r7x886CRTlHk0EYlqhaiZ4JJ5hhvBWqliGIeCNcPBzcRvPjKleSLvzShlQYw9ySNO0Vip5YeofNrnnXLFrbpTkB9SWyQVmKPRKX/63YRmMZOGCtS6XXNTE+SoDKeCjUt+plmKdIA91rZUYsx0kE/vHZMTq3RJlChb0pCp+nsix1jrURzazhhNXy96E/E/r52Z6DLIuUwzwySdLYoyQUxCJs+TLleMGjGyBKni9lZC+6iQGhtRyYaw9PIy8c6qV1X37rxSv56nUYQjOIZTqMEF1OEWGuABBQFP8AKvztB5dt6c91lrwZnPHMIfOB/faJ6Pvw==</latexit><latexit sha1_base64="0p/xhwtC1DuAKrwsfIpCRdrcOVM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQplsN+3SzSbd3Qgl9E948aDi1d/jzX/j9gPR1gcDj/dmmJkXpoJr47pfTmFldW19o7hZ2tre2d0r7x886CRTlHk0EYlqhaiZ4JJ5hhvBWqliGIeCNcPBzcRvPjKleSLvzShlQYw9ySNO0Vip5YeofNrnnXLFrbpTkB9SWyQVmKPRKX/63YRmMZOGCtS6XXNTE+SoDKeCjUt+plmKdIA91rZUYsx0kE/vHZMTq3RJlChb0pCp+nsix1jrURzazhhNXy96E/E/r52Z6DLIuUwzwySdLYoyQUxCJs+TLleMGjGyBKni9lZC+6iQGhtRyYaw9PIy8c6qV1X37rxSv56nUYQjOIZTqMEF1OEWGuABBQFP8AKvztB5dt6c91lrwZnPHMIfOB/faJ6Pvw==</latexit>

�
<latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit>

�
<latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit>

A0⇤
<latexit sha1_base64="PF5u0shNoytuzsGJ2YUtSnjXsqY=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UUF2FSNW12VTcuKxhbaGOZTCft0MmDmYlQQn/BjQsVt36RO//GSVtBRQ9cOJxzL/fe4yecSYXQh1FYWFxaXimultbWNza3yts7tzJOBaEuiXks2j6WlLOIuoopTtuJoDj0OW35o8vcb91TIVkc3ahxQr0QDyIWMIJVLp0f3h33yhVkWlXbrp5AZNpOre7YmiDbsc/q0DLRFBUwR7NXfu/2Y5KGNFKEYyk7FkqUl2GhGOF0UuqmkiaYjPCAdjSNcEill01vncADrfRhEAtdkYJT9ftEhkMpx6GvO0OshvK3l4t/eZ1UBXUvY1GSKhqR2aIg5VDFMH8c9pmgRPGxJpgIpm+FZIgFJkrHU9IhfH0K/ydu1XRMdH1aaVzM0yiCPbAPjoAFaqABrkATuICAIXgAT+DZCI1H48V4nbUWjPnMLvgB4+0TCEGNyA==</latexit><latexit sha1_base64="PF5u0shNoytuzsGJ2YUtSnjXsqY=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UUF2FSNW12VTcuKxhbaGOZTCft0MmDmYlQQn/BjQsVt36RO//GSVtBRQ9cOJxzL/fe4yecSYXQh1FYWFxaXimultbWNza3yts7tzJOBaEuiXks2j6WlLOIuoopTtuJoDj0OW35o8vcb91TIVkc3ahxQr0QDyIWMIJVLp0f3h33yhVkWlXbrp5AZNpOre7YmiDbsc/q0DLRFBUwR7NXfu/2Y5KGNFKEYyk7FkqUl2GhGOF0UuqmkiaYjPCAdjSNcEill01vncADrfRhEAtdkYJT9ftEhkMpx6GvO0OshvK3l4t/eZ1UBXUvY1GSKhqR2aIg5VDFMH8c9pmgRPGxJpgIpm+FZIgFJkrHU9IhfH0K/ydu1XRMdH1aaVzM0yiCPbAPjoAFaqABrkATuICAIXgAT+DZCI1H48V4nbUWjPnMLvgB4+0TCEGNyA==</latexit><latexit sha1_base64="PF5u0shNoytuzsGJ2YUtSnjXsqY=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UUF2FSNW12VTcuKxhbaGOZTCft0MmDmYlQQn/BjQsVt36RO//GSVtBRQ9cOJxzL/fe4yecSYXQh1FYWFxaXimultbWNza3yts7tzJOBaEuiXks2j6WlLOIuoopTtuJoDj0OW35o8vcb91TIVkc3ahxQr0QDyIWMIJVLp0f3h33yhVkWlXbrp5AZNpOre7YmiDbsc/q0DLRFBUwR7NXfu/2Y5KGNFKEYyk7FkqUl2GhGOF0UuqmkiaYjPCAdjSNcEill01vncADrfRhEAtdkYJT9ftEhkMpx6GvO0OshvK3l4t/eZ1UBXUvY1GSKhqR2aIg5VDFMH8c9pmgRPGxJpgIpm+FZIgFJkrHU9IhfH0K/ydu1XRMdH1aaVzM0yiCPbAPjoAFaqABrkATuICAIXgAT+DZCI1H48V4nbUWjPnMLvgB4+0TCEGNyA==</latexit>

A0
<latexit sha1_base64="Ykxb1xAbd1eqMVvQXRbw2GoOIj0=">AAAB6HicdVDLSsNAFJ34rPVVdelmsIiuwqRq2uyqblxWMbbQhjKZTtqhk0mYmQgl9A/cuFBx6ye582+cPgQVPXDhcM693HtPmHKmNEIf1sLi0vLKamGtuL6xubVd2tm9U0kmCfVJwhPZCrGinAnqa6Y5baWS4jjktBkOLyd+855KxRJxq0cpDWLcFyxiBGsj3ZwfdUtlZDsV162cQGS7XrXmuYYg13PPatCx0RRlMEejW3rv9BKSxVRowrFSbQelOsix1IxwOi52MkVTTIa4T9uGChxTFeTTS8fw0Cg9GCXSlNBwqn6fyHGs1CgOTWeM9UD99ibiX14701EtyJlIM00FmS2KMg51Aidvwx6TlGg+MgQTycytkAywxESbcIomhK9P4f/Er9ieja5Py/WLeRoFsA8OwDFwQBXUwRVoAB8QEIEH8ASeraH1aL1Yr7PWBWs+swd+wHr7BO+RjSw=</latexit><latexit sha1_base64="Ykxb1xAbd1eqMVvQXRbw2GoOIj0=">AAAB6HicdVDLSsNAFJ34rPVVdelmsIiuwqRq2uyqblxWMbbQhjKZTtqhk0mYmQgl9A/cuFBx6ye582+cPgQVPXDhcM693HtPmHKmNEIf1sLi0vLKamGtuL6xubVd2tm9U0kmCfVJwhPZCrGinAnqa6Y5baWS4jjktBkOLyd+855KxRJxq0cpDWLcFyxiBGsj3ZwfdUtlZDsV162cQGS7XrXmuYYg13PPatCx0RRlMEejW3rv9BKSxVRowrFSbQelOsix1IxwOi52MkVTTIa4T9uGChxTFeTTS8fw0Cg9GCXSlNBwqn6fyHGs1CgOTWeM9UD99ibiX14701EtyJlIM00FmS2KMg51Aidvwx6TlGg+MgQTycytkAywxESbcIomhK9P4f/Er9ieja5Py/WLeRoFsA8OwDFwQBXUwRVoAB8QEIEH8ASeraH1aL1Yr7PWBWs+swd+wHr7BO+RjSw=</latexit><latexit sha1_base64="Ykxb1xAbd1eqMVvQXRbw2GoOIj0=">AAAB6HicdVDLSsNAFJ34rPVVdelmsIiuwqRq2uyqblxWMbbQhjKZTtqhk0mYmQgl9A/cuFBx6ye582+cPgQVPXDhcM693HtPmHKmNEIf1sLi0vLKamGtuL6xubVd2tm9U0kmCfVJwhPZCrGinAnqa6Y5baWS4jjktBkOLyd+855KxRJxq0cpDWLcFyxiBGsj3ZwfdUtlZDsV162cQGS7XrXmuYYg13PPatCx0RRlMEejW3rv9BKSxVRowrFSbQelOsix1IxwOi52MkVTTIa4T9uGChxTFeTTS8fw0Cg9GCXSlNBwqn6fyHGs1CgOTWeM9UD99ibiX14701EtyJlIM00FmS2KMg51Aidvwx6TlGg+MgQTycytkAywxESbcIomhK9P4f/Er9ieja5Py/WLeRoFsA8OwDFwQBXUwRVoAB8QEIEH8ASeraH1aL1Yr7PWBWs+swd+wHr7BO+RjSw=</latexit>

e�
<latexit sha1_base64="eS2LtIJXQn7LP4Kg2TcklegVLIo=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoPgxbCRgHoLevEY0TWBZA2zk95kyOzsMjMrhCWf4MWDilf/yJt/4+QhxFdBQ1HVTXdXkAiujet+OLmFxaXllfxqYW19Y3OruL1zq+NUMfRYLGLVDKhGwSV6hhuBzUQhjQKBjWBwMfYb96g0j+WNGSboR7QnecgZNVa6xrujTrFUKbsTEPcX+bJKMEO9U3xvd2OWRigNE1TrVsVNjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWKVLwljZkoZM1PmJjEZaD6PAdkbU9PVPbyz+5bVSE576GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU5gP4X/iHZfPyu5VtVQ7n6WRhz3Yh0OowAnU4BLq4AGDHjzAEzw7wnl0XpzXaWvOmc3swjc4b59WM41c</latexit><latexit sha1_base64="eS2LtIJXQn7LP4Kg2TcklegVLIo=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoPgxbCRgHoLevEY0TWBZA2zk95kyOzsMjMrhCWf4MWDilf/yJt/4+QhxFdBQ1HVTXdXkAiujet+OLmFxaXllfxqYW19Y3OruL1zq+NUMfRYLGLVDKhGwSV6hhuBzUQhjQKBjWBwMfYb96g0j+WNGSboR7QnecgZNVa6xrujTrFUKbsTEPcX+bJKMEO9U3xvd2OWRigNE1TrVsVNjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWKVLwljZkoZM1PmJjEZaD6PAdkbU9PVPbyz+5bVSE576GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU5gP4X/iHZfPyu5VtVQ7n6WRhz3Yh0OowAnU4BLq4AGDHjzAEzw7wnl0XpzXaWvOmc3swjc4b59WM41c</latexit><latexit sha1_base64="eS2LtIJXQn7LP4Kg2TcklegVLIo=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoPgxbCRgHoLevEY0TWBZA2zk95kyOzsMjMrhCWf4MWDilf/yJt/4+QhxFdBQ1HVTXdXkAiujet+OLmFxaXllfxqYW19Y3OruL1zq+NUMfRYLGLVDKhGwSV6hhuBzUQhjQKBjWBwMfYb96g0j+WNGSboR7QnecgZNVa6xrujTrFUKbsTEPcX+bJKMEO9U3xvd2OWRigNE1TrVsVNjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWKVLwljZkoZM1PmJjEZaD6PAdkbU9PVPbyz+5bVSE576GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU5gP4X/iHZfPyu5VtVQ7n6WRhz3Yh0OowAnU4BLq4AGDHjzAEzw7wnl0XpzXaWvOmc3swjc4b59WM41c</latexit>

e+
<latexit sha1_base64="x8GRq/un8r5F95Dm3AzCp310aMU=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoMgCGEjAfUW9OIxomsCyRpmJ73JkNnZZWZWCEs+wYsHFa/+kTf/xslDiK+ChqKqm+6uIBFcG9f9cHILi0vLK/nVwtr6xuZWcXvnVsepYuixWMSqGVCNgkv0DDcCm4lCGgUCG8HgYuw37lFpHssbM0zQj2hP8pAzaqx0jXdHnWKpUnYnIO4v8mWVYIZ6p/je7sYsjVAaJqjWrYqbGD+jynAmcFRopxoTyga0hy1LJY1Q+9nk1BE5sEqXhLGyJQ2ZqPMTGY20HkaB7Yyo6euf3lj8y2ulJjz1My6T1KBk00VhKoiJyfhv0uUKmRFDSyhT3N5KWJ8qyoxNpzAfwv/EOy6fld2raql2PksjD3uwD4dQgROowSXUwQMGPXiAJ3h2hPPovDiv09acM5vZhW9w3j4BUy2NWg==</latexit><latexit sha1_base64="x8GRq/un8r5F95Dm3AzCp310aMU=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoMgCGEjAfUW9OIxomsCyRpmJ73JkNnZZWZWCEs+wYsHFa/+kTf/xslDiK+ChqKqm+6uIBFcG9f9cHILi0vLK/nVwtr6xuZWcXvnVsepYuixWMSqGVCNgkv0DDcCm4lCGgUCG8HgYuw37lFpHssbM0zQj2hP8pAzaqx0jXdHnWKpUnYnIO4v8mWVYIZ6p/je7sYsjVAaJqjWrYqbGD+jynAmcFRopxoTyga0hy1LJY1Q+9nk1BE5sEqXhLGyJQ2ZqPMTGY20HkaB7Yyo6euf3lj8y2ulJjz1My6T1KBk00VhKoiJyfhv0uUKmRFDSyhT3N5KWJ8qyoxNpzAfwv/EOy6fld2raql2PksjD3uwD4dQgROowSXUwQMGPXiAJ3h2hPPovDiv09acM5vZhW9w3j4BUy2NWg==</latexit><latexit sha1_base64="x8GRq/un8r5F95Dm3AzCp310aMU=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoMgCGEjAfUW9OIxomsCyRpmJ73JkNnZZWZWCEs+wYsHFa/+kTf/xslDiK+ChqKqm+6uIBFcG9f9cHILi0vLK/nVwtr6xuZWcXvnVsepYuixWMSqGVCNgkv0DDcCm4lCGgUCG8HgYuw37lFpHssbM0zQj2hP8pAzaqx0jXdHnWKpUnYnIO4v8mWVYIZ6p/je7sYsjVAaJqjWrYqbGD+jynAmcFRopxoTyga0hy1LJY1Q+9nk1BE5sEqXhLGyJQ2ZqPMTGY20HkaB7Yyo6euf3lj8y2ulJjz1My6T1KBk00VhKoiJyfhv0uUKmRFDSyhT3N5KWJ8qyoxNpzAfwv/EOy6fld2raql2PksjD3uwD4dQgROowSXUwQMGPXiAJ3h2hPPovDiv09acM5vZhW9w3j4BUy2NWg==</latexit>

Ar
<latexit sha1_base64="Lppey50Sn1vG/Fwqi6nS/nH9b3g=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9RLx4juEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0IAornQ7woZyJmlgmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXS3Qte6VK37VnwEtk1pOKpCj0St/dfuKpIJKSzg2plPzExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauPLMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCLXFl5dJcFa9qvr355X6TZ5GEY7gGE6hBhdQhztoQAAEHuEZXuHNU96L9+59zFsLXj5zCH/gff4AeBuOlw==</latexit><latexit sha1_base64="Lppey50Sn1vG/Fwqi6nS/nH9b3g=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9RLx4juEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0IAornQ7woZyJmlgmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXS3Qte6VK37VnwEtk1pOKpCj0St/dfuKpIJKSzg2plPzExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauPLMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCLXFl5dJcFa9qvr355X6TZ5GEY7gGE6hBhdQhztoQAAEHuEZXuHNU96L9+59zFsLXj5zCH/gff4AeBuOlw==</latexit><latexit sha1_base64="Lppey50Sn1vG/Fwqi6nS/nH9b3g=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9RLx4juEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0IAornQ7woZyJmlgmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXS3Qte6VK37VnwEtk1pOKpCj0St/dfuKpIJKSzg2plPzExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauPLMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCLXFl5dJcFa9qvr355X6TZ5GEY7gGE6hBhdQhztoQAAEHuEZXuHNU96L9+59zFsLXj5zCH/gff4AeBuOlw==</latexit>

Ar
<latexit sha1_base64="Lppey50Sn1vG/Fwqi6nS/nH9b3g=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9RLx4juEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0IAornQ7woZyJmlgmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXS3Qte6VK37VnwEtk1pOKpCj0St/dfuKpIJKSzg2plPzExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauPLMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCLXFl5dJcFa9qvr355X6TZ5GEY7gGE6hBhdQhztoQAAEHuEZXuHNU96L9+59zFsLXj5zCH/gff4AeBuOlw==</latexit><latexit sha1_base64="Lppey50Sn1vG/Fwqi6nS/nH9b3g=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9RLx4juEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0IAornQ7woZyJmlgmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXS3Qte6VK37VnwEtk1pOKpCj0St/dfuKpIJKSzg2plPzExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauPLMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCLXFl5dJcFa9qvr355X6TZ5GEY7gGE6hBhdQhztoQAAEHuEZXuHNU96L9+59zFsLXj5zCH/gff4AeBuOlw==</latexit><latexit sha1_base64="Lppey50Sn1vG/Fwqi6nS/nH9b3g=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9RLx4juEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0IAornQ7woZyJmlgmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXS3Qte6VK37VnwEtk1pOKpCj0St/dfuKpIJKSzg2plPzExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauPLMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCLXFl5dJcFa9qvr355X6TZ5GEY7gGE6hBhdQhztoQAAEHuEZXuHNU96L9+59zFsLXj5zCH/gff4AeBuOlw==</latexit>

gD
<latexit sha1_base64="PSc/9tTm+icCBnyNJx2+hTzn3Og=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FPXisaGyhDWWznaRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZekAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRYIhLVCahGwSV6hhuBnVQhjQOB7WB0NfXbj6g0T+S9GafoxzSSPOSMGivdRf3rfrXm1t0ZyF/SKEgNCrT61c/eIGFZjNIwQbXuNtzU+DlVhjOBk0ov05hSNqIRdi2VNEbt57NTJ+TIKgMSJsqWNGSm/pzIaaz1OA5sZ0zNUC96U/E/r5uZ8NzPuUwzg5LNF4WZICYh07/JgCtkRowtoUxxeythQ6ooMzadig2hsfjyX+Kd1C/q7u1prXlZpFGGAziEY2jAGTThBlrgAYMInuAFXh3hPDtvzvu8teQUM/vwC87HN3wHjXU=</latexit><latexit sha1_base64="PSc/9tTm+icCBnyNJx2+hTzn3Og=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FPXisaGyhDWWznaRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZekAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRYIhLVCahGwSV6hhuBnVQhjQOB7WB0NfXbj6g0T+S9GafoxzSSPOSMGivdRf3rfrXm1t0ZyF/SKEgNCrT61c/eIGFZjNIwQbXuNtzU+DlVhjOBk0ov05hSNqIRdi2VNEbt57NTJ+TIKgMSJsqWNGSm/pzIaaz1OA5sZ0zNUC96U/E/r5uZ8NzPuUwzg5LNF4WZICYh07/JgCtkRowtoUxxeythQ6ooMzadig2hsfjyX+Kd1C/q7u1prXlZpFGGAziEY2jAGTThBlrgAYMInuAFXh3hPDtvzvu8teQUM/vwC87HN3wHjXU=</latexit><latexit sha1_base64="PSc/9tTm+icCBnyNJx2+hTzn3Og=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FPXisaGyhDWWznaRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZekAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRYIhLVCahGwSV6hhuBnVQhjQOB7WB0NfXbj6g0T+S9GafoxzSSPOSMGivdRf3rfrXm1t0ZyF/SKEgNCrT61c/eIGFZjNIwQbXuNtzU+DlVhjOBk0ov05hSNqIRdi2VNEbt57NTJ+TIKgMSJsqWNGSm/pzIaaz1OA5sZ0zNUC96U/E/r5uZ8NzPuUwzg5LNF4WZICYh07/JgCtkRowtoUxxeythQ6ooMzadig2hsfjyX+Kd1C/q7u1prXlZpFGGAziEY2jAGTThBlrgAYMInuAFXh3hPDtvzvu8teQUM/vwC87HN3wHjXU=</latexit>

gD
<latexit sha1_base64="PSc/9tTm+icCBnyNJx2+hTzn3Og=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FPXisaGyhDWWznaRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZekAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRYIhLVCahGwSV6hhuBnVQhjQOB7WB0NfXbj6g0T+S9GafoxzSSPOSMGivdRf3rfrXm1t0ZyF/SKEgNCrT61c/eIGFZjNIwQbXuNtzU+DlVhjOBk0ov05hSNqIRdi2VNEbt57NTJ+TIKgMSJsqWNGSm/pzIaaz1OA5sZ0zNUC96U/E/r5uZ8NzPuUwzg5LNF4WZICYh07/JgCtkRowtoUxxeythQ6ooMzadig2hsfjyX+Kd1C/q7u1prXlZpFGGAziEY2jAGTThBlrgAYMInuAFXh3hPDtvzvu8teQUM/vwC87HN3wHjXU=</latexit><latexit sha1_base64="PSc/9tTm+icCBnyNJx2+hTzn3Og=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FPXisaGyhDWWznaRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZekAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRYIhLVCahGwSV6hhuBnVQhjQOB7WB0NfXbj6g0T+S9GafoxzSSPOSMGivdRf3rfrXm1t0ZyF/SKEgNCrT61c/eIGFZjNIwQbXuNtzU+DlVhjOBk0ov05hSNqIRdi2VNEbt57NTJ+TIKgMSJsqWNGSm/pzIaaz1OA5sZ0zNUC96U/E/r5uZ8NzPuUwzg5LNF4WZICYh07/JgCtkRowtoUxxeythQ6ooMzadig2hsfjyX+Kd1C/q7u1prXlZpFGGAziEY2jAGTThBlrgAYMInuAFXh3hPDtvzvu8teQUM/vwC87HN3wHjXU=</latexit><latexit sha1_base64="PSc/9tTm+icCBnyNJx2+hTzn3Og=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FPXisaGyhDWWznaRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZekAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRYIhLVCahGwSV6hhuBnVQhjQOB7WB0NfXbj6g0T+S9GafoxzSSPOSMGivdRf3rfrXm1t0ZyF/SKEgNCrT61c/eIGFZjNIwQbXuNtzU+DlVhjOBk0ov05hSNqIRdi2VNEbt57NTJ+TIKgMSJsqWNGSm/pzIaaz1OA5sZ0zNUC96U/E/r5uZ8NzPuUwzg5LNF4WZICYh07/JgCtkRowtoUxxeythQ6ooMzadig2hsfjyX+Kd1C/q7u1prXlZpFGGAziEY2jAGTThBlrgAYMInuAFXh3hPDtvzvu8teQUM/vwC87HN3wHjXU=</latexit>

gD
<latexit sha1_base64="PSc/9tTm+icCBnyNJx2+hTzn3Og=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FPXisaGyhDWWznaRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZekAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRYIhLVCahGwSV6hhuBnVQhjQOB7WB0NfXbj6g0T+S9GafoxzSSPOSMGivdRf3rfrXm1t0ZyF/SKEgNCrT61c/eIGFZjNIwQbXuNtzU+DlVhjOBk0ov05hSNqIRdi2VNEbt57NTJ+TIKgMSJsqWNGSm/pzIaaz1OA5sZ0zNUC96U/E/r5uZ8NzPuUwzg5LNF4WZICYh07/JgCtkRowtoUxxeythQ6ooMzadig2hsfjyX+Kd1C/q7u1prXlZpFGGAziEY2jAGTThBlrgAYMInuAFXh3hPDtvzvu8teQUM/vwC87HN3wHjXU=</latexit><latexit sha1_base64="PSc/9tTm+icCBnyNJx2+hTzn3Og=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FPXisaGyhDWWznaRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZekAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRYIhLVCahGwSV6hhuBnVQhjQOB7WB0NfXbj6g0T+S9GafoxzSSPOSMGivdRf3rfrXm1t0ZyF/SKEgNCrT61c/eIGFZjNIwQbXuNtzU+DlVhjOBk0ov05hSNqIRdi2VNEbt57NTJ+TIKgMSJsqWNGSm/pzIaaz1OA5sZ0zNUC96U/E/r5uZ8NzPuUwzg5LNF4WZICYh07/JgCtkRowtoUxxeythQ6ooMzadig2hsfjyX+Kd1C/q7u1prXlZpFGGAziEY2jAGTThBlrgAYMInuAFXh3hPDtvzvu8teQUM/vwC87HN3wHjXU=</latexit><latexit sha1_base64="PSc/9tTm+icCBnyNJx2+hTzn3Og=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FPXisaGyhDWWznaRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZekAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRYIhLVCahGwSV6hhuBnVQhjQOB7WB0NfXbj6g0T+S9GafoxzSSPOSMGivdRf3rfrXm1t0ZyF/SKEgNCrT61c/eIGFZjNIwQbXuNtzU+DlVhjOBk0ov05hSNqIRdi2VNEbt57NTJ+TIKgMSJsqWNGSm/pzIaaz1OA5sZ0zNUC96U/E/r5uZ8NzPuUwzg5LNF4WZICYh07/JgCtkRowtoUxxeythQ6ooMzadig2hsfjyX+Kd1C/q7u1prXlZpFGGAziEY2jAGTThBlrgAYMInuAFXh3hPDtvzvu8teQUM/vwC87HN3wHjXU=</latexit>

"
<latexit sha1_base64="QMlYJJ7r2wVM/fuoPMtySbfkxI8=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgqSQiqLeiF48VjC20oWy2k3bpZjfsTgol9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZelApu0PO+ndLa+sbmVnm7srO7t39QPTx6MirTDAKmhNLtiBoQXEKAHAW0Uw00iQS0otHdzG+NQRuu5CNOUggTOpA85oyilTrdMdWQGi6U7FVrXt2bw10lfkFqpECzV/3q9hXLEpDIBDWm43sphjnVyJmAaaWbGUgpG9EBdCyVNAET5vOTp+6ZVfpurLQtie5c/T2R08SYSRLZzoTi0Cx7M/E/r5NhfB3mXKYZgmSLRXEmXFTu7H+3zzUwFBNLKNPc3uqyIdWUoU2pYkPwl19eJcFF/abuPVzWGrdFGmVyQk7JOfHJFWmQe9IkAWFEkWfySt4cdF6cd+dj0Vpyiplj8gfO5w8jspFa</latexit><latexit sha1_base64="QMlYJJ7r2wVM/fuoPMtySbfkxI8=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgqSQiqLeiF48VjC20oWy2k3bpZjfsTgol9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZelApu0PO+ndLa+sbmVnm7srO7t39QPTx6MirTDAKmhNLtiBoQXEKAHAW0Uw00iQS0otHdzG+NQRuu5CNOUggTOpA85oyilTrdMdWQGi6U7FVrXt2bw10lfkFqpECzV/3q9hXLEpDIBDWm43sphjnVyJmAaaWbGUgpG9EBdCyVNAET5vOTp+6ZVfpurLQtie5c/T2R08SYSRLZzoTi0Cx7M/E/r5NhfB3mXKYZgmSLRXEmXFTu7H+3zzUwFBNLKNPc3uqyIdWUoU2pYkPwl19eJcFF/abuPVzWGrdFGmVyQk7JOfHJFWmQe9IkAWFEkWfySt4cdF6cd+dj0Vpyiplj8gfO5w8jspFa</latexit><latexit sha1_base64="QMlYJJ7r2wVM/fuoPMtySbfkxI8=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgqSQiqLeiF48VjC20oWy2k3bpZjfsTgol9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZelApu0PO+ndLa+sbmVnm7srO7t39QPTx6MirTDAKmhNLtiBoQXEKAHAW0Uw00iQS0otHdzG+NQRuu5CNOUggTOpA85oyilTrdMdWQGi6U7FVrXt2bw10lfkFqpECzV/3q9hXLEpDIBDWm43sphjnVyJmAaaWbGUgpG9EBdCyVNAET5vOTp+6ZVfpurLQtie5c/T2R08SYSRLZzoTi0Cx7M/E/r5NhfB3mXKYZgmSLRXEmXFTu7H+3zzUwFBNLKNPc3uqyIdWUoU2pYkPwl19eJcFF/abuPVzWGrdFGmVyQk7JOfHJFWmQe9IkAWFEkWfySt4cdF6cd+dj0Vpyiplj8gfO5w8jspFa</latexit>

"
<latexit sha1_base64="QMlYJJ7r2wVM/fuoPMtySbfkxI8=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgqSQiqLeiF48VjC20oWy2k3bpZjfsTgol9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZelApu0PO+ndLa+sbmVnm7srO7t39QPTx6MirTDAKmhNLtiBoQXEKAHAW0Uw00iQS0otHdzG+NQRuu5CNOUggTOpA85oyilTrdMdWQGi6U7FVrXt2bw10lfkFqpECzV/3q9hXLEpDIBDWm43sphjnVyJmAaaWbGUgpG9EBdCyVNAET5vOTp+6ZVfpurLQtie5c/T2R08SYSRLZzoTi0Cx7M/E/r5NhfB3mXKYZgmSLRXEmXFTu7H+3zzUwFBNLKNPc3uqyIdWUoU2pYkPwl19eJcFF/abuPVzWGrdFGmVyQk7JOfHJFWmQe9IkAWFEkWfySt4cdF6cd+dj0Vpyiplj8gfO5w8jspFa</latexit><latexit sha1_base64="QMlYJJ7r2wVM/fuoPMtySbfkxI8=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgqSQiqLeiF48VjC20oWy2k3bpZjfsTgol9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZelApu0PO+ndLa+sbmVnm7srO7t39QPTx6MirTDAKmhNLtiBoQXEKAHAW0Uw00iQS0otHdzG+NQRuu5CNOUggTOpA85oyilTrdMdWQGi6U7FVrXt2bw10lfkFqpECzV/3q9hXLEpDIBDWm43sphjnVyJmAaaWbGUgpG9EBdCyVNAET5vOTp+6ZVfpurLQtie5c/T2R08SYSRLZzoTi0Cx7M/E/r5NhfB3mXKYZgmSLRXEmXFTu7H+3zzUwFBNLKNPc3uqyIdWUoU2pYkPwl19eJcFF/abuPVzWGrdFGmVyQk7JOfHJFWmQe9IkAWFEkWfySt4cdF6cd+dj0Vpyiplj8gfO5w8jspFa</latexit><latexit sha1_base64="QMlYJJ7r2wVM/fuoPMtySbfkxI8=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgqSQiqLeiF48VjC20oWy2k3bpZjfsTgol9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZelApu0PO+ndLa+sbmVnm7srO7t39QPTx6MirTDAKmhNLtiBoQXEKAHAW0Uw00iQS0otHdzG+NQRuu5CNOUggTOpA85oyilTrdMdWQGi6U7FVrXt2bw10lfkFqpECzV/3q9hXLEpDIBDWm43sphjnVyJmAaaWbGUgpG9EBdCyVNAET5vOTp+6ZVfpurLQtie5c/T2R08SYSRLZzoTi0Cx7M/E/r5NhfB3mXKYZgmSLRXEmXFTu7H+3zzUwFBNLKNPc3uqyIdWUoU2pYkPwl19eJcFF/abuPVzWGrdFGmVyQk7JOfHJFWmQe9IkAWFEkWfySt4cdF6cd+dj0Vpyiplj8gfO5w8jspFa</latexit>

FIG. 1. Dark trident production in the benchmark dark sector model, described in the text. Protons on target produce mesons
whose decays produce pairs of dark matter particles, � and �̄. Some of the dark matter particles will reach the detector (not
to scale) and will scatter with the argon nuclei that fill the detector. The scattering event can lead to the emission of one (or
several) dark photon(s) A0, which decays to a pair of charged leptons (electrons in the case of the figure).

associated to equally light mediators (see e.g. [16, 17]).⇤ We consider the simplest such model, described in detail
in Section II. The dark matter particle is a standard model singlet charged under a new U(1)D gauge interaction.
None of the standard model particles are charged under U(1)D but, assuming the U(1)D symmetry is broken, kinetic
mixing allows the new gauge boson – the dark photon – to interact with charged standard model particles.

In this scenario,† it is possible to produce dark photons in the near detectors of neutrino beam experiments and
have the dark photon decay predominantly and promptly into a lepton–antilepton pair, as depicted in Figure 1. First,
a dark matter particle � is produced at the target. It is very long-lived and weakly interacting so it easily finds its
way to the detector unperturbed, regardless of how far away it is. Second, the dark photon A0 is produced on-shell
by in the collision of a dark matter particle with a nucleus. The dark photon decays promptly in the detector. The
relevance of the dark trident channel depends dramatically on the parameters of the model. First, the branching ratio
of the dark photon into leptons must be large. This can only be achieved if the decay of the dark photon into dark
sector particles, including the dark matter particle, is forbidden, i.e., mA0 < 2m�. Second, the probability of emitting
a dark photon during � scattering must be large. This requires the dark coupling constant to be large or the dark
photon mass to be very small. Third, the dark matter production rate should not be too small. Here, the condition
mA0 < 2m� is a hindrance as it implies that dark matter production involves o↵-shell dark photon intermediate states.
The literature reveals [23, 24] that it is possible to produce enough dark matter particles when the dark photons are
o↵-shell, an issue we discuss in detail in Sec. III. Previous studies considered only leading-order dark-matter–nucleus
scattering as the detection signal. One narrow interpretation of our contribution is that we are exploring the benefits
of the rarer, but much more distinct, detection signal in the region of parameter space where dark matter production
is suppressed.

The dark trident signal provides ample experimental handles. In the remainder of this manuscript, we study the
phenomenology of the signal and show that, for our benchmark dark matter model, o↵-axis liquid argon detectors,
including the ones currently running or under construction at Fermilab, have improved sensitivity because neutrino
backgrounds can be suppressed [5]. The kinematics of dark trident events, including angular distributions, invariant
mass, as well as particle identification will be useful in further suppressing backgrounds.

II. A BENCHMARK MODEL

We consider the model where a fermionic dark matter particle � with mass M� interacts with those in the standard
model through a massive dark photon A0 with mass MA0 and its kinetic mixing with the photon. The Lagrangian

⇤ Dark matter models with light mediators have also been proposed in other contexts [18–20].
† This type of signal is not endemic to dark matter models. Frameworks in which a heavy sterile neutrino is produced in neutrino beams
and then proceeds to decay to a dark photon have been recently proposed to explain the MiniBooNE low energy excess [21, 22]. These
also lead to similar phenomenology.
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<latexit sha1_base64="PF5u0shNoytuzsGJ2YUtSnjXsqY=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UUF2FSNW12VTcuKxhbaGOZTCft0MmDmYlQQn/BjQsVt36RO//GSVtBRQ9cOJxzL/fe4yecSYXQh1FYWFxaXimultbWNza3yts7tzJOBaEuiXks2j6WlLOIuoopTtuJoDj0OW35o8vcb91TIVkc3ahxQr0QDyIWMIJVLp0f3h33yhVkWlXbrp5AZNpOre7YmiDbsc/q0DLRFBUwR7NXfu/2Y5KGNFKEYyk7FkqUl2GhGOF0UuqmkiaYjPCAdjSNcEill01vncADrfRhEAtdkYJT9ftEhkMpx6GvO0OshvK3l4t/eZ1UBXUvY1GSKhqR2aIg5VDFMH8c9pmgRPGxJpgIpm+FZIgFJkrHU9IhfH0K/ydu1XRMdH1aaVzM0yiCPbAPjoAFaqABrkATuICAIXgAT+DZCI1H48V4nbUWjPnMLvgB4+0TCEGNyA==</latexit><latexit sha1_base64="PF5u0shNoytuzsGJ2YUtSnjXsqY=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UUF2FSNW12VTcuKxhbaGOZTCft0MmDmYlQQn/BjQsVt36RO//GSVtBRQ9cOJxzL/fe4yecSYXQh1FYWFxaXimultbWNza3yts7tzJOBaEuiXks2j6WlLOIuoopTtuJoDj0OW35o8vcb91TIVkc3ahxQr0QDyIWMIJVLp0f3h33yhVkWlXbrp5AZNpOre7YmiDbsc/q0DLRFBUwR7NXfu/2Y5KGNFKEYyk7FkqUl2GhGOF0UuqmkiaYjPCAdjSNcEill01vncADrfRhEAtdkYJT9ftEhkMpx6GvO0OshvK3l4t/eZ1UBXUvY1GSKhqR2aIg5VDFMH8c9pmgRPGxJpgIpm+FZIgFJkrHU9IhfH0K/ydu1XRMdH1aaVzM0yiCPbAPjoAFaqABrkATuICAIXgAT+DZCI1H48V4nbUWjPnMLvgB4+0TCEGNyA==</latexit><latexit sha1_base64="PF5u0shNoytuzsGJ2YUtSnjXsqY=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UUF2FSNW12VTcuKxhbaGOZTCft0MmDmYlQQn/BjQsVt36RO//GSVtBRQ9cOJxzL/fe4yecSYXQh1FYWFxaXimultbWNza3yts7tzJOBaEuiXks2j6WlLOIuoopTtuJoDj0OW35o8vcb91TIVkc3ahxQr0QDyIWMIJVLp0f3h33yhVkWlXbrp5AZNpOre7YmiDbsc/q0DLRFBUwR7NXfu/2Y5KGNFKEYyk7FkqUl2GhGOF0UuqmkiaYjPCAdjSNcEill01vncADrfRhEAtdkYJT9ftEhkMpx6GvO0OshvK3l4t/eZ1UBXUvY1GSKhqR2aIg5VDFMH8c9pmgRPGxJpgIpm+FZIgFJkrHU9IhfH0K/ydu1XRMdH1aaVzM0yiCPbAPjoAFaqABrkATuICAIXgAT+DZCI1H48V4nbUWjPnMLvgB4+0TCEGNyA==</latexit>

�
<latexit sha1_base64="VNOLMmk11Nk4YovNtEk1FRQe8Ac=">AAAB7HicbVDLSgNBEJz1GeMr6tHLYBA8hV0R1FvQi8cIbhJIltA7mU3GzGOZmRXCkn/w4kHFqx/kzb9xkuxBEwsaiqpuurvilDNjff/bW1ldW9/YLG2Vt3d29/YrB4dNozJNaEgUV7odg6GcSRpaZjltp5qCiDltxaPbqd96otowJR/sOKWRgIFkCSNgndTsDkAI6FWqfs2fAS+ToCBVVKDRq3x1+4pkgkpLOBjTCfzURjloywink3I3MzQFMoIB7TgqQVAT5bNrJ/jUKX2cKO1KWjxTf0/kIIwZi9h1CrBDs+hNxf+8TmaTqyhnMs0slWS+KMk4tgpPX8d9pimxfOwIEM3crZgMQQOxLqCyCyFYfHmZhOe165p/f1Gt3xRplNAxOkFnKECXqI7uUAOFiKBH9Ixe0ZunvBfv3fuYt654xcwR+gPv8wfzBI7o</latexit><latexit sha1_base64="VNOLMmk11Nk4YovNtEk1FRQe8Ac=">AAAB7HicbVDLSgNBEJz1GeMr6tHLYBA8hV0R1FvQi8cIbhJIltA7mU3GzGOZmRXCkn/w4kHFqx/kzb9xkuxBEwsaiqpuurvilDNjff/bW1ldW9/YLG2Vt3d29/YrB4dNozJNaEgUV7odg6GcSRpaZjltp5qCiDltxaPbqd96otowJR/sOKWRgIFkCSNgndTsDkAI6FWqfs2fAS+ToCBVVKDRq3x1+4pkgkpLOBjTCfzURjloywink3I3MzQFMoIB7TgqQVAT5bNrJ/jUKX2cKO1KWjxTf0/kIIwZi9h1CrBDs+hNxf+8TmaTqyhnMs0slWS+KMk4tgpPX8d9pimxfOwIEM3crZgMQQOxLqCyCyFYfHmZhOe165p/f1Gt3xRplNAxOkFnKECXqI7uUAOFiKBH9Ixe0ZunvBfv3fuYt654xcwR+gPv8wfzBI7o</latexit><latexit sha1_base64="VNOLMmk11Nk4YovNtEk1FRQe8Ac=">AAAB7HicbVDLSgNBEJz1GeMr6tHLYBA8hV0R1FvQi8cIbhJIltA7mU3GzGOZmRXCkn/w4kHFqx/kzb9xkuxBEwsaiqpuurvilDNjff/bW1ldW9/YLG2Vt3d29/YrB4dNozJNaEgUV7odg6GcSRpaZjltp5qCiDltxaPbqd96otowJR/sOKWRgIFkCSNgndTsDkAI6FWqfs2fAS+ToCBVVKDRq3x1+4pkgkpLOBjTCfzURjloywink3I3MzQFMoIB7TgqQVAT5bNrJ/jUKX2cKO1KWjxTf0/kIIwZi9h1CrBDs+hNxf+8TmaTqyhnMs0slWS+KMk4tgpPX8d9pimxfOwIEM3crZgMQQOxLqCyCyFYfHmZhOe165p/f1Gt3xRplNAxOkFnKECXqI7uUAOFiKBH9Ixe0ZunvBfv3fuYt654xcwR+gPv8wfzBI7o</latexit>

�
<latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit>

�̄
<latexit sha1_base64="0p/xhwtC1DuAKrwsfIpCRdrcOVM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQplsN+3SzSbd3Qgl9E948aDi1d/jzX/j9gPR1gcDj/dmmJkXpoJr47pfTmFldW19o7hZ2tre2d0r7x886CRTlHk0EYlqhaiZ4JJ5hhvBWqliGIeCNcPBzcRvPjKleSLvzShlQYw9ySNO0Vip5YeofNrnnXLFrbpTkB9SWyQVmKPRKX/63YRmMZOGCtS6XXNTE+SoDKeCjUt+plmKdIA91rZUYsx0kE/vHZMTq3RJlChb0pCp+nsix1jrURzazhhNXy96E/E/r52Z6DLIuUwzwySdLYoyQUxCJs+TLleMGjGyBKni9lZC+6iQGhtRyYaw9PIy8c6qV1X37rxSv56nUYQjOIZTqMEF1OEWGuABBQFP8AKvztB5dt6c91lrwZnPHMIfOB/faJ6Pvw==</latexit><latexit sha1_base64="0p/xhwtC1DuAKrwsfIpCRdrcOVM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQplsN+3SzSbd3Qgl9E948aDi1d/jzX/j9gPR1gcDj/dmmJkXpoJr47pfTmFldW19o7hZ2tre2d0r7x886CRTlHk0EYlqhaiZ4JJ5hhvBWqliGIeCNcPBzcRvPjKleSLvzShlQYw9ySNO0Vip5YeofNrnnXLFrbpTkB9SWyQVmKPRKX/63YRmMZOGCtS6XXNTE+SoDKeCjUt+plmKdIA91rZUYsx0kE/vHZMTq3RJlChb0pCp+nsix1jrURzazhhNXy96E/E/r52Z6DLIuUwzwySdLYoyQUxCJs+TLleMGjGyBKni9lZC+6iQGhtRyYaw9PIy8c6qV1X37rxSv56nUYQjOIZTqMEF1OEWGuABBQFP8AKvztB5dt6c91lrwZnPHMIfOB/faJ6Pvw==</latexit><latexit sha1_base64="0p/xhwtC1DuAKrwsfIpCRdrcOVM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQplsN+3SzSbd3Qgl9E948aDi1d/jzX/j9gPR1gcDj/dmmJkXpoJr47pfTmFldW19o7hZ2tre2d0r7x886CRTlHk0EYlqhaiZ4JJ5hhvBWqliGIeCNcPBzcRvPjKleSLvzShlQYw9ySNO0Vip5YeofNrnnXLFrbpTkB9SWyQVmKPRKX/63YRmMZOGCtS6XXNTE+SoDKeCjUt+plmKdIA91rZUYsx0kE/vHZMTq3RJlChb0pCp+nsix1jrURzazhhNXy96E/E/r52Z6DLIuUwzwySdLYoyQUxCJs+TLleMGjGyBKni9lZC+6iQGhtRyYaw9PIy8c6qV1X37rxSv56nUYQjOIZTqMEF1OEWGuABBQFP8AKvztB5dt6c91lrwZnPHMIfOB/faJ6Pvw==</latexit>

�
<latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit>

�
<latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit>

A0⇤
<latexit sha1_base64="PF5u0shNoytuzsGJ2YUtSnjXsqY=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UUF2FSNW12VTcuKxhbaGOZTCft0MmDmYlQQn/BjQsVt36RO//GSVtBRQ9cOJxzL/fe4yecSYXQh1FYWFxaXimultbWNza3yts7tzJOBaEuiXks2j6WlLOIuoopTtuJoDj0OW35o8vcb91TIVkc3ahxQr0QDyIWMIJVLp0f3h33yhVkWlXbrp5AZNpOre7YmiDbsc/q0DLRFBUwR7NXfu/2Y5KGNFKEYyk7FkqUl2GhGOF0UuqmkiaYjPCAdjSNcEill01vncADrfRhEAtdkYJT9ftEhkMpx6GvO0OshvK3l4t/eZ1UBXUvY1GSKhqR2aIg5VDFMH8c9pmgRPGxJpgIpm+FZIgFJkrHU9IhfH0K/ydu1XRMdH1aaVzM0yiCPbAPjoAFaqABrkATuICAIXgAT+DZCI1H48V4nbUWjPnMLvgB4+0TCEGNyA==</latexit><latexit sha1_base64="PF5u0shNoytuzsGJ2YUtSnjXsqY=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UUF2FSNW12VTcuKxhbaGOZTCft0MmDmYlQQn/BjQsVt36RO//GSVtBRQ9cOJxzL/fe4yecSYXQh1FYWFxaXimultbWNza3yts7tzJOBaEuiXks2j6WlLOIuoopTtuJoDj0OW35o8vcb91TIVkc3ahxQr0QDyIWMIJVLp0f3h33yhVkWlXbrp5AZNpOre7YmiDbsc/q0DLRFBUwR7NXfu/2Y5KGNFKEYyk7FkqUl2GhGOF0UuqmkiaYjPCAdjSNcEill01vncADrfRhEAtdkYJT9ftEhkMpx6GvO0OshvK3l4t/eZ1UBXUvY1GSKhqR2aIg5VDFMH8c9pmgRPGxJpgIpm+FZIgFJkrHU9IhfH0K/ydu1XRMdH1aaVzM0yiCPbAPjoAFaqABrkATuICAIXgAT+DZCI1H48V4nbUWjPnMLvgB4+0TCEGNyA==</latexit><latexit sha1_base64="PF5u0shNoytuzsGJ2YUtSnjXsqY=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UUF2FSNW12VTcuKxhbaGOZTCft0MmDmYlQQn/BjQsVt36RO//GSVtBRQ9cOJxzL/fe4yecSYXQh1FYWFxaXimultbWNza3yts7tzJOBaEuiXks2j6WlLOIuoopTtuJoDj0OW35o8vcb91TIVkc3ahxQr0QDyIWMIJVLp0f3h33yhVkWlXbrp5AZNpOre7YmiDbsc/q0DLRFBUwR7NXfu/2Y5KGNFKEYyk7FkqUl2GhGOF0UuqmkiaYjPCAdjSNcEill01vncADrfRhEAtdkYJT9ftEhkMpx6GvO0OshvK3l4t/eZ1UBXUvY1GSKhqR2aIg5VDFMH8c9pmgRPGxJpgIpm+FZIgFJkrHU9IhfH0K/ydu1XRMdH1aaVzM0yiCPbAPjoAFaqABrkATuICAIXgAT+DZCI1H48V4nbUWjPnMLvgB4+0TCEGNyA==</latexit>

A0
<latexit sha1_base64="Ykxb1xAbd1eqMVvQXRbw2GoOIj0=">AAAB6HicdVDLSsNAFJ34rPVVdelmsIiuwqRq2uyqblxWMbbQhjKZTtqhk0mYmQgl9A/cuFBx6ye582+cPgQVPXDhcM693HtPmHKmNEIf1sLi0vLKamGtuL6xubVd2tm9U0kmCfVJwhPZCrGinAnqa6Y5baWS4jjktBkOLyd+855KxRJxq0cpDWLcFyxiBGsj3ZwfdUtlZDsV162cQGS7XrXmuYYg13PPatCx0RRlMEejW3rv9BKSxVRowrFSbQelOsix1IxwOi52MkVTTIa4T9uGChxTFeTTS8fw0Cg9GCXSlNBwqn6fyHGs1CgOTWeM9UD99ibiX14701EtyJlIM00FmS2KMg51Aidvwx6TlGg+MgQTycytkAywxESbcIomhK9P4f/Er9ieja5Py/WLeRoFsA8OwDFwQBXUwRVoAB8QEIEH8ASeraH1aL1Yr7PWBWs+swd+wHr7BO+RjSw=</latexit><latexit sha1_base64="Ykxb1xAbd1eqMVvQXRbw2GoOIj0=">AAAB6HicdVDLSsNAFJ34rPVVdelmsIiuwqRq2uyqblxWMbbQhjKZTtqhk0mYmQgl9A/cuFBx6ye582+cPgQVPXDhcM693HtPmHKmNEIf1sLi0vLKamGtuL6xubVd2tm9U0kmCfVJwhPZCrGinAnqa6Y5baWS4jjktBkOLyd+855KxRJxq0cpDWLcFyxiBGsj3ZwfdUtlZDsV162cQGS7XrXmuYYg13PPatCx0RRlMEejW3rv9BKSxVRowrFSbQelOsix1IxwOi52MkVTTIa4T9uGChxTFeTTS8fw0Cg9GCXSlNBwqn6fyHGs1CgOTWeM9UD99ibiX14701EtyJlIM00FmS2KMg51Aidvwx6TlGg+MgQTycytkAywxESbcIomhK9P4f/Er9ieja5Py/WLeRoFsA8OwDFwQBXUwRVoAB8QEIEH8ASeraH1aL1Yr7PWBWs+swd+wHr7BO+RjSw=</latexit><latexit sha1_base64="Ykxb1xAbd1eqMVvQXRbw2GoOIj0=">AAAB6HicdVDLSsNAFJ34rPVVdelmsIiuwqRq2uyqblxWMbbQhjKZTtqhk0mYmQgl9A/cuFBx6ye582+cPgQVPXDhcM693HtPmHKmNEIf1sLi0vLKamGtuL6xubVd2tm9U0kmCfVJwhPZCrGinAnqa6Y5baWS4jjktBkOLyd+855KxRJxq0cpDWLcFyxiBGsj3ZwfdUtlZDsV162cQGS7XrXmuYYg13PPatCx0RRlMEejW3rv9BKSxVRowrFSbQelOsix1IxwOi52MkVTTIa4T9uGChxTFeTTS8fw0Cg9GCXSlNBwqn6fyHGs1CgOTWeM9UD99ibiX14701EtyJlIM00FmS2KMg51Aidvwx6TlGg+MgQTycytkAywxESbcIomhK9P4f/Er9ieja5Py/WLeRoFsA8OwDFwQBXUwRVoAB8QEIEH8ASeraH1aL1Yr7PWBWs+swd+wHr7BO+RjSw=</latexit>

e�
<latexit sha1_base64="eS2LtIJXQn7LP4Kg2TcklegVLIo=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoPgxbCRgHoLevEY0TWBZA2zk95kyOzsMjMrhCWf4MWDilf/yJt/4+QhxFdBQ1HVTXdXkAiujet+OLmFxaXllfxqYW19Y3OruL1zq+NUMfRYLGLVDKhGwSV6hhuBzUQhjQKBjWBwMfYb96g0j+WNGSboR7QnecgZNVa6xrujTrFUKbsTEPcX+bJKMEO9U3xvd2OWRigNE1TrVsVNjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWKVLwljZkoZM1PmJjEZaD6PAdkbU9PVPbyz+5bVSE576GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU5gP4X/iHZfPyu5VtVQ7n6WRhz3Yh0OowAnU4BLq4AGDHjzAEzw7wnl0XpzXaWvOmc3swjc4b59WM41c</latexit><latexit sha1_base64="eS2LtIJXQn7LP4Kg2TcklegVLIo=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoPgxbCRgHoLevEY0TWBZA2zk95kyOzsMjMrhCWf4MWDilf/yJt/4+QhxFdBQ1HVTXdXkAiujet+OLmFxaXllfxqYW19Y3OruL1zq+NUMfRYLGLVDKhGwSV6hhuBzUQhjQKBjWBwMfYb96g0j+WNGSboR7QnecgZNVa6xrujTrFUKbsTEPcX+bJKMEO9U3xvd2OWRigNE1TrVsVNjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWKVLwljZkoZM1PmJjEZaD6PAdkbU9PVPbyz+5bVSE576GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU5gP4X/iHZfPyu5VtVQ7n6WRhz3Yh0OowAnU4BLq4AGDHjzAEzw7wnl0XpzXaWvOmc3swjc4b59WM41c</latexit><latexit sha1_base64="eS2LtIJXQn7LP4Kg2TcklegVLIo=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoPgxbCRgHoLevEY0TWBZA2zk95kyOzsMjMrhCWf4MWDilf/yJt/4+QhxFdBQ1HVTXdXkAiujet+OLmFxaXllfxqYW19Y3OruL1zq+NUMfRYLGLVDKhGwSV6hhuBzUQhjQKBjWBwMfYb96g0j+WNGSboR7QnecgZNVa6xrujTrFUKbsTEPcX+bJKMEO9U3xvd2OWRigNE1TrVsVNjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWKVLwljZkoZM1PmJjEZaD6PAdkbU9PVPbyz+5bVSE576GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU5gP4X/iHZfPyu5VtVQ7n6WRhz3Yh0OowAnU4BLq4AGDHjzAEzw7wnl0XpzXaWvOmc3swjc4b59WM41c</latexit>

e+
<latexit sha1_base64="x8GRq/un8r5F95Dm3AzCp310aMU=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoMgCGEjAfUW9OIxomsCyRpmJ73JkNnZZWZWCEs+wYsHFa/+kTf/xslDiK+ChqKqm+6uIBFcG9f9cHILi0vLK/nVwtr6xuZWcXvnVsepYuixWMSqGVCNgkv0DDcCm4lCGgUCG8HgYuw37lFpHssbM0zQj2hP8pAzaqx0jXdHnWKpUnYnIO4v8mWVYIZ6p/je7sYsjVAaJqjWrYqbGD+jynAmcFRopxoTyga0hy1LJY1Q+9nk1BE5sEqXhLGyJQ2ZqPMTGY20HkaB7Yyo6euf3lj8y2ulJjz1My6T1KBk00VhKoiJyfhv0uUKmRFDSyhT3N5KWJ8qyoxNpzAfwv/EOy6fld2raql2PksjD3uwD4dQgROowSXUwQMGPXiAJ3h2hPPovDiv09acM5vZhW9w3j4BUy2NWg==</latexit><latexit sha1_base64="x8GRq/un8r5F95Dm3AzCp310aMU=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoMgCGEjAfUW9OIxomsCyRpmJ73JkNnZZWZWCEs+wYsHFa/+kTf/xslDiK+ChqKqm+6uIBFcG9f9cHILi0vLK/nVwtr6xuZWcXvnVsepYuixWMSqGVCNgkv0DDcCm4lCGgUCG8HgYuw37lFpHssbM0zQj2hP8pAzaqx0jXdHnWKpUnYnIO4v8mWVYIZ6p/je7sYsjVAaJqjWrYqbGD+jynAmcFRopxoTyga0hy1LJY1Q+9nk1BE5sEqXhLGyJQ2ZqPMTGY20HkaB7Yyo6euf3lj8y2ulJjz1My6T1KBk00VhKoiJyfhv0uUKmRFDSyhT3N5KWJ8qyoxNpzAfwv/EOy6fld2raql2PksjD3uwD4dQgROowSXUwQMGPXiAJ3h2hPPovDiv09acM5vZhW9w3j4BUy2NWg==</latexit><latexit sha1_base64="x8GRq/un8r5F95Dm3AzCp310aMU=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoMgCGEjAfUW9OIxomsCyRpmJ73JkNnZZWZWCEs+wYsHFa/+kTf/xslDiK+ChqKqm+6uIBFcG9f9cHILi0vLK/nVwtr6xuZWcXvnVsepYuixWMSqGVCNgkv0DDcCm4lCGgUCG8HgYuw37lFpHssbM0zQj2hP8pAzaqx0jXdHnWKpUnYnIO4v8mWVYIZ6p/je7sYsjVAaJqjWrYqbGD+jynAmcFRopxoTyga0hy1LJY1Q+9nk1BE5sEqXhLGyJQ2ZqPMTGY20HkaB7Yyo6euf3lj8y2ulJjz1My6T1KBk00VhKoiJyfhv0uUKmRFDSyhT3N5KWJ8qyoxNpzAfwv/EOy6fld2raql2PksjD3uwD4dQgROowSXUwQMGPXiAJ3h2hPPovDiv09acM5vZhW9w3j4BUy2NWg==</latexit>

Ar
<latexit sha1_base64="Lppey50Sn1vG/Fwqi6nS/nH9b3g=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9RLx4juEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0IAornQ7woZyJmlgmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXS3Qte6VK37VnwEtk1pOKpCj0St/dfuKpIJKSzg2plPzExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauPLMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCLXFl5dJcFa9qvr355X6TZ5GEY7gGE6hBhdQhztoQAAEHuEZXuHNU96L9+59zFsLXj5zCH/gff4AeBuOlw==</latexit><latexit sha1_base64="Lppey50Sn1vG/Fwqi6nS/nH9b3g=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9RLx4juEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0IAornQ7woZyJmlgmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXS3Qte6VK37VnwEtk1pOKpCj0St/dfuKpIJKSzg2plPzExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauPLMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCLXFl5dJcFa9qvr355X6TZ5GEY7gGE6hBhdQhztoQAAEHuEZXuHNU96L9+59zFsLXj5zCH/gff4AeBuOlw==</latexit><latexit sha1_base64="Lppey50Sn1vG/Fwqi6nS/nH9b3g=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9RLx4juEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0IAornQ7woZyJmlgmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXS3Qte6VK37VnwEtk1pOKpCj0St/dfuKpIJKSzg2plPzExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauPLMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCLXFl5dJcFa9qvr355X6TZ5GEY7gGE6hBhdQhztoQAAEHuEZXuHNU96L9+59zFsLXj5zCH/gff4AeBuOlw==</latexit>

Ar
<latexit sha1_base64="Lppey50Sn1vG/Fwqi6nS/nH9b3g=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9RLx4juEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0IAornQ7woZyJmlgmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXS3Qte6VK37VnwEtk1pOKpCj0St/dfuKpIJKSzg2plPzExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauPLMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCLXFl5dJcFa9qvr355X6TZ5GEY7gGE6hBhdQhztoQAAEHuEZXuHNU96L9+59zFsLXj5zCH/gff4AeBuOlw==</latexit><latexit sha1_base64="Lppey50Sn1vG/Fwqi6nS/nH9b3g=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9RLx4juEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0IAornQ7woZyJmlgmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXS3Qte6VK37VnwEtk1pOKpCj0St/dfuKpIJKSzg2plPzExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauPLMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCLXFl5dJcFa9qvr355X6TZ5GEY7gGE6hBhdQhztoQAAEHuEZXuHNU96L9+59zFsLXj5zCH/gff4AeBuOlw==</latexit><latexit sha1_base64="Lppey50Sn1vG/Fwqi6nS/nH9b3g=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9RLx4juEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0IAornQ7woZyJmlgmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXS3Qte6VK37VnwEtk1pOKpCj0St/dfuKpIJKSzg2plPzExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauPLMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCLXFl5dJcFa9qvr355X6TZ5GEY7gGE6hBhdQhztoQAAEHuEZXuHNU96L9+59zFsLXj5zCH/gff4AeBuOlw==</latexit>

gD
<latexit sha1_base64="PSc/9tTm+icCBnyNJx2+hTzn3Og=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FPXisaGyhDWWznaRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZekAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRYIhLVCahGwSV6hhuBnVQhjQOB7WB0NfXbj6g0T+S9GafoxzSSPOSMGivdRf3rfrXm1t0ZyF/SKEgNCrT61c/eIGFZjNIwQbXuNtzU+DlVhjOBk0ov05hSNqIRdi2VNEbt57NTJ+TIKgMSJsqWNGSm/pzIaaz1OA5sZ0zNUC96U/E/r5uZ8NzPuUwzg5LNF4WZICYh07/JgCtkRowtoUxxeythQ6ooMzadig2hsfjyX+Kd1C/q7u1prXlZpFGGAziEY2jAGTThBlrgAYMInuAFXh3hPDtvzvu8teQUM/vwC87HN3wHjXU=</latexit><latexit sha1_base64="PSc/9tTm+icCBnyNJx2+hTzn3Og=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FPXisaGyhDWWznaRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZekAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRYIhLVCahGwSV6hhuBnVQhjQOB7WB0NfXbj6g0T+S9GafoxzSSPOSMGivdRf3rfrXm1t0ZyF/SKEgNCrT61c/eIGFZjNIwQbXuNtzU+DlVhjOBk0ov05hSNqIRdi2VNEbt57NTJ+TIKgMSJsqWNGSm/pzIaaz1OA5sZ0zNUC96U/E/r5uZ8NzPuUwzg5LNF4WZICYh07/JgCtkRowtoUxxeythQ6ooMzadig2hsfjyX+Kd1C/q7u1prXlZpFGGAziEY2jAGTThBlrgAYMInuAFXh3hPDtvzvu8teQUM/vwC87HN3wHjXU=</latexit><latexit sha1_base64="PSc/9tTm+icCBnyNJx2+hTzn3Og=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FPXisaGyhDWWznaRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZekAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRYIhLVCahGwSV6hhuBnVQhjQOB7WB0NfXbj6g0T+S9GafoxzSSPOSMGivdRf3rfrXm1t0ZyF/SKEgNCrT61c/eIGFZjNIwQbXuNtzU+DlVhjOBk0ov05hSNqIRdi2VNEbt57NTJ+TIKgMSJsqWNGSm/pzIaaz1OA5sZ0zNUC96U/E/r5uZ8NzPuUwzg5LNF4WZICYh07/JgCtkRowtoUxxeythQ6ooMzadig2hsfjyX+Kd1C/q7u1prXlZpFGGAziEY2jAGTThBlrgAYMInuAFXh3hPDtvzvu8teQUM/vwC87HN3wHjXU=</latexit>

gD
<latexit sha1_base64="PSc/9tTm+icCBnyNJx2+hTzn3Og=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FPXisaGyhDWWznaRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZekAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRYIhLVCahGwSV6hhuBnVQhjQOB7WB0NfXbj6g0T+S9GafoxzSSPOSMGivdRf3rfrXm1t0ZyF/SKEgNCrT61c/eIGFZjNIwQbXuNtzU+DlVhjOBk0ov05hSNqIRdi2VNEbt57NTJ+TIKgMSJsqWNGSm/pzIaaz1OA5sZ0zNUC96U/E/r5uZ8NzPuUwzg5LNF4WZICYh07/JgCtkRowtoUxxeythQ6ooMzadig2hsfjyX+Kd1C/q7u1prXlZpFGGAziEY2jAGTThBlrgAYMInuAFXh3hPDtvzvu8teQUM/vwC87HN3wHjXU=</latexit><latexit sha1_base64="PSc/9tTm+icCBnyNJx2+hTzn3Og=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FPXisaGyhDWWznaRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZekAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRYIhLVCahGwSV6hhuBnVQhjQOB7WB0NfXbj6g0T+S9GafoxzSSPOSMGivdRf3rfrXm1t0ZyF/SKEgNCrT61c/eIGFZjNIwQbXuNtzU+DlVhjOBk0ov05hSNqIRdi2VNEbt57NTJ+TIKgMSJsqWNGSm/pzIaaz1OA5sZ0zNUC96U/E/r5uZ8NzPuUwzg5LNF4WZICYh07/JgCtkRowtoUxxeythQ6ooMzadig2hsfjyX+Kd1C/q7u1prXlZpFGGAziEY2jAGTThBlrgAYMInuAFXh3hPDtvzvu8teQUM/vwC87HN3wHjXU=</latexit><latexit sha1_base64="PSc/9tTm+icCBnyNJx2+hTzn3Og=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FPXisaGyhDWWznaRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZekAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRYIhLVCahGwSV6hhuBnVQhjQOB7WB0NfXbj6g0T+S9GafoxzSSPOSMGivdRf3rfrXm1t0ZyF/SKEgNCrT61c/eIGFZjNIwQbXuNtzU+DlVhjOBk0ov05hSNqIRdi2VNEbt57NTJ+TIKgMSJsqWNGSm/pzIaaz1OA5sZ0zNUC96U/E/r5uZ8NzPuUwzg5LNF4WZICYh07/JgCtkRowtoUxxeythQ6ooMzadig2hsfjyX+Kd1C/q7u1prXlZpFGGAziEY2jAGTThBlrgAYMInuAFXh3hPDtvzvu8teQUM/vwC87HN3wHjXU=</latexit>

gD
<latexit sha1_base64="PSc/9tTm+icCBnyNJx2+hTzn3Og=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FPXisaGyhDWWznaRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZekAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRYIhLVCahGwSV6hhuBnVQhjQOB7WB0NfXbj6g0T+S9GafoxzSSPOSMGivdRf3rfrXm1t0ZyF/SKEgNCrT61c/eIGFZjNIwQbXuNtzU+DlVhjOBk0ov05hSNqIRdi2VNEbt57NTJ+TIKgMSJsqWNGSm/pzIaaz1OA5sZ0zNUC96U/E/r5uZ8NzPuUwzg5LNF4WZICYh07/JgCtkRowtoUxxeythQ6ooMzadig2hsfjyX+Kd1C/q7u1prXlZpFGGAziEY2jAGTThBlrgAYMInuAFXh3hPDtvzvu8teQUM/vwC87HN3wHjXU=</latexit><latexit sha1_base64="PSc/9tTm+icCBnyNJx2+hTzn3Og=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FPXisaGyhDWWznaRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZekAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRYIhLVCahGwSV6hhuBnVQhjQOB7WB0NfXbj6g0T+S9GafoxzSSPOSMGivdRf3rfrXm1t0ZyF/SKEgNCrT61c/eIGFZjNIwQbXuNtzU+DlVhjOBk0ov05hSNqIRdi2VNEbt57NTJ+TIKgMSJsqWNGSm/pzIaaz1OA5sZ0zNUC96U/E/r5uZ8NzPuUwzg5LNF4WZICYh07/JgCtkRowtoUxxeythQ6ooMzadig2hsfjyX+Kd1C/q7u1prXlZpFGGAziEY2jAGTThBlrgAYMInuAFXh3hPDtvzvu8teQUM/vwC87HN3wHjXU=</latexit><latexit sha1_base64="PSc/9tTm+icCBnyNJx2+hTzn3Og=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FPXisaGyhDWWznaRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZekAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRYIhLVCahGwSV6hhuBnVQhjQOB7WB0NfXbj6g0T+S9GafoxzSSPOSMGivdRf3rfrXm1t0ZyF/SKEgNCrT61c/eIGFZjNIwQbXuNtzU+DlVhjOBk0ov05hSNqIRdi2VNEbt57NTJ+TIKgMSJsqWNGSm/pzIaaz1OA5sZ0zNUC96U/E/r5uZ8NzPuUwzg5LNF4WZICYh07/JgCtkRowtoUxxeythQ6ooMzadig2hsfjyX+Kd1C/q7u1prXlZpFGGAziEY2jAGTThBlrgAYMInuAFXh3hPDtvzvu8teQUM/vwC87HN3wHjXU=</latexit>
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FIG. 1. Dark trident production in the benchmark dark sector model, described in the text. Protons on target produce mesons
whose decays produce pairs of dark matter particles, � and �̄. Some of the dark matter particles will reach the detector (not
to scale) and will scatter with the argon nuclei that fill the detector. The scattering event can lead to the emission of one (or
several) dark photon(s) A0, which decays to a pair of charged leptons (electrons in the case of the figure).

associated to equally light mediators (see e.g. [16, 17]).⇤ We consider the simplest such model, described in detail
in Section II. The dark matter particle is a standard model singlet charged under a new U(1)D gauge interaction.
None of the standard model particles are charged under U(1)D but, assuming the U(1)D symmetry is broken, kinetic
mixing allows the new gauge boson – the dark photon – to interact with charged standard model particles.

In this scenario,† it is possible to produce dark photons in the near detectors of neutrino beam experiments and
have the dark photon decay predominantly and promptly into a lepton–antilepton pair, as depicted in Figure 1. First,
a dark matter particle � is produced at the target. It is very long-lived and weakly interacting so it easily finds its
way to the detector unperturbed, regardless of how far away it is. Second, the dark photon A0 is produced on-shell
by in the collision of a dark matter particle with a nucleus. The dark photon decays promptly in the detector. The
relevance of the dark trident channel depends dramatically on the parameters of the model. First, the branching ratio
of the dark photon into leptons must be large. This can only be achieved if the decay of the dark photon into dark
sector particles, including the dark matter particle, is forbidden, i.e., mA0 < 2m�. Second, the probability of emitting
a dark photon during � scattering must be large. This requires the dark coupling constant to be large or the dark
photon mass to be very small. Third, the dark matter production rate should not be too small. Here, the condition
mA0 < 2m� is a hindrance as it implies that dark matter production involves o↵-shell dark photon intermediate states.
The literature reveals [23, 24] that it is possible to produce enough dark matter particles when the dark photons are
o↵-shell, an issue we discuss in detail in Sec. III. Previous studies considered only leading-order dark-matter–nucleus
scattering as the detection signal. One narrow interpretation of our contribution is that we are exploring the benefits
of the rarer, but much more distinct, detection signal in the region of parameter space where dark matter production
is suppressed.

The dark trident signal provides ample experimental handles. In the remainder of this manuscript, we study the
phenomenology of the signal and show that, for our benchmark dark matter model, o↵-axis liquid argon detectors,
including the ones currently running or under construction at Fermilab, have improved sensitivity because neutrino
backgrounds can be suppressed [5]. The kinematics of dark trident events, including angular distributions, invariant
mass, as well as particle identification will be useful in further suppressing backgrounds.

II. A BENCHMARK MODEL

We consider the model where a fermionic dark matter particle � with mass M� interacts with those in the standard
model through a massive dark photon A0 with mass MA0 and its kinetic mixing with the photon. The Lagrangian

⇤ Dark matter models with light mediators have also been proposed in other contexts [18–20].
† This type of signal is not endemic to dark matter models. Frameworks in which a heavy sterile neutrino is produced in neutrino beams
and then proceeds to decay to a dark photon have been recently proposed to explain the MiniBooNE low energy excess [21, 22]. These
also lead to similar phenomenology.
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FIG. 4. The di↵erential distribution of � particle (left) and neutrino (right) production as a function of the particle energy
and production angle in arbitrary units. The model parameters used here are " = 10�3, M� = 30MeV and MA0 = 50MeV.
In the insert we show the energy-integrated � particle flux as a function of the production angle, 684meters away from the
NuMI target, due to ⇡0 (blue) and ⌘ (orange) decays as well as the o↵-axis angular distribution of the neutrino flux (gray).
The neutrino flux has been rescaled by 10�9. A larger fraction of �’s are produced o↵-axis as compared to neutrinos.

Detector MicroBooNE ICARUS SBND

O↵-axis angle (rad) 0.13 0.1 0.5

Distance from NuMI target (m) 684 789 409

Active LAr mass (ton) 89 476 112

� rate ⇥ detector mass (MicroBooNE units) 1 6.2 0.1

TABLE I. Parameters of the three Fermilab SBN liquid argon detectors with respect to the NuMI beamline (120 GeV protons).

where Rdet is the distance to the detector and Adet is its cross sectional area. For reference, in the mass range of
interest, approximately 10�5 of the � particles produced at NuMI pass through the MicroBooNE detector. The signal
event rate is proportional to the number of dark matter particles traversing the detector multiplied by the probability
that it interacts in the detector volume, which is proportional to the geometric depth of the detector and the number
density of scatterers. The area in Eq. (3.4) combines with the depth to yield a volume, which multiplied by the
number density is proportional to total mass. The figure of merit for the rate of any signal is thus proportional
to the � production rate at the detector’s angle times the detector mass. Table I also lists this figure of merit for
each detector, normalized to that of MicroBooNE. ICARUS has a relative advantage due to its larger mass while
SNBD sees a smaller dark matter flux because of the relatively large o↵-axis angle. In the following section, we
focus on the dark trident signal, its rate, and its various properties that are relevant for all of these detectors. A
detailed understanding of the idiosyncrasies of each individual experiment, required in order to properly compare the
sensitivity of the di↵erent LAr detectors along the Fermilab Booster Beam, is beyond the scope of this manuscript.

IV. DARK TRIDENT SIGNAL

The incoming beam of relativistic dark matter can scatter o↵ an argon nucleus via a t-channel dark photon exchange,
mimicking the neutral current interaction of a neutrino with argon. At higher order in the dark gauge coupling gD,
there are processes where this scatter is accompanied with additional dark photon emission. We consider here the
case where a single dark photon is radiated o↵ the initial or final-state � and leave the discussion of multiple emissions
to Section V. Since we consider the regime MA0 < 2M�, the emitted dark photon(s) will decay to e± or µ± pairs.
The case of single A0 emission the final state is a dark trident, the corresponding Feynman diagram depicted in Fig. 1

Useful to look off axis

Other places with detectors near (but not on) beam lines?
e.g. protoDUNE/LHC
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where Rdet is the distance to the detector and Adet is its cross sectional area. For reference, in the mass range of
interest, approximately 10�5 of the � particles produced at NuMI pass through the MicroBooNE detector. The signal
event rate is proportional to the number of dark matter particles traversing the detector multiplied by the probability
that it interacts in the detector volume, which is proportional to the geometric depth of the detector and the number
density of scatterers. The area in Eq. (3.4) combines with the depth to yield a volume, which multiplied by the
number density is proportional to total mass. The figure of merit for the rate of any signal is thus proportional
to the � production rate at the detector’s angle times the detector mass. Table I also lists this figure of merit for
each detector, normalized to that of MicroBooNE. ICARUS has a relative advantage due to its larger mass while
SNBD sees a smaller dark matter flux because of the relatively large o↵-axis angle. In the following section, we
focus on the dark trident signal, its rate, and its various properties that are relevant for all of these detectors. A
detailed understanding of the idiosyncrasies of each individual experiment, required in order to properly compare the
sensitivity of the di↵erent LAr detectors along the Fermilab Booster Beam, is beyond the scope of this manuscript.

IV. DARK TRIDENT SIGNAL

The incoming beam of relativistic dark matter can scatter o↵ an argon nucleus via a t-channel dark photon exchange,
mimicking the neutral current interaction of a neutrino with argon. At higher order in the dark gauge coupling gD,
there are processes where this scatter is accompanied with additional dark photon emission. We consider here the
case where a single dark photon is radiated o↵ the initial or final-state � and leave the discussion of multiple emissions
to Section V. Since we consider the regime MA0 < 2M�, the emitted dark photon(s) will decay to e± or µ± pairs.
The case of single A0 emission the final state is a dark trident, the corresponding Feynman diagram depicted in Fig. 1
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Figure 3 | Upper limits on the spin-dependentWIMP–neutron scattering
cross-section set by di�erent xenon-based experiments. Limit curves from
LUX62 and PandaX-II63.
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Figure 4 | The projected sensitivity (dashed curves) on the
spin-independentWIMP–nucleon cross-sections of a selected number of
upcoming and planned direct detection experiments, including
XENON1T34, PandaX-4T, XENONnT34, LZ35, DARWIN36 or PandaX-30T,
and SuperCDMS56. Currently leading limits in Fig. 1 (see legend), the
neutrino ‘floor’20, and the post-LHC-Run1 minimal-SUSY allowed
contours21 are overlaid in solid curves for comparison. The di�erent
crossings of the experimental sensitivities and the neutrino floor at around
a few GeV/c2 are primarily due to di�erent threshold assumptions.

cross checks from indirect and collider searches (for example, see
SUSY contours from Figs 1 and 4). This calls strongly for a world-
wide multi-faceted programme for dark matter detection. Finally,
one cannot ignore the importance of those null searches which
have been setting tighter constraints to many theoretical models,

and which may eventually direct us on a completely di�erent path
towards understanding this mysterious component of our Universe.
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Figure 3 | Upper limits on the spin-dependentWIMP–neutron scattering
cross-section set by di�erent xenon-based experiments. Limit curves from
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Figure 4 | The projected sensitivity (dashed curves) on the
spin-independentWIMP–nucleon cross-sections of a selected number of
upcoming and planned direct detection experiments, including
XENON1T34, PandaX-4T, XENONnT34, LZ35, DARWIN36 or PandaX-30T,
and SuperCDMS56. Currently leading limits in Fig. 1 (see legend), the
neutrino ‘floor’20, and the post-LHC-Run1 minimal-SUSY allowed
contours21 are overlaid in solid curves for comparison. The di�erent
crossings of the experimental sensitivities and the neutrino floor at around
a few GeV/c2 are primarily due to di�erent threshold assumptions.

cross checks from indirect and collider searches (for example, see
SUSY contours from Figs 1 and 4). This calls strongly for a world-
wide multi-faceted programme for dark matter detection. Finally,
one cannot ignore the importance of those null searches which
have been setting tighter constraints to many theoretical models,

and which may eventually direct us on a completely di�erent path
towards understanding this mysterious component of our Universe.

Received 16 November 2016; accepted 13 January 2017;
published online 2 March 2017

References
1. Bertone, G., Hooper, D. & Silk, J. Particle dark matter: evidence, candidates and

constraints. Phys. Rep. 405, 279–390 (2005).
2. Savage, C., Freese, K. & Gondolo, P. Annual modulation of dark matter in the

presence of streams. Phys. Rev. D 74, 043531 (2006).
3. Jungman, G., Kamionkowski, M. & Griest, K. Supersymmetric dark matter.

Phys. Rep. 267, 195–373 (1996).
4. Smith, M. C. et al . The RAVE survey: constraining the local galactic escape

speed.Mon. Not. R. Astron. Soc. 379, 755–772 (2007).
5. Peccei, R. D. & Quinn, H. R. CP conservation in the presence of instantons.

Phys. Rev. Lett. 38, 1440–1443 (1977).
6. Wilczek, F. Problem of strong P and T invariance in the presence of instantons.

Phys. Rev. Lett. 40, 279–282 (1978).
7. Kim, J. E. Light pseudoscalars, particle physics and cosmology. Phys. Rep. 150,

1–177 (1987).
8. Marsh, D. J. E. Axion cosmology. Phys. Rep. 643, 1–79 (2016).
9. Gaskins, J. M. A review of indirect searches for particle dark matter.

Contemp. Phys. 57, 496–525 (2016).
10. Lewin, J. D. & Smith, P. F. Review of mathematics, numerical factors, and

corrections for dark matter experiments based on elastic nuclear recoil.
Astropart. Phys. 6, 87–112 (1996).

11. Strigari, L. E. Neutrino coherent scattering rates at direct dark matter detectors.
New J. Phys. 11, 105011 (2009).

12. Gutlein, A. et al . Solar and atmospheric neutrinos: background sources for the
direct dark matter search. Astropart. Phys. 34, 90–96 (2010).

13. Ruppin, F., Billard, J., Figueroa-Feliciano, E. & Strigari, L. Complementarity of
dark matter detectors in light of the neutrino background. Phys. Rev. D 90,
083510 (2014).

14. Dedes, A., Giomataris, I., Suxho, K. & Vergados, J. D. Searching for secluded
dark matter via direct detection of recoiling nuclei as well as low energy
electrons. Nucl. Phys. B 826, 148–173 (2010).

15. Gaitskell, R. J. Direct detection of dark matter. Annu. Rev. Nucl. Part. Sci. 54,
315–359 (2004).

16. Bernabei, R. et al . Final model independent result of DAMA/LIBRA-phase1.
Eur. Phys. J. C 73, 2648 (2013).

17. Aalseth, C. E. et al. (CoGeNT Collaboration) CoGeNT: a search for low-mass
dark matter using p-type point contact germanium detectors. Phys. Rev. D 88,
012002 (2013).

18. Angloher, G. et al . Results from 730 kg days of the CRESST-II Dark Matter
Search. Eur. Phys. J. C 72, 1971 (2012).

19. Agnese, R. et al. (CDMS Collaboration) Silicon detector dark matter results
from the final exposure of CDMS II. Phys. Rev. Lett. 111, 251301 (2013).

20. Billard, J., Strigari, L. & Figueroa-Feliciano, E. Implication of neutrino
backgrounds on the reach of next generation dark matter direct detection
experiments. Phys. Rev. D 89, 023524 (2014).

21. Bagnaschi, E. A. et al . Supersymmetric dark matter after LHC Run 1.
Eur. Phys. J. C 75, 500 (2015).

22. Angle, J. et al. (XENON Collaboration) First results from the XENON10 dark
matter experiment at the Gran Sasso National Laboratory. Phys. Rev. Lett. 100,
021303 (2008).

23. Aprile, E. et al. (XENON100 Collaboration) Limits on spin-dependent
WIMP-nucleon cross sections from 225 live days of XENON100 data.
Phys. Rev. Lett. 111, 021301 (2013).

24. Akerib, D. S. et al. (LUX Collaboration) First results from the LUX dark matter
experiment at the Sanford Underground Research Facility. Phys. Rev. Lett. 112,
091303 (2014).

25. Akerib, D. S. et al. (LUX Collaboration) Improved limits on scattering of
weakly interacting massive particles from reanalysis of 2013 LUX data.
Phys. Rev. Lett. 116, 161301 (2016).

26. Tan, A. et al. (PandaX-II Collaboration) Dark matter results from first 98.7 days
of data from the PandaX-II experiment. Phys. Rev. Lett. 117, 121303 (2016).

27. Aprile, E. et al . Liquid xenon detectors for particle physics and astrophysics.
Rev. Mod. Phys. 82, 2053–2097 (2010).

28. Akerib, D. S. et al. (LUX Collaboration) The Large Underground Xenon (LUX)
experiment. Nucl. Instrum. Methods A 704, 111–126 (2013).

29. Mei, D. & Hime, A. Muon-induced background study for underground
laboratories. Phys. Rev. D 73, 053004 (2006).

30. Akerib, D. S. et al. (LUX Collaboration) Results from a search for dark matter
in the complete LUX exposure. Phys. Rev. Lett. 118, 021303 (2017).

31. Tan, A. et al. (PandaX Collaboration) Dark matter search results from the
commissioning run of PandaX-II. Phys. Rev. D 93, 122009 (2016).

NATURE PHYSICS | VOL 13 | MARCH 2017 | www.nature.com/naturephysics

© 2017 Macmillan Publishers Limited, part of Springer Nature. All rights reserved.

215

[Liu, Chen, Ji]

Z

H

SM

χ

SM

χ

χ χ



Status of Direct Detection

NATURE PHYSICS DOI: 10.1038/NPHYS4039 PROGRESS ARTICLES

PandaX-II 2016 
LUX 2016

101 102 103

WIMP mass (GeV/c2)

10−41

10−40

10−39

10−38

SD
 W

IM
P−

ne
ut

ro
n 

cr
os

s-
se

ct
io

n 
(c

m
2 )

Figure 3 | Upper limits on the spin-dependentWIMP–neutron scattering
cross-section set by di�erent xenon-based experiments. Limit curves from
LUX62 and PandaX-II63.
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Figure 4 | The projected sensitivity (dashed curves) on the
spin-independentWIMP–nucleon cross-sections of a selected number of
upcoming and planned direct detection experiments, including
XENON1T34, PandaX-4T, XENONnT34, LZ35, DARWIN36 or PandaX-30T,
and SuperCDMS56. Currently leading limits in Fig. 1 (see legend), the
neutrino ‘floor’20, and the post-LHC-Run1 minimal-SUSY allowed
contours21 are overlaid in solid curves for comparison. The di�erent
crossings of the experimental sensitivities and the neutrino floor at around
a few GeV/c2 are primarily due to di�erent threshold assumptions.

cross checks from indirect and collider searches (for example, see
SUSY contours from Figs 1 and 4). This calls strongly for a world-
wide multi-faceted programme for dark matter detection. Finally,
one cannot ignore the importance of those null searches which
have been setting tighter constraints to many theoretical models,

and which may eventually direct us on a completely di�erent path
towards understanding this mysterious component of our Universe.
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Can be endothermic (iDM) or exothermic 
[Graham, Harnik, Rajendran, Saraswat]



Inelastic scattering of DM

�
<latexit sha1_base64="OazfvepUv79ljfB3F5dHUSP7xXA=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpTNZtOu3WTD7kQoof/BiwdFvPp/vPlv3LY5aOsLCw/vzLAzb5BKYdB1v53S2vrG5lZ5u7Kzu7d/UD08ahuVacZbTEmluwE1XIqEt1Cg5N1UcxoHkneC8e2s3nni2giVPOAk5X5Mh4mIBKNorXY/5BLpoFpz6+5cZBW8AmpQqDmofvVDxbKYJ8gkNabnuSn6OdUomOTTSj8zPKVsTIe8ZzGhMTd+Pt92Ss6sE5JIafsSJHP390ROY2MmcWA7Y4ojs1ybmf/VehlG134ukjRDnrDFR1EmCSoyO52EQnOGcmKBMi3sroSNqKYMbUAVG4K3fPIqtC/qnuX7y1rjpoijDCdwCufgwRU04A6a0AIGj/AMr/DmKOfFeXc+Fq0lp5g5hj9yPn8AkY6PHA==</latexit><latexit sha1_base64="OazfvepUv79ljfB3F5dHUSP7xXA=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpTNZtOu3WTD7kQoof/BiwdFvPp/vPlv3LY5aOsLCw/vzLAzb5BKYdB1v53S2vrG5lZ5u7Kzu7d/UD08ahuVacZbTEmluwE1XIqEt1Cg5N1UcxoHkneC8e2s3nni2giVPOAk5X5Mh4mIBKNorXY/5BLpoFpz6+5cZBW8AmpQqDmofvVDxbKYJ8gkNabnuSn6OdUomOTTSj8zPKVsTIe8ZzGhMTd+Pt92Ss6sE5JIafsSJHP390ROY2MmcWA7Y4ojs1ybmf/VehlG134ukjRDnrDFR1EmCSoyO52EQnOGcmKBMi3sroSNqKYMbUAVG4K3fPIqtC/qnuX7y1rjpoijDCdwCufgwRU04A6a0AIGj/AMr/DmKOfFeXc+Fq0lp5g5hj9yPn8AkY6PHA==</latexit><latexit sha1_base64="OazfvepUv79ljfB3F5dHUSP7xXA=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpTNZtOu3WTD7kQoof/BiwdFvPp/vPlv3LY5aOsLCw/vzLAzb5BKYdB1v53S2vrG5lZ5u7Kzu7d/UD08ahuVacZbTEmluwE1XIqEt1Cg5N1UcxoHkneC8e2s3nni2giVPOAk5X5Mh4mIBKNorXY/5BLpoFpz6+5cZBW8AmpQqDmofvVDxbKYJ8gkNabnuSn6OdUomOTTSj8zPKVsTIe8ZzGhMTd+Pt92Ss6sE5JIafsSJHP390ROY2MmcWA7Y4ojs1ybmf/VehlG134ukjRDnrDFR1EmCSoyO52EQnOGcmKBMi3sroSNqKYMbUAVG4K3fPIqtC/qnuX7y1rjpoijDCdwCufgwRU04A6a0AIGj/AMr/DmKOfFeXc+Fq0lp5g5hj9yPn8AkY6PHA==</latexit><latexit sha1_base64="OazfvepUv79ljfB3F5dHUSP7xXA=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpTNZtOu3WTD7kQoof/BiwdFvPp/vPlv3LY5aOsLCw/vzLAzb5BKYdB1v53S2vrG5lZ5u7Kzu7d/UD08ahuVacZbTEmluwE1XIqEt1Cg5N1UcxoHkneC8e2s3nni2giVPOAk5X5Mh4mIBKNorXY/5BLpoFpz6+5cZBW8AmpQqDmofvVDxbKYJ8gkNabnuSn6OdUomOTTSj8zPKVsTIe8ZzGhMTd+Pt92Ss6sE5JIafsSJHP390ROY2MmcWA7Y4ojs1ybmf/VehlG134ukjRDnrDFR1EmCSoyO52EQnOGcmKBMi3sroSNqKYMbUAVG4K3fPIqtC/qnuX7y1rjpoijDCdwCufgwRU04A6a0AIGj/AMr/DmKOfFeXc+Fq0lp5g5hj9yPn8AkY6PHA==</latexit>

SM

χ

SM

χ

χ χ
′

� ⌘ m�0 �m�
<latexit sha1_base64="1doMy6EWivCB/n3JRo4/TS/d8Nc=">AAACC3icbZDLSsNAFIYnXmu9RV26GVpEN5ZEBF0W3bisYC/QhDCZnLRDJxdnJoUSunfjq7hxoYhbX8Cdb+O0jaCtPwx8/OcczpzfTzmTyrK+jKXlldW19dJGeXNre2fX3NtvySQTFJo04Yno+EQCZzE0FVMcOqkAEvkc2v7gelJvD0FIlsR3apSCG5FezEJGidKWZ1acALgi2IH7jA1x5OUO7bPjMT794bFnVq2aNRVeBLuAKirU8MxPJ0hoFkGsKCdSdm0rVW5OhGKUw7jsZBJSQgekB12NMYlAuvn0ljE+0k6Aw0ToFys8dX9P5CSSchT5ujMiqi/naxPzv1o3U+Glm7M4zRTEdLYozDhWCZ4EgwMmgCo+0kCoYPqvmPaJIFTp+Mo6BHv+5EVondVszbfn1fpVEUcJHaIKOkE2ukB1dIMaqIkoekBP6AW9Go/Gs/FmvM9al4xi5gD9kfHxDQzTmmc=</latexit><latexit sha1_base64="1doMy6EWivCB/n3JRo4/TS/d8Nc=">AAACC3icbZDLSsNAFIYnXmu9RV26GVpEN5ZEBF0W3bisYC/QhDCZnLRDJxdnJoUSunfjq7hxoYhbX8Cdb+O0jaCtPwx8/OcczpzfTzmTyrK+jKXlldW19dJGeXNre2fX3NtvySQTFJo04Yno+EQCZzE0FVMcOqkAEvkc2v7gelJvD0FIlsR3apSCG5FezEJGidKWZ1acALgi2IH7jA1x5OUO7bPjMT794bFnVq2aNRVeBLuAKirU8MxPJ0hoFkGsKCdSdm0rVW5OhGKUw7jsZBJSQgekB12NMYlAuvn0ljE+0k6Aw0ToFys8dX9P5CSSchT5ujMiqi/naxPzv1o3U+Glm7M4zRTEdLYozDhWCZ4EgwMmgCo+0kCoYPqvmPaJIFTp+Mo6BHv+5EVondVszbfn1fpVEUcJHaIKOkE2ukB1dIMaqIkoekBP6AW9Go/Gs/FmvM9al4xi5gD9kfHxDQzTmmc=</latexit><latexit sha1_base64="1doMy6EWivCB/n3JRo4/TS/d8Nc=">AAACC3icbZDLSsNAFIYnXmu9RV26GVpEN5ZEBF0W3bisYC/QhDCZnLRDJxdnJoUSunfjq7hxoYhbX8Cdb+O0jaCtPwx8/OcczpzfTzmTyrK+jKXlldW19dJGeXNre2fX3NtvySQTFJo04Yno+EQCZzE0FVMcOqkAEvkc2v7gelJvD0FIlsR3apSCG5FezEJGidKWZ1acALgi2IH7jA1x5OUO7bPjMT794bFnVq2aNRVeBLuAKirU8MxPJ0hoFkGsKCdSdm0rVW5OhGKUw7jsZBJSQgekB12NMYlAuvn0ljE+0k6Aw0ToFys8dX9P5CSSchT5ujMiqi/naxPzv1o3U+Glm7M4zRTEdLYozDhWCZ4EgwMmgCo+0kCoYPqvmPaJIFTp+Mo6BHv+5EVondVszbfn1fpVEUcJHaIKOkE2ukB1dIMaqIkoekBP6AW9Go/Gs/FmvM9al4xi5gD9kfHxDQzTmmc=</latexit><latexit sha1_base64="1doMy6EWivCB/n3JRo4/TS/d8Nc=">AAACC3icbZDLSsNAFIYnXmu9RV26GVpEN5ZEBF0W3bisYC/QhDCZnLRDJxdnJoUSunfjq7hxoYhbX8Cdb+O0jaCtPwx8/OcczpzfTzmTyrK+jKXlldW19dJGeXNre2fX3NtvySQTFJo04Yno+EQCZzE0FVMcOqkAEvkc2v7gelJvD0FIlsR3apSCG5FezEJGidKWZ1acALgi2IH7jA1x5OUO7bPjMT794bFnVq2aNRVeBLuAKirU8MxPJ0hoFkGsKCdSdm0rVW5OhGKUw7jsZBJSQgekB12NMYlAuvn0ljE+0k6Aw0ToFys8dX9P5CSSchT5ujMiqi/naxPzv1o3U+Glm7M4zRTEdLYozDhWCZ4EgwMmgCo+0kCoYPqvmPaJIFTp+Mo6BHv+5EVondVszbfn1fpVEUcJHaIKOkE2ukB1dIMaqIkoekBP6AW9Go/Gs/FmvM9al4xi5gD9kfHxDQzTmmc=</latexit>

[Tucker-Smith and Weiner]

Can be endothermic (iDM) or exothermic 
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Figure 2: The energy recoil boundaries for inelastic DM with splitting � = 100 keV (dashed) and
200 keV (dotted) scattering o↵ xenon and tungsten. From right to left, the orange, green, blue,
and red curves denote available scattering phase space for mX = 0.05, 0.2, 1, 10 TeV dark matter,
respectively. Dark matter masses mX > 10 TeV are nearly indistinguishable from the mX = 10 TeV
curve due to the reduced mass µ ' mN . As in Fig. 1, horizontal lines indicate the maximum recoil
energies of CRESST II, LUX, PandaX II, and XENON100.

asymptotes to the maximum recoil energy for elastic scattering once ER � �. The minimum velocity
to scatter at any recoil energy is determined by the apex of the parabola
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where this expression is valid up to corrections of O(E0/mX , �/mX), which are negligible for fixed-
target terrestrial experiments and mX � GeV. The mass dependence of the kinematics is illustrated
in Fig. 2.

The simple expressions for the apex make it easy to qualitatively understand how the kinematical
range shifts with respect to the dark matter mass, the target mass, and the inelastic splitting. For
example, in the case of heavy dark matter mX � mN ,
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the minimum velocity scales as 1/
p
mN , which makes it clear why argon experiments have essentially

no sensitivity to the inelastic frontier. Also, the typical recoil energy is determined just by �,
independently of the dark matter mass and the target nucleus. Therefore, experiments that employ
a maximum ER that is less than � are severely limiting their sensitivity. This is illustrated in the
figure by the maximum ER that existing analyses from LUX, PandaX, and XENON100 use to set
their bounds. By only accepting events with recoil energies smaller than ⇠ 50 keV, these analyses
are necessarily restricted to inelastic mass splittings less than 200 keV.
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asymptotes to the maximum recoil energy for elastic scattering once ER � �. The minimum velocity
to scatter at any recoil energy is determined by the apex of the parabola

v
apex

min
=

s
2�

µ
(1)

ER(v
apex

min
) =

µ

mN

� . (2)

The general result as a function of ER is

vmin =
1

p
2ERmN

✓
ER mN

µ
+ �

◆
, (3)

where this expression is valid up to corrections of O(E0/mX , �/mX), which are negligible for fixed-
target terrestrial experiments and mX � GeV. The mass dependence of the kinematics is illustrated
in Fig. 2.

The simple expressions for the apex make it easy to qualitatively understand how the kinematical
range shifts with respect to the dark matter mass, the target mass, and the inelastic splitting. For
example, in the case of heavy dark matter mX � mN ,

v
apex

min
'

r
2�

mN

ER(v
apex

min
) ' � (mX � mN ) , (4)

the minimum velocity scales as 1/
p
mN , which makes it clear why argon experiments have essentially

no sensitivity to the inelastic frontier. Also, the typical recoil energy is determined just by �,
independently of the dark matter mass and the target nucleus. Therefore, experiments that employ
a maximum ER that is less than � are severely limiting their sensitivity. This is illustrated in the
figure by the maximum ER that existing analyses from LUX, PandaX, and XENON100 use to set
their bounds. By only accepting events with recoil energies smaller than ⇠ 50 keV, these analyses
are necessarily restricted to inelastic mass splittings less than 200 keV.

5

0 100 200 300 400 500 600 700
0

200

400

600

800

v @kmêsD

Summer
Winter

f(~v, ~vE)
<latexit sha1_base64="dJtWj9ow5qvgj2Qcva7rjQpcfg8="></latexit><latexit sha1_base64="dJtWj9ow5qvgj2Qcva7rjQpcfg8="></latexit><latexit sha1_base64="dJtWj9ow5qvgj2Qcva7rjQpcfg8="></latexit><latexit sha1_base64="dJtWj9ow5qvgj2Qcva7rjQpcfg8="></latexit>

� . 300 keV. By including larger nuclear recoil energies in future analyses, the combined reach of
these experiments can be extended to � ⇠ 550 keV, and the iodine based-results can be improved
upon by over an order of magnitude in much of the parameter space, just using present xenon
exposures. Moreover, our study reveals that because tungsten is the heaviest element currently
employed in dark matter experiments, experiments like CRESST can probe the largest inelastic dark
matter mass splitting.2

There are now many examples of well-motivated dark matter models that predict sizable inelastic
mass splittings, in this work we will consider three examples. A supersymmetric example is Higgsino
dark matter with O(100) keV mass splittings between the Higgsino states induced by mixing with
very heavy, or carefully tuned, neutralinos. In this case the coupling to the nucleus is through Z

exchange. For our second example, we consider DM-nucleus interactions that take place through
photon exchange. Specifically, we will focus on magnetic inelastic dark matter (MIDM) [18, 20],
where the DM-photon coupling is a transition dipole operator, between states split by O(100) keV.
In our third example, the state exchanged during direct detection is a dark photon of mass ⇠ 0.1�10
GeV; here the dark sector inelastic splitting arises from coupling to the scalar that makes the dark
photon massive. Further details on these models will be given in Sec. 5.

The setup of the rest of this paper is as follows. In Sec. 2, we explore the kinematics of inelastic
scattering, particularly studying how detector nuclear recoil energies and velocity phase space a↵ect
searches for dark matter with a large inelastic mass splitting. In Sec. 3, we examine the dark matter-
nuclear scattering rate at large inelastic mass splittings and recoil energies for xenon and tungsten
targets. Sec. 4 finds how existing and prospective dark matter direct detection analyses can bound
inelastic dark matter. In Sec. 5, we explore a number of dark matter models that give rise to a large
inelastic mass splitting. In Sec. 6, we note that four events recently observed in the ER = 30-120 keV
recoil energy band at CRESST would be consistent with 1 TeV WIMP-like dark matter with a
⇠ 200 keV mass splitting. In Sec. 7 we conclude.

2 Inelastic Kinematics

To begin, we examine kinematic properties of inelastic dark matter (see e.g. [2,6,12,24,25] for prior
discussion). Here we will scrutinize the impact of dark matter inelastic mass splitting � and dark
matter velocity v on the spectrum of expected nuclear recoil event energies at fixed target dark
matter searches. The kinetic energy of a dark matter particle is E0 = 1

2
mXv

2, where the velocity v

is in the laboratory frame. In the non-relativistic limit appropriate for dark matter scattering, the
recoil energy is

ER =
µ

mN

h�
µv

2 cos2 ✓lab � �
�
± (µv2 cos2 ✓lab)

1/2
�
µv

2 cos2 ✓lab � 2�
�1/2i

,

where ✓lab is the scattering angle in the laboratory frame, and µ is the reduced mass of dark matter
and the nucleus. We illustrate the kinematically allowed space of recoil energies as a function of
velocity in Fig. 1. The contours correspond to maximal scattering angle, i.e., cos2 ✓lab = 1. In this
figure, we show several target elements for a fixed dark matter mass mX = 1TeV and several di↵erent
inelastic splittings.

Notice that there is both a lower bound and an upper bound on the recoil energy, assuming
a maximum incoming terrestrial dark matter speed. Unsurprisingly, the maximum recoil energy

2
The heavier element thallium (A = 205) is used as a doping agent in the DAMA [22] and KIMS [23] experiments,

with O(10
�3

) concentrations. This impurity is too small to provide a meaningful bound but has been investigated in

the past as a possible inelastic explanation of the DAMA excess [24].

3

Nuclear recoil energy

DM speed in lab frame

Lab scattering angle 



Inelastic Dark Matter (iDM)

•Requires “large” momentum exchange to upscatter
•Favours high velocity tail of phase space distribution
•Increased modulation
•Prefers heavy targets e.g. iodine, xenon, tungsten,..
•Recoil spectrum has a peak 
•Sensitivity increased by going to higher recoil



Experimental situation

5

TABLE I. Predicted background rates in the fiducial volume
(0.9–5.3 keVee) [31]. We show contributions from the �-
rays of detector components (including those cosmogenically
activated), the time-weighted contribution of activated
xenon, 222Rn (best estimate 0.2 mDRUee from 222Rn chain
measurements) and 85Kr. The errors shown are both
from simulation statistics and those derived from the rate
measurements of time-dependent backgrounds. 1 mDRUee is
10�3 events/keVee/kg/day.

Source Background rate, mDRUee

�-rays 1.8± 0.2stat ± 0.3sys
127Xe 0.5± 0.02stat ± 0.1sys
214Pb 0.11–0.22 (90% C. L.)
85Kr 0.13± 0.07sys

Total predicted 2.6± 0.2stat ± 0.4sys
Total observed 3.6± 0.3stat

distribution [31], and the expectations based on the
screening results and the independent assay of the
natural Kr concentration of 3.5 ± 1 ppt (g/g) in the
xenon gas [36] where we assume an isotopic abundance
of 85Kr/natKr ⇠ 2 ⇥ 10�11 [31, 34]. Isotopes created
through cosmogenic production were also considered,
including measured levels of 60Co in Cu components.
In situ measurements determined additional intrinsic
background levels in xenon from 214Pb (from the 222Rn
decay chain) [32], and cosmogenically-produced 127Xe
(T1/2 = 36.4 days), 129mXe (T1/2 = 8.9 days), and
131mXe (T1/2 = 11.9 days). The rate from 127Xe in the
WIMP search energy window is estimated to decay from
0.87 mDRUee at the start of the WIMP search dataset
to 0.28 mDRUee at the end, with late-time background
measurements being consistent with those originating
primarily from the long-lived radioisotopes.

The neutron background in LUX is predicted from
detailed detector BG simulations to produce 0.06 single
scatters with S1 between 2 and 30 phe in the 85.3 live-
day dataset. This was considered too low to include in
the PLR. The value was constrained by multiple-scatter
analysis in the data, with a conservative 90% upper C.L.
placed on the number of expected neutron single scatters
of 0.37 events.

We observed 160 events between 2 and 30 phe (S1)
within the fiducial volume in 85.3 live-days of search
data (shown in Fig. 4), with all observed events being
consistent with the predicted background of electron
recoils. The average discrimination (with 50% NR
acceptance) for S1 from 2-30 phe is 99.6 ± 0.1%, hence
0.64 ± 0.16 events from ER leakage are expected below
the NR mean, for the search dataset. The spatial
distribution of the events matches that expected from the
ER backgrounds in full detector simulations. We select
the upper bound of 30 phe (S1) for the signal estimation
analysis to avoid additional background from the 5 keVee

x-ray from 127Xe.
Confidence intervals on the spin-independent WIMP-

nucleon cross section are set using a profile likelihood
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FIG. 4. The LUX WIMP signal region. Events in the
118 kg fiducial volume during the 85.3 live-day exposure are
shown. Lines as shown in Fig. 3, with vertical dashed cyan
lines showing the 2-30 phe range used for the signal estimation
analysis.

ratio (PLR) test statistic [37], exploiting the separation
of signal and background distributions in four physical
quantities: radius, depth, light (S1), and charge (S2).
The fit is made over the parameter of interest plus
three Gaussian-constrained nuisance parameters which
encode uncertainty in the rates of 127Xe, �-rays from
internal components and the combination of 214Pb and
85Kr. The distributions, in the observed quantities, of
the four model components are as described above and
do not vary in the fit: with the non-uniform spatial
distributions of �-ray backgrounds and x-ray lines from
127Xe obtained from energy-deposition simulations [31].
The PLR operates within the fiducial region but the
spatial background models were validated using data
from outside the fiducial volume.

The energy spectrum of WIMP-nucleus recoils is
modeled using a standard isothermal Maxwellian velocity
distribution [38], with v0 = 220 km/s; vesc = 544 km/s;
⇢0 = 0.3 GeV/cm3; average Earth velocity of 245 km s�1,
and Helm form factor [39, 40]. We conservatively
model no signal below 3.0 keVnr (the lowest energy for
which a direct light yield measurement exists [30, 41],
whereas indirect evidence of charge yield exists down
to 1 keVnr [42]). We do not profile the uncertainties
in NR yield, assuming a model which provides excellent
agreement with LUX data (Fig. 1 and Fig. 6), in addition
to being conservative compared to past works [23]. We
also do not account for uncertainties in astrophysical
parameters, which are beyond the scope of this work (but
are discussed in [43]). Signal models in S1 and S2 are
obtained for each WIMP mass from full simulations.

The observed PLR for zero signal is entirely consistent
with its simulated distribution, giving a p-value for the
background-only hypothesis of 0.35. The 90% C. L.

LUX

4

blinding cut. The ellipsoidal shape was optimized on ER
calibration data, also taking into account event leakage
into the signal region. A benchmark WIMP search re-
gion to quantify the background expectation and to be
used for the maximum gap analysis was defined from 6.6-
30.5 keVnr (3-20PE) in energy, by an upper 99.75% ER
rejection line in the discrimination parameter space, and
by the lines corresponding to S2>150 PE and a lower line
at ⇠97% acceptance from neutron calibration data (see
lines in Fig. 2, top).

Both NR and ER interactions contribute to the ex-
pected background for the WIMP search. The first is de-
termined from Monte Carlo simulations, using the mea-
sured intrinsic radioactive contamination of all detector
and shield materials [8] to calculate the neutron back-
ground from (↵, n) and spontaneous fission reactions, as
well as from muons, taking into account the muon energy
and angular dependence at LNGS. The expectation from
these neutron sources is (0.17+0.12

�0.07 ) events for the given
exposure and NR acceptance in the benchmark region.
About 70% of the neutron background is muon-induced.

ER background events originate from radioactivity of
the detector components and from � and � activity of
intrinsic radioactivity in the LXe target, such as 222Rn
and 85Kr. The latter background is most critical since it
cannot be reduced by fiducialization. Hence, for the dark
matter search reported here, a major e↵ort was made to
reduce the 85Kr contamination which a↵ected the sensi-
tivity of the previous search [6]. To estimate the total ER
background from all sources, the 60Co and 232Th calibra-
tion data is used, with >35 times more statistics in the
relevant energy range than in the dark matter data. The
calibration data is scaled to the dark matter exposure by
normalizing it to the number of events seen above the
blinding cut in the energy region of interest. The ma-
jority of ER background events is Gaussian distributed
in the discrimination parameter space, with a few events
leaking anomalously into the NR band. These anoma-
lous events can be due to double scatters with one energy
deposition inside the TPC and another one in a charge
insensitive region, such that the prompt S1 signal from
the two scatters is combined with only one charge signal
S2. Following the observed distribution in the calibration
data, the anomalous leakage events were parametrized by
a constant (exponential) function in the discrimination
parameter (S1 space). The ER background estimate in-
cluding Gaussian and anomalous events is (0.79 ± 0.16)
in the benchmark region, leading to a total background
expectation of (1.0± 0.2) events.

The background model used in the PL analysis em-
ploys the same assumptions and input spectra from MC
and calibration data. Its validity has been confirmed
prior to unblinding on the high-energy sideband and on
the vetoed data from 6.6-43.3 keVnr.

After unblinding, two events were observed in the
benchmark WIMP search region, see Fig. 2. With en-

ergies of 7.1 keVnr (3.3 PE) and 7.8 keVnr (3.8 PE) both
fall into the lowest PE bin used for this analysis. The
waveforms for both events are of high quality and their
S2/S1 value is at the lower edge of the NR band from
neutron calibration. There are no leakage events below

Energy [keVnr]
5 10 15 20 25 30 35 40 45 50

/S
1)

-E
R

 m
ea

n
b

(S
2

10
lo

g
-1.2

-1.0

-0.8

-0.6

-0.4

-0.2

0.0

0.2

0.4

5 10 15 20 25 30
S1 [PE]

]2 [cm2Radius
0 50 100 150 200 250

z 
[c

m
]

-30

-25

-20

-15

-10

-5

0

Radius [cm]
2 4 6 8 10 12 14 15.3

FIG. 2: (Top) Event distribution in the discrimination param-
eter space log10(S2b/S1), flattened by subtracting the distri-
bution’s mean, as observed after unblinding using all analysis
cuts and a 34 kg fiducial volume (black squares). A lower
analysis threshold of 6.6 keVnr (NR equivalent energy scale) is
employed. The PL analysis uses an upper energy threshold of
43.3 keVnr (3-30 PE) and the benchmark WIMP search region
is limited to 30.5 keVnr (3-20PE). The negligible impact of the
S2>150PE threshold cut is indicated by the dashed-dotted
blue line and the signal region is restricted by a lower bor-
der running along the 97% NR quantile. An additional hard
S2b/S1 discrimination cut at 99.75% ER rejection defines the
benchmark WIMP search region from above (dotted green)
but is only used to cross check the PL inference. The his-
togram in red/gray indicates the NR band from the neutron
calibration. Two events fall into the benchmark region where
(1.0 ± 0.2) are expected from background. (Bottom) Spatial
event distribution inside the TPC using a 6.6-43.3 keVnr en-
ergy window. The 34 kg fiducial volume is indicated by the
red dashed line. Gray points are above the 99.75% rejection
line, black circles fall below.

XENON100

Experiment Exposure [tonne-days] Energy range [keVnr] Candidate DM events Refs.

PICO 1.3 7-20–O(1)MeV 0 [29]
LUX 14 1–30 0 [30]
PandaX 33 1–30 1 [31]
CRESST 0.052 30–120 4 [33]

Table 1: Summary of experimental results. For CRESST, the upper bound on their signal region
was 40 keV, but all events up to 120 keV were shown in Ref. [33], see Sec. 6. For PICO the lower
bound was not constant over the course of the data taking, but varied from ⇠ 7 to ⇠ 20 keV.

�n, which we constrain using results from several direct detection experiments. The experiments we
consider are listed in Table 1. The LUX collaboration’s most recent published result found 0 nuclear
recoil events consistent with a DM signal in a 1 � 30 keV recoil energy window after 1.4 ⇥ 104 kg
days of running [30]. The PandaX II experiment has observed only 1 nuclear recoil event inside a
1� 30 keV recoil energy window for 3.3⇥ 104 kg days of exposure [31]. This PandaX result matches
a recently reported bound from a similar LUX exposure [40]. For tungsten, we use some of the latest
results from CRESST II: 4 signal-like events in a 30-120 keV window after 52.2 kg days.4 In the
case of PICO [29] (iodine), events with recoil energies between ⇠ 7 � 103 keV were accepted over
⇠ 1300 kg days. For convenience, these integrated exposures and recoil energy bands are presented
in Table 1. Assuming only statistical uncertainties and keeping the volume and energy intervals of
the experiments fixed, the 90% confidence level bound is 2.3 events if no events are observed, 3.9
events if one events is observed, or 6.7 events if four events are observed.5

To find the currently constrained �n as a function of �, we integrate Eq. (6) over the same energy
region as the experiments, i.e. 1 � 30 keV for xenon, 30 � 120 keV for tungsten, etc. For simplicity
we assume the earth’s speed was constant at 232 km/s during the whole period of data taking of
each experiment. In addition to the experimental parameters presented in Table 1 one must take
into account that in the case of CRESST (PICO) only ⇠ 64% (⇠ 65%) of the target’s mass is in the
form of tungsten (iodine), and that each experiment (including LUX-PandaX) has a recoil-energy
dependent e�ciency to register nuclear recoils. CRESST requires a simple rescaling of the exposure,
whereas to account for the e�ciency of the other experiments we rescale our bounds by an overall
constant factor. For PICO this rescale factor is chosen such that at mX = 1 TeV and � = 0 keV,
our bounds agree with those presented by the PICO collaboration. The “LUX-PandaX 2016” curves
are normalized to a �n = 2 ⇥ 10�45 cm2 bound at mX = 1 TeV and � = 0 keV. For CRESST
we use an overall e�ciency of 64% [33]. As mentioned above, PICO varied its threshold energy
throughout its period of data taking. We approximate this behavior by using a fixed lower threshold
of ER = 10 keV, and again rescale to agree with the published PICO bounds at � = 0 keV. The
resulting bounds on the scattering cross section, �n, are shown in the left two panels of Fig. 5. The
bands correspond to varying the DM escape velocity within the 90% confidence interval around its
central value, vesc = 533+54

�41
km/s.

To determine the reach in the (�n, �) plane that is obtainable by looking at high recoil energy
data, we repeat the calculation but integrate up to 500 keV in recoil energy, using the same rescaling

4
The CRESST II analysis strictly considers a recoil energy band ER = 0.3� 40 keV that had a large contamination

from backgrounds at the low end of this range. Since CRESST has shown their recoil energy data out to 120 keV [33],

we employ the energy window 30-120 keV.
5
Technically, LUX and PandaX employ profile likelihood methods to address their backgrounds, rather than simple

cut-and-count.
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TABLE I. Predicted background rates in the fiducial volume
(0.9–5.3 keVee) [31]. We show contributions from the �-
rays of detector components (including those cosmogenically
activated), the time-weighted contribution of activated
xenon, 222Rn (best estimate 0.2 mDRUee from 222Rn chain
measurements) and 85Kr. The errors shown are both
from simulation statistics and those derived from the rate
measurements of time-dependent backgrounds. 1 mDRUee is
10�3 events/keVee/kg/day.

Source Background rate, mDRUee

�-rays 1.8± 0.2stat ± 0.3sys
127Xe 0.5± 0.02stat ± 0.1sys
214Pb 0.11–0.22 (90% C. L.)
85Kr 0.13± 0.07sys

Total predicted 2.6± 0.2stat ± 0.4sys
Total observed 3.6± 0.3stat

distribution [31], and the expectations based on the
screening results and the independent assay of the
natural Kr concentration of 3.5 ± 1 ppt (g/g) in the
xenon gas [36] where we assume an isotopic abundance
of 85Kr/natKr ⇠ 2 ⇥ 10�11 [31, 34]. Isotopes created
through cosmogenic production were also considered,
including measured levels of 60Co in Cu components.
In situ measurements determined additional intrinsic
background levels in xenon from 214Pb (from the 222Rn
decay chain) [32], and cosmogenically-produced 127Xe
(T1/2 = 36.4 days), 129mXe (T1/2 = 8.9 days), and
131mXe (T1/2 = 11.9 days). The rate from 127Xe in the
WIMP search energy window is estimated to decay from
0.87 mDRUee at the start of the WIMP search dataset
to 0.28 mDRUee at the end, with late-time background
measurements being consistent with those originating
primarily from the long-lived radioisotopes.

The neutron background in LUX is predicted from
detailed detector BG simulations to produce 0.06 single
scatters with S1 between 2 and 30 phe in the 85.3 live-
day dataset. This was considered too low to include in
the PLR. The value was constrained by multiple-scatter
analysis in the data, with a conservative 90% upper C.L.
placed on the number of expected neutron single scatters
of 0.37 events.

We observed 160 events between 2 and 30 phe (S1)
within the fiducial volume in 85.3 live-days of search
data (shown in Fig. 4), with all observed events being
consistent with the predicted background of electron
recoils. The average discrimination (with 50% NR
acceptance) for S1 from 2-30 phe is 99.6 ± 0.1%, hence
0.64 ± 0.16 events from ER leakage are expected below
the NR mean, for the search dataset. The spatial
distribution of the events matches that expected from the
ER backgrounds in full detector simulations. We select
the upper bound of 30 phe (S1) for the signal estimation
analysis to avoid additional background from the 5 keVee

x-ray from 127Xe.
Confidence intervals on the spin-independent WIMP-

nucleon cross section are set using a profile likelihood
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FIG. 4. The LUX WIMP signal region. Events in the
118 kg fiducial volume during the 85.3 live-day exposure are
shown. Lines as shown in Fig. 3, with vertical dashed cyan
lines showing the 2-30 phe range used for the signal estimation
analysis.

ratio (PLR) test statistic [37], exploiting the separation
of signal and background distributions in four physical
quantities: radius, depth, light (S1), and charge (S2).
The fit is made over the parameter of interest plus
three Gaussian-constrained nuisance parameters which
encode uncertainty in the rates of 127Xe, �-rays from
internal components and the combination of 214Pb and
85Kr. The distributions, in the observed quantities, of
the four model components are as described above and
do not vary in the fit: with the non-uniform spatial
distributions of �-ray backgrounds and x-ray lines from
127Xe obtained from energy-deposition simulations [31].
The PLR operates within the fiducial region but the
spatial background models were validated using data
from outside the fiducial volume.

The energy spectrum of WIMP-nucleus recoils is
modeled using a standard isothermal Maxwellian velocity
distribution [38], with v0 = 220 km/s; vesc = 544 km/s;
⇢0 = 0.3 GeV/cm3; average Earth velocity of 245 km s�1,
and Helm form factor [39, 40]. We conservatively
model no signal below 3.0 keVnr (the lowest energy for
which a direct light yield measurement exists [30, 41],
whereas indirect evidence of charge yield exists down
to 1 keVnr [42]). We do not profile the uncertainties
in NR yield, assuming a model which provides excellent
agreement with LUX data (Fig. 1 and Fig. 6), in addition
to being conservative compared to past works [23]. We
also do not account for uncertainties in astrophysical
parameters, which are beyond the scope of this work (but
are discussed in [43]). Signal models in S1 and S2 are
obtained for each WIMP mass from full simulations.

The observed PLR for zero signal is entirely consistent
with its simulated distribution, giving a p-value for the
background-only hypothesis of 0.35. The 90% C. L.

LUX
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blinding cut. The ellipsoidal shape was optimized on ER
calibration data, also taking into account event leakage
into the signal region. A benchmark WIMP search re-
gion to quantify the background expectation and to be
used for the maximum gap analysis was defined from 6.6-
30.5 keVnr (3-20PE) in energy, by an upper 99.75% ER
rejection line in the discrimination parameter space, and
by the lines corresponding to S2>150 PE and a lower line
at ⇠97% acceptance from neutron calibration data (see
lines in Fig. 2, top).

Both NR and ER interactions contribute to the ex-
pected background for the WIMP search. The first is de-
termined from Monte Carlo simulations, using the mea-
sured intrinsic radioactive contamination of all detector
and shield materials [8] to calculate the neutron back-
ground from (↵, n) and spontaneous fission reactions, as
well as from muons, taking into account the muon energy
and angular dependence at LNGS. The expectation from
these neutron sources is (0.17+0.12

�0.07 ) events for the given
exposure and NR acceptance in the benchmark region.
About 70% of the neutron background is muon-induced.

ER background events originate from radioactivity of
the detector components and from � and � activity of
intrinsic radioactivity in the LXe target, such as 222Rn
and 85Kr. The latter background is most critical since it
cannot be reduced by fiducialization. Hence, for the dark
matter search reported here, a major e↵ort was made to
reduce the 85Kr contamination which a↵ected the sensi-
tivity of the previous search [6]. To estimate the total ER
background from all sources, the 60Co and 232Th calibra-
tion data is used, with >35 times more statistics in the
relevant energy range than in the dark matter data. The
calibration data is scaled to the dark matter exposure by
normalizing it to the number of events seen above the
blinding cut in the energy region of interest. The ma-
jority of ER background events is Gaussian distributed
in the discrimination parameter space, with a few events
leaking anomalously into the NR band. These anoma-
lous events can be due to double scatters with one energy
deposition inside the TPC and another one in a charge
insensitive region, such that the prompt S1 signal from
the two scatters is combined with only one charge signal
S2. Following the observed distribution in the calibration
data, the anomalous leakage events were parametrized by
a constant (exponential) function in the discrimination
parameter (S1 space). The ER background estimate in-
cluding Gaussian and anomalous events is (0.79 ± 0.16)
in the benchmark region, leading to a total background
expectation of (1.0± 0.2) events.

The background model used in the PL analysis em-
ploys the same assumptions and input spectra from MC
and calibration data. Its validity has been confirmed
prior to unblinding on the high-energy sideband and on
the vetoed data from 6.6-43.3 keVnr.

After unblinding, two events were observed in the
benchmark WIMP search region, see Fig. 2. With en-

ergies of 7.1 keVnr (3.3 PE) and 7.8 keVnr (3.8 PE) both
fall into the lowest PE bin used for this analysis. The
waveforms for both events are of high quality and their
S2/S1 value is at the lower edge of the NR band from
neutron calibration. There are no leakage events below
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FIG. 2: (Top) Event distribution in the discrimination param-
eter space log10(S2b/S1), flattened by subtracting the distri-
bution’s mean, as observed after unblinding using all analysis
cuts and a 34 kg fiducial volume (black squares). A lower
analysis threshold of 6.6 keVnr (NR equivalent energy scale) is
employed. The PL analysis uses an upper energy threshold of
43.3 keVnr (3-30 PE) and the benchmark WIMP search region
is limited to 30.5 keVnr (3-20PE). The negligible impact of the
S2>150PE threshold cut is indicated by the dashed-dotted
blue line and the signal region is restricted by a lower bor-
der running along the 97% NR quantile. An additional hard
S2b/S1 discrimination cut at 99.75% ER rejection defines the
benchmark WIMP search region from above (dotted green)
but is only used to cross check the PL inference. The his-
togram in red/gray indicates the NR band from the neutron
calibration. Two events fall into the benchmark region where
(1.0 ± 0.2) are expected from background. (Bottom) Spatial
event distribution inside the TPC using a 6.6-43.3 keVnr en-
ergy window. The 34 kg fiducial volume is indicated by the
red dashed line. Gray points are above the 99.75% rejection
line, black circles fall below.

XENON100

8

Energy [keV]
0 500 1000 1500 2000 2500 3000

]
-1

 k
e
V

-1
 d

a
y

-1
R

a
te

 [
e
v
e
n

ts
 k

g

-410

-310

-210

data (Fall 2009, no veto cut)

MC (total)

Kr, 120 ppt)
85

MC (
Bq/mkg)µRn, 21 222MC (
)ββ νXe 2136MC (

Pb214

Ac228

Bi214

Bi214

Cs
137 Co60

Co60

K40Tl208

Tl
208

Mn54

FIG. 11: (Color online) Energy spectra of the background from measured data (commissioning run in Fall 2009 [5]) and Monte
Carlo simulations in the 30 kg fiducial volume without veto cut (thick red solid line). Cosmogenic activation of LXe is not
included. The energy spectra of 85Kr and 222Rn decays in LXe are shown with the thin blue solid and dotted lines, respectively.
The thin black dashed histogram shows the theoretical spectrum of the 2⌫ double beta decay of 136Xe, assuming a half-life of
1.1⇥1022 years [14].

disequilibrium in the decay chain. The predicted back-
ground rate in the energy region below 100 keV is shown
in Figure 10 as a function of the 222Rn concentration in
the LXe.

A background contribution from each intrinsic radioac-
tive source of less than 10�3 events·kg�1·day�1·keV�1,
which is used as a reference value, translates into a con-
centration of natKr below 50 ppt, and an activity of 222Rn
in LXe of <20 µBq/kg in the entire target mass of 62 kg.
The background from 222Rn daughters in the LXe can
be reduced by a fiducial volume cut, removing decays at
the edge of the target volume which are likely to pro-
duce high energy gamma rays with a longer mean free
path which escape the target volume. For the 40 kg
and 30 kg fiducial volumes, a background level of 10�3

events·kg�1·day�1·keV�1 corresponds to 35 µBq/kg.

VI. COMPARISON OF THE PREDICTIONS
WITH THE MEASURED DATA

During the commissioning run in Fall 2009 [5], the level
of krypton in the LXe has been measured with a de-
layed coincidence analysis using a decay channel where
85Kr undergoes a beta-decay with Emax = 173.4 keV to
85mRb (⌧ = 1.46 µs), which in turn decays to the ground
state emitting a gamma-ray with an energy of 514 keV.
The concentration of natKr in the LXe determined with
this technique is 143+130

�90 ppt [mol/mol], assuming a 85Kr
abundance of 10�11.

The 222Rn level in the LXe has been determined us-
ing a beta-alpha time coincidence analysis, where events
corresponding to the decays of 214Bi (T1/2 = 19.7 min,
Emax = 3.27 MeV) and 214Po (T1/2 = 164 µs,
E↵ = 7.69 MeV) are tagged. Based on this analysis, the

upper limit on the 222Rn activity in LXe is <21 µBq/kg.

The volumetric activity of 222Rn inside the shield cav-
ity has been continuously monitored during this commis-
sioning run and was always below 1 Bq/m3.

A comparison of the measured background spectrum
and the Monte Carlo simulation for the 30 kg fidu-
cial volume without veto cut is shown in Figure 11.
The energy region below 100 keV is shown separately
in Figure 12. For optimal energy resolution and im-
proved linearity, the energy scale of the measured spec-
trum exploits the anti-correlation between the light and
the charge [16]: S1 and S2 are combined according
to E = S1/4.4 + S2/132.6 [keV]. The simulated spec-
trum is smeared with a Gaussian function using the
energy resolution measured with calibration sources:
�(E)
E = 0.009 + 0.485/

p
E [keV]. The contribution from

the detector and shield materials is scaled based on the
screening values shown in Table I. The upper limits from
materials screening are used as fixed values for the scal-
ing. For the level of 222Rn in the shield cavity we used
the value measured with a dedicated radon monitor, and
for the 222Rn level in the LXe - the value determined
with the delayed coincidence analysis. The level of kryp-
ton has been inferred from the best fit of the simulated
to the measured spectrum, and is in agreement with the
value obtained from the delayed coincidence method.

Very good agreement of the background model with
the data is achieved for the low energy region, below
700 keV, and for the main peaks: 214Pb (352 keV),
208Tl (583 keV), 137Cs (662 keV), 60Co (1173 and
1332 keV), and 40K (1460 keV). In particular, simulated
and measured background spectra agree well in the en-
ergy region of interest, below 100 keV (Figure 12). The
predicted rates of single scatter electronic recoil events in
the energy region of interest are presented in Table IV.

XENON100

Experiment Exposure [tonne-days] Energy range [keVnr] Candidate DM events Refs.

PICO 1.3 7-20–O(1)MeV 0 [29]
LUX 14 1–30 0 [30]
PandaX 33 1–30 1 [31]
CRESST 0.052 30–120 4 [33]

Table 1: Summary of experimental results. For CRESST, the upper bound on their signal region
was 40 keV, but all events up to 120 keV were shown in Ref. [33], see Sec. 6. For PICO the lower
bound was not constant over the course of the data taking, but varied from ⇠ 7 to ⇠ 20 keV.

�n, which we constrain using results from several direct detection experiments. The experiments we
consider are listed in Table 1. The LUX collaboration’s most recent published result found 0 nuclear
recoil events consistent with a DM signal in a 1 � 30 keV recoil energy window after 1.4 ⇥ 104 kg
days of running [30]. The PandaX II experiment has observed only 1 nuclear recoil event inside a
1� 30 keV recoil energy window for 3.3⇥ 104 kg days of exposure [31]. This PandaX result matches
a recently reported bound from a similar LUX exposure [40]. For tungsten, we use some of the latest
results from CRESST II: 4 signal-like events in a 30-120 keV window after 52.2 kg days.4 In the
case of PICO [29] (iodine), events with recoil energies between ⇠ 7 � 103 keV were accepted over
⇠ 1300 kg days. For convenience, these integrated exposures and recoil energy bands are presented
in Table 1. Assuming only statistical uncertainties and keeping the volume and energy intervals of
the experiments fixed, the 90% confidence level bound is 2.3 events if no events are observed, 3.9
events if one events is observed, or 6.7 events if four events are observed.5

To find the currently constrained �n as a function of �, we integrate Eq. (6) over the same energy
region as the experiments, i.e. 1 � 30 keV for xenon, 30 � 120 keV for tungsten, etc. For simplicity
we assume the earth’s speed was constant at 232 km/s during the whole period of data taking of
each experiment. In addition to the experimental parameters presented in Table 1 one must take
into account that in the case of CRESST (PICO) only ⇠ 64% (⇠ 65%) of the target’s mass is in the
form of tungsten (iodine), and that each experiment (including LUX-PandaX) has a recoil-energy
dependent e�ciency to register nuclear recoils. CRESST requires a simple rescaling of the exposure,
whereas to account for the e�ciency of the other experiments we rescale our bounds by an overall
constant factor. For PICO this rescale factor is chosen such that at mX = 1 TeV and � = 0 keV,
our bounds agree with those presented by the PICO collaboration. The “LUX-PandaX 2016” curves
are normalized to a �n = 2 ⇥ 10�45 cm2 bound at mX = 1 TeV and � = 0 keV. For CRESST
we use an overall e�ciency of 64% [33]. As mentioned above, PICO varied its threshold energy
throughout its period of data taking. We approximate this behavior by using a fixed lower threshold
of ER = 10 keV, and again rescale to agree with the published PICO bounds at � = 0 keV. The
resulting bounds on the scattering cross section, �n, are shown in the left two panels of Fig. 5. The
bands correspond to varying the DM escape velocity within the 90% confidence interval around its
central value, vesc = 533+54

�41
km/s.

To determine the reach in the (�n, �) plane that is obtainable by looking at high recoil energy
data, we repeat the calculation but integrate up to 500 keV in recoil energy, using the same rescaling

4
The CRESST II analysis strictly considers a recoil energy band ER = 0.3� 40 keV that had a large contamination

from backgrounds at the low end of this range. Since CRESST has shown their recoil energy data out to 120 keV [33],

we employ the energy window 30-120 keV.
5
Technically, LUX and PandaX employ profile likelihood methods to address their backgrounds, rather than simple

cut-and-count.
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Figure 5: Constraints on dark matter nucleon scattering (90% confidence), assuming integrated
luminosities, event rates, and nuclear masses for LUX [27, 37], PandaX II [28], PICO-60 [26], and
CRESST II [30]. Presently available recoil energy ranges (ER) used to derive bounds are indicated,
along with extended “inelastic frontier” recoil energy ranges. The dotted horizontal line indicates
the approximate Higgsino-nucleon inelastic cross-section for reference (⇠ 10�39 cm2). The bands
show how bounds vary within the 90% confidence allowed values of the escape velocity given in [31],
vesc = 533+54

�41
km/s.

e�ciencies as before. In the case of PICO, which collects events with recoil energies up to ⇠ 1 MeV,
no improvement is possible. For LUX-PandaX and CRESST, with no high-recoil background publicly
available, we assume zero background events in the high energy bins, i.e that LUX-PandaX contains
no events between 30 � 500 keV, and CRESST II observes no events between 120 � 500 keV – but
the overall exposure and e�ciency rescaling factors are kept the same. Since e�ciencies are typically
better at high recoil energy, where the bulk of signal events would reside for large � dark matter, we
anticipate that this rescaling will give conservative results. The resulting sensitivities are shown in
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e�ciencies as before. In the case of PICO, which collects events with recoil energies up to ⇠ 1 MeV,
no improvement is possible. For LUX-PandaX and CRESST, with no high-recoil background publicly
available, we assume zero background events in the high energy bins, i.e that LUX-PandaX contains
no events between 30 � 500 keV, and CRESST II observes no events between 120 � 500 keV – but
the overall exposure and e�ciency rescaling factors are kept the same. Since e�ciencies are typically
better at high recoil energy, where the bulk of signal events would reside for large � dark matter, we
anticipate that this rescaling will give conservative results. The resulting sensitivities are shown in
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The Inelastic Frontier

Analyze existing data out to 500 keV recoil energies, assume 
no new events above background

[Bramante, PJF, Kribs, Martin]



Can we do better?

First a model….



Inelastic DM
• Two mass eigenstates:only off-diagonal coupling to mediator

Correlated Constraints on Specific Models

•  One-loop elastic scattering through excited state

•  Regeneration of local population of excited state

�1 �2 �1

(depends crucially on the lifetime of the excited state)

•  Relic density

⌧(�2 ! �1 + . . .)
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Correlated Constraints on Specific Models

•  One-loop elastic scattering through excited state

•  Regeneration of local population of excited state

�1 �2 �1

(depends crucially on the lifetime of the excited state)

•  Relic density

• Loop induced elastic scattering rate?

• Abundance of excited state: “primordial” and “regenerated”?

Higgs bosons spontaneously breaking the Standard Model gauge groups SU(2)W⇥U(1)Y ! U(1)EM,
while in the case of dark photon mediated dark matter a scalar boson spontaneously breaks a dark
U(1)D gauge symmetry, which kinetically mixes with U(1)EM of the Standard Model. In the magnetic
inelastic dark matter (MIDM) model the mediator is the photon, and the model contains an X1�X2

transition magnetic dipole operator.
For each model, we are interested in the DM-nucleon cross section, �n that renders the model free

of any existing direct detection constraints, as well as the change in the allowed � if the high-recoil
searches advocated earlier are performed. In addition to the allowed (�n, �) parameter space, there
are other constraints that must be checked before each model can be deemed viable.

First, as the relevant operator for inelastic scattering necessarily includes both X1 and a heavier
state X2, one can insert this operator twice, X1 ! X2 ! X1; once appropriately dressed with the
SM particles, this allows for loop level elastic scattering. While these loop processes are suppressed
by additional coupling and loop factors, they are free of the velocity suppression and recoil energy
window mismatch present in the inelastic case. Therefore, it is important to estimate the size of
elastic processes to determine the relevant parameter space where inelastic scattering does indeed
dominate.

Second, our setup relies on the assumption that X1 is the dominant component of DM, which
clearly cannot be the case if X2 lives too long. Even if all primordial X2 has decayed to X1, an X2

component can be regenerated via DM collisions in our halo X1X1 ! X2X2. The number density
of the regenerated X2 is approximately [41]

nX2 ⇠ n
2

X1
⌧X2 h�X1X1!X2X2 vi, (13)

where ni is the number density of species i and ⌧X2 is either the lifetime of the excited state, or the
lifetime of the universe (whichever is shorter). The average kinetic energy of DM particles in the
Galactic halo are large enough to allow this process to occur without suppression, potentially leading
to a non-zero X2 number density,

nX2

nX1

⇡ 4⇥ 10�12

✓
1TeV

MX1

◆✓
⌧X2

⌧U

◆✓
h�X1X1!X2X2 vi

3⇥ 10�26cm3 s�1

◆
, (14)

here ⌧U is the age of the universe.
While the scattering of X1 is endothermic and suppressed by kinematics, the scattering of X2 is

not, although the recoil spectrum is also somewhat peaked to high energies, so it is susceptible to
the bounds on spin-independent elastic scattering. The e↵ective cross section for the regenerated
X2 population is �n,2 ⇠

nX2
nX1

�n,1(� = 0), where �n,1 is the per-nucleon (inelastic) scattering cross

section for X1. Therefore, even a small fraction of su�ciently long lived or strongly interacting X2

would be evident in present-day direct detection experiments.7

Finally, we will focus on model parameters that yield the correct relic abundance whenever
possible, but because the thermal history of the universe is not completely known (e.g. there may
have been late releases of entropy diluting over abundant DM) we will allow ourselves the liberty of
considering other regions.

5.1 Higgsinos

Higgsino dark matter can be concisely defined as a pair of fermions, which are doublets of SU(2)W
with hypercharge ±1/2. Higgsinos are typically studied as the fermion superpartners of two Higgs

7
As an explicit example, if we assume 1 TeV DM and an inelastic per-nucleon cross section of �n,1 = 10

�38
cm

2
,

then
nX2
nX1

must be  10
�7

to avoid current bounds from LUX-PandaX.
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bosons in the minimal supersymmetric standard model (MSSM), see e.g. [42, 43]. The electrically-
neutral component of the Higgsino doublets have the same quantum numbers as, and therefore mix
with, other MSSM fermions, such as the singlet bino and SM weak triplet wino. If the wino or
bino masses are much heavier than the Higgsino, as is the case in some “split” supersymmetric
models [44,45], the mass splitting between Higgsino states can be small enough that Higgsinos could
be found in high recoil data already collected at direct detection experiments.

After electroweak symmetry breaking, the Higgsino dark matter sector is composed of two neutral
Majorana fermions (X1, X2) with inter-state mass splitting:
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where M1, M2, and µ are the bino, wino, and Higgsino mass term, respectively and µ ⇠ mX1 ,mX2

in the parameter space of interest. Additionally, lest the reader think that narrow splittings for
Higgsinos only occur in “split” supersymmetry models, from the form of Eq. (15) it is clear that it
is possible to achieve a (fine-tuned) small splitting even if µ ⇠ M1 ⇠ M2, provided M1 and M2 have
opposite sign. The details of how the narrow splitting between the lightest two neutralinos arises
will not concern the remainder of this discussion.

• Relic Abundance: The relic abundance of neutralinos has been studied extensively. For
simplicity, we will assume a spectrum where all superpartners other than the Higgsinos are
decoupled to the point that the inter-Higgsino splitting shrinks to O(100 keV). In this limit,
the contribution to the energy density fraction of the universe from the Higgsinos is [43]

⌦h2 = 0.10
⇣

µ

1TeV

⌘
2

. (16)

The correct abundance therefore requires Higgsinos masses of ⇠ 1.1 TeV, which we will use
throughout this section.

• Cross section: Higgsinos couple to nuclei via the Z boson, and the dark matter-nucleus cross-
section in this case can be parameterized in terms of the Fermi coupling GF and the DM-nucleus
reduced mass µN ,

�
H̃

NX =
G

2

F
µ
2

N

8⇡

�
A� [2� 4s2W]Z

�2
, (17)

where, matching to Eq. 12, the e↵ective per-nucleon cross-section is �n ⇠ 10�39 cm2, with
a precise value that depends upon the nucleus being scattered upon (i.e. the ratio of “A” to
“Z”). In Fig. 5, the cross-sections for Higgsino scattering o↵ nucleons in tungsten and xenon
nuclei are indicated with a horizontal line. Thus, we see that Higgsinos with inelastic mass
splittings up to 220 (300) keV could be excluded with presently available PICO data (analysis
of LUX-PandaX high recoil data). Finally, a future tungsten-based experiment with much
larger exposure than CRESST has the potential to probe Higgsino DM with mass splittings
up to ⇠ 550 keV.

• Loop-level elastic scattering: At the nucleon level, tree-level Z exchange leads to Higgsino
inelastic scattering with a cross section

�
H̃

n ⇠
⇡m

2
n ↵

2

W

8m4

W

⇥ (velocity factor) ⇠ 10�39 cm2
⇥ (velocity factor), (18)
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where M1, M2, and µ are the bino, wino, and Higgsino mass term, respectively and µ ⇠ mX1 ,mX2

in the parameter space of interest. Additionally, lest the reader think that narrow splittings for
Higgsinos only occur in “split” supersymmetry models, from the form of Eq. (15) it is clear that it
is possible to achieve a (fine-tuned) small splitting even if µ ⇠ M1 ⇠ M2, provided M1 and M2 have
opposite sign. The details of how the narrow splitting between the lightest two neutralinos arises
will not concern the remainder of this discussion.

• Relic Abundance: The relic abundance of neutralinos has been studied extensively. For
simplicity, we will assume a spectrum where all superpartners other than the Higgsinos are
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the contribution to the energy density fraction of the universe from the Higgsinos is [43]
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The correct abundance therefore requires Higgsinos masses of ⇠ 1.1 TeV, which we will use
throughout this section.

• Cross section: Higgsinos couple to nuclei via the Z boson, and the dark matter-nucleus cross-
section in this case can be parameterized in terms of the Fermi coupling GF and the DM-nucleus
reduced mass µN ,
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where, matching to Eq. 12, the e↵ective per-nucleon cross-section is �n ⇠ 10�39 cm2, with
a precise value that depends upon the nucleus being scattered upon (i.e. the ratio of “A” to
“Z”). In Fig. 5, the cross-sections for Higgsino scattering o↵ nucleons in tungsten and xenon
nuclei are indicated with a horizontal line. Thus, we see that Higgsinos with inelastic mass
splittings up to 220 (300) keV could be excluded with presently available PICO data (analysis
of LUX-PandaX high recoil data). Finally, a future tungsten-based experiment with much
larger exposure than CRESST has the potential to probe Higgsino DM with mass splittings
up to ⇠ 550 keV.

• Loop-level elastic scattering: At the nucleon level, tree-level Z exchange leads to Higgsino
inelastic scattering with a cross section
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bino masses are much heavier than the Higgsino, as is the case in some “split” supersymmetric
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Higgsinos only occur in “split” supersymmetry models, from the form of Eq. (15) it is clear that it
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will not concern the remainder of this discussion.

• Relic Abundance: The relic abundance of neutralinos has been studied extensively. For
simplicity, we will assume a spectrum where all superpartners other than the Higgsinos are
decoupled to the point that the inter-Higgsino splitting shrinks to O(100 keV). In this limit,
the contribution to the energy density fraction of the universe from the Higgsinos is [40]
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The correct abundance therefore requires Higgsinos masses of ⇠ 1.1 TeV, which we will use
throughout this section.

• Cross section: Higgsinos couple to nuclei via the Z boson, and the dark matter-nucleus cross-
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where, matching to Eq. 12, the e↵ective per-nucleon cross-section is �n ⇠ 10�39 cm2, with
a precise value that depends upon the nucleus being scattered upon (i.e. the ratio of “A” to
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where M1, M2, and µ are the bino, wino, and Higgsino mass term, respectively and µ ⇠ mX1 ,mX2
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The correct abundance therefore requires Higgsinos masses of ⇠ 1.1 TeV, which we will use
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where M1, M2, and µ are the bino, wino, and Higgsino mass term, respectively and µ ⇠ mX1 ,mX2
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where, matching to Eq. 12, the e↵ective per-nucleon cross-section is �n ⇠ 10�39 cm2, with
a precise value that depends upon the nucleus being scattered upon (i.e. the ratio of “A” to
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FIG. 2: SI cross sections for low-velocity scattering on
the proton as a function of mh, for the pure cases indi-
cated. Here and in the plots below, dark (light) bands
represent 1� uncertainty from pQCD (hadronic inputs).
The vertical band indicates the physical value of mh.

tainty from pQCD (hadronic inputs). Subleading cor-
rections in ratiosmb/mW and ⇤QCD/mc are expected
to be within this error budget. Stronger cancellation
between spin-0 and spin-2 amplitudes in the doublet
case implies a smaller cross section,

�D

SI . 10�48 cm2 (95%C.L.) . (5)

We may also evaluate matrix elements in the nf =
4 flavor theory. Figure 3 shows the results as a func-
tion of the charm scalar matrix element. Cancella-
tion for the doublet is strongest near matrix element
values estimated from pQCD. Direct determination
of this matrix element could make the di↵erence be-
tween a prediction and an upper bound for this (al-
beit small) cross section.

Previous computations of WIMP-nucleon scatter-
ing have focused on a di↵erent mass regime where
other degrees of freedom are relevant [14], or have

neglected the contribution c(2)g from spin-2 gluon op-
erators [2]. For pure states, this would lead to an
O(20%) shift in the spin-2 amplitude [25], with an
underestimation of the perturbative uncertainty by
O(70%). Due to amplitude cancellations, the result-
ing e↵ect on the cross sections in Fig. 2 ranges from
a factor of a few to an order of magnitude.

Mixed-state cross sections. Mixing with an ad-
ditional heavy electroweak multiplet (of mass M 0)
can allow for tree-level Higgs exchange, but with
coupling that may be suppressed by the mass split-
ting � ⌘ (M 0

� M)/2. We systematically analyze
the resulting interplay of mass-suppressed and loop-
suppressed contributions through an EFT analysis in
the regime mW , |�| ⌧ M,M 0.

Consider a mixture of Majorana SU(2)W singlet
of Y = 0 and Dirac SU(2)W doublet of Y = 1
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FIG. 3: SI cross sections for low-velocity scattering on
the proton, evaluated in the nf = 4 flavor theory as a
function of the charm scalar matrix element, for the pure
cases indicated. The pink region corresponds to charm
content estimated from pQCD [9]. The region between
orange (black) dashed lines correspond to direct lattice
determinations in [12] ([13]).

respective masses MS and MD. The heavy-particle
lagrangian is given by (1), where hv = (hS , hD1 , hD2)
is a quintuplet of self-conjugate fields. The gauge
couplings are given in terms of Pauli matrices ⌧a,
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The couplings to the Higgs field and residual mass
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where Mref is a reference mass that may be conve-
niently chosen. Upon accounting for masses induced
by EWSB, we may present the lagrangian in terms of
mass eigenstate fields and derive the complete set of
heavy-particle Feynman rules; e.g., the Higgs-WIMP
vertex is given by ig22/

p
2 + (�/2mW )2 �̄v�vh0

with  ⌘
p
2
1 + 2

2 and � ⌘ (MS�MD)/2. We may
also consider a mixture of Majorana SU(2)W triplet
of Y = 0 and Dirac SU(2)W doublet of Y = 1

2 . Ex-
plicit details for the construction of the EFT for these
heavy admixtures can be found in [4].
Upon performing weak-scale matching [4] and map-

ping to a low-energy theory for evaluation of matrix
elements [5], we obtain the results pictured in Fig. 4.
For weakly coupled WIMPs, we consider  . 1. The
presence of a scale separation M,M 0

� mW , im-
plies that the partner state contributes at leading

iDM—loop level elastic rate [Hisano et al.; Hill and Solon]
where ↵W = g

2

W
/(4⇡), mn is the nucleon mass, and we have assumed the DM mass is � mn.

In this case, the exchange of two gauge bosons leads to elastic scattering via a box diagram.
As shown in Ref. [43–46], the double gauge boson exchange processes can be decomposed into
twist-0 and twist-2 pieces, and these subprocesses are additionally suppressed by a factor of the
nucleon mass (or momentum) divided by the W

± mass (at amplitude level). Approximating
the full loop-level cross section with the twist-2 W

± exchange component, the result is

�
H̃

n,loop
⇠

m
4
n↵

4

W

⇡m6

W

f
2

q ⇠ 10�47 cm2
, (19)

where fq are hadronic matrix elements and are O(0.1). These factors render the loop-level elas-
tic DM-nucleon scattering cross section closer to 10�47cm2. In further detail, as emphasized
by Ref. [43–46], approximating the cross-section with the W

± box diagram also overestimates
the cross-section, as there is an additional, accidental cancellation between contributions from
twist-0 and twist-2 operators. For SU(2)w doublet DM and mH = 125.7 GeV these cancella-

tions lead to �
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n,loop
. 10�48 cm2.

• Exothermic bounds: Comparing present direct detection limits to the tree-level inelastic Higgsino-
nucleon scattering cross-section we see that the abundance of X2 must satisfy nX2/nX1 .
10�6TeV/mX1 . The Higgsino has a one-loop radiative decay X2 ! X1 + � with width (in the
limit where all other superpartners are decoupled [47]) �X2!X1+� ⇠ ↵em ↵
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X
) and

a weak scale scattering cross section, �X1X1!X2X2 ⇠ g
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X
. Thus, from Eq. (14) it is clear

that detectable Higgsino inelastic scattering will be endothermic.

5.2 Magnetic Inelastic Dark Matter

We now consider a model which again has two Majorana fermions �1,�2 nearby in mass, m�2 = m�1+
� but now their inelastic interaction with the SM is through a magnetic dipole operator [16,18,48,49],

⇣
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�2 �µ⌫ �1F
µ⌫
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Since the DM is Majorana in nature there is no diagonal dipole operator, and only the transition
dipole is allowed. A perturbative UV completion [49] of the theory generates this operator, with
gM ⇠ m�/(8⇡2

M), after integrating out a heavy charged fermion and scalar of mass M that couple
to the DM. However, we have chosen to adopt the operator normalization inspired by proton/neutron
magnetic moments as would be expected if the DM was a composite of a new strongly coupled sector.
In such a model we expect gM ⇠ 1.

• Relic abundance: Above the scale of electroweak symmetry breaking the gauge invariant dipole
operator involves the hypercharge field strength, Bµ⌫ . Thus, in addition to the dipole oper-
ator with the photon (Eq. (20)), one would expect a dipole operator involving the Z boson,
� tan ✓W

�
gM
4

�
e

2m�
�2 �µ⌫ �1Z

µ⌫ . These interactions allow for DM annihilation into pairs of SM

fermions, W+
W

�, and at higher order in the dipole coupling, annihilations to ��, �Z, and ZZ.
The dominant annihilation is into up-type quarks and charged leptons, and for m� ⇠ 1TeV
and gM ⇠ O(1) the annihilation cross section is su�cient for the DM to be a thermal relic. For
larger DM masses or smaller dipole moments the cross section is too small. However, DM can
still be a thermal relic if there are additional annihilation modes, for instance to a light dark
photon which has a very small kinetic mixing with the SM photon.
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Since the DM is Majorana in nature there is no diagonal dipole operator, and only the transition
dipole is allowed. A perturbative UV completion [49] of the theory generates this operator, with
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M), after integrating out a heavy charged fermion and scalar of mass M that couple
to the DM. However, we have chosen to adopt the operator normalization inspired by proton/neutron
magnetic moments as would be expected if the DM was a composite of a new strongly coupled sector.
In such a model we expect gM ⇠ 1.

• Relic abundance: Above the scale of electroweak symmetry breaking the gauge invariant dipole
operator involves the hypercharge field strength, Bµ⌫ . Thus, in addition to the dipole oper-
ator with the photon (Eq. (20)), one would expect a dipole operator involving the Z boson,
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The dominant annihilation is into up-type quarks and charged leptons, and for m� ⇠ 1TeV
and gM ⇠ O(1) the annihilation cross section is su�cient for the DM to be a thermal relic. For
larger DM masses or smaller dipole moments the cross section is too small. However, DM can
still be a thermal relic if there are additional annihilation modes, for instance to a light dark
photon which has a very small kinetic mixing with the SM photon.
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nucleus we consider in this paper (lead), consistent with the inelastic frontier requirements.
A narrow splitting � = m�0

2
� m�0

1
. 800 keV between the neutral higgsinos occurs when

M1,2 & 107 GeV. The large splitting between the higgsino mass and the electroweak gauginos
could arise naturally as a one-loop radiative correction from a heavy bino – split-Dirac super-
symmetry [31]. The elastic scattering cross section is highly suppressed, ��0

1n
. 10�48 cm2,

due to the twist-2 operator suppression as well as partial the cancellation against Higgs
boson exchange [28, 29]. The excited state neutral higgsino has a one-loop radiative decay
with width (in the limit where all other superpartners are decoupled [32])
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Finally, the inelastic transition �0
1N ! �0

2N is mediated by Z-exchange for the higgsino
that (famously) has a cross section of ⇠ 10�39 cm2 before kinematic suppression from phase
space and nuclear form factors are taken into account. Remarkably, the inelastic kinematics
permit a raw cross section this large once � & 220 keV [check number; cite inelastic
frontier; newer pandax; newer xenon100]. In the narrowly split higgsino model, the inelastic
transition proceeds through Z-exchange, and so therefore the inelastic cross section is fixed.
If we generalize beyond Z exchange, or allow |µ| to take values somewhat smaller or larger
than the relic abundance would suggest, there is larger range of the inelastic scattering
cross section that ought to be considered. As we will see, the detection of photons in
large underground neutrino experiments will extend the reach for inelastic dark matter to
both larger inelastic splittings as well as cross sections that are considerably smaller than
Z-exchange.

3 Luminous Signals

Description in words of where we’re headed:

• Highly inelastic dark matter is strongly directional. Cygnus, cone, etc.

• When dark matter is heavy, it predominantly inelastically scatters off the heaviest
element. The most abundant massive (stable) element in the earth is lead (roughly
10�5 g/g [cite]). Lead, with A ' 210, is heavier than the heaviest elements used in
direct detection experiments (the next heaviest is tungston, A ' 184).
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Figure 1: A cartoon summarizing the luminous dark matter signal discussed in this work. A heavy
dark matter particle, �1, is coming from the direction of the Cygnus constellation and approaching
Earth with high speed (left). This allows it to upscatter off a (lead) nucleus somewhere within the
Earth, deviating from its direction only slightly (middle). The excited state, �2, decays back to �1

and a photon in an underground detector located on the opposite side of the Earth (right). The
rate for this process would be much lower had the detector been on the Cygnus-facing side of the
planet.

first proposed dark matter which upscatters to an excited state in the rock outside of a detector,
and then decays into a photon that needed to be a few keV, with the goal of explaining the DAMA
annual modulation. Alas, this novel DAMA explanation is ruled out by other direct detection
experiments. Another idea, “dark matter in two easy steps” [11], proposed dark matter which
upscatters into an excited state in lead shielding surrounding a neutrinoless double beta decay
experiment, and then decays into a photon of order one hundred keV. This analysis shares some
similarities with our paper: we both propose that inelastic dark matter is excited by lead outside
of the detector volume, and propose looking for the photon from the decay of the excited state
back into dark matter. Moreover, we both recognize that there is large sidereal-daily modulation
of the rate that can be used to separate signal from background. The main differences between our
analysis and theirs is: we utilize the entire Earth as upscatter material (focusing on upscatters off
lead and iron); and, we consider a large range of photon energies between about 5-600 keV. The
upper end of this range has the weakest constraints from direct detection experiments. The range
75-125 keV, which was the main focus of [11], is significantly constrained by PICO and the high
recoil analysis of XENON100 [14]. Reinterpreting these bounds on the magnetic inelastic transition
strength [14] implies the the characteristic decay length of the excited state exceeds 50 (500) meters
once � <

⇠ 150 (100) keV. At these lengths, the gain from integrating over the trace lead abundance
in the Earth is substantial in comparison to utilizing the close-in concentrated lead shielding of
experiments sensitive to these photon energies.

In this paper we also decouple the upscatter process from the excited state decay. This is
well-motivated, since there are many specific models that can have a large inelastic scattering rate,
small elastic scattering rate, and excited state decay that all proceed through different processes.
Examples include a variety of elementary candidates such as the wino and higgsino [44–47] as well
as composite candidates [48]. The prototypical example model for this paper is the narrowly-split
higgsino that arises from split Dirac supersymmetry [49]: in this model, the abundance of dark
matter matches cosmological observations for m�0

1
⇠ 1 TeV; the neutral higgsino states �0

1,2 are
narrowly split by hundreds of keV; the dominant elastic scattering cross section is exceptionally small
due to the twist-2 operator suppression as well as the cancellation against Higgs boson exchange
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analysis and theirs is: we utilize the entire Earth as upscatter material (focusing on upscatters off
lead and iron); and, we consider a large range of photon energies between about 5-600 keV. The
upper end of this range has the weakest constraints from direct detection experiments. The range
75-125 keV, which was the main focus of [11], is significantly constrained by PICO and the high
recoil analysis of XENON100 [14]. Reinterpreting these bounds on the magnetic inelastic transition
strength [14] implies the the characteristic decay length of the excited state exceeds 50 (500) meters
once � <

⇠ 150 (100) keV. At these lengths, the gain from integrating over the trace lead abundance
in the Earth is substantial in comparison to utilizing the close-in concentrated lead shielding of
experiments sensitive to these photon energies.

In this paper we also decouple the upscatter process from the excited state decay. This is
well-motivated, since there are many specific models that can have a large inelastic scattering rate,
small elastic scattering rate, and excited state decay that all proceed through different processes.
Examples include a variety of elementary candidates such as the wino and higgsino [44–47] as well
as composite candidates [48]. The prototypical example model for this paper is the narrowly-split
higgsino that arises from split Dirac supersymmetry [49]: in this model, the abundance of dark
matter matches cosmological observations for m�0

1
⇠ 1 TeV; the neutral higgsino states �0

1,2 are
narrowly split by hundreds of keV; the dominant elastic scattering cross section is exceptionally small
due to the twist-2 operator suppression as well as the cancellation against Higgs boson exchange
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[46, 47]; and, the dominant decay of the excited (neutral) higgsino is indeed �0
2 ! �0

1 � [50]. But,
we emphasize that none of these characteristics are unique to higgsinos – other models could easily
yield similar outcomes.

What kind of detectors have the best sensitivity to photon line emission arising from the
decay �0

2 ! �0
1 �? Dark matter detectors can certainly be sensitive to this signal, and in fact

they are designed to observe much smaller energy depositions. But, these direct detection exper-
iments are smaller in size relative to their neutrino and directional dark matter detector counter-
parts, and they also have significant backgrounds when considering that there is only an electron-
equivalent energy deposition from the photon. At xenon detectors, the background rate before
cutting on a fiducial region is roughly at level of 0.1 events/kg/day/keVee [51,52]. Within the fidu-
cial region, the irreducible background from radioactive impurities (radon and krypton) is roughly
10�3 events/kg/day/keVee [53]. Borexino has a scintillator mass of 278 tons with a “background”
rate of roughly 10�6 events/kg/day/keV [54]. For our purposes in this paper, background means
the genuine radioactive background combined with the solar neutrino “background” (satisfying the
common idiom that yesterday’s signal is today’s background). This low background rate does,
however, rise rapidly for energy depositions below about 250 keV, where the signal must compete
against a large background rate from 14C �-decay, see Fig. 6.

It is clear that the particular material within the detector is not important so long as there is a
high efficiency to absorb the photon from the excited state decay in order to generate a scintillation
signal. Indeed, what maximizes our signal is the instrumented volume of a detector. This suggests
large volume directional dark matter detectors which utilize a gaseous scintillator would be ideally
suited to maximize the sensitivity to the photon deposition, if the backgrounds can be minimized.
Certainly one obvious advantage of a gaseous scintillator is that its much-reduced density automat-
ically reduces backgrounds from scattering, such as from solar neutrinos. Below we also discuss the
opportunities for the proposed CYGNUS detector to probe the photon signal from inelastic dark
matter.

2 Illuminating Inelastic Dark Matter

Inelastic dark matter is characterized by dark matter scattering off nuclei predominantly into an
excited state with an elastic scattering rate below existing bounds. The range of inelastic splittings
allowed by direct detection experiments that probed the nuclear recoil signal resulting from an
inelastic collision was carried out in Ref. [14]. In this paper, our focus is on the detection of the
excited state decay.

2.1 Model-independent requirements

Three basic requirements are needed to have a possibility of experimentally detecting excited state
decay into dark matter:

1. Inelastic scattering �1N ! �2N off (typically heavier) elements in the Earth has a sufficiently
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[46, 47]; and, the dominant decay of the excited (neutral) higgsino is indeed �0
2 ! �0

1 � [50]. But,
we emphasize that none of these characteristics are unique to higgsinos – other models could easily
yield similar outcomes.

What kind of detectors have the best sensitivity to photon line emission arising from the
decay �0

2 ! �0
1 �? Dark matter detectors can certainly be sensitive to this signal, and in fact

they are designed to observe much smaller energy depositions. But, these direct detection exper-
iments are smaller in size relative to their neutrino and directional dark matter detector counter-
parts, and they also have significant backgrounds when considering that there is only an electron-
equivalent energy deposition from the photon. At xenon detectors, the background rate before
cutting on a fiducial region is roughly at level of 0.1 events/kg/day/keVee [51,52]. Within the fidu-
cial region, the irreducible background from radioactive impurities (radon and krypton) is roughly
10�3 events/kg/day/keVee [53]. Borexino has a scintillator mass of 278 tons with a “background”
rate of roughly 10�6 events/kg/day/keV [54]. For our purposes in this paper, background means
the genuine radioactive background combined with the solar neutrino “background” (satisfying the
common idiom that yesterday’s signal is today’s background). This low background rate does,
however, rise rapidly for energy depositions below about 250 keV, where the signal must compete
against a large background rate from 14C �-decay, see Fig. 6.

It is clear that the particular material within the detector is not important so long as there is a
high efficiency to absorb the photon from the excited state decay in order to generate a scintillation
signal. Indeed, what maximizes our signal is the instrumented volume of a detector. This suggests
large volume directional dark matter detectors which utilize a gaseous scintillator would be ideally
suited to maximize the sensitivity to the photon deposition, if the backgrounds can be minimized.
Certainly one obvious advantage of a gaseous scintillator is that its much-reduced density automat-
ically reduces backgrounds from scattering, such as from solar neutrinos. Below we also discuss the
opportunities for the proposed CYGNUS detector to probe the photon signal from inelastic dark
matter.

2 Illuminating Inelastic Dark Matter

Inelastic dark matter is characterized by dark matter scattering off nuclei predominantly into an
excited state with an elastic scattering rate below existing bounds. The range of inelastic splittings
allowed by direct detection experiments that probed the nuclear recoil signal resulting from an
inelastic collision was carried out in Ref. [14]. In this paper, our focus is on the detection of the
excited state decay.

2.1 Model-independent requirements

Three basic requirements are needed to have a possibility of experimentally detecting excited state
decay into dark matter:

1. Inelastic scattering �1N ! �2N off (typically heavier) elements in the Earth has a sufficiently
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[46, 47]; and, the dominant decay of the excited (neutral) higgsino is indeed �0
2 ! �0

1 � [50]. But,
we emphasize that none of these characteristics are unique to higgsinos – other models could easily
yield similar outcomes.

What kind of detectors have the best sensitivity to photon line emission arising from the
decay �0

2 ! �0
1 �? Dark matter detectors can certainly be sensitive to this signal, and in fact

they are designed to observe much smaller energy depositions. But, these direct detection exper-
iments are smaller in size relative to their neutrino and directional dark matter detector counter-
parts, and they also have significant backgrounds when considering that there is only an electron-
equivalent energy deposition from the photon. At xenon detectors, the background rate before
cutting on a fiducial region is roughly at level of 0.1 events/kg/day/keVee [51,52]. Within the fidu-
cial region, the irreducible background from radioactive impurities (radon and krypton) is roughly
10�3 events/kg/day/keVee [53]. Borexino has a scintillator mass of 278 tons with a “background”
rate of roughly 10�6 events/kg/day/keV [54]. For our purposes in this paper, background means
the genuine radioactive background combined with the solar neutrino “background” (satisfying the
common idiom that yesterday’s signal is today’s background). This low background rate does,
however, rise rapidly for energy depositions below about 250 keV, where the signal must compete
against a large background rate from 14C �-decay, see Fig. 6.

It is clear that the particular material within the detector is not important so long as there is a
high efficiency to absorb the photon from the excited state decay in order to generate a scintillation
signal. Indeed, what maximizes our signal is the instrumented volume of a detector. This suggests
large volume directional dark matter detectors which utilize a gaseous scintillator would be ideally
suited to maximize the sensitivity to the photon deposition, if the backgrounds can be minimized.
Certainly one obvious advantage of a gaseous scintillator is that its much-reduced density automat-
ically reduces backgrounds from scattering, such as from solar neutrinos. Below we also discuss the
opportunities for the proposed CYGNUS detector to probe the photon signal from inelastic dark
matter.

2 Illuminating Inelastic Dark Matter

Inelastic dark matter is characterized by dark matter scattering off nuclei predominantly into an
excited state with an elastic scattering rate below existing bounds. The range of inelastic splittings
allowed by direct detection experiments that probed the nuclear recoil signal resulting from an
inelastic collision was carried out in Ref. [14]. In this paper, our focus is on the detection of the
excited state decay.

2.1 Model-independent requirements

Three basic requirements are needed to have a possibility of experimentally detecting excited state
decay into dark matter:

1. Inelastic scattering �1N ! �2N off (typically heavier) elements in the Earth has a sufficiently
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Figure 2: Upper four panels: The flux of 1 TeV dark matter capable of scattering off lead and
its dependence on inelastic splitting, �. The colors denote log10 of the ratio of the flux to the
peak flux, which comes from the direction of motion of the Earth, which is given by the cross and
is approximately in the direction of the Cygnus constellation. Lower panel: The fraction of the
velocity distribution of dark matter in the Earth frame that can scatter off lead for the same values
of �.
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Figure 1: A cartoon summarizing the luminous dark matter signal discussed in this work. A heavy
dark matter particle, �1, is coming from the direction of the Cygnus constellation and approaching
Earth with high speed (left). This allows it to upscatter off a (lead) nucleus somewhere within the
Earth, deviating from its direction only slightly (middle). The excited state, �2, decays back to �1

and a photon in an underground detector located on the opposite side of the Earth (right). The
rate for this process would be much lower had the detector been on the Cygnus-facing side of the
planet.

first proposed dark matter which upscatters to an excited state in the rock outside of a detector,
and then decays into a photon that needed to be a few keV, with the goal of explaining the DAMA
annual modulation. Alas, this novel DAMA explanation is ruled out by other direct detection
experiments. Another idea, “dark matter in two easy steps” [11], proposed dark matter which
upscatters into an excited state in lead shielding surrounding a neutrinoless double beta decay
experiment, and then decays into a photon of order one hundred keV. This analysis shares some
similarities with our paper: we both propose that inelastic dark matter is excited by lead outside
of the detector volume, and propose looking for the photon from the decay of the excited state
back into dark matter. Moreover, we both recognize that there is large sidereal-daily modulation
of the rate that can be used to separate signal from background. The main differences between our
analysis and theirs is: we utilize the entire Earth as upscatter material (focusing on upscatters off
lead and iron); and, we consider a large range of photon energies between about 5-600 keV. The
upper end of this range has the weakest constraints from direct detection experiments. The range
75-125 keV, which was the main focus of [11], is significantly constrained by PICO and the high
recoil analysis of XENON100 [14]. Reinterpreting these bounds on the magnetic inelastic transition
strength [14] implies the the characteristic decay length of the excited state exceeds 50 (500) meters
once � <

⇠ 150 (100) keV. At these lengths, the gain from integrating over the trace lead abundance
in the Earth is substantial in comparison to utilizing the close-in concentrated lead shielding of
experiments sensitive to these photon energies.

In this paper we also decouple the upscatter process from the excited state decay. This is
well-motivated, since there are many specific models that can have a large inelastic scattering rate,
small elastic scattering rate, and excited state decay that all proceed through different processes.
Examples include a variety of elementary candidates such as the wino and higgsino [44–47] as well
as composite candidates [48]. The prototypical example model for this paper is the narrowly-split
higgsino that arises from split Dirac supersymmetry [49]: in this model, the abundance of dark
matter matches cosmological observations for m�0

1
⇠ 1 TeV; the neutral higgsino states �0

1,2 are
narrowly split by hundreds of keV; the dominant elastic scattering cross section is exceptionally small
due to the twist-2 operator suppression as well as the cancellation against Higgs boson exchange
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planet.
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and then decays into a photon that needed to be a few keV, with the goal of explaining the DAMA
annual modulation. Alas, this novel DAMA explanation is ruled out by other direct detection
experiments. Another idea, “dark matter in two easy steps” [11], proposed dark matter which
upscatters into an excited state in lead shielding surrounding a neutrinoless double beta decay
experiment, and then decays into a photon of order one hundred keV. This analysis shares some
similarities with our paper: we both propose that inelastic dark matter is excited by lead outside
of the detector volume, and propose looking for the photon from the decay of the excited state
back into dark matter. Moreover, we both recognize that there is large sidereal-daily modulation
of the rate that can be used to separate signal from background. The main differences between our
analysis and theirs is: we utilize the entire Earth as upscatter material (focusing on upscatters off
lead and iron); and, we consider a large range of photon energies between about 5-600 keV. The
upper end of this range has the weakest constraints from direct detection experiments. The range
75-125 keV, which was the main focus of [11], is significantly constrained by PICO and the high
recoil analysis of XENON100 [14]. Reinterpreting these bounds on the magnetic inelastic transition
strength [14] implies the the characteristic decay length of the excited state exceeds 50 (500) meters
once � <

⇠ 150 (100) keV. At these lengths, the gain from integrating over the trace lead abundance
in the Earth is substantial in comparison to utilizing the close-in concentrated lead shielding of
experiments sensitive to these photon energies.

In this paper we also decouple the upscatter process from the excited state decay. This is
well-motivated, since there are many specific models that can have a large inelastic scattering rate,
small elastic scattering rate, and excited state decay that all proceed through different processes.
Examples include a variety of elementary candidates such as the wino and higgsino [44–47] as well
as composite candidates [48]. The prototypical example model for this paper is the narrowly-split
higgsino that arises from split Dirac supersymmetry [49]: in this model, the abundance of dark
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and a photon in an underground detector located on the opposite side of the Earth (right). The
rate for this process would be much lower had the detector been on the Cygnus-facing side of the
planet.

first proposed dark matter which upscatters to an excited state in the rock outside of a detector,
and then decays into a photon that needed to be a few keV, with the goal of explaining the DAMA
annual modulation. Alas, this novel DAMA explanation is ruled out by other direct detection
experiments. Another idea, “dark matter in two easy steps” [11], proposed dark matter which
upscatters into an excited state in lead shielding surrounding a neutrinoless double beta decay
experiment, and then decays into a photon of order one hundred keV. This analysis shares some
similarities with our paper: we both propose that inelastic dark matter is excited by lead outside
of the detector volume, and propose looking for the photon from the decay of the excited state
back into dark matter. Moreover, we both recognize that there is large sidereal-daily modulation
of the rate that can be used to separate signal from background. The main differences between our
analysis and theirs is: we utilize the entire Earth as upscatter material (focusing on upscatters off
lead and iron); and, we consider a large range of photon energies between about 5-600 keV. The
upper end of this range has the weakest constraints from direct detection experiments. The range
75-125 keV, which was the main focus of [11], is significantly constrained by PICO and the high
recoil analysis of XENON100 [14]. Reinterpreting these bounds on the magnetic inelastic transition
strength [14] implies the the characteristic decay length of the excited state exceeds 50 (500) meters
once � <

⇠ 150 (100) keV. At these lengths, the gain from integrating over the trace lead abundance
in the Earth is substantial in comparison to utilizing the close-in concentrated lead shielding of
experiments sensitive to these photon energies.

In this paper we also decouple the upscatter process from the excited state decay. This is
well-motivated, since there are many specific models that can have a large inelastic scattering rate,
small elastic scattering rate, and excited state decay that all proceed through different processes.
Examples include a variety of elementary candidates such as the wino and higgsino [44–47] as well
as composite candidates [48]. The prototypical example model for this paper is the narrowly-split
higgsino that arises from split Dirac supersymmetry [49]: in this model, the abundance of dark
matter matches cosmological observations for m�0
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Figure 3: The distance through the Earth from a point 2 km below the Earth’s surface at 40� North
(left) and South (right) of the equator, along the direction to Cygnus, through a (sidereal) day;
0 < �  2⇡.

3.2 Anisotropy of the overburden

Since our signal depends on the overburden which dark matter must traverse to reach a detector,
it is worthwhile studying the overburden, including its anisotropy and elemental composition.

We can gain some insight into daily modulation effects by considering the apparent depth
of a lab along the direction to Cygnus. The center of the Cygnus constellation is at about 45�

declination, which is close to the latitude of Gran Sasso, see Tab. 2, meaning that the apparent
depth of Gran Sasso is never particularly large. However, for a lab whose latitude lies below the
declination of Cygnus, the depth becomes larger. We show in Fig. 3 the apparent depth for two
underground labs, each at a depth of 2 km, at 40� North and South of the equator.

How much of the apparent depth is relevant to our signal depends on the lifetime of the excited
state. As we saw from Eq. (3), typical decay lengths range from ⇠ 10–1000 km for � ⇠ 550–100 keV
respectively, for dark matter with a mass of m1 = 1 TeV. These lengths are fascinating, because
they are significantly larger than the depth of underground detectors, but they may be considerably
shorter than the Earth’s radius. As a result the signal rate depends on the composition of the Earth.

For heavier dark matter, m�1
>
⇠ mnucleus, and large inelastic splittings � >⇠ 150 keV, the element

with the largest probability to inelastically scatter off is lead. Lead is the most massive element
in the Earth which is both relatively abundant and stable. Its abundance is roughly 10�5 g/g
in the Earth’s crust [61] and a factor of five smaller in the mantle [62]. Moreover, lead (with
A ' 210) is heavier than all of the elements used in direct detection experiments, providing a
kinematic advantage for highly inelastic dark matter � >

⇠ 350 keV where there is no bound from
other experiments. For lighter dark matter and/or lower splittings we will also consider scattering
off of iron and silicon.

The details of the signal may also depend on geology, particularly on the difference between
the crust and the mantle. In Fig. 3 we show separately the line of sight depth to Cygnus through
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l.o.s to Cygnus

- nSi [km�3] nFe [km�3] nPb [km�3] Outer Radius [km]
Core 1.4⇥ 1037 1.0⇥ 1038 1.3⇥ 1031 3483

Mantle 2.1⇥ 1037 3.1⇥ 1036 2.4⇥ 1030 6341
Crust 1.7⇥ 1037 2.0⇥ 1036 8.4⇥ 1031 6371

Table 1: Number densities for silicon, iron, and lead, along with the outer-edge radii, for the
core [63], mantle [62], and crust [61,64] in our three-layer approximation of the Earth.

the position of the detector, form factors, and the distribution of target elements within the Earth.
We now present the details of the full calculation, which must be done numerically.

For a photon to be observed at an underground detector, an incoming dark matter particle
must enter the Earth with sufficient speed that it can scatter off a target nucleus in the Earth at
position ~rs, creating an excited state. This excited state must scatter through the appropriate angle,
such that it then travels, with velocity ~vf , towards the detector, which is at ~rD, and it must decay
between entering and leaving the detector. We take the scattering and the decay to be isotropic
in their center of mass frames. The amount of available scattering material grows as |~rs � ~rD|2

but the probability to scatter towards the detector scales as |~rs � ~rD|�2. Thus, all scatter sites
within a decay length of the detector are (approximately) equally important. Once the separation
becomes larger than vf⌧ , decays become important. The interplay between scatter site, elemental
abundances and lifetime is complicated.

The total rate is calculated by integrating over all possible scatter sites, ~rs, in the Earth. To
model the distribution of target nuclei, we use a three-layer model of the Earth corresponding to
the core, mantle, and crust. The number density nT (~rs) of targets is a function of ~rs insofar as the
density is different in the core [63], mantle [62], and crust [64]. We consider the cases where the
target atoms are iron nuclei, lead nuclei, and to a lesser extent silicon nuclei; see Tab. 1. As might
be imagined, determining the abundance of elements within the Earth is a challenging endeavor.
By comparison to the chemical composition of chondritic meteorites, rocks from the upper mantle
and core samples of the crust, one can infer an abundance of each element in the core, mantle and
crust. The uncertainties on these numbers are at best 10 � 20%. Furthermore, these are average
abundances and there are undoubtedly large local variations. We use only the central average value
and do not attempt to incorporate uncertainties in abundances in our rate calculations.

As discussed earlier (see Sec. 3.1), for an upscatter to occur in the collision, the incoming
dark matter must have high speed in the lab frame, which leads to a strong directionality in
flux. In the galactic frame, the dark matter speed follows a Maxwell-Boltzmann distribution
fgal(~vMB) / exp

�
�v2MB/v

2
0

�
✓(vesc � vMB), and we take v0 = 220 km/s, vesc = 550 ± 50 km/s,

the latter approximating the results from [65]. The total velocity of the dark matter relative to the
Earth in galactic coordinates is

~v gal
� (t) = ~vMB + ~vLSR + ~vpec + ~uE(t) . (7)

This expression takes into account the velocity of the local standard of rest ~vLSR = v0 ŷgal, the
peculiar velocity of the Sun ~vpec = (11.1, 12.2, 7.3) km/s, and the Earth’s velocity around the Sun
~uE(t), which varies over a sidereal year. The combination of these velocities means that the dark
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Figure 1: A cartoon summarizing the luminous dark matter signal discussed in this work. A heavy
dark matter particle, �1, is coming from the direction of the Cygnus constellation and approaching
Earth with high speed (left). This allows it to upscatter off a (lead) nucleus somewhere within the
Earth, deviating from its direction only slightly (middle). The excited state, �2, decays back to �1

and a photon in an underground detector located on the opposite side of the Earth (right). The
rate for this process would be much lower had the detector been on the Cygnus-facing side of the
planet.

first proposed dark matter which upscatters to an excited state in the rock outside of a detector,
and then decays into a photon that needed to be a few keV, with the goal of explaining the DAMA
annual modulation. Alas, this novel DAMA explanation is ruled out by other direct detection
experiments. Another idea, “dark matter in two easy steps” [11], proposed dark matter which
upscatters into an excited state in lead shielding surrounding a neutrinoless double beta decay
experiment, and then decays into a photon of order one hundred keV. This analysis shares some
similarities with our paper: we both propose that inelastic dark matter is excited by lead outside
of the detector volume, and propose looking for the photon from the decay of the excited state
back into dark matter. Moreover, we both recognize that there is large sidereal-daily modulation
of the rate that can be used to separate signal from background. The main differences between our
analysis and theirs is: we utilize the entire Earth as upscatter material (focusing on upscatters off
lead and iron); and, we consider a large range of photon energies between about 5-600 keV. The
upper end of this range has the weakest constraints from direct detection experiments. The range
75-125 keV, which was the main focus of [11], is significantly constrained by PICO and the high
recoil analysis of XENON100 [14]. Reinterpreting these bounds on the magnetic inelastic transition
strength [14] implies the the characteristic decay length of the excited state exceeds 50 (500) meters
once � <

⇠ 150 (100) keV. At these lengths, the gain from integrating over the trace lead abundance
in the Earth is substantial in comparison to utilizing the close-in concentrated lead shielding of
experiments sensitive to these photon energies.

In this paper we also decouple the upscatter process from the excited state decay. This is
well-motivated, since there are many specific models that can have a large inelastic scattering rate,
small elastic scattering rate, and excited state decay that all proceed through different processes.
Examples include a variety of elementary candidates such as the wino and higgsino [44–47] as well
as composite candidates [48]. The prototypical example model for this paper is the narrowly-split
higgsino that arises from split Dirac supersymmetry [49]: in this model, the abundance of dark
matter matches cosmological observations for m�0

1
⇠ 1 TeV; the neutral higgsino states �0

1,2 are
narrowly split by hundreds of keV; the dominant elastic scattering cross section is exceptionally small
due to the twist-2 operator suppression as well as the cancellation against Higgs boson exchange
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small elastic scattering rate, and excited state decay that all proceed through different processes.
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For DM heavier than the target the scatter is forward

matter wind comes from ⇠ 47� declination, inside the Cygnus constellation. In determining the
Earth’s velocity around the Sun, we follow the procedure of Ref. [58]. Combining these relative
motions gives the net velocity of dark matter relative to the Earth in the galactic coordinate system.
However, one must also know the position of the scatter site and the lab in the same coordinate
system as the velocity, which requires transforming between galacto-centric coordinates and Earth-
centric (also called equatorial) coordinates. The two frames are related by a series of rotations,
Ri(✓), through angle ✓ around axis i,

~v gal
� = Ry(✓�).Rx(⌘).Rz(↵GC).Ry(�GC).~v

equ
� . (8)

Here, the right ascension of the galactic centre (GC) is ↵GC = 266�, the declination is �GC = �29.0�,
⌘ = 58.6�, and ✓� is determined by the height of the Sun above the galactic midplane, sin ✓� =
z�/dGC. Of course, the magnitude of the velocity is unchanged under rotation and we denote the
speed as v�.

Now that we have determined the incoming velocity in the lab frame, we turn to the kinematics
of the initial scatter. Although we assume the scattering cross section is isotropic in the center of
mass frame, the outgoing excited state will be forward, for the masses of dark matter we consider.
The kinematics in the center of mass frame are straightforward and the outgoing speed in this frame
is given by

vcmout =


µ2

m2
2

�
µ1v

2
� � 2�

��1/2
, (9)

with µ(1,2) = m(1,2)mT /(m(1,2)+mT ) the reduced mass of the target and the incoming and outgoing
dark matter. The corresponding outgoing speed in the lab frame satisfies

vlabout =

"
(vcmout)

2 +

✓
µ1v�
mT

◆2

+
2µ1v�vcmout

mT
cos ✓cm

#1/2

. (10)

The scattering angle in the lab frame is related to the scattering angle in the center of mass frame
through

vlabout cos ✓
lab = vcmout cos ✓

cm +
µ1v�
mT

. (11)

This angle is limited kinematically, with a maximum value ✓labmax which satisfies

cos2 ✓labmax = 1�

✓
mT vcmout
µ1v�

◆2

=

✓
1 +

mT

m2

◆✓
1�

mT

m1
+

2mT �

(m1 v�)2

◆
. (12)

The minimum velocity (in the lab frame) required to upscatter is given by vmin =
p

2 �/µ1; at large
values of �, vmin will exceed the largest allowed value of v�, driving the signal rate to zero.

The scattering angle necessary to reach the detector, ✓lab, must lie within the cone sub-
tended by opening angle ✓labmax, and the fraction of the cone that the detector covers is given by
[RD/(|~rs � ~rD|✓labmax)]

2, where RD is the radius of the detector; for example, for Borexino RD = 5.5
m (see Tab. 2). There are two possible center of mass frame scattering angles that will result in the
excited dark matter arriving at the detector, leading (in the lab frame) to two different outgoing
speeds for the excited dark matter,

vlabout,± =
m1 v�

m2 +mT
cos ✓lab

"
1±

r
1�

cos2 ✓labmax

cos2 ✓lab

#
. (13)
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1 Introduction
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2 Setup

2.1 Very Simplified Calculation

A simple, back of the envelope calculation can give us some intuition about our expected rates. We

ignore several e↵ects, including modulation, the kinematics of inelastic scattering, nuclear form factors,

etc. for now, to simplify the geometry and velocity distribution; we will address these complications in

the next section. Here we present only a very simple estimate for the expected rate.

For dark matter particles of number density n� scattering o↵ of (say) lead atoms inside the earth,

which have number density nT , the average rate of particles entering our detector volume V will be

Rate ⇠ nT n� � v V. (1)

The DM-nucleon cross section � will be proportional to the atomic number A to the fourth power, so

we write it as � ⇠ �0 A4. For lead, A ⇠ 200 and the number density is

nT ⇠ 1017 cm3.

while the local DM density is

n� ⇠ 1

m�

0.3 GeV

cm3
.

A typical DM velocity in the halo is v ⇠ 2⇥107 cm/sec, and we will use the detector volume for Borexino,

approximately V ⇠ 4⇡/3
�
103 cm

�3
. Putting this all together, for DM with m� = 1 TeV and �0 = 1040

cm2 gives

Rate ⇠ 0.4 sec�1. (2)

This rate will be suppressed by the inelastic dark matter kinematics and nuclear form factor, and will

be subject to modulation e↵ects due to the DM “wind”, as we shall see later.

1

Complicated 6d integral, sensitive to lifetime, speed, position etc…

Prob. to decay in det.Solid angle

2 c.o.m.  
scattering angles

P0(|~rs � ~rD|, vf ) = 2 e�|~rs�~rD|/vf⌧ sinh
LD

2vf⌧
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x-sec isotropic in c.o.m. frame

These two solutions take different lengths of time to get from the scatter site to the detector. The
probability that an excited state moving at speed vlabout will travel a distance L = |~rs � ~rD| and decay
inside the detector is

P (vlabout, L, ⌧) = 2 sinh
⇣ RD

2 vlabout ⌧

⌘
exp

✓
�

L

vlabout⌧

◆
. (14)

Similarly, for the two possible center of mass scattering angles there are two different values of
momentum exchanged with the nucleus, resulting in two different form factor suppressions. To
account for the substructure of the nucleus, we use the Helm form factor [66]

F (q) =
3

q rn
J1(q rn) exp

✓
�
q2s2

2

◆
, (15)

with s ⇡ 0.9 fm and rn ⇡ 1.14 (A/0.93149)1/3 fm, and where q =
p
2mT ER is the momentum

transfer in the collision.

In the center of mass frame the cross section is isotropic and almost independent of the incoming
velocity,

d�

d cos ✓cm
= �0

s
1�

2 �

µ1 v2�

✓
m1

m1 +mT

◆2

A4 , (16)

where A the atomic number of the target nucleus. To determine the fraction of scatters that end up
in the detector, we must integrate over all scattering angles in the lab frame. The transformation
to the lab frame introduces a Jacobian

J±(v�) =
d cos ✓cm

d cos ✓lab
= 2 z cos ✓lab ±

1� z2 + 2 z2 cos2 ✓lab
p
1� z2 + z2 cos2 ✓lab

,

with z = µ1v�/(mT vcmout).

Putting all these effects together we arrive at the final result for the expected rate inside the
detector,

� =
X

±

Z
d3rs d

3vMB

n
nT (rs)

⇢�
m1


RD

|~rs � ~rD| ✓labmax

�2
P (vlabout,±, L, ⌧)

⇥ fgal(vMB) |F (q±)|
2 d� v�
d cos ✓cm

|J±(v�)|
2
o
. (17)

In the results presented below we have evaluated this integral numerically.

3.5 Results for modulating rates

We now present the results for the signal rate as a function of the time of day in a few representative
experiments. We consider three different lab locations: Gran Sasso in Italy, Jiangmen in China, and
SUPL in Australia. Gran Sasso is home to the Borexino detector [54] and is also one of the possible
locations for CYGNUS [67, 68], a large gas TPC for directional dark matter detection. Jiangmen
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Figure 4: The expected signal rates for the Borexino detector (top row), JUNO detector (middle
row), and a hypothetical detector at SUPL (bottom row). The curves show the rate over one solar
day: the first day of March (red), June (blue), September (yellow), and December (purple). The
rate was determined using Eq. (17) with m� = 1 TeV and lifetime given by the decay length of
Eq. (3); the mass splitting in the left (right) panels is � = 150 (500) keV. The results are shown in
a common time-zone for all labs for ease of comparison.

• Notice that there are some interesting doubly-peaked modulation patterns in the Southern
Hemisphere. These can be understood by noticing that the Earth’s crust is richer in lead,
than is the mantle. Inspecting Fig. 3 ones sees that the crust contribution to the apparent
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Borexinolow-metallicity ones [19]. A precise CNO solar neutrino
flux measurement has therefore the potential to discrimi-
nate between these competing models and to shed light on
the inner workings of heavy stars.
This paper provides a detailed description of the analysis

methods used to obtain the aforementioned measurements
of 7Be, pep, and CNO (upper limit) solar neutrino inter-
action rates in Borexino. After a brief description of
the detector, we discuss the expected neutrino signal, the
backgrounds, the variables used in the analysis, and the
procedures adopted to extract the signal. We then report on
a measurement of the annual modulation of the 7Be solar
neutrino rate. Finally, we discuss the physics implications
of the Borexino solar neutrino results and we report a global
analysis of the Borexino data combined with that of other
solar neutrino experiments and of reactor experiments
sensitive to Δm2

12 and θ12.
This paper reports the final results of the Borexino

Phase-I. Phase-II, with an even better radio purity already
obtained after an extensive purification campaign of the
scintillator, already started data taking in 2012 and will
continue for several years. The goals of Phase-II will be
reported in a separate paper.

II. THE BOREXINO DETECTOR

Borexino is installed in Hall C of the Laboratori
Nazionali del Gran Sasso (LNGS) in Italy. Its design
[20] is based on the principle of graded shielding, with
the inner scintillating core at the center of a set of
concentric shells of decreasing radio purity from inside
to outside (see Fig. 2). The active medium is a solution of
PPO (2,5-diphenyloxazole, a fluorescent dye) in pseudo-
cumene (PC, 1,2,4-trimethylbenzene) at a concentration of
1.5 g=l [21]. The scintillator mass (∼278 ton) is contained
in a 125 μm thick spherical nylon inner vessel (IV) [22]
with 4.25 m radius surrounded by 2212 photomultipliers
(PMTs) labeled as internal PMTs in Fig. 2. All but 371
PMTs are equipped with aluminum light concentrators
designed to increase the light collection efficiency.
Within the IVa fiducial volume (FV) is software defined

through the measured event position, obtained from the
PMTs timing data via a time-of-flight algorithm (see
Sec. X). A second 5.5 m radius nylon outer vessel (OV)
surrounds the IV, acting as a barrier against radon and other
background contamination originating from outside. The
region between the IVand the OV contains a passive shield
composed of PC and a small quantity of DMP (dime-
thylphthalate), a material that quenches the residual scin-
tillation of PC so that scintillation signals arise dominantly
from the interior of the IV [21]. The concentration of DMP
in PC was 5.0 g=l at the beginning of data taking and was
later reduced to 3.0 g=l (and then to 2.0 g=l) to mitigate the
effects of a small leak in the IV (discussed in Sec. II A).
A 6.85 m radius stainless steel sphere (SSS) encloses the

central part of the detector and serves also as a support
structure for the 2212 8 in. (ETL 9351) PMTs.
The region between the OVand the SSS is filled with the

same inert buffer fluid (PC plus DMP) which is layered
between the IVand the OV. The apparatus consisting of the
PC and its solvents, the nylon vessels, and the internal
PMTs is called inner detector (ID).
The ID is contained in a tank (9 m base radius, 16.9 m

height) filled by ultrapure water. The total liquid passive
shielding of the central volume from external radiation
(such as that originating from the rock) is thus 5.5 m of
water equivalent. The water tank (WT) serves also as an
active veto [outer detector (OD)] allowing the detection of
the Cherenkov light induced by muons in water. For this
purpose 208 PMTs are installed on the external side of the
SSS and on the WT walls. The walls of the water tank are
covered by a reflective material to enhance the light
collection. Details of the OD are described in [23].
All the materials of the detector internal components

(stainless steel, phototubes, cables, light concentrators,
nylon) were specially selected for extremely low radio-
activity. Furthermore, only qualified ultraclean processes
were employed for their realization, followed by careful
surface cleaning methods.
The final assembly of the elements in the SSS was

carried out in clean room conditions: the entire interior of
the sphere was converted into a class 1000 clean room,
while in front of the main entrance of the sphere itself an on
purpose clean room of class 100–1000 was used for all the
final cleaning procedures of the equipment. Key elements
determining the success of the experiment were also the
many liquid purification and handling systems [24], which
were designed and installed to ensure the proper fluid
manipulation at the exceptional purity level demanded by
Borexino.
The PC was specially produced for Borexino by Polimeri

Europa (Sarroch-IT), according to a stringent quality
control plan jointly developed. It was shipped to LNGS
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FIG. 2 (color online). The schematic view of the Borexino
detector.
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j of the PS-BDThistogram, kj is the actual number of entries
in that bin, andm is the total number of bins of the PS-BDT
histogram.
LRadð~θÞ is defined in a way similar to LBDTð~θÞ. The

radial dependence is assumed uniform for all the species
except the external background. The PDFs of the radial
distribution of the external background and its energy
dependence has been obtained with the Monte Carlo
simulation, as described in Sec. XI.
We have performed Monte Carlo tests with datalike

samples to show that the statistical interpretation of like-
lihood-ratio tests holds for our computed total likelihood.

XXII. THE 7 Be-NEUTRINO INTERACTION RATE

The first measurement of the 7Be-ν interaction rate was
published by Borexino after only a few months of data
taking [5] and an update was reported in [6]. The accuracy
of those measurements was significantly improved in 2011
[7] using the results of the calibration campaign (see
Sec. VIII), a better understanding of the detector response,
and increased statistics. The data were collected in the
period from May 16, 2007 to May 8, 2010 and they
correspond to 740.7 live days after cuts and to 153.6 ton ×
year fiducial exposure. The resulting interaction rate of the
862 keV 7Be line [7] is

Rð7BeÞ ¼ 46.0 $ 1.5ðstatÞþ 1.5
−1.6ðsysÞ cpd=100 ton ð77Þ

and its corresponding νe-equivalent flux is ð2.79 $
0.13Þ × 109 cm−2 s−1. The νe-equivalent flux is calculated
by assuming that the total observed interaction rate is
due to electron flavor neutrinos only. Considering the
3-flavor neutrino oscillations, the equivalent flux is
ð4.43 $ 0.22Þ × 109 cm−2 s−1, which can be compared
with the expected SSM flux of Table II.
The 7Be-ν interaction rate has been obtained fitting only

the energy spectra (Sec. XX). The lower bound of the fit
region was chosen to avoid pileup between two 14C β
decays (Qβ ¼ 156 keV) and it corresponds to 270 keV. The
higher bound of the fit region is 1250 keV in the analytical
fit approach, in which the contribution of the external
background (208Tl, 214Bi) is not included. The Monte Carlo
fit includes the simulated spectrum of the external back-
ground allowing one to extend the fit region up to
1600 keV.
The weights for the 7Be neutrino signal and the main

radioactive background components (85Kr, 210Po, 210Bi,
and 11C) were left as free parameters in the fit, while the
contributions of the pp, pep, CNO, and 8B solar neutrinos
were fixed to the GS98-SSM predicted rates assuming
MSW-LMA neutrino oscillations (see Table II).
The 384 and 862 keV branches of the 7Be solar neutrinos

(see Fig. 1) are combined into a single spectrum. The
production ratio between the two branches is 10.52∶89.48.
Accounting for the energy-dependent survival probability

and interaction cross sections, the ratio between the
interaction rates is 3.9∶96.1. Similarly, we have combined
the 13N, 15O, and 17F recoil spectra into a single spectrum,
referred to as the CNO solar neutrino spectrum. The rates of
222Rn, 218Po, and 214Pb surviving the cuts were fixed using
the measured rate of 214Bi-214Po delayed coincidence
events.
Due to the slight eccentricity ε ¼ 0.01671 of the Earth’s

orbit around the Sun, the flux ΦE of solar neutrinos
reaching the Earth is time dependent:

ΦE ðtÞ ¼
RSun

4πr2ðtÞ
≃ RSun

4πr20

!
1 þ 2ε × cos

!
2πt
T

""
; ð78Þ

whereRSun is the neutrino production rate at the Sun, t is the
time in days from January 1, T is one year, rðtÞ is the time-
dependent Earth-to-Sun distance, and r0 is its mean value.
We are interested in the neutrino flux averaged over oneyear,
while the data acquisition periods are unevenly distributed
over a few years time interval. We have calculated the
expected flux for each period used in the data analysis using
Eq. (78). Thus,we have obtained the correction to be applied
to convert the measured flux into the yearly averaged flux.
The result is a multiplicative factor of 1.0003, a negligible
correction within the accuracy of the present data set.
All events accepted in the final energy spectra used in

the fit have to pass the selection criteria discussed in
Sec. XIII A. As described in Sec. XIII, the fit procedure
has been implemented both with and without statistical
subtraction of the 210Po-α peak (Sec. XIV). When statistical
subtraction is not applied, the additional Gαβ-based
energy-dependent cut described in Sec. XIII C is used.
Figures 52, 53, and 54 show some examples of fit results
obtained using various procedures. Figure 52 refers to the
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FIG. 52 (color online). Example of fit of the energy spectrum
obtained using the Monte Carlo method without α-β statistical
subtraction. The fit was done using theNh energy estimator. After
the fit, the horizontal axis was converted into an energy scale in
keV. The values of the best-fit parameters, the rates of individual
species, are given in cpd=100 ton.
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Figure 1: Expected event rates in dark matter detectors from (a) solar neutrino–electron scattering and (b)
solar neutrino–nucleus scattering in germanium. In (a), we use units of events per keVee per year per NA

electrons (where NA is the Avogadro number) to be able to compare rates in di↵erent materials. Thick
black lines correspond to the total event rate, while thin lines break the rate up into contributions from
di↵erent neutrino production processes. We also show the observed electron recoil spectra in XENON-
100 [39] (see text for details) and Borexino [34], from the low-threshold analysis of CDMS data [32], and the
event spectra from CoGeNT [25] and DAMA [40]. Since CoGeNT and DAMA cannot distinguish nuclear
recoils from electron recoils, we interpret their data as electron recoil in the left panel and as nuclear recoils
in the right panels.

of about 2 keVee. Measurements indicate that the light yield might actually be larger at lower
recoil energies (down to 30 keVee) [41], and if this trend continues to even lower recoil energies,
the energy threshold in XENON-100 might be even lower (and the background rate per keVee
somewhat higher) than what is shown in figure 1a. However, in many scintillators the light
yield peaks at Er ⇠ 10 keVee and drops steeply below [41], so that the exact sensitivity of
the XENON-100 detector to low-energy electron recoil events remains somewhat uncertain. In
figure 1, as well as figures 2 and 3, we indicate this uncertainty by a dashed red lines below
Er = 50 keVee. Besides Borexino and XENON-100, also the GEMMA experiment [42] has placed
limits on neutrino–electron scattering at low recoil energies. GEMMA limits are not directly
comparable to to the limits shown in figure 1 because GEMMA used not solar neutrinos, but
reactor anti-neutrinos, and thus the neutrino spectrum was di↵erent. We will comment more on
GEMMA in section 4 when discussing neutrino magnetic moments, and also in section 7.

Neutrino–nucleus interactions:

For neutrino–nucleus scattering (figure 1b), we compare the Standard Model prediction to the
observed event rates in CoGeNT [25] and CDMS [32]. Here we discuss only elastic neutrino–
nucleus scattering because it has been shown in [23] that the new physics contributions to the
cross sections for inelastic processes like neutrino-induced deuteron breakup or nuclear excitations
are about eight orders of magnitude smaller than the elastic scattering cross section in the class
of models we are interested in this paper. The reason is that in our models, deuteron dissociation
can only be mediated by an isoscalar vector current, whereas in the Standard Model, the isovector
axial vector gives by far the dominant contribution. Thus, considering the 4% uncertainty of

• 278 tons of scintillator, ~5m radius
• ~1300 days of data
• ~150 keV threshold, maybe lower?
• Good energy resolution
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FIG. 1. Multivariate fit results (an example obtained with the MC method) for the TFC-subtracted (left) and the TFC-tagged
(right) energy spectra, with residuals. The sum of the individual components from the fit (black lines) are superimposed on
the data (grey points).
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tion rates: (i) the light yield, (ii) a resolution parameter
which accounts for the non-uniformity of the response
and is relevant for the high-energy part of the spectrum,
(iii) a resolution parameter which accounts for the intrin-
sic resolution of the scintillator and e↵ectively takes into
account other contributions at low energy, (iv) the posi-
tion and width of the 210Po-↵ peak (to account for non-
uniform and time-varying spatial distribution of 210Po

pp Be7

CNO pep

 )2
dt p

 N×
 1

00
 t 

×
Ev

en
ts

 / 
( d

ay
 

3−10

2−10

1−10

1

10

210

2dt
pN100 150 200 250 300 350

Energy (keV)
300 400 500 600 700 800

C14

Po210
Bi210

Kr85

σ
R

es
id

ua
ls

: (
D

at
a 

- F
it)

 / 

4−
3−
2−
1−
0
1
2
3
4

Energy (keV)
300 400 500 600 700 800

FIG. 3. Results of the fit for TFC-subtracted energy spectrum
zoomed in to the lowest energy region (an example obtained
with the analytical method) and residuals.

in the detector), and (v) the starting point of the 11C
spectrum, corresponding to the annihilation of the two
511 keV �’s. Leaving the above listed parameters free
gives the analytical fit the freedom to account for second-
order unexpected e↵ects or unforeseen variations of the
detector response in time.
The second method is based on the Borexino MC [14],

a customized Geant4-based simulation package [17],
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Borexinolow-metallicity ones [19]. A precise CNO solar neutrino
flux measurement has therefore the potential to discrimi-
nate between these competing models and to shed light on
the inner workings of heavy stars.
This paper provides a detailed description of the analysis

methods used to obtain the aforementioned measurements
of 7Be, pep, and CNO (upper limit) solar neutrino inter-
action rates in Borexino. After a brief description of
the detector, we discuss the expected neutrino signal, the
backgrounds, the variables used in the analysis, and the
procedures adopted to extract the signal. We then report on
a measurement of the annual modulation of the 7Be solar
neutrino rate. Finally, we discuss the physics implications
of the Borexino solar neutrino results and we report a global
analysis of the Borexino data combined with that of other
solar neutrino experiments and of reactor experiments
sensitive to Δm2

12 and θ12.
This paper reports the final results of the Borexino

Phase-I. Phase-II, with an even better radio purity already
obtained after an extensive purification campaign of the
scintillator, already started data taking in 2012 and will
continue for several years. The goals of Phase-II will be
reported in a separate paper.

II. THE BOREXINO DETECTOR

Borexino is installed in Hall C of the Laboratori
Nazionali del Gran Sasso (LNGS) in Italy. Its design
[20] is based on the principle of graded shielding, with
the inner scintillating core at the center of a set of
concentric shells of decreasing radio purity from inside
to outside (see Fig. 2). The active medium is a solution of
PPO (2,5-diphenyloxazole, a fluorescent dye) in pseudo-
cumene (PC, 1,2,4-trimethylbenzene) at a concentration of
1.5 g=l [21]. The scintillator mass (∼278 ton) is contained
in a 125 μm thick spherical nylon inner vessel (IV) [22]
with 4.25 m radius surrounded by 2212 photomultipliers
(PMTs) labeled as internal PMTs in Fig. 2. All but 371
PMTs are equipped with aluminum light concentrators
designed to increase the light collection efficiency.
Within the IVa fiducial volume (FV) is software defined

through the measured event position, obtained from the
PMTs timing data via a time-of-flight algorithm (see
Sec. X). A second 5.5 m radius nylon outer vessel (OV)
surrounds the IV, acting as a barrier against radon and other
background contamination originating from outside. The
region between the IVand the OV contains a passive shield
composed of PC and a small quantity of DMP (dime-
thylphthalate), a material that quenches the residual scin-
tillation of PC so that scintillation signals arise dominantly
from the interior of the IV [21]. The concentration of DMP
in PC was 5.0 g=l at the beginning of data taking and was
later reduced to 3.0 g=l (and then to 2.0 g=l) to mitigate the
effects of a small leak in the IV (discussed in Sec. II A).
A 6.85 m radius stainless steel sphere (SSS) encloses the

central part of the detector and serves also as a support
structure for the 2212 8 in. (ETL 9351) PMTs.
The region between the OVand the SSS is filled with the

same inert buffer fluid (PC plus DMP) which is layered
between the IVand the OV. The apparatus consisting of the
PC and its solvents, the nylon vessels, and the internal
PMTs is called inner detector (ID).
The ID is contained in a tank (9 m base radius, 16.9 m

height) filled by ultrapure water. The total liquid passive
shielding of the central volume from external radiation
(such as that originating from the rock) is thus 5.5 m of
water equivalent. The water tank (WT) serves also as an
active veto [outer detector (OD)] allowing the detection of
the Cherenkov light induced by muons in water. For this
purpose 208 PMTs are installed on the external side of the
SSS and on the WT walls. The walls of the water tank are
covered by a reflective material to enhance the light
collection. Details of the OD are described in [23].
All the materials of the detector internal components

(stainless steel, phototubes, cables, light concentrators,
nylon) were specially selected for extremely low radio-
activity. Furthermore, only qualified ultraclean processes
were employed for their realization, followed by careful
surface cleaning methods.
The final assembly of the elements in the SSS was

carried out in clean room conditions: the entire interior of
the sphere was converted into a class 1000 clean room,
while in front of the main entrance of the sphere itself an on
purpose clean room of class 100–1000 was used for all the
final cleaning procedures of the equipment. Key elements
determining the success of the experiment were also the
many liquid purification and handling systems [24], which
were designed and installed to ensure the proper fluid
manipulation at the exceptional purity level demanded by
Borexino.
The PC was specially produced for Borexino by Polimeri

Europa (Sarroch-IT), according to a stringent quality
control plan jointly developed. It was shipped to LNGS
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FIG. 2 (color online). The schematic view of the Borexino
detector.
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j of the PS-BDThistogram, kj is the actual number of entries
in that bin, andm is the total number of bins of the PS-BDT
histogram.
LRadð~θÞ is defined in a way similar to LBDTð~θÞ. The

radial dependence is assumed uniform for all the species
except the external background. The PDFs of the radial
distribution of the external background and its energy
dependence has been obtained with the Monte Carlo
simulation, as described in Sec. XI.
We have performed Monte Carlo tests with datalike

samples to show that the statistical interpretation of like-
lihood-ratio tests holds for our computed total likelihood.

XXII. THE 7 Be-NEUTRINO INTERACTION RATE

The first measurement of the 7Be-ν interaction rate was
published by Borexino after only a few months of data
taking [5] and an update was reported in [6]. The accuracy
of those measurements was significantly improved in 2011
[7] using the results of the calibration campaign (see
Sec. VIII), a better understanding of the detector response,
and increased statistics. The data were collected in the
period from May 16, 2007 to May 8, 2010 and they
correspond to 740.7 live days after cuts and to 153.6 ton ×
year fiducial exposure. The resulting interaction rate of the
862 keV 7Be line [7] is

Rð7BeÞ ¼ 46.0 $ 1.5ðstatÞþ 1.5
−1.6ðsysÞ cpd=100 ton ð77Þ

and its corresponding νe-equivalent flux is ð2.79 $
0.13Þ × 109 cm−2 s−1. The νe-equivalent flux is calculated
by assuming that the total observed interaction rate is
due to electron flavor neutrinos only. Considering the
3-flavor neutrino oscillations, the equivalent flux is
ð4.43 $ 0.22Þ × 109 cm−2 s−1, which can be compared
with the expected SSM flux of Table II.
The 7Be-ν interaction rate has been obtained fitting only

the energy spectra (Sec. XX). The lower bound of the fit
region was chosen to avoid pileup between two 14C β
decays (Qβ ¼ 156 keV) and it corresponds to 270 keV. The
higher bound of the fit region is 1250 keV in the analytical
fit approach, in which the contribution of the external
background (208Tl, 214Bi) is not included. The Monte Carlo
fit includes the simulated spectrum of the external back-
ground allowing one to extend the fit region up to
1600 keV.
The weights for the 7Be neutrino signal and the main

radioactive background components (85Kr, 210Po, 210Bi,
and 11C) were left as free parameters in the fit, while the
contributions of the pp, pep, CNO, and 8B solar neutrinos
were fixed to the GS98-SSM predicted rates assuming
MSW-LMA neutrino oscillations (see Table II).
The 384 and 862 keV branches of the 7Be solar neutrinos

(see Fig. 1) are combined into a single spectrum. The
production ratio between the two branches is 10.52∶89.48.
Accounting for the energy-dependent survival probability

and interaction cross sections, the ratio between the
interaction rates is 3.9∶96.1. Similarly, we have combined
the 13N, 15O, and 17F recoil spectra into a single spectrum,
referred to as the CNO solar neutrino spectrum. The rates of
222Rn, 218Po, and 214Pb surviving the cuts were fixed using
the measured rate of 214Bi-214Po delayed coincidence
events.
Due to the slight eccentricity ε ¼ 0.01671 of the Earth’s

orbit around the Sun, the flux ΦE of solar neutrinos
reaching the Earth is time dependent:

ΦE ðtÞ ¼
RSun

4πr2ðtÞ
≃ RSun

4πr20

!
1 þ 2ε × cos

!
2πt
T

""
; ð78Þ

whereRSun is the neutrino production rate at the Sun, t is the
time in days from January 1, T is one year, rðtÞ is the time-
dependent Earth-to-Sun distance, and r0 is its mean value.
We are interested in the neutrino flux averaged over oneyear,
while the data acquisition periods are unevenly distributed
over a few years time interval. We have calculated the
expected flux for each period used in the data analysis using
Eq. (78). Thus,we have obtained the correction to be applied
to convert the measured flux into the yearly averaged flux.
The result is a multiplicative factor of 1.0003, a negligible
correction within the accuracy of the present data set.
All events accepted in the final energy spectra used in

the fit have to pass the selection criteria discussed in
Sec. XIII A. As described in Sec. XIII, the fit procedure
has been implemented both with and without statistical
subtraction of the 210Po-α peak (Sec. XIV). When statistical
subtraction is not applied, the additional Gαβ-based
energy-dependent cut described in Sec. XIII C is used.
Figures 52, 53, and 54 show some examples of fit results
obtained using various procedures. Figure 52 refers to the
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FIG. 52 (color online). Example of fit of the energy spectrum
obtained using the Monte Carlo method without α-β statistical
subtraction. The fit was done using theNh energy estimator. After
the fit, the horizontal axis was converted into an energy scale in
keV. The values of the best-fit parameters, the rates of individual
species, are given in cpd=100 ton.
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Figure 1: Expected event rates in dark matter detectors from (a) solar neutrino–electron scattering and (b)
solar neutrino–nucleus scattering in germanium. In (a), we use units of events per keVee per year per NA

electrons (where NA is the Avogadro number) to be able to compare rates in di↵erent materials. Thick
black lines correspond to the total event rate, while thin lines break the rate up into contributions from
di↵erent neutrino production processes. We also show the observed electron recoil spectra in XENON-
100 [39] (see text for details) and Borexino [34], from the low-threshold analysis of CDMS data [32], and the
event spectra from CoGeNT [25] and DAMA [40]. Since CoGeNT and DAMA cannot distinguish nuclear
recoils from electron recoils, we interpret their data as electron recoil in the left panel and as nuclear recoils
in the right panels.

of about 2 keVee. Measurements indicate that the light yield might actually be larger at lower
recoil energies (down to 30 keVee) [41], and if this trend continues to even lower recoil energies,
the energy threshold in XENON-100 might be even lower (and the background rate per keVee
somewhat higher) than what is shown in figure 1a. However, in many scintillators the light
yield peaks at Er ⇠ 10 keVee and drops steeply below [41], so that the exact sensitivity of
the XENON-100 detector to low-energy electron recoil events remains somewhat uncertain. In
figure 1, as well as figures 2 and 3, we indicate this uncertainty by a dashed red lines below
Er = 50 keVee. Besides Borexino and XENON-100, also the GEMMA experiment [42] has placed
limits on neutrino–electron scattering at low recoil energies. GEMMA limits are not directly
comparable to to the limits shown in figure 1 because GEMMA used not solar neutrinos, but
reactor anti-neutrinos, and thus the neutrino spectrum was di↵erent. We will comment more on
GEMMA in section 4 when discussing neutrino magnetic moments, and also in section 7.

Neutrino–nucleus interactions:

For neutrino–nucleus scattering (figure 1b), we compare the Standard Model prediction to the
observed event rates in CoGeNT [25] and CDMS [32]. Here we discuss only elastic neutrino–
nucleus scattering because it has been shown in [23] that the new physics contributions to the
cross sections for inelastic processes like neutrino-induced deuteron breakup or nuclear excitations
are about eight orders of magnitude smaller than the elastic scattering cross section in the class
of models we are interested in this paper. The reason is that in our models, deuteron dissociation
can only be mediated by an isoscalar vector current, whereas in the Standard Model, the isovector
axial vector gives by far the dominant contribution. Thus, considering the 4% uncertainty of

• 278 tons of scintillator, ~5m radius
• ~1300 days of data
• ~150 keV threshold, maybe lower?
• Good energy resolution
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FIG. 1. Multivariate fit results (an example obtained with the MC method) for the TFC-subtracted (left) and the TFC-tagged
(right) energy spectra, with residuals. The sum of the individual components from the fit (black lines) are superimposed on
the data (grey points).
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tion rates: (i) the light yield, (ii) a resolution parameter
which accounts for the non-uniformity of the response
and is relevant for the high-energy part of the spectrum,
(iii) a resolution parameter which accounts for the intrin-
sic resolution of the scintillator and e↵ectively takes into
account other contributions at low energy, (iv) the posi-
tion and width of the 210Po-↵ peak (to account for non-
uniform and time-varying spatial distribution of 210Po
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FIG. 3. Results of the fit for TFC-subtracted energy spectrum
zoomed in to the lowest energy region (an example obtained
with the analytical method) and residuals.

in the detector), and (v) the starting point of the 11C
spectrum, corresponding to the annihilation of the two
511 keV �’s. Leaving the above listed parameters free
gives the analytical fit the freedom to account for second-
order unexpected e↵ects or unforeseen variations of the
detector response in time.
The second method is based on the Borexino MC [14],

a customized Geant4-based simulation package [17],

[1707.09279
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Figure 6: The background rate at Borexino. The black curve is extracted from [70] while the orange
and blue curves come from [54].

4 Current and Future Sensitivities

We are now ready to estimate the sensitivity of modulating luminous signals to inelastic dark
matter. We will focus on two regions of parameter space which can be probed by two different
types of detectors. In Sec. 4.1, we consider higher mass splitting, � >

⇠ 200 keV, which can be probed
by detectors with a high threshold, such as the large liquid scintillator neutrino detectors Borexino
and JUNO. In Sec. 4.2, we will consider low mass splittings which can be probed by large gaseous
detectors designed for dark matter directional detection, such as the proposed CYGNUS detector.

4.1 Sensitivity of Borexino and JUNO

In this section, we consider the Borexino detector and events observed during its running of 1291.5
days [54]. The observed rate in the vicinity of 250-600 keV is 0.1�0.5 events/(day⇥keV⇥100 tonnes).
This rate does not include the radioactive background from 210Po ↵-decay, since it can be effectively
subtracted using a fit of shower shape variables (see e.g. Figure 53 of [54]). The rate is dominated
by the 7Be neutrino signal, which amusingly serves as a background for our analysis. There are also
several radioactive backgrounds which play a significant role. Below 250 keV the 14C background
dominates, producing a much higher background rate. The background rate that we use to place
our bounds is shown in Fig. 6, and was extracted from [70] and [54]. In our estimate we will not

assume any fundamental understanding of these backgrounds but will instead make use of the daily
modulation of the signal.

The luminous dark matter signal is a spectral line at an energy E� ' � on top of this back-
ground. This line is smeared by the energy resolution which we take to be ⇠ 10% [54]. The
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Borexinolow-metallicity ones [19]. A precise CNO solar neutrino
flux measurement has therefore the potential to discrimi-
nate between these competing models and to shed light on
the inner workings of heavy stars.
This paper provides a detailed description of the analysis

methods used to obtain the aforementioned measurements
of 7Be, pep, and CNO (upper limit) solar neutrino inter-
action rates in Borexino. After a brief description of
the detector, we discuss the expected neutrino signal, the
backgrounds, the variables used in the analysis, and the
procedures adopted to extract the signal. We then report on
a measurement of the annual modulation of the 7Be solar
neutrino rate. Finally, we discuss the physics implications
of the Borexino solar neutrino results and we report a global
analysis of the Borexino data combined with that of other
solar neutrino experiments and of reactor experiments
sensitive to Δm2

12 and θ12.
This paper reports the final results of the Borexino

Phase-I. Phase-II, with an even better radio purity already
obtained after an extensive purification campaign of the
scintillator, already started data taking in 2012 and will
continue for several years. The goals of Phase-II will be
reported in a separate paper.

II. THE BOREXINO DETECTOR

Borexino is installed in Hall C of the Laboratori
Nazionali del Gran Sasso (LNGS) in Italy. Its design
[20] is based on the principle of graded shielding, with
the inner scintillating core at the center of a set of
concentric shells of decreasing radio purity from inside
to outside (see Fig. 2). The active medium is a solution of
PPO (2,5-diphenyloxazole, a fluorescent dye) in pseudo-
cumene (PC, 1,2,4-trimethylbenzene) at a concentration of
1.5 g=l [21]. The scintillator mass (∼278 ton) is contained
in a 125 μm thick spherical nylon inner vessel (IV) [22]
with 4.25 m radius surrounded by 2212 photomultipliers
(PMTs) labeled as internal PMTs in Fig. 2. All but 371
PMTs are equipped with aluminum light concentrators
designed to increase the light collection efficiency.
Within the IVa fiducial volume (FV) is software defined

through the measured event position, obtained from the
PMTs timing data via a time-of-flight algorithm (see
Sec. X). A second 5.5 m radius nylon outer vessel (OV)
surrounds the IV, acting as a barrier against radon and other
background contamination originating from outside. The
region between the IVand the OV contains a passive shield
composed of PC and a small quantity of DMP (dime-
thylphthalate), a material that quenches the residual scin-
tillation of PC so that scintillation signals arise dominantly
from the interior of the IV [21]. The concentration of DMP
in PC was 5.0 g=l at the beginning of data taking and was
later reduced to 3.0 g=l (and then to 2.0 g=l) to mitigate the
effects of a small leak in the IV (discussed in Sec. II A).
A 6.85 m radius stainless steel sphere (SSS) encloses the

central part of the detector and serves also as a support
structure for the 2212 8 in. (ETL 9351) PMTs.
The region between the OVand the SSS is filled with the

same inert buffer fluid (PC plus DMP) which is layered
between the IVand the OV. The apparatus consisting of the
PC and its solvents, the nylon vessels, and the internal
PMTs is called inner detector (ID).
The ID is contained in a tank (9 m base radius, 16.9 m

height) filled by ultrapure water. The total liquid passive
shielding of the central volume from external radiation
(such as that originating from the rock) is thus 5.5 m of
water equivalent. The water tank (WT) serves also as an
active veto [outer detector (OD)] allowing the detection of
the Cherenkov light induced by muons in water. For this
purpose 208 PMTs are installed on the external side of the
SSS and on the WT walls. The walls of the water tank are
covered by a reflective material to enhance the light
collection. Details of the OD are described in [23].
All the materials of the detector internal components

(stainless steel, phototubes, cables, light concentrators,
nylon) were specially selected for extremely low radio-
activity. Furthermore, only qualified ultraclean processes
were employed for their realization, followed by careful
surface cleaning methods.
The final assembly of the elements in the SSS was

carried out in clean room conditions: the entire interior of
the sphere was converted into a class 1000 clean room,
while in front of the main entrance of the sphere itself an on
purpose clean room of class 100–1000 was used for all the
final cleaning procedures of the equipment. Key elements
determining the success of the experiment were also the
many liquid purification and handling systems [24], which
were designed and installed to ensure the proper fluid
manipulation at the exceptional purity level demanded by
Borexino.
The PC was specially produced for Borexino by Polimeri

Europa (Sarroch-IT), according to a stringent quality
control plan jointly developed. It was shipped to LNGS
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FIG. 2 (color online). The schematic view of the Borexino
detector.
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j of the PS-BDThistogram, kj is the actual number of entries
in that bin, andm is the total number of bins of the PS-BDT
histogram.
LRadð~θÞ is defined in a way similar to LBDTð~θÞ. The

radial dependence is assumed uniform for all the species
except the external background. The PDFs of the radial
distribution of the external background and its energy
dependence has been obtained with the Monte Carlo
simulation, as described in Sec. XI.
We have performed Monte Carlo tests with datalike

samples to show that the statistical interpretation of like-
lihood-ratio tests holds for our computed total likelihood.

XXII. THE 7 Be-NEUTRINO INTERACTION RATE

The first measurement of the 7Be-ν interaction rate was
published by Borexino after only a few months of data
taking [5] and an update was reported in [6]. The accuracy
of those measurements was significantly improved in 2011
[7] using the results of the calibration campaign (see
Sec. VIII), a better understanding of the detector response,
and increased statistics. The data were collected in the
period from May 16, 2007 to May 8, 2010 and they
correspond to 740.7 live days after cuts and to 153.6 ton ×
year fiducial exposure. The resulting interaction rate of the
862 keV 7Be line [7] is

Rð7BeÞ ¼ 46.0 $ 1.5ðstatÞþ 1.5
−1.6ðsysÞ cpd=100 ton ð77Þ

and its corresponding νe-equivalent flux is ð2.79 $
0.13Þ × 109 cm−2 s−1. The νe-equivalent flux is calculated
by assuming that the total observed interaction rate is
due to electron flavor neutrinos only. Considering the
3-flavor neutrino oscillations, the equivalent flux is
ð4.43 $ 0.22Þ × 109 cm−2 s−1, which can be compared
with the expected SSM flux of Table II.
The 7Be-ν interaction rate has been obtained fitting only

the energy spectra (Sec. XX). The lower bound of the fit
region was chosen to avoid pileup between two 14C β
decays (Qβ ¼ 156 keV) and it corresponds to 270 keV. The
higher bound of the fit region is 1250 keV in the analytical
fit approach, in which the contribution of the external
background (208Tl, 214Bi) is not included. The Monte Carlo
fit includes the simulated spectrum of the external back-
ground allowing one to extend the fit region up to
1600 keV.
The weights for the 7Be neutrino signal and the main

radioactive background components (85Kr, 210Po, 210Bi,
and 11C) were left as free parameters in the fit, while the
contributions of the pp, pep, CNO, and 8B solar neutrinos
were fixed to the GS98-SSM predicted rates assuming
MSW-LMA neutrino oscillations (see Table II).
The 384 and 862 keV branches of the 7Be solar neutrinos

(see Fig. 1) are combined into a single spectrum. The
production ratio between the two branches is 10.52∶89.48.
Accounting for the energy-dependent survival probability

and interaction cross sections, the ratio between the
interaction rates is 3.9∶96.1. Similarly, we have combined
the 13N, 15O, and 17F recoil spectra into a single spectrum,
referred to as the CNO solar neutrino spectrum. The rates of
222Rn, 218Po, and 214Pb surviving the cuts were fixed using
the measured rate of 214Bi-214Po delayed coincidence
events.
Due to the slight eccentricity ε ¼ 0.01671 of the Earth’s

orbit around the Sun, the flux ΦE of solar neutrinos
reaching the Earth is time dependent:

ΦE ðtÞ ¼
RSun

4πr2ðtÞ
≃ RSun

4πr20

!
1 þ 2ε × cos

!
2πt
T

""
; ð78Þ

whereRSun is the neutrino production rate at the Sun, t is the
time in days from January 1, T is one year, rðtÞ is the time-
dependent Earth-to-Sun distance, and r0 is its mean value.
We are interested in the neutrino flux averaged over oneyear,
while the data acquisition periods are unevenly distributed
over a few years time interval. We have calculated the
expected flux for each period used in the data analysis using
Eq. (78). Thus,we have obtained the correction to be applied
to convert the measured flux into the yearly averaged flux.
The result is a multiplicative factor of 1.0003, a negligible
correction within the accuracy of the present data set.
All events accepted in the final energy spectra used in

the fit have to pass the selection criteria discussed in
Sec. XIII A. As described in Sec. XIII, the fit procedure
has been implemented both with and without statistical
subtraction of the 210Po-α peak (Sec. XIV). When statistical
subtraction is not applied, the additional Gαβ-based
energy-dependent cut described in Sec. XIII C is used.
Figures 52, 53, and 54 show some examples of fit results
obtained using various procedures. Figure 52 refers to the
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FIG. 52 (color online). Example of fit of the energy spectrum
obtained using the Monte Carlo method without α-β statistical
subtraction. The fit was done using theNh energy estimator. After
the fit, the horizontal axis was converted into an energy scale in
keV. The values of the best-fit parameters, the rates of individual
species, are given in cpd=100 ton.
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Figure 1: Expected event rates in dark matter detectors from (a) solar neutrino–electron scattering and (b)
solar neutrino–nucleus scattering in germanium. In (a), we use units of events per keVee per year per NA

electrons (where NA is the Avogadro number) to be able to compare rates in di↵erent materials. Thick
black lines correspond to the total event rate, while thin lines break the rate up into contributions from
di↵erent neutrino production processes. We also show the observed electron recoil spectra in XENON-
100 [39] (see text for details) and Borexino [34], from the low-threshold analysis of CDMS data [32], and the
event spectra from CoGeNT [25] and DAMA [40]. Since CoGeNT and DAMA cannot distinguish nuclear
recoils from electron recoils, we interpret their data as electron recoil in the left panel and as nuclear recoils
in the right panels.

of about 2 keVee. Measurements indicate that the light yield might actually be larger at lower
recoil energies (down to 30 keVee) [41], and if this trend continues to even lower recoil energies,
the energy threshold in XENON-100 might be even lower (and the background rate per keVee
somewhat higher) than what is shown in figure 1a. However, in many scintillators the light
yield peaks at Er ⇠ 10 keVee and drops steeply below [41], so that the exact sensitivity of
the XENON-100 detector to low-energy electron recoil events remains somewhat uncertain. In
figure 1, as well as figures 2 and 3, we indicate this uncertainty by a dashed red lines below
Er = 50 keVee. Besides Borexino and XENON-100, also the GEMMA experiment [42] has placed
limits on neutrino–electron scattering at low recoil energies. GEMMA limits are not directly
comparable to to the limits shown in figure 1 because GEMMA used not solar neutrinos, but
reactor anti-neutrinos, and thus the neutrino spectrum was di↵erent. We will comment more on
GEMMA in section 4 when discussing neutrino magnetic moments, and also in section 7.

Neutrino–nucleus interactions:

For neutrino–nucleus scattering (figure 1b), we compare the Standard Model prediction to the
observed event rates in CoGeNT [25] and CDMS [32]. Here we discuss only elastic neutrino–
nucleus scattering because it has been shown in [23] that the new physics contributions to the
cross sections for inelastic processes like neutrino-induced deuteron breakup or nuclear excitations
are about eight orders of magnitude smaller than the elastic scattering cross section in the class
of models we are interested in this paper. The reason is that in our models, deuteron dissociation
can only be mediated by an isoscalar vector current, whereas in the Standard Model, the isovector
axial vector gives by far the dominant contribution. Thus, considering the 4% uncertainty of

• 278 tons of scintillator, ~5m radius
• ~1300 days of data
• ~150 keV threshold, maybe lower?
• Good energy resolution
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FIG. 1. Multivariate fit results (an example obtained with the MC method) for the TFC-subtracted (left) and the TFC-tagged
(right) energy spectra, with residuals. The sum of the individual components from the fit (black lines) are superimposed on
the data (grey points).
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tion rates: (i) the light yield, (ii) a resolution parameter
which accounts for the non-uniformity of the response
and is relevant for the high-energy part of the spectrum,
(iii) a resolution parameter which accounts for the intrin-
sic resolution of the scintillator and e↵ectively takes into
account other contributions at low energy, (iv) the posi-
tion and width of the 210Po-↵ peak (to account for non-
uniform and time-varying spatial distribution of 210Po
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FIG. 3. Results of the fit for TFC-subtracted energy spectrum
zoomed in to the lowest energy region (an example obtained
with the analytical method) and residuals.

in the detector), and (v) the starting point of the 11C
spectrum, corresponding to the annihilation of the two
511 keV �’s. Leaving the above listed parameters free
gives the analytical fit the freedom to account for second-
order unexpected e↵ects or unforeseen variations of the
detector response in time.
The second method is based on the Borexino MC [14],

a customized Geant4-based simulation package [17],
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Figure 6: The background rate at Borexino. The black curve is extracted from [70] while the orange
and blue curves come from [54].

4 Current and Future Sensitivities

We are now ready to estimate the sensitivity of modulating luminous signals to inelastic dark
matter. We will focus on two regions of parameter space which can be probed by two different
types of detectors. In Sec. 4.1, we consider higher mass splitting, � >

⇠ 200 keV, which can be probed
by detectors with a high threshold, such as the large liquid scintillator neutrino detectors Borexino
and JUNO. In Sec. 4.2, we will consider low mass splittings which can be probed by large gaseous
detectors designed for dark matter directional detection, such as the proposed CYGNUS detector.

4.1 Sensitivity of Borexino and JUNO

In this section, we consider the Borexino detector and events observed during its running of 1291.5
days [54]. The observed rate in the vicinity of 250-600 keV is 0.1�0.5 events/(day⇥keV⇥100 tonnes).
This rate does not include the radioactive background from 210Po ↵-decay, since it can be effectively
subtracted using a fit of shower shape variables (see e.g. Figure 53 of [54]). The rate is dominated
by the 7Be neutrino signal, which amusingly serves as a background for our analysis. There are also
several radioactive backgrounds which play a significant role. Below 250 keV the 14C background
dominates, producing a much higher background rate. The background rate that we use to place
our bounds is shown in Fig. 6, and was extracted from [70] and [54]. In our estimate we will not

assume any fundamental understanding of these backgrounds but will instead make use of the daily
modulation of the signal.

The luminous dark matter signal is a spectral line at an energy E� ' � on top of this back-
ground. This line is smeared by the energy resolution which we take to be ⇠ 10% [54]. The
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Figure 2: Here are some plots for Borexino.

Figure 3: Here are some plots for JUNO.

5 Novel Bi-daily Modulation Signals in the Southern Hemi-

sphere

Next explain the modulation in the southern hemisphere that is exhibited in all of Josh’s 1
TeV plots.

Here Graham shows a picture of half a grapefruit.

- crust/mantle elemental abundance differences

6 Conclusions

Blah blah blah.
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“on”“off”

• Expect ~5 events/day—weak bound, no benefit from large exposure
• Use modulation to our advantage to measure background

Collaboration could (should!) do a full modulation analysis 
(sidereal/Cygnus time)

background rate within the line width is thus of order 5 events per day in Borexino for photon
energies above 250 keV. If it were not for the daily modulation of the signal, a conservative bound
would require that the luminous photon signal rate be below the observed background rate. This
would not make use of the large exposure of Borexino. However, the limit obtained by a modulation
analysis is much stronger and does take advantage of the order thousand tonnes⇥year exposure of
Borexino.

Performing a full-fledged modulation analysis is beyond the scope of our work. We instead
follow a simpler (though cruder) approach – dividing the sidereal day into two bins: signal-“on”
and signal-“off”. For simplicity we take each bin to be one-half of a sidereal day. The “on” bin
consists of the half-day in which the integrated signal rate is maximal, while the “off” bin is the
other half-day in which the signal rate is lowest. In most of the parameter space of interest, the
signal rate during the on bin will be much larger than that in the off bin, �on

s � �o↵
s and the off rate

can be neglected2. In the Northern Hemisphere the on bin consists of twelve consecutive sidereal
hours, but this does not have to be the case in general as can be seen in Fig. 4.

Employing this on-off approximation, one can “measure” the backgrounds using the signal-off
bin and use this to help search for the signal in the signal-on bin. The uncertainty in the prediction
of the background in the on bin will thus be set by the statistical uncertainty of the measurement in
the off bin. Suppose that during Borexino’s full run it has accumulated No↵ events during signal-off
times in a window of size ±0.1� around a hypothesized �. The reach of Borexino can be estimated
by requiring that the signal rate in the signal-on bin, �signal, does not exceed the expected statistical
fluctuations in the background rate in the signal-off bin,

�signal <⇠
2⇥ 1.64
p
No↵

�o↵ (18)

where No↵ = �o↵ to↵ and to↵ = 1/2 ⇥ 1291.5 days is the total signal-off time accumulated in
the exposure, and the factor of 1.64 arises because we consider a 90% confidence interval. This
procedure yields an expected limit which strengthens as the square root of the exposure.

In Fig. 7 we show the sensitivity of Borexino for a 1 TeV higgsino with decay length deter-
mined by Eq. (3). This figure is one of the main results of this paper. The figure demonstrates
that Borexino (and, in the future, JUNO) has the potential to substantially extend the bound on
narrowly-split higgsinos, � >

⇠ 380 keV (� >
⇠ 500 keV), using an alternative search strategy to direct

detection experiments. The weakening of the bound for � <
⇠ 250 keV is due to the growth of the

background at low energies, specifically 14C. We expect that an actual analysis, using the time-
stamps in the real data, will be able to improve upon our analysis at high � and potentially look
underneath this background which will not have a sidereal modulation.

The current bounds, also shown in Fig. 7, from the non-observation of nuclear recoil from
inelastic scattering are derived from [14] and shown using the latest results from CRESST-II [71],
PICO-60 [72], and XENON100 [23]. CRESST has accumulated 52 kg⇥days of data with nu-
clear recoil energies between 20-120 keVnr, they observed 4 events. PICO’s data corresponds to
⇠ 1300 kg⇥days of exposure with a sensitivity to recoils between 10� 103 keV, the lower threshold
varied over their data taking from 7� 20 keV but we take the lower limit fixed at 10 keV, they did

2In the off bin the signal is not quite off, but the validity of this approximation justifies its name.
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Figure 7: Projected sensitivity to the inelastic dark matter cross section in neutrino detectors.
The red, green, and blue curves represent (respectively) existing direct detection bounds from
CRESST II, PICO-60, and XENON100 (see [14]). The shaded regions of each curve represent the
uncertainty in vesc = 550±50 km/s. The black (gray) curves represent projected Borexino sensitiv-
ity using the existing 1291.5 days of running (projected JUNO sensitivity assuming Borexino-like
background and run time). The dashed horizontal gray line is the scattering cross section for a
narrowly-split higgsino.

not observe any events. The conventional analysis of XENON100 [73] is over an energy range of
6.6-43.3 keVnr. However, the collaboration have also carried out an analysis up to 240 keVnr, cor-
responding to 3� 180 PE in S1, and have presented their ⇠ 7600 kg⇥days of data over an enlarged
energy range, up to 1000 PE in S1 (see Figure 9 of Ref. [23]). They have not carried out a complete
analysis over this full range, so the efficiencies for nuclear recoils are not known; we assume they are
similar to those below 180 PE. Since they have not seen any events up to 1000 PE (⇠ 500 keVnr),
we place a bound. In all cases, after accounting for the mass fraction of the experiment made of
the heavy target element, we must apply a rescaling to account for efficiency effects. We determine
this rescaling by matching with the known constraint at � = 0 keV.

The sensitivity to the photon signal in Borexino (and presumably JUNO, in the future) is
limited by radioactive backgrounds and solar neutrinos scattering off the elements in the liquid
scintillator. The neutrino scattering was, after all, the motivation for the design of these exper-
iments. Substantial improvement could be achieved if these “backgrounds” could be reduced. A
similar sized detector but with a significantly reduced mass inside the detector, achieved by swap-
ping the liquid scintillator with a gaseous scintillator, would yield significant improvements in the
sensitivity to luminous dark matter. In the regime � >⇠ 150 keV, a Borexino-sized detector would see
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Limited by backgrounds at small splitting
Ideally would have a low threshold, large volume, low 
background (i.e. low mass) detector

Gas drift TPC’s: DMTPC, DRIFT, CYGNUS

Kamioka

Stawell

new lab 
funded in 
Australia

CYGNUS - Multiple Sites

LNGS

Boulby

Directionality benefit from multiple sites at different latitude  

Jinping

Eventual CYGNUS
detectors!

in 5 laboratories

with coordinated analysis  

Neil Spooner, IDM 2018

DRIFT TPC example (~1.5D wires)

arXiv: 1010.3027
arXiv: 1410.7821

arXiv: 1701.00171
(31	gram	F,	40	Torr,	~50	
days,	zero	background)

Astroparticle Physics 
91 (2017) 65–74	

non	directional

 • 1m3 negative ion (CS2:CF4:O2), 3D fiducialised, zero background  
 • First result in “DAMA Region” with directionality  
 • US-UK collaboration at Boulby   

Neil Spooner, IDM 2018

CYGNUS: Gas TPC Conceptual Design
These advances show how to reach the required technical goals:
 • Gas Mixtures: SF6:He,(CF4) p ~1atm  

• Can switch between higher density (search 
mode) and lower density gas for (improved) 
directional confirmation of WIMP signal

 • Threshold at <1 keVe  
• Use of high gain stages
• Ultimate is W~30 eV

 • Reduced diffusion via -ve ion drift   

 • 3D Fiducialisation    
• SF6 minority carriers 
•  charge cloud profile	

 • He target    
•  Improved sensitivity to low mass WIMP    
•  Longer recoil tracks, extending directionality to lower energies   

 • Reasonable detector volumes (10 m3 to 1000 m3)   

 • Active electron rejection at ~GeV  

Neil Spooner, IDM 2018

Energies ~10 keVee — ~ 200 keVee. 1m3, 10m3 ,1000m3 

volumes.  Low mass (gass filled).  No 14C.  
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Figure 8: Projected sensitivity to the inelastic dark matter cross section in gaseous dark matter
detectors such as CYGNUS. The blue curve represents existing direct detection bounds from
XENON100, and the black solid line is the projected limit from Borexino, as in Fig. 7. The purple
lines represent an experiment with CYGNUS-like background projections, with detector volume
1 m3 (short dashed), 10 m3 (thick), and 1000 m3 (long dashed). The dotted purple line represents
the projected sensitivity of a hypothetical zero-background experiment with detector volume 10 m3.
For the CYGNUS curves, we only show the sensitivities with vesc = 550 km/s.

keV since this is typically the highest energy at which existing directional detector collaborations
have calibrated their detector response.

The dramatic increase in sensitivity below 160 keV is a result of inelastic dark matter be-
ing able to scatter off iron. In practice, there would be improved sensitivity even between
150 keV <

⇠ � <
⇠ 200 keV due to elements in the Earth that are more abundant than lead but also

heavier than iron (such as barium). For � <
⇠ 85 keV it is possible for dark matter to scatter off

silicon, and for lower � this will dominate. Once � <
⇠ 40 keV, the characteristic decay length,

Eq. (3), exceeds the diameter of the Earth and the sensitivity decreases rapidly. Remarkably, a
10 m3 detector employed to search for the luminous signal (and with a conservative assumption of
the background as described above) has comparable sensitivity to what XENON100 has achieved
by searching for the signal of inelastic nuclear recoil.

Larger volumes and/or lower backgrounds would significantly improve the sensitivity of
CYGNUS to the luminous signal, see Fig. 8. CYGNUS is designed as a directional dark mat-
ter detector and will suppress backgrounds by using pointing of the dark matter recoil signal. The
signal of luminous dark matter is not pointing but is instead modulating in a unique way. As
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Figure 8: Projected sensitivity to the inelastic dark matter cross section in gaseous dark matter
detectors such as CYGNUS. The blue curve represents existing direct detection bounds from
XENON100, and the black solid line is the projected limit from Borexino, as in Fig. 7. The purple
lines represent an experiment with CYGNUS-like background projections, with detector volume
1 m3 (short dashed), 10 m3 (thick), and 1000 m3 (long dashed). The dotted purple line represents
the projected sensitivity of a hypothetical zero-background experiment with detector volume 10 m3.
For the CYGNUS curves, we only show the sensitivities with vesc = 550 km/s.

keV since this is typically the highest energy at which existing directional detector collaborations
have calibrated their detector response.

The dramatic increase in sensitivity below 160 keV is a result of inelastic dark matter be-
ing able to scatter off iron. In practice, there would be improved sensitivity even between
150 keV <

⇠ � <
⇠ 200 keV due to elements in the Earth that are more abundant than lead but also

heavier than iron (such as barium). For � <
⇠ 85 keV it is possible for dark matter to scatter off

silicon, and for lower � this will dominate. Once � <
⇠ 40 keV, the characteristic decay length,

Eq. (3), exceeds the diameter of the Earth and the sensitivity decreases rapidly. Remarkably, a
10 m3 detector employed to search for the luminous signal (and with a conservative assumption of
the background as described above) has comparable sensitivity to what XENON100 has achieved
by searching for the signal of inelastic nuclear recoil.

Larger volumes and/or lower backgrounds would significantly improve the sensitivity of
CYGNUS to the luminous signal, see Fig. 8. CYGNUS is designed as a directional dark mat-
ter detector and will suppress backgrounds by using pointing of the dark matter recoil signal. The
signal of luminous dark matter is not pointing but is instead modulating in a unique way. As
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The Photon Phrontier 

Figure 1: A cartoon summarizing the luminous dark matter signal discussed in this work. A heavy
dark matter particle, �1, is coming from the direction of the Cygnus constellation and approaching
Earth with high speed (left). This allows it to upscatter off a (lead) nucleus somewhere within the
Earth, deviating from its direction only slightly (middle). The excited state, �2, decays back to �1

and a photon in an underground detector located on the opposite side of the Earth (right). The
rate for this process would be much lower had the detector been on the Cygnus-facing side of the
planet.

first proposed dark matter which upscatters to an excited state in the rock outside of a detector,
and then decays into a photon that needed to be a few keV, with the goal of explaining the DAMA
annual modulation. Alas, this novel DAMA explanation is ruled out by other direct detection
experiments. Another idea, “dark matter in two easy steps” [11], proposed dark matter which
upscatters into an excited state in lead shielding surrounding a neutrinoless double beta decay
experiment, and then decays into a photon of order one hundred keV. This analysis shares some
similarities with our paper: we both propose that inelastic dark matter is excited by lead outside
of the detector volume, and propose looking for the photon from the decay of the excited state
back into dark matter. Moreover, we both recognize that there is large sidereal-daily modulation
of the rate that can be used to separate signal from background. The main differences between our
analysis and theirs is: we utilize the entire Earth as upscatter material (focusing on upscatters off
lead and iron); and, we consider a large range of photon energies between about 5-600 keV. The
upper end of this range has the weakest constraints from direct detection experiments. The range
75-125 keV, which was the main focus of [11], is significantly constrained by PICO and the high
recoil analysis of XENON100 [14]. Reinterpreting these bounds on the magnetic inelastic transition
strength [14] implies the the characteristic decay length of the excited state exceeds 50 (500) meters
once � <

⇠ 150 (100) keV. At these lengths, the gain from integrating over the trace lead abundance
in the Earth is substantial in comparison to utilizing the close-in concentrated lead shielding of
experiments sensitive to these photon energies.

In this paper we also decouple the upscatter process from the excited state decay. This is
well-motivated, since there are many specific models that can have a large inelastic scattering rate,
small elastic scattering rate, and excited state decay that all proceed through different processes.
Examples include a variety of elementary candidates such as the wino and higgsino [44–47] as well
as composite candidates [48]. The prototypical example model for this paper is the narrowly-split
higgsino that arises from split Dirac supersymmetry [49]: in this model, the abundance of dark
matter matches cosmological observations for m�0

1
⇠ 1 TeV; the neutral higgsino states �0

1,2 are
narrowly split by hundreds of keV; the dominant elastic scattering cross section is exceptionally small
due to the twist-2 operator suppression as well as the cancellation against Higgs boson exchange

3

• iDM challenges direct detection in unique ways—raise energy 
threshold

• Luminous process to probe inelastic DM
• Whole Earth is target, multiple elements
• Search for de-excitation photon in large volume (not mass!), low 

threshold detectors
• Borexino, JUNO, CYGNUS
• Can beat traditional direct detection experiments, at large and 

small delta
• Novel sidereal day modulation, latitude dependence


