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Great things from the 80’s
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ROTATIONAL PROPERTIES OF Sc GALAXIES 477 

measured velocity, Rf, is listed in column (13), and the 
ratio of the two, Rf/Rl,b, in column (14). Only for three 
galaxies is the coverage less than 707o: NGC 753 
(55%), 709 (617o), and UGC 2885 (6770). Except for 
UGC 2885, the largest Sc we have identified, addi- 
tional observations would add little to our conclusions. 

Radial velocities for 13 of these galaxies are listed in 
RC2. The mean difference |ERC2 — Ehere| = 81 
± 25 km s-1. For NGC 1087, the published velocity 
differs by +321 from our value. Once again, we stress 
that large velocity errors permeate existing catalogs. 

III. THE ROTATION CURVES 

We assume that the emission arises from H n regions 
which are moving in planar circular orbits about the 
center of each galaxy. The observed line-of-sight 
velocities along the major axis can then be projected to 
velocities in the plane of each galaxy, with V(R) 
= (Vobs — V0)/sin i. For galaxies for which the major 
axis (j) is displaced from the position angle of the 

spectrum, rç, the circular velocity is given by 

i// m ( F°bs - Ko)[sec2 i - tan2 i cos2 (»7 - 0)]1/2 
=   ^^   — > 

sin i cos (rj — 0) 
R = ¿[sec2 i - tan2 i cos2 (rj - 0)]1/2 , 

where s is the nuclear distance on the plane of the sky 
and R is the nuclear distance in the plane of the galaxy. 
Values for 0 and i are listed in columns (7) and (8) of 
Table 1. The adopted rotation curve is formed from 
both sides of the major axis. In general, velocities are 
reasonably symmetrical on both sides of the major 
axis; the principal exceptions are NGC 3672, 1421, 
4321, and 7541. A simple way to determine the 
symmetry properties of the velocities is to trace a 
smooth curve through the points in Figure 4, then 
rotate the tracing paper 180° about the origin and 
compare the traced line with the plotted points. The 
adopted rotation curves are plotted in Figure 5, ar- 
ranged by increasing linear radii, and the velocities are 
listed in Table 2. 

DISTANCE FROM NUCLEUS (kpc) [h= 50 km s'1 Mpc‘] 

Fig. 5.—Mean velocities in the plane of the galaxy, as a function of linear distance from the nucleus for 21 Sc galaxies, arranged according to 
increasing linear radius. Curve drawn is rotation curve formed from mean of velocities on both sides of the major axis. Vertical bar marks the 
location of Æ25> the isophote of 25 mag arcsec “2 ; those with upper and lower extensions mark Rl b, i.e., R2 5 corrected for inclination and galactic 
extinction. Dashed line from the nucleus indicates regions in which velocities are not available, due to small scale. Dashed lines at larger R 
indicates a velocity fall faster than Keplerian. 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 

Vera Rubin, Ford and Thonnard, June 1980Madonna, 1980



A Naive Solution
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Amazingly: Still not clear-cut on galactic scales

∇2Φ = 4πGρ

IR Modification
to GR Dark Matter

Some mix



The Missing Mass Problem 
on Galactic Scales, 2019
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Flat Rotation Curves

Issues with Small Scales:

Missing Satellites

Too Big To Fail

Core vs Cusp

DM Correlations with Baryons:

Baryonic Tully Fisher

and also…



Galaxy Scale Observables 
The Diversity Problem
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Diversity of inner rotation curves even for 
galaxies with similar halo and stellar mass.
Rotation curves correlate with baryons



Galaxy Scale Observables 
The Diversity Problem
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Low surface brightness - halo is cored
High surface brightness - halo is cusped
Self similar if scaled to baryonic scale radius

DM dominated
galaxies!
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Galaxy Scale Observables 
Renzo’s Rule
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Sancisi, 2003



Galaxy Scale Observables 
The Radial Acceleration Relation (RAR)

!8McGaugh, Lelli, 2017

Lelli et. al, 2017

A tight correlation and an 
acceleration scale appear in 

rotation curve data from 
the SPARC catalog



Galaxy Scale Observables 
The Baryonic Tully-Fisher Relation
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A result of the 
information in the low 

end of the RAR

14

Fig. 12.— Left: The acceleration force relation considering all galaxy types. The colorscale represents ⇠2700 points from 153 LTGs: blue
squares and dashed lines show the mean and standard deviation of binned data, respectively. Red circles and orange diamonds indicate
rotating ETGs and X�ray ETGs, respectively. Small grey hesagons show dSphs: the large green hesagons show the mean and standard
deviation of binned data. Right: The mass discrepancy � acceleration relation, where the vertical axis shows Mtot/Mbar ' gobs/gbar. This
is equivalent to subtracting the 1:1 line from the radial acceleration relation. Symbols are the same as in the left panel.

tral density relation (Lelli et al. 2013, 2016c), (iv) the
“baryons-halo conspiracy” (van Albada & Sancisi 1986),
(v) Renzo’s rule (Sancisi 2004), (vi) the Faber-Jackson
relation (Faber & Jackson 1976), and (vii) the �? � VH I

relation (Serra et al. 2016). In the following, we discuss
the interplay between these di↵erent dynamical laws.

7.1. Baryonic Tully-Fisher Relation

The BTFR is a consequence of the bottom-end portion
of the radial acceleration relation. At large radii, we have

gobs(R) ' V 2

f

R
and gbar(R) '

GMbar(R)

R2
. (16)

The former equation is straightforward since Vf is de-
fined as the mean value along the flat part of the rota-
tion curve (e.g., Lelli et al. 2016b). The latter equation
is reasonably accurate since the monopole term typically
dominates the baryonic potential beyond the bright stel-
lar disk. The BTFR considers a single value of Vf andMb

for each galaxy. The radial acceleration relation, instead,
considers each individual point along the flat part of the
rotation curve and the corresponding enclosed baryonic
mass. For LTGs and ETGs, the low-acceleration slope
of the relation is fully consistent with 0.5, hence

gobs /
p
gbar ) V 2

f

R
/

p
GMbar

R
. (17)

This eliminates the radial dependence and gives a BTFR
with a slope of 4. A di↵erent bottom-end slope of the ra-
dial acceleration relation would preserve the radial de-
pendence and imply a correlation between the BTFR
residuals and some characteristic radius, contrary to the
observations (e.g., Lelli et al. 2016b). We stress that

these results are completely empirical. Remarkably, this
phenomenology was anticipated by Milgrom (1983).

7.2. HSB-LSB Dichotomy and Central Density Relation

HSB galaxies have steeply rising rotation curves and
can be described as “maximum disks” in their inner parts
(e.g., van Albada & Sancisi 1986), whereas LSB galaxies
have slowly rising rotation curves and are DM dominated
at small radii (e.g., de Blok &McGaugh 1997). Lelli et al.
(2013) find that the inner slope of the rotation curve
correlates with the central surface brightness, indicating
that dynamical and baryonic densities are closely related.
In Lelli et al. (2016c), we estimate the central dynamical
density ⌃dyn(0) of SPARC galaxies using a formula from
Toomre (1963). We find that ⌃dyn(0) correlates with
the central stellar density ⌃?(0) over 4 dex, leading to a
central density relation (see also Swaters et al. 2014).
The shape of the central density relation is similar to

that of the radial acceleration relation. These two rela-
tions involve similar quantities in natural units (G = 1),
but there are major conceptual di↵erences between them:

1. The radial acceleration relation unifies points from
di↵erent radii in di↵erent galaxies, whereas the cen-
tral density relation relates quantities measured at
R ! 0 in every galaxy. The latter relation can be
viewed as a special case of the former for R ! 0.

2. The Poisson’s equation is applied along the “bary-
onic axis” of the radial acceleration relation (gbar),
while it is used along the “dynamical axis” of the
central density relation (⌃dyn) via Equation 16 of
Toomre (1963). Basically, these two relations ad-
dress the same problem in reverse directions: (i)
in the radial acceleration relation we start from

Lelli et. al., 2015



Galaxy Scale Observables 
What models resolve these issues?
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Galaxies provide clues that DM correlates with baryons.

Examples of solutions are:

Galactic Scale 
Observations

CDM with
baryonic feedback

Self Interactions
SIDM

Models with a
MOND-like force

e.g. Superfluid

Modified Gravity
MOND / TeVeS

Known to “shine” in galaxies

These are Preferred 
(even in galaxies)

SUMMARY OF THIS TALK

Or maybe DM mimics MOND on galactic scales?



Phenomenology of the Solutions
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∇2Φ = 4πGρ

IR Modification
to GR Dark Matter

Some mix



Dark Matter Pheno
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Galactic dynamics driven by 
an extended DM halo

Halo shape is weakly 
constrained by measurements

NFW-like profile probable 
from N-body simulations

Amplifies acceleration via 
additional density profile

abar,z
abar,R

aDM,r



Galactic dynamics driven 
purely by baryons

Most simple example is a scalar 
enhancement to Newtonian 
gravity

Designed to reproduce flat 
rotation curves: 

MOND-like forces amplify 
acceleration:

MOND-Like Pheno
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Words of deep brilliance to awe and inspire...

I. INTRODUCTION

In the late twentieth century, the discovery that galac-
tic rotation curves flatten at large radii [1, 2] revolution-
ized our understanding of galactic dynamics. This sin-
gular observation is often considered the first definitive
evidence for the existence of dark matter (DM). The stan-
dard assumption is that the presence of ‘halo’ of dark
matter provides the needed acceleration to explain the
rotation curve observation. Our goal in this work is to
test this assumption about the dark matter halo directly
using Milky Way dynamics, and to compare how well
the halo assumption works relative to other possible al-
terations of the Milky Way’s gravitational field.

To explain the fact that the rotation curve is flat near
the Solar position requires that the local dark matter
density scale as ⇢DM = ⇢̃DM/r2. This dependence on the
Galactocentric radius yields a constant circular velocity,
assuming that the halo is isothermal and in equilibrium.
This simple framework is quite predictive, providing ad-
ditional observables that can be tested. One example
is to look beyond the e↵ect on radial acceleration, and
to study the impact on the vertical acceleration of local
stars. In particular, if the local dark matter density dis-
tribution only depends on the radial coordinate, then its
contribution to the vertical acceleration of nearby stars
is simply proportional to 4⇡G⇢̃DMz, where z is the height
above the mid-plane and G is Newton’s gravitational con-
stant.

Standard methods of estimating the local dark matter
density use Jeans equation to infer the ⇢̃DM from the ver-
tical acceleration of local stars. Historically, these studies
always assume, by default, that the dark matter halo im-
pacts the local dynamics following the prescription de-
scribed above. Our approach in this work is di↵erent:
we want to study the consistency of the DM expectation
with data, comparing it to other possible scaling relations
that relate the radial and vertical accelerations of nearby
stars. In this manner, we can test a fundamental pre-
diction of the presence of the DM halo using observables
specific to our local neighborhood in the Galaxy.

As a point of comparison to the dark matter halo sce-
nario, we explore a class of phenomenological models,
motivated by the idea of Modified Newtonian Dynamics
(MOND) [], where the observed acceleration of a particle

a scales as

a =

(
aN a � a0p
a0aN a ⌧ a0 .

(1)

Here, aN = �r�N is its Newtonian acceleration due to
the baryonic potential (i.e. the potential which solves
the Poisson equation with no dark matter). The acceler-
ation scale at which the rotation curve flattens is a0. In
particular, we assume that

a = ⌫

✓
aN
a0

◆
aN, (2)

where the interpolation function, ⌫(aN/a0), is a func-
tion that must obey the asymptotic behavior specified
in Eq. (1), but is otherwise arbitrary. This type of be-
haviour is a prediction of various MOND-like theories1.
However, in this study, we do not restrict the analysis to
any specific interpolation function but rather only test a
generic interpolation function in the region where mea-
surements are sensitive to it. Thus, for the remainder
of this work, we refer to the behavior of Eq. (2) simply
as a theory of modified gravity. Importantly, the main
feature of this theory is isotropy, i.e. the theory does not
di↵erentiate between the components of the acceleration
vector for any coordinate system.
In our analysis, we consider a modified gravity frame-

work defined by Eq. (2), where ⌫(ab/a0) is an interpola-
tion function which is assumed to follow the asymptotic
behavior specified by Eq. (1), but is otherwise arbitrary.
A variety of modified gravity theories simplify to Eq. (2)
in the presence of a spherical or cylindrical symmetry [3].
[MTM: There are other citations we throw in here.] The
most general solutions typically also have a divergenceless
vector field that also contributes to the a. Appendix ??
reviews these e↵ects and demonstrates that the contri-
butions of this field can be safely neglected.
As we will study only a localized region in the Solar

neighborhood, we can motivate a linear expansion of ⌫.
In doing so, we reduce the arbitrary function in Eq. (2)
to two constants, which we treat as free parameters. In

1 Strictly speaking, the behavior of Eq. (2) is a result of theories
know as Quasi-Linear MOND (QuMOND).

abar,z
abar,R

aobs,z

aobs,R
2.3 OLD STUFF

Then, the Fourier Transform of µ(|r�(z)|/a0) is,

µ

✓
|r�(z)|

a0

◆
=

Z 1

1
µ̃

✓
|r�(k)|

a0

◆
e
�ikz

dk (2.29)

� / log r ! a / 1

r
! vc / const (2.30)

3 Emergent Gravity Theory

Empiracally, the acceleration scale is at,

a(r) = G
M(r)

r2
<

H0

2
(3.1)

Now, note something known about BHs. That if the entropy and temperature are given by,

S =
A

4⇡G
(3.2)

and,

T =
g

2⇡
. (3.3)

Since in a BH, the mass, acceleration and area are related by,

dM =
g

2⇡

dA

4G
, (3.4)

if one replaces g and dA/G, one gets the first law of thermodynamics,

dE = TdS. (3.5)

Importantly, this means that if there is some entropy related to a system (eg a BH), then this

translates to energy which can alter gravity. This is the general point of emergent gravity.

A thought experiment: If one lowers a mass m with dimensions R into a BH, the work done

during the period when the mass is moving through the horizon is W = F · R = mgR. This work

is transferred into entropy of the BH, so according to the first law of thermodynamics,

W = mgR = TS =
g

2⇡
S. (3.6)

The result is that the entropy increases by,

S = 2⇡mR. (3.7)
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MOND-like theories: MOND, QuMOND, TeVeS, AQUAL, Superfluid DM

All try to reproduce rotation curves:

All reduce to:

With an interpolation function with asymptotes:
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MOND-like forces
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I. INTRODUCTION

In the late twentieth century, the discovery that galac-
tic rotation curves flatten at large radii [1, 2] revolution-
ized our understanding of galactic dynamics. This sin-
gular observation is often considered the first definitive
evidence for the existence of dark matter (DM). The stan-
dard assumption is that the presence of ‘halo’ of dark
matter provides the needed acceleration to explain the
rotation curve observation. Our goal in this work is to
test this assumption about the dark matter halo directly
using Milky Way dynamics, and to compare how well
the halo assumption works relative to other possible al-
terations of the Milky Way’s gravitational field.

To explain the fact that the rotation curve is flat near
the Solar position requires that the local dark matter
density scale as ⇢DM = ⇢̃DM/r2. This dependence on the
Galactocentric radius yields a constant circular velocity,
assuming that the halo is isothermal and in equilibrium.
This simple framework is quite predictive, providing ad-
ditional observables that can be tested. One example
is to look beyond the e↵ect on radial acceleration, and
to study the impact on the vertical acceleration of local
stars. In particular, if the local dark matter density dis-
tribution only depends on the radial coordinate, then its
contribution to the vertical acceleration of nearby stars
is simply proportional to 4⇡G⇢̃DMz, where z is the height
above the mid-plane and G is Newton’s gravitational con-
stant.

Standard methods of estimating the local dark matter
density use Jeans equation to infer the ⇢̃DM from the ver-
tical acceleration of local stars. Historically, these studies
always assume, by default, that the dark matter halo im-
pacts the local dynamics following the prescription de-
scribed above. Our approach in this work is di↵erent:
we want to study the consistency of the DM expectation
with data, comparing it to other possible scaling relations
that relate the radial and vertical accelerations of nearby
stars. In this manner, we can test a fundamental pre-
diction of the presence of the DM halo using observables
specific to our local neighborhood in the Galaxy.

As a point of comparison to the dark matter halo sce-
nario, we explore a class of phenomenological models,
motivated by the idea of Modified Newtonian Dynamics
(MOND) [], where the observed acceleration of a particle

a scales as

a =

(
aN a � a0p
a0aN a ⌧ a0 .

(1)

Here, aN = �r�N is its Newtonian acceleration due to
the baryonic potential (i.e. the potential which solves
the Poisson equation with no dark matter). The acceler-
ation scale at which the rotation curve flattens is a0. In
particular, we assume that

a = ⌫

✓
aN
a0

◆
aN, (2)

where the interpolation function, ⌫(aN/a0), is a func-
tion that must obey the asymptotic behavior specified
in Eq. (1), but is otherwise arbitrary. This type of be-
haviour is a prediction of various MOND-like theories1.
However, in this study, we do not restrict the analysis to
any specific interpolation function but rather only test a
generic interpolation function in the region where mea-
surements are sensitive to it. Thus, for the remainder
of this work, we refer to the behavior of Eq. (2) simply
as a theory of modified gravity. Importantly, the main
feature of this theory is isotropy, i.e. the theory does not
di↵erentiate between the components of the acceleration
vector for any coordinate system.
In our analysis, we consider a modified gravity frame-

work defined by Eq. (2), where ⌫(ab/a0) is an interpola-
tion function which is assumed to follow the asymptotic
behavior specified by Eq. (1), but is otherwise arbitrary.
A variety of modified gravity theories simplify to Eq. (2)
in the presence of a spherical or cylindrical symmetry [3].
[MTM: There are other citations we throw in here.] The
most general solutions typically also have a divergenceless
vector field that also contributes to the a. Appendix ??
reviews these e↵ects and demonstrates that the contri-
butions of this field can be safely neglected.
As we will study only a localized region in the Solar

neighborhood, we can motivate a linear expansion of ⌫.
In doing so, we reduce the arbitrary function in Eq. (2)
to two constants, which we treat as free parameters. In

1 Strictly speaking, the behavior of Eq. (2) is a result of theories
know as Quasi-Linear MOND (QuMOND).

2 Solving for the Local Potential

Assuming cylindrical symmetry and a system in equilibrium, the Euler equation is,

1

r⌘A
@r

�
r⌘A�

2
A,rz

�
+

1

⌘A
@z

�
⌘A�

2
A,zz

�
+ @z� = 0 (2.1)

where � is the total gravitational potential (both for the Newtonian and the MOND cases). ⌘A is

the number density of population A. Under the assumptions that:

• �2
A,rz is negligible. Close to the mid-plane, axial symmetry requires this to be true.

• �2
A,zz is constant. This is true if the stellar populations are well thermalized.

The Euler equation has the following solution,

⇢A(z) = ⇢A(0)e
��(z)/�2

A,zz (2.2)

where we have assumed that ⇢A / ⌘A.

⌫ (xN) =

8
><

>:

x�1/2
N xN ⌧ 1

1 xN � 1
(2.3)

The MONDian Poisson equation is,

r
✓
µ

✓
|r�|
a0

◆
r�

◆
= 4⇡G⇢ (2.4)

where vector values should be understood from context since I am lazy to write them explicitly.

We will be interested in regions of the galaxy at which µ is either equal to or close to unity. Writing

µ(x) in the form,

µ(x) = 1 +⇥(x0 � x) (µ(x)� 1) ⌘ 1 +⇥(x0 � x)µ̃(x) (2.5)

where x0 is the value of x for which µ(x0) begins to depart from unity, i.e. it can be defined for

some fraction of unity, �, as the solution of,

µ(x0) ⌘ �. (2.6)

Considering various µ̃(x) functions, the expansion around x = x0 ' 1 is,

µ̃1(x) =
xp

1 + x2
� 1 ! �3(1� �2)3/2x� 1

µ̃2(x) =
x

1 + x
� 1 ! (� � 1)2x+ (�2 � 1)

(2.7)
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slope of the interpolation function at the solar neighbour-
hood. The main finding was that a MOND-like theory is
marginally compatible with other MW observables such
as its scale radius and bulge mass, and additionally that
a DM theory is a far more likely fit to MW data. In
this analysis, the results of [7] are reinterpreted in the
context of specific interpolation functions and compared
with the RAR and with interpolation function dependent
Solar System constraints. The main finding is that, for
the functions considered in this study, there is extreme
tension between the various constraints, pointing
towards the RAR being incompatible with such an inter-
pretation unless di↵erent functions or additional param-
eters are added to the theory. no specific interpolation
functions were considered, but rather a generic isotropic
modification to gravity was tested

The letter is organized as follows. In Sec ??, ....

II. THE MODIFIED GRAVITY
INTERPRETATION OF THE RAR

In the modified gravity interpretation of the RAR, the
correlation between a and aN is just a measurement of
⌫(xN). In practice, the complete set of valid interpolation
functions is infinitely large and no generic parametriza-
tion is available. However, four sub-classes of possible
⌫(xN) functions exist in the literature [8, 9], namely,

⌫↵(xN) =

0

@1 +
�
1 + 4x�↵

N

� 1
2

2

1

A

1
↵

(3)

⌫̃↵(xN) =
�
1 + e

�xN
�� 1

2 + ↵e
�xN (4)

⌫̄↵(xN) =
⇣
1� e

�x↵
N

⌘ 1
2↵

+

✓
1�

1

2↵

◆
e
�x↵

N (5)

⌫̂↵(xN) =
⇣
1� e

�x↵/2
N

⌘� 1
↵

. (6)

In [1], the RAR data was fitted to the function ⌫̄1/2(xN)
(or equivalently ⌫̂1(xN)) and a scale for the acceleration
scale was extracted with a best fit value of a0 ⇡ 1.2 ⇥

10�10 m·sec�2.
As mentioned above, a result of [? ] was the best fit

parameter of the Taylor expansion of ⌫(xN) to the MW
data considered in that study. Results are presented in
Fig. 1 overlaid onto the SPARC data itself. In the figure,
the interpolation functions of Eqs.[OS: ???] are plotted
using values of ↵ and a0 which best fit the MW study
(green) and the RAR data (blue). [OS: Discuss that the
fit is good.] Comparing the best fits for the MW data
with those of the SPARC data, one finds that all four
function fit both data sets up to small deviations of ⇠
[OS :???]%. Thus, taking these analyses only, one finds
that the results are consistent with each other assuming
any of the interpolation functions considered here.

Additionally, the original analysis of [] considered fit-
ting the SPARC data to a single form of interpolation

function with a specific value of ↵. For the purposes of
this study, the same analysis has been applied to the four
interpolation functions considered here with the values
of both ↵ and a0 set as fitted parameters. [OS: Add dis-
cussion here about what exactly has been done to make
these contours.] The results are presented in Fig. 2 where
best fit regions in the ↵ vs a0 plane are plotted as solid
black curves for each interpolation function. The shaded
orange region corresponds to the best fit from the MW
analysis of [? ]. [OS: Explain this after final plots.]. The
additional information on these plots is explained below.
Importantly, all the results above have assumed that

Eq. (1) is valid. However, a more complete version of
this equation involves the addition of an arbitrary diver-
genceless field, which manifests as the di↵erence between
the two sides of the equation. Details are presented in
App. A and the full equation including the divergence-
less field is Eq. (A1). As discussed in the appendix, under
certain circumstances, the presence of this field, S, can
be neglected. This has been shown to be the case for the
MW study of [? ] and is expected to be true for the
SPARC analysis as well for the same reasons.

III. SOLAR SYSTEM CONSTRAINTS

The naive expectation of a MOND-like theory is that
it should e↵ect phenomena only at acceleration scales on
the order of, or below a0 ⇡ 10�10 m · sec�2. However,
interestingly, certain phenomena are present even in the
regime of much larger accelerations. Specifically, these
theories lead to potentially observable post-Newtonian
(PN) corrections to Solar System dynamics. In its sim-
plest form, this PN correction arises from the fact that
at high accelerations, ⌫(xN)� 1 is small but finite. This
e↵ect is isotropic in nature, and thus, in terms of the mul-
tipole expansion of the gravitational field, corresponds to
a correction to the monopole moment. This correction
can e↵ect the perihelion advance of planets in the so-
lar system and was studied in detail in [10] (however see
comment in [8]). The e↵ect is however only sizable for
polynomially decaying ⌫(xN) functions, for example that
of Eq. (3), and cannot be observed for the case of expo-
nentially decaying ⌫(xN) functions, for example Eqs. (4)–
(6).
Another, more subtle e↵ect, is the result of the di-

vergenceless field, S, as well as a property of MOND-like
theories known as the External Field E↵ect (EFE). As ex-
plained in App. B, the EFE (as well as the existence of S)
is a result of the non-linear nature of MOND-like theories.
A summary of the EFE is that any accelerating system
which is in the presence of some background acceleration
field will always experience MONDian e↵ects originat-
ing from the existence of the background field. A simple
and intuitive realization of this is evident if one consid-
ers that somewhere within the accelerating system, the
Newtonian acceleration will be of equal size, but oppo-
site direction, to the Newtonian background field. At this

For example:

McGaugh, et. al. 2016

2.3 OLD STUFF

Then, the Fourier Transform of µ(|r�(z)|/a0) is,

µ

✓
|r�(z)|

a0

◆
=

Z 1

1
µ̃

✓
|r�(k)|

a0

◆
e
�ikz

dk (2.29)

� / log r ! a / 1

r
! vc / const (2.30)

3 Emergent Gravity Theory

Empiracally, the acceleration scale is at,

a(r) = G
M(r)

r2
<

H0

2
(3.1)

Now, note something known about BHs. That if the entropy and temperature are given by,

S =
A

4⇡G
(3.2)

and,

T =
g

2⇡
. (3.3)

Since in a BH, the mass, acceleration and area are related by,

dM =
g

2⇡

dA

4G
, (3.4)

if one replaces g and dA/G, one gets the first law of thermodynamics,

dE = TdS. (3.5)

Importantly, this means that if there is some entropy related to a system (eg a BH), then this

translates to energy which can alter gravity. This is the general point of emergent gravity.

A thought experiment: If one lowers a mass m with dimensions R into a BH, the work done

during the period when the mass is moving through the horizon is W = F · R = mgR. This work

is transferred into entropy of the BH, so according to the first law of thermodynamics,

W = mgR = TS =
g

2⇡
S. (3.6)

The result is that the entropy increases by,

S = 2⇡mR. (3.7)

8
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I. INTRODUCTION

In the late twentieth century, the discovery that galac-
tic rotation curves flatten at large radii [1, 2] revolution-
ized our understanding of galactic dynamics. This sin-
gular observation is often considered the first definitive
evidence for the existence of dark matter (DM). The stan-
dard assumption is that the presence of ‘halo’ of dark
matter provides the needed acceleration to explain the
rotation curve observation. Our goal in this work is to
test this assumption about the dark matter halo directly
using Milky Way dynamics, and to compare how well
the halo assumption works relative to other possible al-
terations of the Milky Way’s gravitational field.

To explain the fact that the rotation curve is flat near
the Solar position requires that the local dark matter
density scale as ⇢DM = ⇢̃DM/r2. This dependence on the
Galactocentric radius yields a constant circular velocity,
assuming that the halo is isothermal and in equilibrium.
This simple framework is quite predictive, providing ad-
ditional observables that can be tested. One example
is to look beyond the e↵ect on radial acceleration, and
to study the impact on the vertical acceleration of local
stars. In particular, if the local dark matter density dis-
tribution only depends on the radial coordinate, then its
contribution to the vertical acceleration of nearby stars
is simply proportional to 4⇡G⇢̃DMz, where z is the height
above the mid-plane and G is Newton’s gravitational con-
stant.

Standard methods of estimating the local dark matter
density use Jeans equation to infer the ⇢̃DM from the ver-
tical acceleration of local stars. Historically, these studies
always assume, by default, that the dark matter halo im-
pacts the local dynamics following the prescription de-
scribed above. Our approach in this work is di↵erent:
we want to study the consistency of the DM expectation
with data, comparing it to other possible scaling relations
that relate the radial and vertical accelerations of nearby
stars. In this manner, we can test a fundamental pre-
diction of the presence of the DM halo using observables
specific to our local neighborhood in the Galaxy.

As a point of comparison to the dark matter halo sce-
nario, we explore a class of phenomenological models,
motivated by the idea of Modified Newtonian Dynamics
(MOND) [], where the observed acceleration of a particle

a scales as

a =

(
aN a � a0p
a0aN a ⌧ a0 .

(1)

Here, aN = �r�N is its Newtonian acceleration due to
the baryonic potential (i.e. the potential which solves
the Poisson equation with no dark matter). The acceler-
ation scale at which the rotation curve flattens is a0. In
particular, we assume that

a = ⌫

✓
aN
a0

◆
aN, (2)

where the interpolation function, ⌫(aN/a0), is a func-
tion that must obey the asymptotic behavior specified
in Eq. (1), but is otherwise arbitrary. This type of be-
haviour is a prediction of various MOND-like theories1.
However, in this study, we do not restrict the analysis to
any specific interpolation function but rather only test a
generic interpolation function in the region where mea-
surements are sensitive to it. Thus, for the remainder
of this work, we refer to the behavior of Eq. (2) simply
as a theory of modified gravity. Importantly, the main
feature of this theory is isotropy, i.e. the theory does not
di↵erentiate between the components of the acceleration
vector for any coordinate system.
In our analysis, we consider a modified gravity frame-

work defined by Eq. (2), where ⌫(ab/a0) is an interpola-
tion function which is assumed to follow the asymptotic
behavior specified by Eq. (1), but is otherwise arbitrary.
A variety of modified gravity theories simplify to Eq. (2)
in the presence of a spherical or cylindrical symmetry [3].
[MTM: There are other citations we throw in here.] The
most general solutions typically also have a divergenceless
vector field that also contributes to the a. Appendix ??
reviews these e↵ects and demonstrates that the contri-
butions of this field can be safely neglected.
As we will study only a localized region in the Solar

neighborhood, we can motivate a linear expansion of ⌫.
In doing so, we reduce the arbitrary function in Eq. (2)
to two constants, which we treat as free parameters. In

1 Strictly speaking, the behavior of Eq. (2) is a result of theories
know as Quasi-Linear MOND (QuMOND).
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Parameter
ñi hi ⇢̃⇤ h⇤,R Mb,0 ⇢̃g ⇢̃DM ↵ ⌫0 ⌫1

Unit pc�3 kpc M� pc�3 kpc M� M� pc�3 M� pc�3 – –
1010s2 m�1

Prior [10�5, 0.5] [10�2, 1.5] [0, 172] [10�3, 8] [0, 4 · 1012] [0, 172] [0, 17] [0, 100] [0, 20] [-66, 0]

TABLE I. Free parameters used in the likelihood analysis along with their associated prior range. From left to right: nor-
malization and scale height of ith tracer population, normalization and scale length of stellar disk, bulge mass, normalization
of gas disk, dark matter density normalization and inner slope, interpolation function parameters for modified gravity model.
Flat priors are used throughout. [MTM: should probably update some of these to nice values, etc...]

where rb,0 is the bulge scale radius, and Mb,0 is a nor-
malization constant that sets the total mass of the bulge.
The scale radius is fixed to rb,0 = 600 kpc, while the
normalization is allowed to vary. While the MW bulge
is known to have considerable more structure than cap-
tured by Eq. (6) (see [9] for a review), our analysis is not
sensitive to these details as the observables of interest are
measured beyond of R & 5 kpc. As a result, the inclu-
sion of the bulge primarily serves to boost the circular
velocity at R�. We have verified that variations to the
bulge scale radius have no impact on the rotation curve
in the Solar neighborhood.[ML: verify]

The acceleration due to baryonic matter, aN, depends
on the total stellar and gas density:

⇢B = ⇢⇤,bulge + ⇢⇤,disk + ⇢g,disk . (7)

Assuming appropriate boundary conditions at large dis-
tances, there is a unique Newtonian acceleration, aN,
that satisfies the Poisson equation,

r · aN = 4⇡G⇢B. (8)

In the presence of a DM halo, the dynamical acceleration,
a, is given by

a = aDM + aN, (9)

where aDM is the Newtonian acceleration due to some
DM density ⇢DM,

r · aDM = 4⇡G⇢DM. (10)

We model the dark matter density using a Navarro-
Frenk-White distribution [13],

⇢DM(r) =
⇢̃DM

(r/rs)
↵ (1 + r/rs)

3�↵ , (11)

where rs is the scale radius and ↵ is the inner slope.
While the scale radius is fixed at rs = 19 kpc, both ⇢̃DM

and ↵ are free parameters of the fitting procedure.
For the modified gravity model, the dynamical accel-

eration a is given by

a = (⌫0 + ⌫1aN)aN, (12)

where ⌫0 and ⌫1, defined in Eqs. (2) and (3), parametrize
the interpolation function and are free parameters. We
only consider enhancements over the predicted Newto-
nian acceleration and demand that the parenthetical sum
in Eq. (12) always be positive.

B. Constraints from Local Dynamics

We now describe the measured values of the observ-
ables, Xobs, used in the likelihood analysis. The first
constraint arises from the local stellar and gas surface
densities, as determined from photometric observations.
By definition, the surface density depends on the distri-
bution of the stellar or gas component as

⌃zmax
j = 2

Z zmax

0
⇢j(R�, z

0) dz0 , (13)

where j = ⇤, g. We adopt ⌃1.1
g,obs = 12.6 ±

1.6 M� pc�2 and ⌃1.1
⇤,obs = 31.2±1.6 M� pc�2 as fiducial

values [4]. For self-consistency, we are careful to make
use of surface densities obtained from direct photometric
observations only; such observations are equally valid in a
MOND-like scenario as in a DM scenario. In cases where
the surface density is instead inferred from dynamical
modeling, a functional form for the dynamical potential
is assumed and typically includes a DM halo by default.
The second imposed constraint comes from the value

and slope of the MW rotation curve at the solar radius.
For both the DM and gravity models, the circular velocity
is obtained from the predicted acceleration using

vc(R) =
p

R · a(R)
���
z=0

. (14)

We consider only the local circular velocity and slope of
the rotation curve at R = R�, taking vc,obs = 218 ±
6 km/s [5] and (dvc/dR)obs = 0.5 ± 0.8 km/s/kpc as
fiducial values [].[ML: update]
The final imposed constraint is due to the observed

number density and vertical velocity dispersions of three
mono-abundance stellar populations at R = R�, pro-
vided in Ref. [6]. These results were obtained using
9000 K-dwarfs in the SEGUE sub-survey of the Sloan
Digital Sky Survey (SDSS) [14–16]. The sample was
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1. Ask a model independent question:
Can local MW measurements fit a 
generic model that results in a 
MOND-like force?

2. Test a specific realization:
e.g. A specific interpolation function
e.g. Superfluid dark matter

(Test MOND-like models where they’re supposed to shine!)
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Consider a light scalar DM particle with 
mass ! .

Require condensation to a state where the 
relevant DOF are phonons:

An overlapping de Broglie wavelength: 

!

With a critical temperature: 

!

m

1
mv

≥ ( m
ρvir )

1/3

⇒ m ≲ 2eV

Tc ≈
1
3
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m )

5/3

mK
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V
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Figure 2: Dependence of the BEC region (shaded) on the DM mass m and the halo mass M , assuming
zvir = 2 for concreteness.

across the galaxy. Putting everything together, the condition �tdyn ⇠
> 1 can be expressed as a lower

bound on the interaction cross section

�

m
⇠
> (1 + zvir)

�7/2
⇣

m

eV

⌘4
✓

M

1012h�1M�

◆2/3

52
cm2

g
. (14)

Clearly the bound is most stringent for massive galaxies. Taking M ⇠ 1012h�1
M� and assuming

zvir = 2 for concreteness, we obtain

�

m
⇠
>

⇣
m

eV

⌘4 cm2

g
. (15)

We will see below that a mass of around 0.6 eV gives appropriate size halos, in which case
�
m ⇠

> 0.1 cm
2

g
. The lower end of this bound satisfies current constraints [131–133] on the cross

section of self-interacting dark matter (SIDM) [134]. However, as we will see the phenomenology of
superfluid DM is considerably di↵erent than SIDM, and each constraint much be carefully revisited.

The resulting DM temperature is quite cold. The critical temperature can be readily obtained
assuming equipartition, kBTc = 1

3
mv

2
c , where vc saturates (8). The result is in the mK range:

Tc = 6.5

✓
eV

m

◆5/3

(1 + zvir)
2 mK . (16)

The temperature in a given halo, in units of Tc, is

T

Tc

'
0.1

1 + zvir

⇣
m

eV

⌘8/3
✓

M

1012h�1M�

◆2/3

. (17)

At finite but sub-critical temperature, the system is phenomenologically described as a mixture of
condensate and normal components. Neglecting interactions, the fraction of condensed particles

9

Berezhiani, Khoury, 2015
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FIG. 3: Superfluid DM density profile (solid black curve)
for IC 2574 (Mb ⇠ 2 ⇥ 109M�). The parameters are m =
1 eV, ⇤ = 0.05 meV and MDM = 10Mb. The transition radii
(dashed vertical lines) are RNFW = 40 kpc and RT = 49 kpc,
compared to R200 = 57 kpc for this mass ratio. For the
NFW envelope/profile, we have the concentration parameter
c = 5.7. The conventions are the same as in Fig. 1.

1. The baryonic acceleration ~a
actual

b
is the Newtonian

acceleration computed for the actual non-spherical
baryon density. In other words, ~r · ~a

actual

b
=

�4⇡GN⇢
actual

b
(~x).

2. The DM acceleration ~aDM is the result of our
numerical analysis for a simplified spherically-
approximated baryon distribution ⇢

spherical

b
.

3. The phonon-mediated acceleration ~aphonon is then
computed using (32) sourced by the actual baryon
distribution ~a

actual

b
, but with the Newtonian poten-

tial �(r) taken from our numerical solution to the
spherically symmetric problem. Interestingly, de-
spite the non-standard form for the phonon equa-
tion (5), for instance compared to its Bekenstein-
Milgrom counterpart [27], we nevertheless found
that aphonon ' p

a0ab to within a couple of percent.
In other words, the phonon force closely matches
the deep-MOND acceleration.

A. LSB galaxy (IC 2574)

Our example of an LSB galaxy is IC 2574 (Mb ⇠
2⇥109

M�). The simplified spherical baryon distribution
⇢
spherical

b
, necessary to evaluate the DM density profile,

was modeled as a constant-density core out to 7.85 kpc,
matched to a 1/r

2 profile out to 9.22 kpc, such that the
total mass is Mb ' 2⇥ 109

M�, and that the slope of the
baryonic rotation curve is roughly reproduced.

Figure 3 shows the DM profile for the fiducial theory
parameters (39) and (40), assuming a constant baryon
fraction MDM = 10Mb. The resulting transition radii
(dashed vertical lines) in this case are

RNFW = 40 kpc ; RT = 49 kpc , (48)

FIG. 4: Predicted rotation curve of IC 2574, evaluated using
the hybrid method outlined in the text. The orange points

are the data from [99] assuming a distance of 3 Mpc [100].
The black curve is for MDM = 10 Mb, and assumes the same
theory parameter values as Fig. 3 and a0 = 0.87⇥10�8 cm/s2.
The red dashed curve assumes the same parameter values ex-
cept for MDM ' 50 Mb, which is the upper total mass ob-
tained from ⇤CDM abundance matching. The gray band cor-
responds to a0 2 (0.6, 1.2)⇥ 10�8 cm/s2, while the light blue

band corresponds to ⇤ 2 (0.02, 0.1) meV, with MDM = 10 Mb

and other parameters fixed to their fiducial values. The inset
zooms in to show the width of the light blue band.

a di↵erence of 18%. The matching conditions then fix
the concentration radius to rs = 10 kpc. Relative to
R200 ' 57 kpc for this galaxy, (48) implies a relatively
large superfluid core, encompassing ' 55% of the total
DM mass.
In the abundance matching case [91], where MDM '

51 Mb and R200 ' 96 kpc, we instead get RNFW = 47 kpc
and RT = 67 kpc; corresponding to 30% di↵erence. In
this case the superfluid core containing only 33% of the
total DM mass.
Figure 4 compares the predicted rotation curve, calcu-

lated following the hybrid method described above, with
the actual data for IC 2574 [99].

• The black solid curve corresponds to MDM =
10 Mb, with theory parameters set to their fidu-
cial values.

• The red dashed curve (which in this case is barely
distinguishable from the black curve) instead as-
sumes MDM ' 51Mb, which is consistent with
⇤CDM abundance matching [91].

• The shaded bands illustrate the sensitivity of our
result to variations in ⇤ (light blue band, spanning
0.02 to 0.1 meV) and a0 (gray band, spanning 0.6
to 1.2⇥10�8 cm/s2), assuming MDM = 10 Mb and
keeping other parameters fixed.

The superfluid model recovers the observed rotation
curve (orange points) rather well over the specified range
of parameters.

SF Phase
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gravitational wave experiments were discussed in [71].
After a few general constraints on the theory param-

eters in Secs. III and IV, the main focus of this paper
will be the explicit rotation curve fitting of disk galax-
ies in Secs. V–VII. For this purpose, we will illustrate
the method with two representative LSB and HSB disk
galaxies (Sec. VII). Given the lack of symmetry, an ex-
act solution for the superfluid/phonon profile would be a
daunting task. Instead we will adopt the following hybrid
approximation method.

In general the acceleration ~a on a test baryon particle
receives three contributions within the superfluid region:

~a = ~ab + ~aDM + ~aphonon . (1)

We calculate the actual Newtonian acceleration gener-
ated by the baryons, ~aactual

b
, exactly from the actual non-

spherical baryon density. The second term is the gravi-
tational acceleration from the superfluid core, which we
derive from a spherically symmetric approximation. The
phonon-mediated acceleration ~aphonon is sourced by the
actual non-spherical baryon density distribution, but also
depends indirectly on the Newtonian gravitational po-
tential �, which we approximate as spherically symmet-
ric for this derivation. As we will show in Sec. VII, the
superfluid model o↵ers a satisfactory fit of the rotation
curve in both the LSB and HSB cases.

In Secs. VIII–X, we will describe some of the observa-
tional consequences of DM superfluidity for other sys-
tems, including galaxy clusters, dwarf satellite galax-
ies, globular clusters and ultra-di↵use galaxies residing
in clusters. A key distinction compared to the MOND
predictions for satellites, in particular, is that the MON-
Dian force in our case is mediated by superfluid phonons
and therefore requires superfluidity. In particular, the
phonon-mediated force between two bodies only applies
if both bodies reside within the superfluid region. If one
body is inside while the other is outside, the only force
acting on them is gravity.

The same applies to the so-called external field ef-
fect (EFE), an essential aspect of MOND phenomenol-
ogy. Consider a subsystem with low internal acceleration
aint ⌧ a0 in the presence of a large homogeneous exter-
nal acceleration aext � a0. In General Relativity (GR),
we know from the equivalence principle that aext has no
physical consequence and can be removed by moving to
the freely-falling elevator. In MOND, however, the back-
ground acceleration is physical and renders the subsys-
tem Newtonian.

The EFE is an example of a more general phenomenon
in scalar field theories known as kinetic screening [72–74].
In theories with gradient interactions, non-linearities in
the scalar field gradient — the scalar acceleration — can
result in the suppression of the scalar field e↵ects and the
local recovery of standard gravity. See [75] for a review.

The key di↵erence in the superfluid context is that the
EFE is the result of phonon non-linearities, and therefore
only applies within the superfluid core. In particular,
close-by globular clusters, such as Pal 5 [76], and satellite

galaxies residing within the superfluid core of the Milky
Way should follow MOND predictions with the EFE. On
the other hand, globular clusters at large distances from
the Milky Way, such as NGC 2419 [41] or Pal 14 [77], are
expected to be Newtonian as long as they do not harbor
their own DM halo. The same applies to tidal dwarf
galaxies resulting from the interaction of massive spiral
galaxies. Those are not expected to harbor a significant
DM halo, and thus should be Newtonian [78, 79] as long
as they are located outside the superfluid core of their
host.
As a preview of the main results of this paper, Table I

summarizes the observational consequences of superfluid
DM for various systems.

II. EFFECTIVE DESCRIPTION OF
SUPERFLUID DM

In field theory language, an (abelian) superfluid is de-
scribed by the theory of a spontaneously broken global
U(1) symmetry, in a state of finite U(1) charge den-
sity. At low energy the relevant degree of freedom is
the Goldstone boson for the broken symmetry — the
phonon field �. The U(1) symmetry acts non-linearly
on � as a shift symmetry, � ! � + c. Furthermore, in
the non-relativistic regime the theory should be Galilean
invariant (ignoring gravity). At finite chemical potential
µ, the most general e↵ective theory at leading order in
derivatives consistent with these symmetries is [80, 81]

LT=0 = P (X) , (2)

where X = µ�m�+�̇�(~r�)2/2m. Here m is the particle
mass and � the Newtonian gravitational potential. The
conjecture of [55, 56] is that the DM superfluid phonons
are governed by the MOND Lagrangian (see [22, 30])

LDM, T=0 =
2⇤(2m)3/2

3
X

p
|X| . (3)

Remarkably, (3) is strikingly similar to that of the Uni-
tary Fermi Gas (UFG) [60, 61], which has generated
much excitement in the cold atom community in recent
years. Indeed, the fractional power of X would be strange
if (3) described a fundamental scalar field. As a theory of
phonons, however, the power determines the superfluid
equation of state, and fractional powers are not uncom-
mon. Indeed, the e↵ective field theory for the UFG su-
perfluid is L ⇠ X

n, where n = 5/2 in 3+1 dimensions
and 3/2 in 2+1 dimensions, and is therefore also non-
analytic [82].
To mediate a force between baryons, DM phonons

must couple to the baryon density as

Lint = ↵⇤
�

MPl

⇢b , (4)

with ↵ being a constant, ⇢b the baryonic density, and
MPl the Planck mass. At zero temperature, the e↵ective
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After a few general constraints on the theory param-

eters in Secs. III and IV, the main focus of this paper
will be the explicit rotation curve fitting of disk galax-
ies in Secs. V–VII. For this purpose, we will illustrate
the method with two representative LSB and HSB disk
galaxies (Sec. VII). Given the lack of symmetry, an ex-
act solution for the superfluid/phonon profile would be a
daunting task. Instead we will adopt the following hybrid
approximation method.

In general the acceleration ~a on a test baryon particle
receives three contributions within the superfluid region:

~a = ~ab + ~aDM + ~aphonon . (1)

We calculate the actual Newtonian acceleration gener-
ated by the baryons, ~aactual

b
, exactly from the actual non-

spherical baryon density. The second term is the gravi-
tational acceleration from the superfluid core, which we
derive from a spherically symmetric approximation. The
phonon-mediated acceleration ~aphonon is sourced by the
actual non-spherical baryon density distribution, but also
depends indirectly on the Newtonian gravitational po-
tential �, which we approximate as spherically symmet-
ric for this derivation. As we will show in Sec. VII, the
superfluid model o↵ers a satisfactory fit of the rotation
curve in both the LSB and HSB cases.

In Secs. VIII–X, we will describe some of the observa-
tional consequences of DM superfluidity for other sys-
tems, including galaxy clusters, dwarf satellite galax-
ies, globular clusters and ultra-di↵use galaxies residing
in clusters. A key distinction compared to the MOND
predictions for satellites, in particular, is that the MON-
Dian force in our case is mediated by superfluid phonons
and therefore requires superfluidity. In particular, the
phonon-mediated force between two bodies only applies
if both bodies reside within the superfluid region. If one
body is inside while the other is outside, the only force
acting on them is gravity.

The same applies to the so-called external field ef-
fect (EFE), an essential aspect of MOND phenomenol-
ogy. Consider a subsystem with low internal acceleration
aint ⌧ a0 in the presence of a large homogeneous exter-
nal acceleration aext � a0. In General Relativity (GR),
we know from the equivalence principle that aext has no
physical consequence and can be removed by moving to
the freely-falling elevator. In MOND, however, the back-
ground acceleration is physical and renders the subsys-
tem Newtonian.

The EFE is an example of a more general phenomenon
in scalar field theories known as kinetic screening [72–74].
In theories with gradient interactions, non-linearities in
the scalar field gradient — the scalar acceleration — can
result in the suppression of the scalar field e↵ects and the
local recovery of standard gravity. See [75] for a review.

The key di↵erence in the superfluid context is that the
EFE is the result of phonon non-linearities, and therefore
only applies within the superfluid core. In particular,
close-by globular clusters, such as Pal 5 [76], and satellite

galaxies residing within the superfluid core of the Milky
Way should follow MOND predictions with the EFE. On
the other hand, globular clusters at large distances from
the Milky Way, such as NGC 2419 [41] or Pal 14 [77], are
expected to be Newtonian as long as they do not harbor
their own DM halo. The same applies to tidal dwarf
galaxies resulting from the interaction of massive spiral
galaxies. Those are not expected to harbor a significant
DM halo, and thus should be Newtonian [78, 79] as long
as they are located outside the superfluid core of their
host.
As a preview of the main results of this paper, Table I

summarizes the observational consequences of superfluid
DM for various systems.

II. EFFECTIVE DESCRIPTION OF
SUPERFLUID DM

In field theory language, an (abelian) superfluid is de-
scribed by the theory of a spontaneously broken global
U(1) symmetry, in a state of finite U(1) charge den-
sity. At low energy the relevant degree of freedom is
the Goldstone boson for the broken symmetry — the
phonon field �. The U(1) symmetry acts non-linearly
on � as a shift symmetry, � ! � + c. Furthermore, in
the non-relativistic regime the theory should be Galilean
invariant (ignoring gravity). At finite chemical potential
µ, the most general e↵ective theory at leading order in
derivatives consistent with these symmetries is [80, 81]

LT=0 = P (X) , (2)

where X = µ�m�+�̇�(~r�)2/2m. Here m is the particle
mass and � the Newtonian gravitational potential. The
conjecture of [55, 56] is that the DM superfluid phonons
are governed by the MOND Lagrangian (see [22, 30])

LDM, T=0 =
2⇤(2m)3/2

3
X

p
|X| . (3)

Remarkably, (3) is strikingly similar to that of the Uni-
tary Fermi Gas (UFG) [60, 61], which has generated
much excitement in the cold atom community in recent
years. Indeed, the fractional power of X would be strange
if (3) described a fundamental scalar field. As a theory of
phonons, however, the power determines the superfluid
equation of state, and fractional powers are not uncom-
mon. Indeed, the e↵ective field theory for the UFG su-
perfluid is L ⇠ X

n, where n = 5/2 in 3+1 dimensions
and 3/2 in 2+1 dimensions, and is therefore also non-
analytic [82].
To mediate a force between baryons, DM phonons

must couple to the baryon density as

Lint = ↵⇤
�

MPl

⇢b , (4)

with ↵ being a constant, ⇢b the baryonic density, and
MPl the Planck mass. At zero temperature, the e↵ective
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After a few general constraints on the theory param-

eters in Secs. III and IV, the main focus of this paper
will be the explicit rotation curve fitting of disk galax-
ies in Secs. V–VII. For this purpose, we will illustrate
the method with two representative LSB and HSB disk
galaxies (Sec. VII). Given the lack of symmetry, an ex-
act solution for the superfluid/phonon profile would be a
daunting task. Instead we will adopt the following hybrid
approximation method.

In general the acceleration ~a on a test baryon particle
receives three contributions within the superfluid region:

~a = ~ab + ~aDM + ~aphonon . (1)

We calculate the actual Newtonian acceleration gener-
ated by the baryons, ~aactual
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, exactly from the actual non-

spherical baryon density. The second term is the gravi-
tational acceleration from the superfluid core, which we
derive from a spherically symmetric approximation. The
phonon-mediated acceleration ~aphonon is sourced by the
actual non-spherical baryon density distribution, but also
depends indirectly on the Newtonian gravitational po-
tential �, which we approximate as spherically symmet-
ric for this derivation. As we will show in Sec. VII, the
superfluid model o↵ers a satisfactory fit of the rotation
curve in both the LSB and HSB cases.

In Secs. VIII–X, we will describe some of the observa-
tional consequences of DM superfluidity for other sys-
tems, including galaxy clusters, dwarf satellite galax-
ies, globular clusters and ultra-di↵use galaxies residing
in clusters. A key distinction compared to the MOND
predictions for satellites, in particular, is that the MON-
Dian force in our case is mediated by superfluid phonons
and therefore requires superfluidity. In particular, the
phonon-mediated force between two bodies only applies
if both bodies reside within the superfluid region. If one
body is inside while the other is outside, the only force
acting on them is gravity.

The same applies to the so-called external field ef-
fect (EFE), an essential aspect of MOND phenomenol-
ogy. Consider a subsystem with low internal acceleration
aint ⌧ a0 in the presence of a large homogeneous exter-
nal acceleration aext � a0. In General Relativity (GR),
we know from the equivalence principle that aext has no
physical consequence and can be removed by moving to
the freely-falling elevator. In MOND, however, the back-
ground acceleration is physical and renders the subsys-
tem Newtonian.

The EFE is an example of a more general phenomenon
in scalar field theories known as kinetic screening [72–74].
In theories with gradient interactions, non-linearities in
the scalar field gradient — the scalar acceleration — can
result in the suppression of the scalar field e↵ects and the
local recovery of standard gravity. See [75] for a review.

The key di↵erence in the superfluid context is that the
EFE is the result of phonon non-linearities, and therefore
only applies within the superfluid core. In particular,
close-by globular clusters, such as Pal 5 [76], and satellite

galaxies residing within the superfluid core of the Milky
Way should follow MOND predictions with the EFE. On
the other hand, globular clusters at large distances from
the Milky Way, such as NGC 2419 [41] or Pal 14 [77], are
expected to be Newtonian as long as they do not harbor
their own DM halo. The same applies to tidal dwarf
galaxies resulting from the interaction of massive spiral
galaxies. Those are not expected to harbor a significant
DM halo, and thus should be Newtonian [78, 79] as long
as they are located outside the superfluid core of their
host.
As a preview of the main results of this paper, Table I

summarizes the observational consequences of superfluid
DM for various systems.

II. EFFECTIVE DESCRIPTION OF
SUPERFLUID DM

In field theory language, an (abelian) superfluid is de-
scribed by the theory of a spontaneously broken global
U(1) symmetry, in a state of finite U(1) charge den-
sity. At low energy the relevant degree of freedom is
the Goldstone boson for the broken symmetry — the
phonon field �. The U(1) symmetry acts non-linearly
on � as a shift symmetry, � ! � + c. Furthermore, in
the non-relativistic regime the theory should be Galilean
invariant (ignoring gravity). At finite chemical potential
µ, the most general e↵ective theory at leading order in
derivatives consistent with these symmetries is [80, 81]

LT=0 = P (X) , (2)

where X = µ�m�+�̇�(~r�)2/2m. Here m is the particle
mass and � the Newtonian gravitational potential. The
conjecture of [55, 56] is that the DM superfluid phonons
are governed by the MOND Lagrangian (see [22, 30])
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Remarkably, (3) is strikingly similar to that of the Uni-
tary Fermi Gas (UFG) [60, 61], which has generated
much excitement in the cold atom community in recent
years. Indeed, the fractional power of X would be strange
if (3) described a fundamental scalar field. As a theory of
phonons, however, the power determines the superfluid
equation of state, and fractional powers are not uncom-
mon. Indeed, the e↵ective field theory for the UFG su-
perfluid is L ⇠ X

n, where n = 5/2 in 3+1 dimensions
and 3/2 in 2+1 dimensions, and is therefore also non-
analytic [82].
To mediate a force between baryons, DM phonons
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with ↵ being a constant, ⇢b the baryonic density, and
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FIG. 3: Superfluid DM density profile (solid black curve)
for IC 2574 (Mb ⇠ 2 ⇥ 109M�). The parameters are m =
1 eV, ⇤ = 0.05 meV and MDM = 10Mb. The transition radii
(dashed vertical lines) are RNFW = 40 kpc and RT = 49 kpc,
compared to R200 = 57 kpc for this mass ratio. For the
NFW envelope/profile, we have the concentration parameter
c = 5.7. The conventions are the same as in Fig. 1.

1. The baryonic acceleration ~a
actual

b
is the Newtonian

acceleration computed for the actual non-spherical
baryon density. In other words, ~r · ~a

actual

b
=

�4⇡GN⇢
actual

b
(~x).

2. The DM acceleration ~aDM is the result of our
numerical analysis for a simplified spherically-
approximated baryon distribution ⇢

spherical

b
.

3. The phonon-mediated acceleration ~aphonon is then
computed using (32) sourced by the actual baryon
distribution ~a

actual

b
, but with the Newtonian poten-

tial �(r) taken from our numerical solution to the
spherically symmetric problem. Interestingly, de-
spite the non-standard form for the phonon equa-
tion (5), for instance compared to its Bekenstein-
Milgrom counterpart [27], we nevertheless found
that aphonon ' p

a0ab to within a couple of percent.
In other words, the phonon force closely matches
the deep-MOND acceleration.

A. LSB galaxy (IC 2574)

Our example of an LSB galaxy is IC 2574 (Mb ⇠
2⇥109

M�). The simplified spherical baryon distribution
⇢
spherical

b
, necessary to evaluate the DM density profile,

was modeled as a constant-density core out to 7.85 kpc,
matched to a 1/r

2 profile out to 9.22 kpc, such that the
total mass is Mb ' 2⇥ 109

M�, and that the slope of the
baryonic rotation curve is roughly reproduced.

Figure 3 shows the DM profile for the fiducial theory
parameters (39) and (40), assuming a constant baryon
fraction MDM = 10Mb. The resulting transition radii
(dashed vertical lines) in this case are

RNFW = 40 kpc ; RT = 49 kpc , (48)

FIG. 4: Predicted rotation curve of IC 2574, evaluated using
the hybrid method outlined in the text. The orange points

are the data from [99] assuming a distance of 3 Mpc [100].
The black curve is for MDM = 10 Mb, and assumes the same
theory parameter values as Fig. 3 and a0 = 0.87⇥10�8 cm/s2.
The red dashed curve assumes the same parameter values ex-
cept for MDM ' 50 Mb, which is the upper total mass ob-
tained from ⇤CDM abundance matching. The gray band cor-
responds to a0 2 (0.6, 1.2)⇥ 10�8 cm/s2, while the light blue

band corresponds to ⇤ 2 (0.02, 0.1) meV, with MDM = 10 Mb

and other parameters fixed to their fiducial values. The inset
zooms in to show the width of the light blue band.

a di↵erence of 18%. The matching conditions then fix
the concentration radius to rs = 10 kpc. Relative to
R200 ' 57 kpc for this galaxy, (48) implies a relatively
large superfluid core, encompassing ' 55% of the total
DM mass.
In the abundance matching case [91], where MDM '

51 Mb and R200 ' 96 kpc, we instead get RNFW = 47 kpc
and RT = 67 kpc; corresponding to 30% di↵erence. In
this case the superfluid core containing only 33% of the
total DM mass.
Figure 4 compares the predicted rotation curve, calcu-

lated following the hybrid method described above, with
the actual data for IC 2574 [99].

• The black solid curve corresponds to MDM =
10 Mb, with theory parameters set to their fidu-
cial values.

• The red dashed curve (which in this case is barely
distinguishable from the black curve) instead as-
sumes MDM ' 51Mb, which is consistent with
⇤CDM abundance matching [91].

• The shaded bands illustrate the sensitivity of our
result to variations in ⇤ (light blue band, spanning
0.02 to 0.1 meV) and a0 (gray band, spanning 0.6
to 1.2⇥10�8 cm/s2), assuming MDM = 10 Mb and
keeping other parameters fixed.

The superfluid model recovers the observed rotation
curve (orange points) rather well over the specified range
of parameters.
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gravitational wave experiments were discussed in [71].
After a few general constraints on the theory param-

eters in Secs. III and IV, the main focus of this paper
will be the explicit rotation curve fitting of disk galax-
ies in Secs. V–VII. For this purpose, we will illustrate
the method with two representative LSB and HSB disk
galaxies (Sec. VII). Given the lack of symmetry, an ex-
act solution for the superfluid/phonon profile would be a
daunting task. Instead we will adopt the following hybrid
approximation method.

In general the acceleration ~a on a test baryon particle
receives three contributions within the superfluid region:

~a = ~ab + ~aDM + ~aphonon . (1)

We calculate the actual Newtonian acceleration gener-
ated by the baryons, ~aactual

b
, exactly from the actual non-

spherical baryon density. The second term is the gravi-
tational acceleration from the superfluid core, which we
derive from a spherically symmetric approximation. The
phonon-mediated acceleration ~aphonon is sourced by the
actual non-spherical baryon density distribution, but also
depends indirectly on the Newtonian gravitational po-
tential �, which we approximate as spherically symmet-
ric for this derivation. As we will show in Sec. VII, the
superfluid model o↵ers a satisfactory fit of the rotation
curve in both the LSB and HSB cases.

In Secs. VIII–X, we will describe some of the observa-
tional consequences of DM superfluidity for other sys-
tems, including galaxy clusters, dwarf satellite galax-
ies, globular clusters and ultra-di↵use galaxies residing
in clusters. A key distinction compared to the MOND
predictions for satellites, in particular, is that the MON-
Dian force in our case is mediated by superfluid phonons
and therefore requires superfluidity. In particular, the
phonon-mediated force between two bodies only applies
if both bodies reside within the superfluid region. If one
body is inside while the other is outside, the only force
acting on them is gravity.

The same applies to the so-called external field ef-
fect (EFE), an essential aspect of MOND phenomenol-
ogy. Consider a subsystem with low internal acceleration
aint ⌧ a0 in the presence of a large homogeneous exter-
nal acceleration aext � a0. In General Relativity (GR),
we know from the equivalence principle that aext has no
physical consequence and can be removed by moving to
the freely-falling elevator. In MOND, however, the back-
ground acceleration is physical and renders the subsys-
tem Newtonian.

The EFE is an example of a more general phenomenon
in scalar field theories known as kinetic screening [72–74].
In theories with gradient interactions, non-linearities in
the scalar field gradient — the scalar acceleration — can
result in the suppression of the scalar field e↵ects and the
local recovery of standard gravity. See [75] for a review.

The key di↵erence in the superfluid context is that the
EFE is the result of phonon non-linearities, and therefore
only applies within the superfluid core. In particular,
close-by globular clusters, such as Pal 5 [76], and satellite

galaxies residing within the superfluid core of the Milky
Way should follow MOND predictions with the EFE. On
the other hand, globular clusters at large distances from
the Milky Way, such as NGC 2419 [41] or Pal 14 [77], are
expected to be Newtonian as long as they do not harbor
their own DM halo. The same applies to tidal dwarf
galaxies resulting from the interaction of massive spiral
galaxies. Those are not expected to harbor a significant
DM halo, and thus should be Newtonian [78, 79] as long
as they are located outside the superfluid core of their
host.
As a preview of the main results of this paper, Table I

summarizes the observational consequences of superfluid
DM for various systems.

II. EFFECTIVE DESCRIPTION OF
SUPERFLUID DM

In field theory language, an (abelian) superfluid is de-
scribed by the theory of a spontaneously broken global
U(1) symmetry, in a state of finite U(1) charge den-
sity. At low energy the relevant degree of freedom is
the Goldstone boson for the broken symmetry — the
phonon field �. The U(1) symmetry acts non-linearly
on � as a shift symmetry, � ! � + c. Furthermore, in
the non-relativistic regime the theory should be Galilean
invariant (ignoring gravity). At finite chemical potential
µ, the most general e↵ective theory at leading order in
derivatives consistent with these symmetries is [80, 81]

LT=0 = P (X) , (2)

where X = µ�m�+�̇�(~r�)2/2m. Here m is the particle
mass and � the Newtonian gravitational potential. The
conjecture of [55, 56] is that the DM superfluid phonons
are governed by the MOND Lagrangian (see [22, 30])

LDM, T=0 =
2⇤(2m)3/2

3
X

p
|X| . (3)

Remarkably, (3) is strikingly similar to that of the Uni-
tary Fermi Gas (UFG) [60, 61], which has generated
much excitement in the cold atom community in recent
years. Indeed, the fractional power of X would be strange
if (3) described a fundamental scalar field. As a theory of
phonons, however, the power determines the superfluid
equation of state, and fractional powers are not uncom-
mon. Indeed, the e↵ective field theory for the UFG su-
perfluid is L ⇠ X

n, where n = 5/2 in 3+1 dimensions
and 3/2 in 2+1 dimensions, and is therefore also non-
analytic [82].
To mediate a force between baryons, DM phonons

must couple to the baryon density as

Lint = ↵⇤
�

MPl

⇢b , (4)

with ↵ being a constant, ⇢b the baryonic density, and
MPl the Planck mass. At zero temperature, the e↵ective
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theory thus has three parameters: the particle mass m, a
parameter ⇤ related to the self-interaction strength, and
the coupling constant ↵ between phonons and baryons.
A fourth parameter of the particles themselves is their
self-interaction cross-section � setting the conditions for
their thermalization, while a fifth parameter � will later
be introduced to accommodate for finite-temperature ef-
fects.1

From the superfluid perspective, the form of the cou-
pling term (4) is unusual: it breaks the U(1) shift sym-
metry explicitly (albeit softly), making the phonon �

a pseudo-Goldstone boson. The origin of this particle
non-conserving term could be non-perturbative; or more
simply, there could be a soft fundamental coupling be-
tween DM and baryons which explicitly breaks the rel-
evant symmetries. One way or the other, this makes
our quantum liquid a pseudo-superfluid. In particular,
the phonon will acquire a mass via radiative corrections,
though it is easy to check that the explicit breaking is
soft enough that this has no observable e↵ects on galac-
tic scales.

As mentioned already, we do not assume any non-
minimal coupling to photons and/or gravitons. Both
electromagnetic and gravitational waves travel at the
speed of light, consistent with the recent observations
of GW170817 [69].

Let us briefly review why the action, composed of the
terms (3) and (4), gives rise to the MOND force law.
Assuming a static profile, the phonon equation of motion
then is

~r ·

0

@ (~r�)2 � 2mµ̂q
(~r�)2 � 2mµ̂

~r�

1

A =
↵⇢b

2MPl

, (5)

where µ̂ ⌘ µ � m�. In the limit (~r�)2 � 2mµ̂, the
solution is, ignoring a homogeneous curl term,

|~r�|~r� ' ↵MPl~ab , (6)

where ~ab is the Newtonian acceleration due to baryons
only. The �-mediated acceleration that derives from (4)
is

~a� = ↵
⇤

MPl

~r� . (7)

Thus (6) implies

a� =

s
↵3⇤2

MPl

ab . (8)

1 Note that we will be working mostly hereafter in natural units,
where the gravitational potential (/ c2) is dimensionless, where
mass, energy, and acceleration are expressed in eV, and where
length and time are in eV�1. When dealing with rotation curves
or halo masses, we will of course switch back to physical units.
In natural units, m and ⇤ can be expressed in eV, while ↵ and
� are dimensionless.

As advocated, this matches the deep-MOND form with
critical acceleration

a0 =
↵

3⇤2

MPl

. (9)

In the context of MOND, it has long been established
that the best-fit value for a0 from galactic rotation curves
is

a
MOND

0
' 1.2⇥ 10�8 cm/s2 . (10)

In our case, the situation is di↵erent for two reasons:
i) the deep-MOND form (8) is not exact and only ap-
plies in the regime (~r�)2 � 2mµ̂; ii) the total acceler-
ation experienced by baryons includes not only ~ab and
~a�, but also ~aDM — the Newtonian acceleration from the
DM halo itself. Because the superfluid core is pressure
supported, the DM density profile is approximately ho-
mogeneous in the central region of galaxies. Its density
is moreover rather low. This should be contrasted with
the CDM scenario, where DM-only simulations display a
cuspy profile [67].
The story is further complicated by the fact that per-

turbations around this zero-temperature, static back-
ground are unstable (ghost-like). However it was ar-
gued in [55, 56] that this instability can naturally be
cured by finite-temperature e↵ects. Indeed, our DM par-
ticles in galactic halos have non-zero temperature, owing
to their velocity dispersion, hence we expect the zero-
temperature Lagrangian (3) to receive finite-temperature
corrections in galaxies. One way to understand the insta-
bility physically is that, if a galactic halo had zero tem-
perature, then the emergent MOND force would desta-
bilize it.
As it was originally suggested by Landau, a super-

fluid at finite temperature phenomenologically behaves
as a mixture of two fluids. Only a fraction of the total
mass forms a degenerate quantum liquid, hydrodynam-
ically described as a potential flow carrying no entropy.
The rest of the mass is stored in thermally excited states,
behaving as a regular fluid which carries the entropy of
the entire system. The general, finite-temperature e↵ec-
tive theory, once again at leading order in derivatives,
is [83]

LT 6=0 = F (X, B, Y ) . (11)

This generalizes (2) through the dependence on two ad-
ditional scalar quantities B and Y defined by

B ⌘
q

det @µ I@µ J ;

Y ⌘ µ̂ + �̇+ ~v · ~r� , (12)

where  I(~x, t), I = 1, 2, 3 and ~v are respectively the La-
grangian coordinates and velocity vector of the normal
fluid component. Physically, B measures the density of
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parameter ⇤ related to the self-interaction strength, and
the coupling constant ↵ between phonons and baryons.
A fourth parameter of the particles themselves is their
self-interaction cross-section � setting the conditions for
their thermalization, while a fifth parameter � will later
be introduced to accommodate for finite-temperature ef-
fects.1

From the superfluid perspective, the form of the cou-
pling term (4) is unusual: it breaks the U(1) shift sym-
metry explicitly (albeit softly), making the phonon �

a pseudo-Goldstone boson. The origin of this particle
non-conserving term could be non-perturbative; or more
simply, there could be a soft fundamental coupling be-
tween DM and baryons which explicitly breaks the rel-
evant symmetries. One way or the other, this makes
our quantum liquid a pseudo-superfluid. In particular,
the phonon will acquire a mass via radiative corrections,
though it is easy to check that the explicit breaking is
soft enough that this has no observable e↵ects on galac-
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As mentioned already, we do not assume any non-
minimal coupling to photons and/or gravitons. Both
electromagnetic and gravitational waves travel at the
speed of light, consistent with the recent observations
of GW170817 [69].
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FIG. 1. Illustrative plot presenting the potential ability of
dark matter and MOND to predict the measured values of
the circular velocity at the Solar position, vc(R0), and the
vertical velocity dispersion at some reference height above
the midplane, �z(zref). For this figure, the baryonic profile
has been fixed such that it is consistent with measurements
of the stellar disk and bulge, as well as the gas disk. The
black point marks the measurements taken from Refs. [21]
and [29] (see text for details). The blue solid curve is the
prediction for dark matter with a spherical NFW profile and
the dashed blue curve is the prediction for dark matter with
a slightly prolate profile. The red solid curve is the predic-
tion for MOND using Eqs. (2) and (3). The MOND model
requires equal enhancements of the radial and vertical accel-
erations and cannot simultaneously fit both. On the other
hand, both dark matter scenarios are able to accommodate
the measurements. The prolate halo does slightly better be-
cause it increases the enhancement of the radial acceleration
relative to the vertical acceleration, a feature that is the exact
opposite of the MOND behavior.

the radius of the Solar position. Thus, most of the lo-
cal enhancement occurs in the radial direction with the
vertical enhancement suppressed by ⇠ z/R0.

The situation is quite di↵erent in a MG scenario, where
the galactic dynamics are driven solely by the baryonic
distribution. For many such models, the response to
matter is highly non-linear, making a prediction of the
dynamics at a given point within the galaxy non-trivial
to calculate. However, as we demonstrate in this work,
one need only characterize some general properties of the
gravitational response to matter to provide discriminat-
ing power between MG and DM. The particular charac-
teristics that are important to classify are: (1) the para-
metric functional relationship between the local dynami-
cal acceleration, a, and the baryonic matter distribution,
⇢B; (2) the tensor structure of this function; and (3) the
degree to which this function varies in the region of in-

terest within the MW.
For example, in many formulations of MOND, the ob-

served acceleration, a, depends only on ⇢B via the New-
tonian acceleration, aN. The asymptotic behavior of
MOND is designed to reproduce the observed flatness
of rotation curves in galaxies and is determined by

a =

(
aN a � a0
p
a0aN a ⌧ a0 ,

(1)

where a0 is a constant acceleration scale that sets the de-
viation from Newtonian gravity. In general, the solution
for a is model-dependent and di�cult to obtain. How-
ever, under certain conditions (see App. A), the dynamics
of MOND reduce to the following form:

a = ⌫

✓
aN
a0

◆
aN . (2)

The function ⌫(aN/a0) is known as the interpola-
tion function and satisfies the asymptotic conditions of
Eq. (1), but is otherwise arbitrary. Thus, for the case of
MOND, Eq. (2) is the parametric functional relationship
between the dynamical acceleration and the baryonic dis-
tribution and it manifests as a scalar enhancement to the
Newtonian acceleration.
Finally, if one is only interested in fitting a MOND

model to Galactic observables in a localized region near
the Sun, then the Newtonian acceleration, aN, does not
vary too much from some particular reference value,
aN,ref . Therefore, one can expand ⌫(aN/a0) in a Tay-
lor series, giving

⌫

✓
aN
a0

◆
= ⌫

✓
aN,ref

a0

◆
+ ⌫0

✓
aN,ref

a0

◆
aN � aN,ref

a0
⌘ ⌫0 + ⌫1 · aN (3)

to first order, where we have parametrized in terms of
the constants ⌫0 ⌘ ⌫(aN,ref/a0)� ⌫0(aN,ref/a0) · aN,ref/a0
and ⌫1 ⌘ ⌫0(aN,ref/a0)/a0.1 In doing so, the arbitrary
function in Eq. (2) is reduced to two constants, which
can be treated as free parameters of the model. This
expansion allows one to test MOND and present results
in a model-independent manner. A similar procedure
could be envisioned for any IR modification of gravity
which predicts a specific response to the baryonic mass
profile.
Given the phenomenology of each of these types of

models, one can now ask which is better suited to si-
multaneously fit observations of the local radial and ver-
tical accelerations. Measurements of these values are
often inferred indirectly from the local circular veloc-
ity, vc(R0), which correlates with the radial acceleration

1 Note that in this parametrization, one can only constrain the
value of ⌫1, i.e., ⌫0(aN,ref/a0)/a0, and not the scale a0 itself.
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radial and vertical (perpendicular to the midplane) ac-
celerations simultaneously. Importantly, measurements
of the baryonic profile of the MW and of local veloc-
ity dispersions [29] indicate that very little enhancement
is required of the acceleration in the vertical direction.
On the other hand, measurements of the MW rotation
curve [21] require a much larger enhancement in the ra-
dial direction. Thus, a theory that treats both direc-
tions in an equivalent manner cannot easily explain all
observations simultaneously, unless an anomalously large
amount of baryonic mass is present at the center of the
Galaxy. In other words, local observations point towards
a model that enhances the radial acceleration without
significantly a↵ecting the vertical acceleration. This pro-
vides a powerful handle to distinguish DM and any model
that predicts a scalar-enhanced acceleration.

For the current study, we test MOND using the local
profile of the rotation curve, the local baryonic surface
density, the vertical acceleration field within ⇠ 1 kpc of
the Galactic midplane, and the shape of the MW stellar
profile. These are standard observables that are often
used to constrain the MW potential and to estimate the
local DM density—see Refs. [27, 29–35] for the most re-
cent studies, and Ref. [36] for a review of the literature.
We have performed a Bayesian likelihood analysis using
these local MW observables to compare MOND and DM.
In both cases, we model the MW baryonic density pro-
file as a stellar disk, a gas disk, and a stellar bulge. We
then fit these models to observations while marginaliz-
ing over uncertainties in the parameters. Other tests
of MOND using Galactic dynamics exist in the litera-
ture [22–28, 37, 38], some of which have noted its e↵ect on
local vertical dynamics. However, a fully self-consistent
study marginalizing over uncertainties in the baryonic
distribution and directly comparing the results to a DM
model has not been performed. Our analysis is also novel
in that it is independent of any specific formulation of
MOND. Furthermore, our formalism has the potential to
be extended to other MG scenarios.

We find that MOND prefers a baryonic density profile
that is in tension with known measurements of the stel-
lar disk scale radius and the stellar bulge mass [39, 40].
In particular, MOND requires an anomalously small disk
scale radius and/or an anomalously large bulge mass to
reproduce local Galactic observables, in line with the in-
tuition described above. On the other hand, DM is able
to reproduce MW observables with parameters that are
more consistent with the literature. Interestingly, the
goodness of fit is slightly improved for a marginally pro-
late halo, i.e., one that introduces even less vertical ac-
celeration than a spherical halo and is thus even further
from the MOND prediction. The preference that we find
for DM over MOND is substantial, but not strong. This
study identifies observations where improvements in un-
certainties can further strengthen the conclusions.

Our results are model-independent in the sense that
they do not depend on the details of the high and low-
acceleration regimes in the Galaxy, but solely on the dy-

namics inferred from local measurements. One example
of a model that is constrained by our analysis is moti-
vated by the recent study of rotation curves of ⇠ 150
galaxies in the SPARC database [41]. Using this galaxy
sample, Ref. [7] finds the RAR, a universal relation be-
tween the observed radial acceleration and that expected
due to baryons alone. The small scatter of the RAR can
be interpreted as a manifestation of MOND. Our result
enables us to test the consistency of such an interpre-
tation with Galactic observations. We find that the in-
terpolation function suggested by Ref. [7] is inconsistent
with the observed vertical acceleration of disk stars near
the Solar position. This does not mean, however, that
the RAR is in tension with our results more generally.
The paper is organized as follows. Sec. II describes the

general framework proposed by this study, focusing on
the di↵erences between a DM model and an IR modifica-
tion to gravity. Sec. III describes the Bayesian likelihood
analysis that we perform. The modeling of the baryonic
components are described in detail here, as well as the ob-
servational constraints that are used in the study. Sec. IV
presents the results of the analysis, explicitly demonstrat-
ing that the best-fit stellar parameters in the MG model
are in tension with observations, and discussing the sys-
tematic uncertainties that a↵ect these results in detail.
We conclude in Sec. V. The Appendix supplements the
discussion on non-linear e↵ects in MOND and also in-
cludes further details on the likelihood analysis.

II. DARK MATTER VS. MODIFIED GRAVITY

DM and MG exhibit extremely di↵erent phenomenolo-
gies, even on galactic scales, due to their e↵ects on the
radial and vertical acceleration of tracer stars. In this
section, we quantify this statement in further detail and
point out specifically where the tension for MG appears.
Furthermore, we present details of our framework, which
allows for strong distinguishing power between the dif-
ferent cases in a model-independent fashion.
As discussed above, the constraining power arises from

the fact that for a well-motivated baryonic profile, little
additional vertical acceleration is required to explain ob-
servations, while a relatively large increase in the radial
acceleration must be invoked. The vertical acceleration
is inferred from observations of the velocity dispersions of
stars, while the radial acceleration is inferred from mea-
surements of the local circular velocity of the MW.
DM is able to accommodate this requirement since

an approximately spherical halo induces an acceleration
pointing towards its center. Importantly, the net en-
hancement of the acceleration over the Newtonian con-
tribution is just aDM, the acceleration due to the DM
component only, which is independent of the baryonic
density profile. For a spherical DM profile, the local en-
hancement in cylindrical (R̂, ẑ) coordinates is

aDM ⇡ �G
M(R0)

R2
0

✓
1,

z

R0

◆
(1)
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Differentiating Power
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Poisson equation with no DM. If Eq. (1) holds, then at
any given point in space, (a/aN)R = (a/aN)z and the ob-
served enhancement in the acceleration is isotropic. This
behavior is vastly di↵erent from the DM expectation,
where the enhancement to the acceleration is entirely in-
dependent of the baryonic potential and only depends
on the halo properties. This suggests that studying the
ratios (a/aN)R and (a/aN)z can help to di↵erentiate be-
tween DM and MOND-like theories; the latter would be
preferred if the data is consistent with an equivalence
between these two ratios.

The function ⌫(aN/a0) is known as the interpolation
function and its asymptotic behavior is designed to re-
produce the observed flatness of rotation curves in galax-
ies [][NJO: a paper for the behaviour of the function or
for the flatness?][ML: for the behaviour of the function].
This flatness requirement occurs when the observed ac-
celeration of a test particle scales as

a =

(
aN a � a0
p
a0aN a ⌧ a0.

(2)

Thus, the interpolation function must be unity at large
accelerations and (aN/a0)�1/2 for extremely low acceler-
ations, but is otherwise unspecified. At the Solar position
aN ⇡ a0, so deviations from unity become important.

In this work, we only consider local MW observables,
which probe small variations in aN. This motivates a
linear Taylor expansion of ⌫(aN/a0). In doing so, the
arbitrary function in Eq. (1) is reduced to two constants,
which can be treated as free parameters of the model. To
first order, the result is

⌫(aN/a0) = ⌫0 +
⌫̃1
a0

· aN ⌘ ⌫0 + ⌫1 · aN, (3)

parameterized in terms of the constants ⌫0, ⌫1.1 For ex-
ample, if the observed acceleration at the Solar position
was well-described by the baryonic potential, then ⌫0 ! 1
and ⌫1 ! 0. The observed flatness of the rotation curve
tells us that this will not be the case. Using an expan-
sion of the interpolation function allows us to present our
results in a model-independent manner. The best-fit val-
ues that we will recover for ⌫0,1 can be mapped to specific
parameterizations of the ⌫(aN/a0) function to constrain
the functional forms and infer a consistent value of a0.

Strictly speaking, Eq. (1) does not hold for all MOND
theories. Rather, the correct relation between observed
and Newtonian acceleration involves a vector structure
(see Eq. (A1)). However, as is detailed in App. A 1, un-
der certain circumstances, deviations from Eq. (1) are
expected to be either zero or negligible. This is found
to be true near the Solar position in the MW. Addition-
ally, other complications stemming from the non-linear

1 Note that in the case where measurements are only sensitive to
the linear expansion of ⌫, one can only constrain the ratio ⌫̃1/a0,
i.e. the value of ⌫1, and not the scale a0 itself.

behavior of an IR gravity theory might also arise and
one should be careful to take these into account when
developing tools to di↵erentiate such theories from DM.
App. A presents details of these complications for the
current study and the specific case of MOND. Thus, ev-
erything below assumes the simple behavior of Eq. (1)
and the analysis for a MOND-like theory follows the con-
siderations described above. [OS: Add discussion of small
perturbations and reference the appendix.][NJO: OS, do
you still wish to add something?]
Previous studies [24–30] have noted that MOND can

a↵ect local vertical dynamics, but a full study marginal-
izing over uncertainties in the baryonic modeling and di-
rectly comparing the results to a DM model has not been
performed, to our knowledge. An additional novelty in
our approach is the Taylor expansion of the interpolation
function, which allows the analysis to probe all possible
realizations of MOND and can be extended to additional
IR modifications of gravity, as long as the baryonic pro-
file predicts all the dynamics. At the most fundamental
level, a Taylor expansion in position of the function gov-
erning the gravity enhancement should be possible for
any such theory, in some small region of space. In this
paper, we focus on the specific case of MOND, postpon-
ing other cases to future work.[NJO: can we remove the
last sentence? I feel we said it many times already.]

III. METHODOLOGY

In this section, we describe the Bayesian likelihood
analysis that has been performed to test the consis-
tency of local MW observables with the DM and mod-
ified gravity (MG) models introduced above. For a
given model M = DM,MG with parameters ✓M,
one can predict the values of di↵erent MW observ-
ables X(✓M) = (X1(✓M), ..., XN (✓M)). The pre-
dicted values are then compared to the measured values
Xobs = (X1,obs, ..., XN,obs) with uncertainties �Xobs =
(�X1,obs, ..., �XN,obs). We then construct the likelihood
function

L(✓M) / exp

2

4�1
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✓
Xj,obs �Xj(✓M)

�Xj,obs
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3
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and seek to recover the posterior distributions of the
model parameters using Bayesian inference.
In Sec. III A, we define our models and discuss our

modeling assumptions, in Sec. III B we describe the ob-
servables Xobs used to constrain our models, and in
Sec. III C we discuss our analysis procedure in detail.

A. Model Formalism

In this section, we detail the parametrization of our
models for DM and MG. For both models, the predicted
acceleration depends sensitively on the MW’s baryonic
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analysis that has been performed to test the consis-
tency of local MW observables with the DM and mod-
ified gravity (MG) models introduced above. For a
given model M = DM,MG with parameters ✓M,
one can predict the values of di↵erent MW observ-
ables X(✓M) = (X1(✓M), ..., XN (✓M)). The pre-
dicted values are then compared to the measured values
Xobs = (X1,obs, ..., XN,obs) with uncertainties �Xobs =
(�X1,obs, ..., �XN,obs). We then construct the likelihood
function

L(✓M) / exp
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and seek to recover the posterior distributions of the
model parameters using Bayesian inference.
In Sec. III A, we define our models and discuss our

modeling assumptions, in Sec. III B we describe the ob-
servables Xobs used to constrain our models, and in
Sec. III C we discuss our analysis procedure in detail.

A. Model Formalism

In this section, we detail the parametrization of our
models for DM and MG. For both models, the predicted
acceleration depends sensitively on the MW’s baryonic
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Poisson equation with no DM. If Eq. (1) holds, then at
any given point in space, (a/aN)R = (a/aN)z and the ob-
served enhancement in the acceleration is isotropic. This
behavior is vastly di↵erent from the DM expectation,
where the enhancement to the acceleration is entirely in-
dependent of the baryonic potential and only depends
on the halo properties. This suggests that studying the
ratios (a/aN)R and (a/aN)z can help to di↵erentiate be-
tween DM and MOND-like theories; the latter would be
preferred if the data is consistent with an equivalence
between these two ratios.

The function ⌫(aN/a0) is known as the interpolation
function and its asymptotic behavior is designed to re-
produce the observed flatness of rotation curves in galax-
ies [][NJO: a paper for the behaviour of the function or
for the flatness?][ML: for the behaviour of the function].
This flatness requirement occurs when the observed ac-
celeration of a test particle scales as

a =

(
aN a � a0
p
a0aN a ⌧ a0.

(2)

Thus, the interpolation function must be unity at large
accelerations and (aN/a0)�1/2 for extremely low acceler-
ations, but is otherwise unspecified. At the Solar position
aN ⇡ a0, so deviations from unity become important.

In this work, we only consider local MW observables,
which probe small variations in aN. This motivates a
linear Taylor expansion of ⌫(aN/a0). In doing so, the
arbitrary function in Eq. (1) is reduced to two constants,
which can be treated as free parameters of the model. To
first order, the result is

⌫(aN/a0) = ⌫0 +
⌫̃1
a0

· aN ⌘ ⌫0 + ⌫1 · aN, (3)

parameterized in terms of the constants ⌫0, ⌫1.1 For ex-
ample, if the observed acceleration at the Solar position
was well-described by the baryonic potential, then ⌫0 ! 1
and ⌫1 ! 0. The observed flatness of the rotation curve
tells us that this will not be the case. Using an expan-
sion of the interpolation function allows us to present our
results in a model-independent manner. The best-fit val-
ues that we will recover for ⌫0,1 can be mapped to specific
parameterizations of the ⌫(aN/a0) function to constrain
the functional forms and infer a consistent value of a0.

Strictly speaking, Eq. (1) does not hold for all MOND
theories. Rather, the correct relation between observed
and Newtonian acceleration involves a vector structure
(see Eq. (A1)). However, as is detailed in App. A 1, un-
der certain circumstances, deviations from Eq. (1) are
expected to be either zero or negligible. This is found
to be true near the Solar position in the MW. Addition-
ally, other complications stemming from the non-linear

1 Note that in the case where measurements are only sensitive to
the linear expansion of ⌫, one can only constrain the ratio ⌫̃1/a0,
i.e. the value of ⌫1, and not the scale a0 itself.

behavior of an IR gravity theory might also arise and
one should be careful to take these into account when
developing tools to di↵erentiate such theories from DM.
App. A presents details of these complications for the
current study and the specific case of MOND. Thus, ev-
erything below assumes the simple behavior of Eq. (1)
and the analysis for a MOND-like theory follows the con-
siderations described above. [OS: Add discussion of small
perturbations and reference the appendix.][NJO: OS, do
you still wish to add something?]
Previous studies [24–30] have noted that MOND can

a↵ect local vertical dynamics, but a full study marginal-
izing over uncertainties in the baryonic modeling and di-
rectly comparing the results to a DM model has not been
performed, to our knowledge. An additional novelty in
our approach is the Taylor expansion of the interpolation
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realizations of MOND and can be extended to additional
IR modifications of gravity, as long as the baryonic pro-
file predicts all the dynamics. At the most fundamental
level, a Taylor expansion in position of the function gov-
erning the gravity enhancement should be possible for
any such theory, in some small region of space. In this
paper, we focus on the specific case of MOND, postpon-
ing other cases to future work.[NJO: can we remove the
last sentence? I feel we said it many times already.]

III. METHODOLOGY

In this section, we describe the Bayesian likelihood
analysis that has been performed to test the consis-
tency of local MW observables with the DM and mod-
ified gravity (MG) models introduced above. For a
given model M = DM,MG with parameters ✓M,
one can predict the values of di↵erent MW observ-
ables X(✓M) = (X1(✓M), ..., XN (✓M)). The pre-
dicted values are then compared to the measured values
Xobs = (X1,obs, ..., XN,obs) with uncertainties �Xobs =
(�X1,obs, ..., �XN,obs). We then construct the likelihood
function

L(✓M) / exp
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and seek to recover the posterior distributions of the
model parameters using Bayesian inference.
In Sec. III A, we define our models and discuss our

modeling assumptions, in Sec. III B we describe the ob-
servables Xobs used to constrain our models, and in
Sec. III C we discuss our analysis procedure in detail.

A. Model Formalism

In this section, we detail the parametrization of our
models for DM and MG. For both models, the predicted
acceleration depends sensitively on the MW’s baryonic
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3

Parameter
ñi hi ⇢̃⇤ h⇤,R Mb,0 ⇢̃g ⇢̃DM ↵ ⌫0 ⌫1

Unit pc�3 kpc M� pc�3 kpc M� M� pc�3 M� pc�3 – –
1010s2 m�1

Prior [10�5, 0.5] [10�2, 1.5] [0, 172] [10�3, 8] [0, 4 · 1012] [0, 172] [0, 17] [0, 100] [0, 20] [-66, 0]

TABLE I. Free parameters used in the likelihood analysis along with their associated prior range. From left to right: nor-
malization and scale height of ith tracer population, normalization and scale length of stellar disk, bulge mass, normalization
of gas disk, dark matter density normalization and inner slope, interpolation function parameters for modified gravity model.
Flat priors are used throughout. [MTM: should probably update some of these to nice values, etc...]

where rb,0 is the bulge scale radius, and Mb,0 is a nor-
malization constant that sets the total mass of the bulge.
The scale radius is fixed to rb,0 = 600 kpc, while the
normalization is allowed to vary. While the MW bulge
is known to have considerable more structure than cap-
tured by Eq. (6) (see [9] for a review), our analysis is not
sensitive to these details as the observables of interest are
measured beyond of R & 5 kpc. As a result, the inclu-
sion of the bulge primarily serves to boost the circular
velocity at R�. We have verified that variations to the
bulge scale radius have no impact on the rotation curve
in the Solar neighborhood.[ML: verify]

The acceleration due to baryonic matter, aN, depends
on the total stellar and gas density:

⇢B = ⇢⇤,bulge + ⇢⇤,disk + ⇢g,disk . (7)

Assuming appropriate boundary conditions at large dis-
tances, there is a unique Newtonian acceleration, aN,
that satisfies the Poisson equation,

r · aN = 4⇡G⇢B. (8)

In the presence of a DM halo, the dynamical acceleration,
a, is given by

a = aDM + aN, (9)

where aDM is the Newtonian acceleration due to some
DM density ⇢DM,

r · aDM = 4⇡G⇢DM. (10)

We model the dark matter density using a Navarro-
Frenk-White distribution [13],

⇢DM(r) =
⇢̃DM

(r/rs)
↵ (1 + r/rs)

3�↵ , (11)

where rs is the scale radius and ↵ is the inner slope.
While the scale radius is fixed at rs = 19 kpc, both ⇢̃DM

and ↵ are free parameters of the fitting procedure.
For the modified gravity model, the dynamical accel-

eration a is given by

a = (⌫0 + ⌫1aN)aN, (12)

where ⌫0 and ⌫1, defined in Eqs. (2) and (3), parametrize
the interpolation function and are free parameters. We
only consider enhancements over the predicted Newto-
nian acceleration and demand that the parenthetical sum
in Eq. (12) always be positive.

B. Constraints from Local Dynamics

We now describe the measured values of the observ-
ables, Xobs, used in the likelihood analysis. The first
constraint arises from the local stellar and gas surface
densities, as determined from photometric observations.
By definition, the surface density depends on the distri-
bution of the stellar or gas component as

⌃zmax
j = 2

Z zmax

0
⇢j(R�, z

0) dz0 , (13)

where j = ⇤, g. We adopt ⌃1.1
g,obs = 12.6 ±

1.6 M� pc�2 and ⌃1.1
⇤,obs = 31.2±1.6 M� pc�2 as fiducial

values [4]. For self-consistency, we are careful to make
use of surface densities obtained from direct photometric
observations only; such observations are equally valid in a
MOND-like scenario as in a DM scenario. In cases where
the surface density is instead inferred from dynamical
modeling, a functional form for the dynamical potential
is assumed and typically includes a DM halo by default.
The second imposed constraint comes from the value

and slope of the MW rotation curve at the solar radius.
For both the DM and gravity models, the circular velocity
is obtained from the predicted acceleration using

vc(R) =
p

R · a(R)
���
z=0

. (14)

We consider only the local circular velocity and slope of
the rotation curve at R = R�, taking vc,obs = 218 ±
6 km/s [5] and (dvc/dR)obs = 0.5 ± 0.8 km/s/kpc as
fiducial values [].[ML: update]
The final imposed constraint is due to the observed

number density and vertical velocity dispersions of three
mono-abundance stellar populations at R = R�, pro-
vided in Ref. [6]. These results were obtained using
9000 K-dwarfs in the SEGUE sub-survey of the Sloan
Digital Sky Survey (SDSS) [14–16]. The sample was
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Parameter
ñi hi ⇢̃⇤ h⇤,R Mb,0 ⇢̃g ⇢̃DM ↵ ⌫0 ⌫1

Unit pc�3 kpc M� pc�3 kpc M� M� pc�3 M� pc�3 – –
1010s2 m�1

Prior [10�5, 0.5] [10�2, 1.5] [0, 172] [10�3, 8] [0, 4 · 1012] [0, 172] [0, 17] [0, 100] [0, 20] [-66, 0]

TABLE I. Free parameters used in the likelihood analysis along with their associated prior range. From left to right: nor-
malization and scale height of ith tracer population, normalization and scale length of stellar disk, bulge mass, normalization
of gas disk, dark matter density normalization and inner slope, interpolation function parameters for modified gravity model.
Flat priors are used throughout. [MTM: should probably update some of these to nice values, etc...]

where rb,0 is the bulge scale radius, and Mb,0 is a nor-
malization constant that sets the total mass of the bulge.
The scale radius is fixed to rb,0 = 600 kpc, while the
normalization is allowed to vary. While the MW bulge
is known to have considerable more structure than cap-
tured by Eq. (6) (see [9] for a review), our analysis is not
sensitive to these details as the observables of interest are
measured beyond of R & 5 kpc. As a result, the inclu-
sion of the bulge primarily serves to boost the circular
velocity at R�. We have verified that variations to the
bulge scale radius have no impact on the rotation curve
in the Solar neighborhood.[ML: verify]

The acceleration due to baryonic matter, aN, depends
on the total stellar and gas density:

⇢B = ⇢⇤,bulge + ⇢⇤,disk + ⇢g,disk . (7)

Assuming appropriate boundary conditions at large dis-
tances, there is a unique Newtonian acceleration, aN,
that satisfies the Poisson equation,

r · aN = 4⇡G⇢B. (8)

In the presence of a DM halo, the dynamical acceleration,
a, is given by

a = aDM + aN, (9)

where aDM is the Newtonian acceleration due to some
DM density ⇢DM,

r · aDM = 4⇡G⇢DM. (10)

We model the dark matter density using a Navarro-
Frenk-White distribution [13],

⇢DM(r) =
⇢̃DM

(r/rs)
↵ (1 + r/rs)

3�↵ , (11)

where rs is the scale radius and ↵ is the inner slope.
While the scale radius is fixed at rs = 19 kpc, both ⇢̃DM

and ↵ are free parameters of the fitting procedure.
For the modified gravity model, the dynamical accel-

eration a is given by

a = (⌫0 + ⌫1aN)aN, (12)

where ⌫0 and ⌫1, defined in Eqs. (2) and (3), parametrize
the interpolation function and are free parameters. We
only consider enhancements over the predicted Newto-
nian acceleration and demand that the parenthetical sum
in Eq. (12) always be positive.

B. Constraints from Local Dynamics

We now describe the measured values of the observ-
ables, Xobs, used in the likelihood analysis. The first
constraint arises from the local stellar and gas surface
densities, as determined from photometric observations.
By definition, the surface density depends on the distri-
bution of the stellar or gas component as

⌃zmax
j = 2

Z zmax

0
⇢j(R�, z

0) dz0 , (13)

where j = ⇤, g. We adopt ⌃1.1
g,obs = 12.6 ±

1.6 M� pc�2 and ⌃1.1
⇤,obs = 31.2±1.6 M� pc�2 as fiducial

values [4]. For self-consistency, we are careful to make
use of surface densities obtained from direct photometric
observations only; such observations are equally valid in a
MOND-like scenario as in a DM scenario. In cases where
the surface density is instead inferred from dynamical
modeling, a functional form for the dynamical potential
is assumed and typically includes a DM halo by default.
The second imposed constraint comes from the value

and slope of the MW rotation curve at the solar radius.
For both the DM and gravity models, the circular velocity
is obtained from the predicted acceleration using

vc(R) =
p

R · a(R)
���
z=0

. (14)

We consider only the local circular velocity and slope of
the rotation curve at R = R�, taking vc,obs = 218 ±
6 km/s [5] and (dvc/dR)obs = 0.5 ± 0.8 km/s/kpc as
fiducial values [].[ML: update]
The final imposed constraint is due to the observed

number density and vertical velocity dispersions of three
mono-abundance stellar populations at R = R�, pro-
vided in Ref. [6]. These results were obtained using
9000 K-dwarfs in the SEGUE sub-survey of the Sloan
Digital Sky Survey (SDSS) [14–16]. The sample was
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categorized based on its iron fraction, [Fe/H], and ↵-
abundance, [↵/Fe], and divided into three tracer pop-
ulations consisting of metal-rich, metal-intermediate and
metal-poor stars. For each population, indexed by i,
number densities, ni,obs(zk), and vertical velocity disper-
sions, �z,i,obs(zk), were obtained for several values of zk
between 300 pc and 1200 pc.

Following Ref. [6], we model the number densities,
ni(z), for the ith tracer population as

ni(z) = ñi exp(�z/hi) , (15)

where ñi and hi are additional model parameters varied
in the fit. The tracer stars are modeled as a steady-state
collisionless system, which is well-described by the Jeans
equations [10]. Thus, the vertical velocity dispersion can
be written as

�i,z(z)
2 =

ni(0)�i,z(0)2

ni(z)

+
1

ni(z)

Z z

0
ni(z

0) az(z
0) dz0 , (16)

where az is the vertical acceleration predicted by model
M—see [17] for a review. Eq. (16) ignores the contri-
bution from the tilt term to the Jeans equation, which
depends on the velocity dispersion in the R � z plane.
The contribution of this term is negligible, as estimated
in [6] for the specific K-dwarf sample studied there, and
can thus be safely neglected.

The solar radius, R�, feeds into the prediction of the
local observables described above.3 This parameter is
critical because any galactic measurements based on an-
gular size or velocity as perceived from Earth will de-
pend on R�. We take R� = 8.122 kpc as the fidu-
cial value [18], consistent with the most measurement
of R� = 8.122± 0.031 kpc obtained from the observation
of the orbit of the star S2 around the massive black hole
candidate Sgr A*.

C. MCMC Analysis

To summarize, the complete set of model
parameters is formed by the union of the
set of SEGUE tracer population parameters,
{ñi, hi | i = 1, 2, 3}, the baryon potential parame-
ters, {⇢̃⇤, h⇤,R, h⇤,z, Mb,0, rb,0, ⇢̃g, hg,R, hg,z}, and
{⌫0, ⌫1} for the modified gravity model or {⇢̃DM,↵, rs}
for the DM case. We set rs, rb,0, h⇤,z, and hg,z to
constant values, and fix hg,R = 2h⇤,R. The e↵ects of
varying over these fixed values are summarized in detail
below. Therefore, the free parameters in Eq. (4) are

✓G = (ñi, hi, ⇢̃⇤, h⇤,R, Mb,0, ⇢̃g, ⌫0, ⌫1) (17)

✓DM = (ñi, hi, ⇢̃⇤, h⇤,R, Mb,0, ⇢̃g, ⇢̃DM, ↵) ,

3 In this work, we neglect the vertical o↵set of the Sun above the
galactic plane.

and the local observables are

Xobs =
�
ni,obs(zk), �z,i,obs(zk), ⌃1.1

⇤,obs, ⌃1.1
g,obs,

vc,obs, (dvc/dR)obs) . (18)

For a given model M, the values of these observables are
obtained from Eqs. 13-16.
We use the Markov Chain Monte Carlo (MCMC) im-

plementation emcee [19] to recover the posterior distri-
butions for ✓G or ✓DM, as appropriate. We set flat pri-
ors on each parameter as summarized in Table I and
additionally require that each walker step satisfy (i)
⌫0 + ⌫1aN > 1 and (ii) the baryonic rotation curve peak
below R < 5 kpc.
emcee is run with 520 walkers for 40000 steps per

walker until converged. [MTM: discuss convergence].
Once the sample chains are converged, we run the MCMC
for an additional 5000 steps. A corner plot of all the
fit parameters and their posterior distributions and two-
parameter correlations can be seen in Fig. (??), and sev-
eral other correlations can be seen in Figs. ?? and ?? We
also run several auxilliary scans where we impose addi-
tional priors on h⇤,R, M⇤,bulge and M⇤,disk.
For each scan, we compute the Bayesian evidence (BE)

numerically via

BEM =

Z

prior
d✓LM(✓|Xobs) ⇡

 
X

i

1

LM,i

!�1

, (19)

where the summation runs over the converged MCMC
sample chain. The Bayes factor (BF) for a pair of scans
by taking the ratio

BF ⌘ BEDM

BEG
. (20)

III. RESULTS

As described above, a best fit analysis has been per-
formed for both a modified gravity theory and for a
DM theory with a density profile of the form given by
Eq. (11). In both cases, the baryonic density profile is of
the form given by Eq. (5). The results are presented in
three sets of figures. Figs. 1 and 2 show various corre-
lations of a number of the fitting parameters are shown.
Fig. 1 highlights the tension of a modified gravity theory
with other MW observables, while Fig. 2 highlights where
the kinematical tension between a modified gravity the-
ory and a DM theory arrises, focusing on the fact that
modified gravity is an isotropic theory which does not
di↵erentiate between the radial and vertical directions
while a DM explanation need not be isotropic.. In each
figure, red shaded regions correspond to 1� and 2� best
fit regions for the modified gravity scan and blue shaded
regions correspond to the DM scan. Fig. 3 presents the
best fit parameters of each theory. Below is a discussion
of each of these.
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Words of deep brilliance to awe and inspire...

I. INTRODUCTION

In the late twentieth century, the discovery that galac-
tic rotation curves flatten at large radii [1, 2] revolution-
ized our understanding of galactic dynamics. This sin-
gular observation is often considered the first definitive
evidence for the existence of dark matter (DM). The stan-
dard assumption is that the presence of ‘halo’ of dark
matter provides the needed acceleration to explain the
rotation curve observation. Our goal in this work is to
test this assumption about the dark matter halo directly
using Milky Way dynamics, and to compare how well
the halo assumption works relative to other possible al-
terations of the Milky Way’s gravitational field.

To explain the fact that the rotation curve is flat near
the Solar position requires that the local dark matter
density scale as ⇢DM = ⇢̃DM/r2. This dependence on the
Galactocentric radius yields a constant circular velocity,
assuming that the halo is isothermal and in equilibrium.
This simple framework is quite predictive, providing ad-
ditional observables that can be tested. One example
is to look beyond the e↵ect on radial acceleration, and
to study the impact on the vertical acceleration of local
stars. In particular, if the local dark matter density dis-
tribution only depends on the radial coordinate, then its
contribution to the vertical acceleration of nearby stars
is simply proportional to 4⇡G⇢̃DMz, where z is the height
above the mid-plane and G is Newton’s gravitational con-
stant.

Standard methods of estimating the local dark matter
density use Jeans equation to infer the ⇢̃DM from the ver-
tical acceleration of local stars. Historically, these studies
always assume, by default, that the dark matter halo im-
pacts the local dynamics following the prescription de-
scribed above. Our approach in this work is di↵erent:
we want to study the consistency of the DM expectation
with data, comparing it to other possible scaling relations
that relate the radial and vertical accelerations of nearby
stars. In this manner, we can test a fundamental pre-
diction of the presence of the DM halo using observables
specific to our local neighborhood in the Galaxy.

As a point of comparison to the dark matter halo sce-
nario, we explore a class of phenomenological models,
motivated by the idea of Modified Newtonian Dynamics
(MOND) [], where the observed acceleration of a particle

a scales as

a =

(
aN a � a0p
a0aN a ⌧ a0 .

(1)

Here, aN = �r�N is its Newtonian acceleration due to
the baryonic potential (i.e. the potential which solves
the Poisson equation with no dark matter). The acceler-
ation scale at which the rotation curve flattens is a0. In
particular, we assume that

a = ⌫

✓
aN
a0

◆
aN, (2)

where the interpolation function, ⌫(aN/a0), is a func-
tion that must obey the asymptotic behavior specified
in Eq. (1), but is otherwise arbitrary. This type of be-
haviour is a prediction of various MOND-like theories1.
However, in this study, we do not restrict the analysis to
any specific interpolation function but rather only test a
generic interpolation function in the region where mea-
surements are sensitive to it. Thus, for the remainder
of this work, we refer to the behavior of Eq. (2) simply
as a theory of modified gravity. Importantly, the main
feature of this theory is isotropy, i.e. the theory does not
di↵erentiate between the components of the acceleration
vector for any coordinate system.
In our analysis, we consider a modified gravity frame-

work defined by Eq. (2), where ⌫(ab/a0) is an interpola-
tion function which is assumed to follow the asymptotic
behavior specified by Eq. (1), but is otherwise arbitrary.
A variety of modified gravity theories simplify to Eq. (2)
in the presence of a spherical or cylindrical symmetry [3].
[MTM: There are other citations we throw in here.] The
most general solutions typically also have a divergenceless
vector field that also contributes to the a. Appendix ??
reviews these e↵ects and demonstrates that the contri-
butions of this field can be safely neglected.
As we will study only a localized region in the Solar

neighborhood, we can motivate a linear expansion of ⌫.
In doing so, we reduce the arbitrary function in Eq. (2)
to two constants, which we treat as free parameters. In

1 Strictly speaking, the behavior of Eq. (2) is a result of theories
know as Quasi-Linear MOND (QuMOND).
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Parameter
ñi hi ⇢̃⇤ h⇤,R Mb,0 ⇢̃g ⇢̃DM ↵ ⌫0 ⌫1

Unit pc�3 kpc M� pc�3 kpc M� M� pc�3 M� pc�3 – –
1010s2 m�1

Prior [10�5, 0.5] [10�2, 1.5] [0, 172] [10�3, 8] [0, 4 · 1012] [0, 172] [0, 17] [0, 100] [0, 20] [-66, 0]

TABLE I. Free parameters used in the likelihood analysis along with their associated prior range. From left to right: nor-
malization and scale height of ith tracer population, normalization and scale length of stellar disk, bulge mass, normalization
of gas disk, dark matter density normalization and inner slope, interpolation function parameters for modified gravity model.
Flat priors are used throughout. [MTM: should probably update some of these to nice values, etc...]

where rb,0 is the bulge scale radius, and Mb,0 is a nor-
malization constant that sets the total mass of the bulge.
The scale radius is fixed to rb,0 = 600 kpc, while the
normalization is allowed to vary. While the MW bulge
is known to have considerable more structure than cap-
tured by Eq. (6) (see [9] for a review), our analysis is not
sensitive to these details as the observables of interest are
measured beyond of R & 5 kpc. As a result, the inclu-
sion of the bulge primarily serves to boost the circular
velocity at R�. We have verified that variations to the
bulge scale radius have no impact on the rotation curve
in the Solar neighborhood.[ML: verify]

The acceleration due to baryonic matter, aN, depends
on the total stellar and gas density:

⇢B = ⇢⇤,bulge + ⇢⇤,disk + ⇢g,disk . (7)

Assuming appropriate boundary conditions at large dis-
tances, there is a unique Newtonian acceleration, aN,
that satisfies the Poisson equation,

r · aN = 4⇡G⇢B. (8)

In the presence of a DM halo, the dynamical acceleration,
a, is given by

a = aDM + aN, (9)

where aDM is the Newtonian acceleration due to some
DM density ⇢DM,

r · aDM = 4⇡G⇢DM. (10)

We model the dark matter density using a Navarro-
Frenk-White distribution [13],

⇢DM(r) =
⇢̃DM

(r/rs)
↵ (1 + r/rs)

3�↵ , (11)

where rs is the scale radius and ↵ is the inner slope.
While the scale radius is fixed at rs = 19 kpc, both ⇢̃DM

and ↵ are free parameters of the fitting procedure.
For the modified gravity model, the dynamical accel-

eration a is given by

a = (⌫0 + ⌫1aN)aN, (12)

where ⌫0 and ⌫1, defined in Eqs. (2) and (3), parametrize
the interpolation function and are free parameters. We
only consider enhancements over the predicted Newto-
nian acceleration and demand that the parenthetical sum
in Eq. (12) always be positive.

B. Constraints from Local Dynamics

We now describe the measured values of the observ-
ables, Xobs, used in the likelihood analysis. The first
constraint arises from the local stellar and gas surface
densities, as determined from photometric observations.
By definition, the surface density depends on the distri-
bution of the stellar or gas component as

⌃zmax
j = 2

Z zmax

0
⇢j(R�, z

0) dz0 , (13)

where j = ⇤, g. We adopt ⌃1.1
g,obs = 12.6 ±

1.6 M� pc�2 and ⌃1.1
⇤,obs = 31.2±1.6 M� pc�2 as fiducial

values [4]. For self-consistency, we are careful to make
use of surface densities obtained from direct photometric
observations only; such observations are equally valid in a
MOND-like scenario as in a DM scenario. In cases where
the surface density is instead inferred from dynamical
modeling, a functional form for the dynamical potential
is assumed and typically includes a DM halo by default.
The second imposed constraint comes from the value

and slope of the MW rotation curve at the solar radius.
For both the DM and gravity models, the circular velocity
is obtained from the predicted acceleration using

vc(R) =
p

R · a(R)
���
z=0

. (14)

We consider only the local circular velocity and slope of
the rotation curve at R = R�, taking vc,obs = 218 ±
6 km/s [5] and (dvc/dR)obs = 0.5 ± 0.8 km/s/kpc as
fiducial values [].[ML: update]
The final imposed constraint is due to the observed

number density and vertical velocity dispersions of three
mono-abundance stellar populations at R = R�, pro-
vided in Ref. [6]. These results were obtained using
9000 K-dwarfs in the SEGUE sub-survey of the Sloan
Digital Sky Survey (SDSS) [14–16]. The sample was
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2.3 OLD STUFF

Then, the Fourier Transform of µ(|r�(z)|/a0) is,
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3 Emergent Gravity Theory

Empiracally, the acceleration scale is at,

a(r) = G
M(r)

r2
<

H0

2
(3.1)

Now, note something known about BHs. That if the entropy and temperature are given by,

S =
A

4⇡G
(3.2)

and,

T =
g

2⇡
. (3.3)

Since in a BH, the mass, acceleration and area are related by,

dM =
g

2⇡

dA

4G
, (3.4)

if one replaces g and dA/G, one gets the first law of thermodynamics,

dE = TdS. (3.5)

Importantly, this means that if there is some entropy related to a system (eg a BH), then this

translates to energy which can alter gravity. This is the general point of emergent gravity.

A thought experiment: If one lowers a mass m with dimensions R into a BH, the work done

during the period when the mass is moving through the horizon is W = F · R = mgR. This work

is transferred into entropy of the BH, so according to the first law of thermodynamics,

W = mgR = TS =
g

2⇡
S. (3.6)

The result is that the entropy increases by,

S = 2⇡mR. (3.7)
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during the period when the mass is moving through the horizon is W = F · R = mgR. This work
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FIG. 1. Correlations between pairs of the parameters h⇤,R, M⇤,disk and M⇤,bulge from the MOND and DM scans studied in this
work. Red shaded regions correspond to 1� and 2� best fit regions for the MOND scan while blue shaded regions correspond
to the DM scan. In each panel, the favored region found from independent, non-dynamical observations is marked by a green
rectangle. Dashed lines correspond to theoretical considerations which drive the results of the fits. Left panel: Correlation
between scale radius, h⇤,R, and stellar disk mass, M⇤,disk. The black dashed curve is that for which the exact stellar surface
density is reproduced, Eq. (21). Both MOND and DM fits include 1� regions within the favored parameter space. Central
panel: Correlation between stellar disk mass, M⇤,disk, and stellar bulge mass, M⇤,bulge. The red dashed curve corresponds to
the correlation which reproduces the exact measured local circular velocity assuming Eq. (21) and a local value of ⌫ = [OS :???]
for a MONDian theory. The result follows a di↵erent correlation with smaller values for the masses since the DM halo e↵ectively
acts as an addition to the bulge mass. Both MOND and DM fits include 1� regions within the favored parameter space. Right
panel: Correlation between HR and M⇤,bulge. The red dashed curve is a combination of the theoretical dashed curves in the
left and central panels. This panel highlight the tension of a MONDian theory with observations. Very little parameter space
within the favored region is allowed by the MOND fit while most of the DM best fit region is within the favored observational
region. [OS: Write somewhere on the plots what the choice of scale height is. Add * symbols to hR,Mdisk and Mbulge. Make
the green regions stronger green and make the FAVORED lettering slightly larger and bolder. Change ⌫ to ⌫�.]

A. The Galactic Density Profile

Fig. 1 shows the correlations amongst the three pa-
rameters h⇤,R, M⇤,disk and M⇤,bulge. The 68 and 95%
containment regions for the Modified IR Gravity and DM
models are shown in orange and blue, respectively. As de-
scribed in more detail below, we also provide several the-
oretical estimates for each set of correlations, which allow
for an intuitive understanding of the MCMC scan results.
These three parameters are all constrained by other in-
dependent, non-dynamical observations. The solid black
lines in each panel denote the average value of each pa-
rameter, determined from a survey of the literature [9].
In general, the DM model prefer a larger scale radius
of the stellar disk and lower bulge mass, which is better
in-line with observations. There is clear tension of the
modified gravity fit with the observations.

We now discuss each panel of Fig. 1 in turn. The left
panel presents the correlation of the stellar scale radius,
h⇤,R, with the total mass of the stellar disk, M⇤,disk, for
a specific value of the stellar scale height, h⇤,z = 0.3 kpc.
The correlation between these two parameters is set by
the constraint of the local stellar surface density. Using
Eqs. (5) and (13), we find that

M⇤,disk =
2⇡h2

⇤,R⌃
zmax
⇤,obs exp(R�/h⇤,R)

1� exp(�zmax/h⇤,z)
, (21)

where zmax = 1.1 kpc for the constraints used in this
study. A curve of this theoretical correlation is overlaid
onto the results of the scan in Fig. 1 where it can be seen
that Eq. (21) drives this correlation for both modified
gravity and DM theories. [OS: Try to understand why
the results push towards slightly smaller values of M and
h. Is it maybe because of large errors on the surface
density which gives freedom to pick smaller M so that ⌫
can be large?] Both theories are able to reproduce the
surface density equally well with 1� fit regions within the
favored parameter space for h⇤,R and M⇤,disk.

The central panel of the figure presents the correlation
of the stellar bulge mass, M⇤,bulge, with M⇤,disk. This
result can be understood as those values which approxi-
mately correctly reproduce the local circular velocity of
the MW, vc. For a modified gravity theory, this will de-
pend on the local value of the ⌫(xN) function and there-
fore on the values of ⌫0 and ⌫1 and of the Newtonian
acceleration in the Solar neighborhood, aN(R�, z�). For
any given set of these values, as well as the parameters of
the gas disk, and for an h⇤,R which correlates to M⇤,disk
approximately according to Eq. (21), there is a MONDian
relation between M⇤,bulge and M⇤,disk which reproduces
the correct value of vc. This correlation can be found by
solving the Poisson Equation for any set of these parame-
ters. To understand the behavior of the result, one should
consider the h⇤,R vs M⇤,disk correlation on the left panel.

Driven by stellar surface 
density constraint

Driven by local value of 
rotation curve constraint

3

Parameter
ñi hi ⇢̃⇤ h⇤,R Mb,0 ⇢̃g ⇢̃DM ↵ ⌫0 ⌫1

Unit pc�3 kpc M� pc�3 kpc M� M� pc�3 M� pc�3 – –
1010s2 m�1

Prior [10�5, 0.5] [10�2, 1.5] [0, 172] [10�3, 8] [0, 4 · 1012] [0, 172] [0, 17] [0, 100] [0, 20] [-66, 0]

TABLE I. Free parameters used in the likelihood analysis along with their associated prior range. From left to right: nor-
malization and scale height of ith tracer population, normalization and scale length of stellar disk, bulge mass, normalization
of gas disk, dark matter density normalization and inner slope, interpolation function parameters for modified gravity model.
Flat priors are used throughout. [MTM: should probably update some of these to nice values, etc...]

where rb,0 is the bulge scale radius, and Mb,0 is a nor-
malization constant that sets the total mass of the bulge.
The scale radius is fixed to rb,0 = 600 kpc, while the
normalization is allowed to vary. While the MW bulge
is known to have considerable more structure than cap-
tured by Eq. (6) (see [9] for a review), our analysis is not
sensitive to these details as the observables of interest are
measured beyond of R & 5 kpc. As a result, the inclu-
sion of the bulge primarily serves to boost the circular
velocity at R�. We have verified that variations to the
bulge scale radius have no impact on the rotation curve
in the Solar neighborhood.[ML: verify]

The acceleration due to baryonic matter, aN, depends
on the total stellar and gas density:

⇢B = ⇢⇤,bulge + ⇢⇤,disk + ⇢g,disk . (7)

Assuming appropriate boundary conditions at large dis-
tances, there is a unique Newtonian acceleration, aN,
that satisfies the Poisson equation,

r · aN = 4⇡G⇢B. (8)

In the presence of a DM halo, the dynamical acceleration,
a, is given by

a = aDM + aN, (9)

where aDM is the Newtonian acceleration due to some
DM density ⇢DM,

r · aDM = 4⇡G⇢DM. (10)

We model the dark matter density using a Navarro-
Frenk-White distribution [13],

⇢DM(r) =
⇢̃DM

(r/rs)
↵ (1 + r/rs)

3�↵ , (11)

where rs is the scale radius and ↵ is the inner slope.
While the scale radius is fixed at rs = 19 kpc, both ⇢̃DM

and ↵ are free parameters of the fitting procedure.
For the modified gravity model, the dynamical accel-

eration a is given by

a = (⌫0 + ⌫1aN)aN, (12)

where ⌫0 and ⌫1, defined in Eqs. (2) and (3), parametrize
the interpolation function and are free parameters. We
only consider enhancements over the predicted Newto-
nian acceleration and demand that the parenthetical sum
in Eq. (12) always be positive.

B. Constraints from Local Dynamics

We now describe the measured values of the observ-
ables, Xobs, used in the likelihood analysis. The first
constraint arises from the local stellar and gas surface
densities, as determined from photometric observations.
By definition, the surface density depends on the distri-
bution of the stellar or gas component as

⌃zmax
j = 2

Z zmax

0
⇢j(R�, z

0) dz0 , (13)

where j = ⇤, g. We adopt ⌃1.1
g,obs = 12.6 ±

1.6 M� pc�2 and ⌃1.1
⇤,obs = 31.2±1.6 M� pc�2 as fiducial

values [4]. For self-consistency, we are careful to make
use of surface densities obtained from direct photometric
observations only; such observations are equally valid in a
MOND-like scenario as in a DM scenario. In cases where
the surface density is instead inferred from dynamical
modeling, a functional form for the dynamical potential
is assumed and typically includes a DM halo by default.
The second imposed constraint comes from the value

and slope of the MW rotation curve at the solar radius.
For both the DM and gravity models, the circular velocity
is obtained from the predicted acceleration using

vc(R) =
p

R · a(R)
���
z=0

. (14)

We consider only the local circular velocity and slope of
the rotation curve at R = R�, taking vc,obs = 218 ±
6 km/s [5] and (dvc/dR)obs = 0.5 ± 0.8 km/s/kpc as
fiducial values [].[ML: update]
The final imposed constraint is due to the observed

number density and vertical velocity dispersions of three
mono-abundance stellar populations at R = R�, pro-
vided in Ref. [6]. These results were obtained using
9000 K-dwarfs in the SEGUE sub-survey of the Sloan
Digital Sky Survey (SDSS) [14–16]. The sample was
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FIG. 2. Marginalized two-parameter correlations for the disk and bulge parameters h⇤,R, M⇤,disk, and M⇤,bulge. Shaded regions
correspond to 68% and 95% containment regions for the MOND (red) and dark matter (blue) models. Left panel: Correlation
between stellar disk mass, M⇤,disk, and scale radius, h⇤,R. The black dashed curve shows the range of parameters consistent with
the measured stellar surface density ⌃1.1

⇤,obs = 31.2 M� pc�2 [52], as in Eq. (18). Central panel: Correlation between stellar
bulge mass, M⇤,bulge, and stellar disk mass, M⇤,disk. The red dashed curve corresponds to the correlation that reproduces the
measured local circular velocity assuming Eq. (18) and a constant value of ⌫(aN/a0) = 1.3 for MOND. The blue dashed curve is
the analogous estimate for the DM model using ⇢̃DM = 2.8 M� pc�3 and ↵ = 0.5. Right panel: Correlation between h⇤,R and
M⇤,bulge. The red and blue dashed curves are analogous to those in the central panel. The open/filled black points correspond
to two separate bulge measurements: M⇤,bulge,obs = 1.5± 0.38 M� from microlensing observations [58] (filled black circle) and
M⇤,bulge,obs = 0.62± 0.31 M� (open black circle) from photometric observations [59]. We take h⇤,R,obs = 2.6± 0.5 kpc [39] for
both. Compared to MOND, the DM region has greater overlap with the favored parameter space.

where zmax = 1.1 kpc for the constraints used in this
study. The resulting curve is indicated by the black
dashed line; both the MOND and DM best-fit regions
roughly follow this trend.

The central panel of Fig. 2 illustrates the correlation
of the stellar bulge mass, M⇤,bulge, with the stellar disk
mass, M⇤,disk. This correlation is driven primarily by the
value of the local circular velocity, which is roughly de-
termined by the total enclosed baryonic mass. Therefore,
in the limit of spherical symmetry and neglecting the gas
disk, M⇤,disk+M⇤,bulge should be constant to recover the
observed circular velocity; thus, M⇤,disk and M⇤,bulge are
negatively correlated. This argument can be confirmed
more quantitatively for the case of cylindrical symme-
try. For each value of M⇤,disk, we compute the unique
baryon profile that gives the observed circular velocity
and stellar and gas surface densities, fixing baryonic pa-
rameters as in the baseline analysis and holding the DM
or MOND parameters fixed. Specifically, for the MOND
case, we hold ⌫� ⌘ ⌫0+⌫1 ·aN(R0) = 1.3,5 approximately
consistent with the median value from the scan (which
is ⌫� = 1.1). This is in line with the intuition described
in the previous sections: the MOND scan picks out an
acceleration enhancement that is close to unity. The re-
sults are plotted as the dashed lines in the central panel
of Fig. 2, and we see that they agree appreciably well
with the intuition outlined above.

5 In the MOND case, the circular velocity is only sensitive to ⌫0
and ⌫1 in the form of ⌫�.

The right panel of Fig. 2 shows the correlation of h⇤,R
with M⇤,bulge—a convolution of the results in the first
two panels. As h⇤,R increases, the disk contribution to
aN,R decreases, causing M⇤,bulge to increase in order to
maintain the constant vc,obs. The DM and MOND re-
gions both show this general trend. The dashed lines
representing the DM and MOND estimates are obtained
following the same procedure we used to get the esti-
mates in the central panel. This behavior follows the
general line of reasoning outlined in Sec. II. The MOND
scan requires a local enhancement of ⌫(aN/a0) ⇡ 1.3 in
order to fit the velocity dispersion data; however the only
way this model can now explain the rotation curve data
is by requiring a large amount of baryonic mass at the
Galactic Center.
While we could have implemented constraints on the

scale length and bulge mass directly in the likelihood
analysis, we decided against this because of the spread in
values found in the literature (see Ref. [39] and Ref. [40]
for a summary). Instead, we adopted the philosophy of
leaving these parameters unconstrained in our baseline
scans in order to understand the general preference of
the DM and MOND models. We then consider the im-
plications of specific measurements of M⇤,bulge and h⇤,R
both for the baseline analysis and for additional scans
where these values are constrained. In this way, the re-
sults presented in Fig. 2 are quite general, and one can
easily interpret them in the context of any specific mea-
surement for the disk parameters. We see that MOND
prefers larger M⇤,bulge and smaller h⇤,R, as compared to
DM, and has less overlap with the favored region indi-
cated by the open/filled black points (these data points

Tension for a MOND-
like force
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Other Observations

Stellar Disk Scale Length:
Have to account for thin + thick disks, or other parametrizations
Reference Value: h⇤,R,obs = 2.6± 0.5 kpc

Stellar Bulge Mass:
Existing measurements of M⇤,bulge have a large variance
Conservative range: 0 < M⇤,bulge < 2⇥ 10

10 M�
Reference value: M⇤,bulge,obs = 1.50± 0.38⇥ 10

10 M�

Bland-Hawthorn, Gerhard (2016); Licquia, Newman (2015); Calchi Novat, et. al. (2008);

Moschella (Princeton) DM vs. MOND Pre-Thesis 20 / 35

Conservative Range:

Reference Value:
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0 < M⇤,bulge < 2⇥ 1010M� (2.30)

3 Emergent Gravity Theory

Empiracally, the acceleration scale is at,

a(r) = G
M(r)

r2
<

H0

2
(3.1)

Now, note something known about BHs. That if the entropy and temperature are given by,

S =
A

4⇡G
(3.2)

and,

T =
g

2⇡
. (3.3)

Since in a BH, the mass, acceleration and area are related by,

dM =
g

2⇡

dA

4G
, (3.4)

if one replaces g and dA/G, one gets the first law of thermodynamics,

dE = TdS. (3.5)

Importantly, this means that if there is some entropy related to a system (eg a BH), then this

translates to energy which can alter gravity. This is the general point of emergent gravity.

A thought experiment: If one lowers a mass m with dimensions R into a BH, the work done

during the period when the mass is moving through the horizon is W = F · R = mgR. This work

is transferred into entropy of the BH, so according to the first law of thermodynamics,

W = mgR = TS =
g

2⇡
S. (3.6)

The result is that the entropy increases by,

S = 2⇡mR. (3.7)
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FIG. 3: Superfluid DM density profile (solid black curve)
for IC 2574 (Mb ⇠ 2 ⇥ 109M�). The parameters are m =
1 eV, ⇤ = 0.05 meV and MDM = 10Mb. The transition radii
(dashed vertical lines) are RNFW = 40 kpc and RT = 49 kpc,
compared to R200 = 57 kpc for this mass ratio. For the
NFW envelope/profile, we have the concentration parameter
c = 5.7. The conventions are the same as in Fig. 1.

1. The baryonic acceleration ~a
actual

b
is the Newtonian

acceleration computed for the actual non-spherical
baryon density. In other words, ~r · ~a

actual

b
=

�4⇡GN⇢
actual

b
(~x).

2. The DM acceleration ~aDM is the result of our
numerical analysis for a simplified spherically-
approximated baryon distribution ⇢

spherical

b
.

3. The phonon-mediated acceleration ~aphonon is then
computed using (32) sourced by the actual baryon
distribution ~a

actual

b
, but with the Newtonian poten-

tial �(r) taken from our numerical solution to the
spherically symmetric problem. Interestingly, de-
spite the non-standard form for the phonon equa-
tion (5), for instance compared to its Bekenstein-
Milgrom counterpart [27], we nevertheless found
that aphonon ' p

a0ab to within a couple of percent.
In other words, the phonon force closely matches
the deep-MOND acceleration.

A. LSB galaxy (IC 2574)

Our example of an LSB galaxy is IC 2574 (Mb ⇠
2⇥109

M�). The simplified spherical baryon distribution
⇢
spherical

b
, necessary to evaluate the DM density profile,

was modeled as a constant-density core out to 7.85 kpc,
matched to a 1/r

2 profile out to 9.22 kpc, such that the
total mass is Mb ' 2⇥ 109

M�, and that the slope of the
baryonic rotation curve is roughly reproduced.

Figure 3 shows the DM profile for the fiducial theory
parameters (39) and (40), assuming a constant baryon
fraction MDM = 10Mb. The resulting transition radii
(dashed vertical lines) in this case are

RNFW = 40 kpc ; RT = 49 kpc , (48)

FIG. 4: Predicted rotation curve of IC 2574, evaluated using
the hybrid method outlined in the text. The orange points

are the data from [99] assuming a distance of 3 Mpc [100].
The black curve is for MDM = 10 Mb, and assumes the same
theory parameter values as Fig. 3 and a0 = 0.87⇥10�8 cm/s2.
The red dashed curve assumes the same parameter values ex-
cept for MDM ' 50 Mb, which is the upper total mass ob-
tained from ⇤CDM abundance matching. The gray band cor-
responds to a0 2 (0.6, 1.2)⇥ 10�8 cm/s2, while the light blue

band corresponds to ⇤ 2 (0.02, 0.1) meV, with MDM = 10 Mb

and other parameters fixed to their fiducial values. The inset
zooms in to show the width of the light blue band.

a di↵erence of 18%. The matching conditions then fix
the concentration radius to rs = 10 kpc. Relative to
R200 ' 57 kpc for this galaxy, (48) implies a relatively
large superfluid core, encompassing ' 55% of the total
DM mass.
In the abundance matching case [91], where MDM '

51 Mb and R200 ' 96 kpc, we instead get RNFW = 47 kpc
and RT = 67 kpc; corresponding to 30% di↵erence. In
this case the superfluid core containing only 33% of the
total DM mass.
Figure 4 compares the predicted rotation curve, calcu-

lated following the hybrid method described above, with
the actual data for IC 2574 [99].

• The black solid curve corresponds to MDM =
10 Mb, with theory parameters set to their fidu-
cial values.

• The red dashed curve (which in this case is barely
distinguishable from the black curve) instead as-
sumes MDM ' 51Mb, which is consistent with
⇤CDM abundance matching [91].

• The shaded bands illustrate the sensitivity of our
result to variations in ⇤ (light blue band, spanning
0.02 to 0.1 meV) and a0 (gray band, spanning 0.6
to 1.2⇥10�8 cm/s2), assuming MDM = 10 Mb and
keeping other parameters fixed.

The superfluid model recovers the observed rotation
curve (orange points) rather well over the specified range
of parameters.
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gravitational wave experiments were discussed in [71].
After a few general constraints on the theory param-

eters in Secs. III and IV, the main focus of this paper
will be the explicit rotation curve fitting of disk galax-
ies in Secs. V–VII. For this purpose, we will illustrate
the method with two representative LSB and HSB disk
galaxies (Sec. VII). Given the lack of symmetry, an ex-
act solution for the superfluid/phonon profile would be a
daunting task. Instead we will adopt the following hybrid
approximation method.

In general the acceleration ~a on a test baryon particle
receives three contributions within the superfluid region:

~a = ~ab + ~aDM + ~aphonon . (1)

We calculate the actual Newtonian acceleration gener-
ated by the baryons, ~aactual

b
, exactly from the actual non-

spherical baryon density. The second term is the gravi-
tational acceleration from the superfluid core, which we
derive from a spherically symmetric approximation. The
phonon-mediated acceleration ~aphonon is sourced by the
actual non-spherical baryon density distribution, but also
depends indirectly on the Newtonian gravitational po-
tential �, which we approximate as spherically symmet-
ric for this derivation. As we will show in Sec. VII, the
superfluid model o↵ers a satisfactory fit of the rotation
curve in both the LSB and HSB cases.

In Secs. VIII–X, we will describe some of the observa-
tional consequences of DM superfluidity for other sys-
tems, including galaxy clusters, dwarf satellite galax-
ies, globular clusters and ultra-di↵use galaxies residing
in clusters. A key distinction compared to the MOND
predictions for satellites, in particular, is that the MON-
Dian force in our case is mediated by superfluid phonons
and therefore requires superfluidity. In particular, the
phonon-mediated force between two bodies only applies
if both bodies reside within the superfluid region. If one
body is inside while the other is outside, the only force
acting on them is gravity.

The same applies to the so-called external field ef-
fect (EFE), an essential aspect of MOND phenomenol-
ogy. Consider a subsystem with low internal acceleration
aint ⌧ a0 in the presence of a large homogeneous exter-
nal acceleration aext � a0. In General Relativity (GR),
we know from the equivalence principle that aext has no
physical consequence and can be removed by moving to
the freely-falling elevator. In MOND, however, the back-
ground acceleration is physical and renders the subsys-
tem Newtonian.

The EFE is an example of a more general phenomenon
in scalar field theories known as kinetic screening [72–74].
In theories with gradient interactions, non-linearities in
the scalar field gradient — the scalar acceleration — can
result in the suppression of the scalar field e↵ects and the
local recovery of standard gravity. See [75] for a review.

The key di↵erence in the superfluid context is that the
EFE is the result of phonon non-linearities, and therefore
only applies within the superfluid core. In particular,
close-by globular clusters, such as Pal 5 [76], and satellite

galaxies residing within the superfluid core of the Milky
Way should follow MOND predictions with the EFE. On
the other hand, globular clusters at large distances from
the Milky Way, such as NGC 2419 [41] or Pal 14 [77], are
expected to be Newtonian as long as they do not harbor
their own DM halo. The same applies to tidal dwarf
galaxies resulting from the interaction of massive spiral
galaxies. Those are not expected to harbor a significant
DM halo, and thus should be Newtonian [78, 79] as long
as they are located outside the superfluid core of their
host.
As a preview of the main results of this paper, Table I

summarizes the observational consequences of superfluid
DM for various systems.

II. EFFECTIVE DESCRIPTION OF
SUPERFLUID DM

In field theory language, an (abelian) superfluid is de-
scribed by the theory of a spontaneously broken global
U(1) symmetry, in a state of finite U(1) charge den-
sity. At low energy the relevant degree of freedom is
the Goldstone boson for the broken symmetry — the
phonon field �. The U(1) symmetry acts non-linearly
on � as a shift symmetry, � ! � + c. Furthermore, in
the non-relativistic regime the theory should be Galilean
invariant (ignoring gravity). At finite chemical potential
µ, the most general e↵ective theory at leading order in
derivatives consistent with these symmetries is [80, 81]

LT=0 = P (X) , (2)

where X = µ�m�+�̇�(~r�)2/2m. Here m is the particle
mass and � the Newtonian gravitational potential. The
conjecture of [55, 56] is that the DM superfluid phonons
are governed by the MOND Lagrangian (see [22, 30])

LDM, T=0 =
2⇤(2m)3/2

3
X

p
|X| . (3)

Remarkably, (3) is strikingly similar to that of the Uni-
tary Fermi Gas (UFG) [60, 61], which has generated
much excitement in the cold atom community in recent
years. Indeed, the fractional power of X would be strange
if (3) described a fundamental scalar field. As a theory of
phonons, however, the power determines the superfluid
equation of state, and fractional powers are not uncom-
mon. Indeed, the e↵ective field theory for the UFG su-
perfluid is L ⇠ X

n, where n = 5/2 in 3+1 dimensions
and 3/2 in 2+1 dimensions, and is therefore also non-
analytic [82].
To mediate a force between baryons, DM phonons

must couple to the baryon density as

Lint = ↵⇤
�

MPl

⇢b , (4)

with ↵ being a constant, ⇢b the baryonic density, and
MPl the Planck mass. At zero temperature, the e↵ective
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galaxies residing within the superfluid core of the Milky
Way should follow MOND predictions with the EFE. On
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the Milky Way, such as NGC 2419 [41] or Pal 14 [77], are
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DM halo, and thus should be Newtonian [78, 79] as long
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host.
As a preview of the main results of this paper, Table I

summarizes the observational consequences of superfluid
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sity. At low energy the relevant degree of freedom is
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phonon field �. The U(1) symmetry acts non-linearly
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galaxies (Sec. VII). Given the lack of symmetry, an ex-
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ogy. Consider a subsystem with low internal acceleration
aint ⌧ a0 in the presence of a large homogeneous exter-
nal acceleration aext � a0. In General Relativity (GR),
we know from the equivalence principle that aext has no
physical consequence and can be removed by moving to
the freely-falling elevator. In MOND, however, the back-
ground acceleration is physical and renders the subsys-
tem Newtonian.

The EFE is an example of a more general phenomenon
in scalar field theories known as kinetic screening [72–74].
In theories with gradient interactions, non-linearities in
the scalar field gradient — the scalar acceleration — can
result in the suppression of the scalar field e↵ects and the
local recovery of standard gravity. See [75] for a review.

The key di↵erence in the superfluid context is that the
EFE is the result of phonon non-linearities, and therefore
only applies within the superfluid core. In particular,
close-by globular clusters, such as Pal 5 [76], and satellite

galaxies residing within the superfluid core of the Milky
Way should follow MOND predictions with the EFE. On
the other hand, globular clusters at large distances from
the Milky Way, such as NGC 2419 [41] or Pal 14 [77], are
expected to be Newtonian as long as they do not harbor
their own DM halo. The same applies to tidal dwarf
galaxies resulting from the interaction of massive spiral
galaxies. Those are not expected to harbor a significant
DM halo, and thus should be Newtonian [78, 79] as long
as they are located outside the superfluid core of their
host.
As a preview of the main results of this paper, Table I

summarizes the observational consequences of superfluid
DM for various systems.

II. EFFECTIVE DESCRIPTION OF
SUPERFLUID DM

In field theory language, an (abelian) superfluid is de-
scribed by the theory of a spontaneously broken global
U(1) symmetry, in a state of finite U(1) charge den-
sity. At low energy the relevant degree of freedom is
the Goldstone boson for the broken symmetry — the
phonon field �. The U(1) symmetry acts non-linearly
on � as a shift symmetry, � ! � + c. Furthermore, in
the non-relativistic regime the theory should be Galilean
invariant (ignoring gravity). At finite chemical potential
µ, the most general e↵ective theory at leading order in
derivatives consistent with these symmetries is [80, 81]

LT=0 = P (X) , (2)

where X = µ�m�+�̇�(~r�)2/2m. Here m is the particle
mass and � the Newtonian gravitational potential. The
conjecture of [55, 56] is that the DM superfluid phonons
are governed by the MOND Lagrangian (see [22, 30])

LDM, T=0 =
2⇤(2m)3/2

3
X

p
|X| . (3)

Remarkably, (3) is strikingly similar to that of the Uni-
tary Fermi Gas (UFG) [60, 61], which has generated
much excitement in the cold atom community in recent
years. Indeed, the fractional power of X would be strange
if (3) described a fundamental scalar field. As a theory of
phonons, however, the power determines the superfluid
equation of state, and fractional powers are not uncom-
mon. Indeed, the e↵ective field theory for the UFG su-
perfluid is L ⇠ X

n, where n = 5/2 in 3+1 dimensions
and 3/2 in 2+1 dimensions, and is therefore also non-
analytic [82].
To mediate a force between baryons, DM phonons

must couple to the baryon density as

Lint = ↵⇤
�

MPl

⇢b , (4)

with ↵ being a constant, ⇢b the baryonic density, and
MPl the Planck mass. At zero temperature, the e↵ective

⇢SF =
@L
@�
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theory thus has three parameters: the particle mass m, a
parameter ⇤ related to the self-interaction strength, and
the coupling constant ↵ between phonons and baryons.
A fourth parameter of the particles themselves is their
self-interaction cross-section � setting the conditions for
their thermalization, while a fifth parameter � will later
be introduced to accommodate for finite-temperature ef-
fects.1

From the superfluid perspective, the form of the cou-
pling term (4) is unusual: it breaks the U(1) shift sym-
metry explicitly (albeit softly), making the phonon �

a pseudo-Goldstone boson. The origin of this particle
non-conserving term could be non-perturbative; or more
simply, there could be a soft fundamental coupling be-
tween DM and baryons which explicitly breaks the rel-
evant symmetries. One way or the other, this makes
our quantum liquid a pseudo-superfluid. In particular,
the phonon will acquire a mass via radiative corrections,
though it is easy to check that the explicit breaking is
soft enough that this has no observable e↵ects on galac-
tic scales.

As mentioned already, we do not assume any non-
minimal coupling to photons and/or gravitons. Both
electromagnetic and gravitational waves travel at the
speed of light, consistent with the recent observations
of GW170817 [69].

Let us briefly review why the action, composed of the
terms (3) and (4), gives rise to the MOND force law.
Assuming a static profile, the phonon equation of motion
then is

~r ·

0

@ (~r�)2 � 2mµ̂q
(~r�)2 � 2mµ̂

~r�

1

A =
↵⇢b

2MPl

, (5)

where µ̂ ⌘ µ � m�. In the limit (~r�)2 � 2mµ̂, the
solution is, ignoring a homogeneous curl term,

|~r�|~r� ' ↵MPl~ab , (6)

where ~ab is the Newtonian acceleration due to baryons
only. The �-mediated acceleration that derives from (4)
is

~a� = ↵
⇤

MPl

~r� . (7)

Thus (6) implies

a� =

s
↵3⇤2

MPl

ab . (8)

1 Note that we will be working mostly hereafter in natural units,
where the gravitational potential (/ c2) is dimensionless, where
mass, energy, and acceleration are expressed in eV, and where
length and time are in eV�1. When dealing with rotation curves
or halo masses, we will of course switch back to physical units.
In natural units, m and ⇤ can be expressed in eV, while ↵ and
� are dimensionless.

As advocated, this matches the deep-MOND form with
critical acceleration

a0 =
↵

3⇤2

MPl

. (9)

In the context of MOND, it has long been established
that the best-fit value for a0 from galactic rotation curves
is

a
MOND

0
' 1.2⇥ 10�8 cm/s2 . (10)

In our case, the situation is di↵erent for two reasons:
i) the deep-MOND form (8) is not exact and only ap-
plies in the regime (~r�)2 � 2mµ̂; ii) the total acceler-
ation experienced by baryons includes not only ~ab and
~a�, but also ~aDM — the Newtonian acceleration from the
DM halo itself. Because the superfluid core is pressure
supported, the DM density profile is approximately ho-
mogeneous in the central region of galaxies. Its density
is moreover rather low. This should be contrasted with
the CDM scenario, where DM-only simulations display a
cuspy profile [67].
The story is further complicated by the fact that per-

turbations around this zero-temperature, static back-
ground are unstable (ghost-like). However it was ar-
gued in [55, 56] that this instability can naturally be
cured by finite-temperature e↵ects. Indeed, our DM par-
ticles in galactic halos have non-zero temperature, owing
to their velocity dispersion, hence we expect the zero-
temperature Lagrangian (3) to receive finite-temperature
corrections in galaxies. One way to understand the insta-
bility physically is that, if a galactic halo had zero tem-
perature, then the emergent MOND force would desta-
bilize it.
As it was originally suggested by Landau, a super-

fluid at finite temperature phenomenologically behaves
as a mixture of two fluids. Only a fraction of the total
mass forms a degenerate quantum liquid, hydrodynam-
ically described as a potential flow carrying no entropy.
The rest of the mass is stored in thermally excited states,
behaving as a regular fluid which carries the entropy of
the entire system. The general, finite-temperature e↵ec-
tive theory, once again at leading order in derivatives,
is [83]

LT 6=0 = F (X, B, Y ) . (11)

This generalizes (2) through the dependence on two ad-
ditional scalar quantities B and Y defined by

B ⌘
q

det @µ I@µ J ;

Y ⌘ µ̂ + �̇+ ~v · ~r� , (12)

where  I(~x, t), I = 1, 2, 3 and ~v are respectively the La-
grangian coordinates and velocity vector of the normal
fluid component. Physically, B measures the density of
the normal fluid, while Y is the scalar product of the
fluid velocities.

E.O.M. for �
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theory thus has three parameters: the particle mass m, a
parameter ⇤ related to the self-interaction strength, and
the coupling constant ↵ between phonons and baryons.
A fourth parameter of the particles themselves is their
self-interaction cross-section � setting the conditions for
their thermalization, while a fifth parameter � will later
be introduced to accommodate for finite-temperature ef-
fects.1

From the superfluid perspective, the form of the cou-
pling term (4) is unusual: it breaks the U(1) shift sym-
metry explicitly (albeit softly), making the phonon �

a pseudo-Goldstone boson. The origin of this particle
non-conserving term could be non-perturbative; or more
simply, there could be a soft fundamental coupling be-
tween DM and baryons which explicitly breaks the rel-
evant symmetries. One way or the other, this makes
our quantum liquid a pseudo-superfluid. In particular,
the phonon will acquire a mass via radiative corrections,
though it is easy to check that the explicit breaking is
soft enough that this has no observable e↵ects on galac-
tic scales.

As mentioned already, we do not assume any non-
minimal coupling to photons and/or gravitons. Both
electromagnetic and gravitational waves travel at the
speed of light, consistent with the recent observations
of GW170817 [69].

Let us briefly review why the action, composed of the
terms (3) and (4), gives rise to the MOND force law.
Assuming a static profile, the phonon equation of motion
then is

~r ·

0

@ (~r�)2 � 2mµ̂q
(~r�)2 � 2mµ̂

~r�

1

A =
↵⇢b

2MPl

, (5)

where µ̂ ⌘ µ � m�. In the limit (~r�)2 � 2mµ̂, the
solution is, ignoring a homogeneous curl term,

|~r�|~r� ' ↵MPl~ab , (6)

where ~ab is the Newtonian acceleration due to baryons
only. The �-mediated acceleration that derives from (4)
is

~a� = ↵
⇤

MPl

~r� . (7)

Thus (6) implies

a� =

s
↵3⇤2

MPl

ab . (8)

1 Note that we will be working mostly hereafter in natural units,
where the gravitational potential (/ c2) is dimensionless, where
mass, energy, and acceleration are expressed in eV, and where
length and time are in eV�1. When dealing with rotation curves
or halo masses, we will of course switch back to physical units.
In natural units, m and ⇤ can be expressed in eV, while ↵ and
� are dimensionless.

As advocated, this matches the deep-MOND form with
critical acceleration

a0 =
↵

3⇤2

MPl

. (9)

In the context of MOND, it has long been established
that the best-fit value for a0 from galactic rotation curves
is

a
MOND

0
' 1.2⇥ 10�8 cm/s2 . (10)

In our case, the situation is di↵erent for two reasons:
i) the deep-MOND form (8) is not exact and only ap-
plies in the regime (~r�)2 � 2mµ̂; ii) the total acceler-
ation experienced by baryons includes not only ~ab and
~a�, but also ~aDM — the Newtonian acceleration from the
DM halo itself. Because the superfluid core is pressure
supported, the DM density profile is approximately ho-
mogeneous in the central region of galaxies. Its density
is moreover rather low. This should be contrasted with
the CDM scenario, where DM-only simulations display a
cuspy profile [67].
The story is further complicated by the fact that per-

turbations around this zero-temperature, static back-
ground are unstable (ghost-like). However it was ar-
gued in [55, 56] that this instability can naturally be
cured by finite-temperature e↵ects. Indeed, our DM par-
ticles in galactic halos have non-zero temperature, owing
to their velocity dispersion, hence we expect the zero-
temperature Lagrangian (3) to receive finite-temperature
corrections in galaxies. One way to understand the insta-
bility physically is that, if a galactic halo had zero tem-
perature, then the emergent MOND force would desta-
bilize it.
As it was originally suggested by Landau, a super-

fluid at finite temperature phenomenologically behaves
as a mixture of two fluids. Only a fraction of the total
mass forms a degenerate quantum liquid, hydrodynam-
ically described as a potential flow carrying no entropy.
The rest of the mass is stored in thermally excited states,
behaving as a regular fluid which carries the entropy of
the entire system. The general, finite-temperature e↵ec-
tive theory, once again at leading order in derivatives,
is [83]

LT 6=0 = F (X, B, Y ) . (11)

This generalizes (2) through the dependence on two ad-
ditional scalar quantities B and Y defined by

B ⌘
q

det @µ I@µ J ;

Y ⌘ µ̂ + �̇+ ~v · ~r� , (12)

where  I(~x, t), I = 1, 2, 3 and ~v are respectively the La-
grangian coordinates and velocity vector of the normal
fluid component. Physically, B measures the density of
the normal fluid, while Y is the scalar product of the
fluid velocities.
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❖ Local accelerations only

❖ Unconstrained I.F.

❖ Local accelerations only

❖ Unconstrained I.F.

Summary of the Results
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!ΔBIC ≈ 4

!ΔBIC ≈ 10

❖ Local accelerations only

❖ Unconstrained I.F.
!ΔBIC ≈ 60

POSITIVE EVIDENCE
(with ! )ν ≈ 1

STRONG EVIDENCE

VERY STRONG
EVIDENCE



Outlook 
Future Work

Extend analysis to other theories for which baryons predict 
accelerations, e.g.:

Strongly Interacting DM (Famaey, Khoury & Penco, 2018)

Emergent Gravity (Verlinde, 2016)

SIDM (Kamada, Kaplinghat, Pace and Yu, 2017)

Extend the analysis to more precise data-sets (Gaia)

!45



Conclusions

Standard lore is “MOND-like forces work on Galactic 
Scales”. This is not precisely true.

Local MW measurements seem to prefer a Dark 
Matter theory over a scalar enhancement of gravity 
(e.g. MOND or Superfluid DM).

Better measurements will make this statement more 
precise.

!46



!47

A strictly MOND-like force has trouble 
simultaneously explaining rotation curves and 

velocity dispersions… so, probably something else



THANK YOU
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Results of MCMC Scans 
Tension between models for any Scalar Enhancement

Each axis is the local 
enhancement of 

acceleration in the R/z 
directions

or
an independent 

measurement of the local 
value of the interpolation 

function

1812.08169 - Lisanti, Moschella, Outmezguine, O.S.



Some general comments 
(and more on MOND-like forces)
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Could be done for any model where dynamics are predicted 
locally by baryons

The starting point could have been something of the form:

This equation is non-linear and difficult to calculate

Is VERY model dependent

Starting from an acceleration relation can map onto other theories 

Some Comments
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2 Solving for the Local Potential

Assuming cylindrical symmetry and a system in equilibrium, the Euler equation is,

1

r⌘A
@r

�
r⌘A�

2
A,rz

�
+

1

⌘A
@z

�
⌘A�

2
A,zz

�
+ @z� = 0 (2.1)

where � is the total gravitational potential (both for the Newtonian and the MOND cases). ⌘A is

the number density of population A. Under the assumptions that:

• �2
A,rz is negligible. Close to the mid-plane, axial symmetry requires this to be true.

• �2
A,zz is constant. This is true if the stellar populations are well thermalized.

The Euler equation has the following solution,

⇢A(z) = ⇢A(0)e
��(z)/�2

A,zz (2.2)

where we have assumed that ⇢A / ⌘A.

⌫ (xN) =

8
><

>:

x�1/2
N xN ⌧ 1

1 xN � 1
(2.3)

The MONDian Poisson equation is,

r
✓
µ

✓
|r�|
a0

◆
r�

◆
= 4⇡G⇢ (2.4)

where vector values should be understood from context since I am lazy to write them explicitly.

We will be interested in regions of the galaxy at which µ is either equal to or close to unity. Writing

µ(x) in the form,

µ(x) = 1 +⇥(x0 � x) (µ(x)� 1) ⌘ 1 +⇥(x0 � x)µ̃(x) (2.5)

where x0 is the value of x for which µ(x0) begins to depart from unity, i.e. it can be defined for

some fraction of unity, �, as the solution of,

µ(x0) ⌘ �. (2.6)

Considering various µ̃(x) functions, the expansion around x = x0 ' 1 is,

µ̃1(x) =
xp

1 + x2
� 1 ! �3(1� �2)3/2x� 1

µ̃2(x) =
x

1 + x
� 1 ! (� � 1)2x+ (�2 � 1)

(2.7)

5

2.3 OLD STUFF

Then, the Fourier Transform of µ(|r�(z)|/a0) is,

µ

✓
|r�(z)|

a0

◆
=

Z 1

1
µ̃

✓
|r�(k)|

a0

◆
e
�ikz

dk (2.29)

� / log r (2.30)

3 Emergent Gravity Theory

Empiracally, the acceleration scale is at,

a(r) = G
M(r)

r2
<

H0

2
(3.1)

Now, note something known about BHs. That if the entropy and temperature are given by,

S =
A

4⇡G
(3.2)

and,

T =
g

2⇡
. (3.3)

Since in a BH, the mass, acceleration and area are related by,

dM =
g

2⇡

dA

4G
, (3.4)

if one replaces g and dA/G, one gets the first law of thermodynamics,

dE = TdS. (3.5)

Importantly, this means that if there is some entropy related to a system (eg a BH), then this

translates to energy which can alter gravity. This is the general point of emergent gravity.

A thought experiment: If one lowers a mass m with dimensions R into a BH, the work done

during the period when the mass is moving through the horizon is W = F · R = mgR. This work

is transferred into entropy of the BH, so according to the first law of thermodynamics,

W = mgR = TS =
g

2⇡
S. (3.6)

The result is that the entropy increases by,

S = 2⇡mR. (3.7)

8

Inverse of interp. func.

Example of a MONDian 
Poisson Equation



MOND / Superfluid DM 
Non-Linear Effects
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Non-linear effects must be accounted for!

Potential problems include:

A possible non-trivial correction to the acceleration 
relation.

Small perturbations to a smooth potential can cause 
large effects.



MOND / Superfluid DM 
A Divergenceless Field
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Poisson Equation:

MONDian Poisson Equation: 

2 Solving for the Local Potential

Assuming cylindrical symmetry and a system in equilibrium, the Euler equation is,

1

r⌘A
@r

�
r⌘A�

2
A,rz

�
+

1

⌘A
@z

�
⌘A�

2
A,zz

�
+ @z� = 0 (2.1)

where � is the total gravitational potential (both for the Newtonian and the MOND cases). ⌘A is

the number density of population A. Under the assumptions that:

• �2
A,rz is negligible. Close to the mid-plane, axial symmetry requires this to be true.

• �2
A,zz is constant. This is true if the stellar populations are well thermalized.

The Euler equation has the following solution,

⇢A(z) = ⇢A(0)e
��(z)/�2

A,zz (2.2)

where we have assumed that ⇢A / ⌘A.

⌫ (xN) =

8
><

>:

x�1/2
N xN ⌧ 1

1 xN � 1
(2.3)

The MONDian Poisson equation is,

r
✓
µ

✓
|r�|
a0

◆
r�

◆
= 4⇡G⇢ (2.4)

where vector values should be understood from context since I am lazy to write them explicitly.

We will be interested in regions of the galaxy at which µ is either equal to or close to unity. Writing

µ(x) in the form,

µ(x) = 1 +⇥(x0 � x) (µ(x)� 1) ⌘ 1 +⇥(x0 � x)µ̃(x) (2.5)

where x0 is the value of x for which µ(x0) begins to depart from unity, i.e. it can be defined for

some fraction of unity, �, as the solution of,

µ(x0) ⌘ �. (2.6)

Considering various µ̃(x) functions, the expansion around x = x0 ' 1 is,

µ̃1(x) =
xp

1 + x2
� 1 ! �3(1� �2)3/2x� 1

µ̃2(x) =
x

1 + x
� 1 ! (� � 1)2x+ (�2 � 1)

(2.7)
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2 Solving for the Local Potential

Assuming cylindrical symmetry and a system in equilibrium, the Euler equation is,
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⌘A
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⌘A�

2
A,zz

�
+ @z� = 0 (2.1)

where � is the total gravitational potential (both for the Newtonian and the MOND cases). ⌘A is

the number density of population A. Under the assumptions that:

• �2
A,rz is negligible. Close to the mid-plane, axial symmetry requires this to be true.

• �2
A,zz is constant. This is true if the stellar populations are well thermalized.

The Euler equation has the following solution,

⇢A(z) = ⇢A(0)e
��(z)/�2

A,zz (2.2)

where we have assumed that ⇢A / ⌘A. The MONDian Poisson equation is,

r
✓
µ

✓
|r�|
a0

◆
r�

◆
= 4⇡G⇢ (2.3)

r (r�N) = 4⇡G⇢ (2.4)

where vector values should be understood from context since I am lazy to write them explicitly.

We will be interested in regions of the galaxy at which µ is either equal to or close to unity. Writing

µ(x) in the form,

µ(x) = 1 +⇥(x0 � x) (µ(x)� 1) ⌘ 1 +⇥(x0 � x)µ̃(x) (2.5)

where x0 is the value of x for which µ(x0) begins to depart from unity, i.e. it can be defined for

some fraction of unity, �, as the solution of,

µ(x0) ⌘ �. (2.6)

Considering various µ̃(x) functions, the expansion around x = x0 ' 1 is,

µ̃1(x) =
xp

1 + x2
� 1 ! �3(1� �2)3/2x� 1

µ̃2(x) =
x

1 + x
� 1 ! (� � 1)2x+ (�2 � 1)

(2.7)

with the general form,

µ(x) ⇡ 1 +⇥(x0 � x)(Ax+B), (2.8)

5

9

[14] D. G. York et al. (SDSS), Astron. J. 120, 1579 (2000),
astro-ph/0006396.

[15] K. N. Abazajian et al. (SDSS), Astrophys. J. Suppl. 182,
543 (2009), 0812.0649.

[16] H. Aihara et al. (SDSS), Astrophys. J. Suppl. 193, 29
(2011), [Erratum: Astrophys. J. Suppl.195,26(2011)],
1101.1559.

[17] J. I. Read, J. Phys. G41, 063101 (2014), 1404.1938.
[18] R. Abuter et al. (GRAVITY), Astron. Astrophys. 615,

L15 (2018), 1807.09409.
[19] D. Foreman-Mackey, D. W. Hogg, D. Lang, and J. Good-

man, PASP 125, 306 (2013), 1202.3665.
[20] M. Portail, C. Wegg, O. Gerhard, and I. Martinez-

Valpuesta, MNRAS (????), 1502.00633.
[21] D. Hooper, Phys. Dark Univ. 15, 53 (2017), 1608.00003.
[22] J. Bekenstein and M. Milgrom, Astrophys. J. 286, 7

(1984).
[23] M. Milgrom, Mon. Not. Roy. Astron. Soc. 403, 886

(2010), 0911.5464.

Appendix A: Non-Linear E↵ects on MOND

The full MONDian solution, consistent with Eq. (1),
for the observed acceleration, a, is given by

a = ⌫

✓
aN
a0

◆
aN + S , (A1)

where ⌫ is the interpolation function.6 Since an addi-
tional derivative relates both a and aN to the density
distribution (through a Poisson Equation), their di↵er-
ence is only specified up to a divergenceless vector field,
S ⌘ r ⇥ h. [OS: Not sure about the way I wrote this.
Consider revising.] In cases where the baryonic poten-
tial has a one-dimensional cylindrical or spherical sym-
metry, it can be shown that S = 0 []. In the current
study, we model the MW with a potential which has
two-dimensional cylindrical symmetry and neglect the
fact that the true MW baryonic density profile is not
perfectly smooth. In the context of MOND, both these
factors could, in principle, influence the possible allowed
values of S.
In using Eq. A1 for an accurate solution, a number of

assumptions must be fulfilled. First, the approximated
matter distribution must be close enough to the real mat-
ter distribution. For MONDian theories, this require-
ment is particularly important, because of it’s non-linear
nature, small perturbations to a smooth matter distribu-
tion can potentially cause extremely large e↵ects. This
is related to the previously studied e↵ect known as the
external field e↵ect (EFE) []. Second, for the total ac-
celeration to be fully determined by the Newtonian field,
one must ensure that indeed S = 0. It can be easily
shown that in cases where symmetry reduces the system
to a one dimensional system (e.g. spherical symmetry),
the requirement of S = 0 holds [22]. However, real galax-
ies such as the MW are neither one-dimensional objects
nor are they perfectly symmetric. Thus, one must ensure
that the field S is close to zero for other reasons. In what
follows we quantify these e↵ects for the case of a study of
local dynamics within the MW finding that for the region
of interest between 6-12 kpc, these e↵ects are expected
to be small.

1. The Divergenceless Field

As described above, we are interested in ensuring that
our analysis can safely assume that S = 0 holds in the
region where we are solving for the MONDian �. To do
so we assume this testament to hold, look for a best fit

6 Strictly speaking, Eq. (A1) relates to a version of MOND known
as Quasi-Linear MOND (QuMOND). However, both formula-
tions of MOND are equally viable and they reduce to each other
exactly in the limit where S = 0.

Acceleration Relation known
up to a divergenceless field:

Inverse of

2.3 OLD STUFF

Then, the Fourier Transform of µ(|r�(z)|/a0) is,

µ

✓
|r�(z)|

a0

◆
=

Z 1

1
µ̃

✓
|r�(k)|

a0

◆
e
�ikz

dk (2.29)

� / log r (2.30)

3 Emergent Gravity Theory

Empiracally, the acceleration scale is at,

a(r) = G
M(r)

r2
<

H0

2
(3.1)

Now, note something known about BHs. That if the entropy and temperature are given by,

S =
A

4⇡G
(3.2)

and,

T =
g

2⇡
. (3.3)

Since in a BH, the mass, acceleration and area are related by,

dM =
g

2⇡

dA

4G
, (3.4)

if one replaces g and dA/G, one gets the first law of thermodynamics,

dE = TdS. (3.5)

Importantly, this means that if there is some entropy related to a system (eg a BH), then this

translates to energy which can alter gravity. This is the general point of emergent gravity.

A thought experiment: If one lowers a mass m with dimensions R into a BH, the work done

during the period when the mass is moving through the horizon is W = F · R = mgR. This work

is transferred into entropy of the BH, so according to the first law of thermodynamics,

W = mgR = TS =
g

2⇡
S. (3.6)

The result is that the entropy increases by,

S = 2⇡mR. (3.7)
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baryonic potential under this assumption and check for
self consistency. We will do so in two di↵erent ways,

For S to vanish it is su�cient do demand that r⇥S =
0 since a divergence-less field which is also irrotational is
at most a constant field which could be set to zero by
physical boundary conditions. Following [? ], we arrive
at the self-consistency condition,

S = 0 $ r|r�N |⇥r�N = 0. (A2)

This equation is satisfied when r�N = 0 or when
r|r�N | is parallel to r�N . The later is equivalent to
the requirement that the absolute value of the Newtonian
acceleration, aN = r�N , is a function of the Newtonian
potential,

|r�N | = f(�N ). (A3)

The above equation is not trivially satisfied but is a nec-
essary and su�cient requirement for S to vanish every-
where. Thus, for a given matter distribution, one can
solve for �N and verify explicitly whether Eq. (A3) is
su�ciently well satisfied, i.e. whether there is an approxi-
mate one-to-one correspondence between |r�N | and �N .
The analysis done in [? ] showed that for the case of
any potential which corresponds to an exponential sur-
face density, Eq. (A3) holds to extremely high accuracy.
We have verified that this remains true for the case of a
potential whose corresponding surface density is the sum
of two exponentials. Fig. 4 shows the scatter of |r�N |
and �N which is very tightly situated on a single curve
up to variations of ...%. Since previous studies [? ] have
shown that such a sum of exponentials fits the measured
local baryonic density distribution to a good approxima-
tion, it is expected that as long as the potential is smooth,
one expects S = 0 to a good approximation.

2. Mass Perturbations

Inside the MW galaxy there are few known over-dense
regions [7]. These regions explicitly break assumptions

regarding cylindrical symmetry and the smoothness of
the baryonic density distribution. In Newtonian gravita-
tion, the acceleration field is dictated by the linear Pois-
son equation, whose linearity enables one to very simply
determine when a perturbation can be neglected. The
non linear nature of MOND requires a more subtle treat-
ment. As will be shown below, the e↵ect of a perturba-
tion in the MONDian case is felt over a larger distance.
We model the above situation as a galactic gravita-

tional field that is being perturbed by a point massmpert,
which is su�ciently far from the galactic center so that
the galactic field can be treated as constant. We denote
the acceleration due to the galaxy background field as
gBG. The magnitude of this vector can be directly in-
ferred from the galactic rotation curve,

gBG =
V 2
R

Rpert
, (A4)

where Rpert is the distance of the perturbation from the
galactic center. We set the origin of our coordinate sys-
tem at the center of the perturbation and align the z
direction with �gBG. The Newtonian potential in this
case is given simply by,

�N = �g0z �
Gmpert

r
, (A5)

where we identify ⌫(g0/a0)g0 = gBG. The perturbed field
to leading order in mpert was calculated in Ref. [23] and
and is given by,

� = �gBGz �
Gmpert

r
⌫BG

⇣
1 +

�BG

2
sin2 ✓

⌘
, (A6)

with ⌫BG = ⌫(g0/a0) and �BG ⌘ d log ⌫/d log x evaluated
at g0/a0. This results allows us to determine the maximal
range of influence of the perturbation by demanding that
its e↵ect is much smaller than the background field. This
reduces to the simple requirement for the distanceD from
the perturbation,

D �

s
⌫BGGmpert

gBG
, (A7)
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study found this requirement to hold extremely well for
any baryonic profile with a radial exponentially decreas-
ing surface density profile. We have performed the same
analysis for a profile of the form which models the MW
in this study. We choose M⇤,disk, Mg,disk and M⇤,bulge
to be their measured values and find that any deviation
from Eq. (A2) cannot be distinguished to within mea-
surement errors. The advantage of this type of consider-
ation is that it does not require any knowledge of ⌫(xN)
and is therefore robust. The disadvantage is that it is
not straightforward to quantify the size of S given that
Eq. (A2) is only approximately satisfied.

For this reason, we have also verified explicitly that
S ⌧ ⌫ (aN/a0)aN for specific interpolation functions
which are commonly considered in the literature. These
are the ⌫(aN/a0) functions from Ref. [] for which we have
chosen ↵ and a0 to be those values which best fit the re-
sults of this study. For completeness the functions and
their respective parameters are presented here,
[OS: Functions].
For each of these, we have calculated S ⌘ a�⌫(aN)aN in
the context of QuMOND by solving Eq. 6 of Ref. [66] for
the same baryonic potential as that described above. We
find that S/(⌫(aN)aN) < 0.1 everywhere within the re-
gion of interest. It is expected that the same result should
hold also for any other formulation of MOND since [OS:
Nadav, what should we write here? Is there a citation
you know of?].

2. Mass Perturbations

Within the MW there are a number of known over-
dense regions [44]. These regions explicitly break
assumptions regarding cylindrical symmetry and the
smoothness of the baryonic density distribution. In New-
tonian gravitation, the acceleration field is dictated by
the linear Poisson equation, whose linearity enables one
to very simply determine when a perturbation can be
neglected. The non-linear nature of MOND requires a
more subtle treatment since, as will be shown below, the
e↵ects of a perturbation in the MONDian case are felt
over a larger distance.

In order to quantify this e↵ect, the above situation can
be modeled as follows. Consider a point mass, mpert, at
a position within the disk, but su�ciently far from the
galactic center such that the background galactic accel-
eration field (in the vicinity of the point mass), aBG,
can be treated as constant. The point mass creates its
own acceleration field which depends both on the size
of mpert and the distance from its position, but also on
aBG (this is a consequence of the non-linear behavior of
MOND). We are interested in quantifying the size of this
field and comparing it to the local observed acceleration,
aloc, which can be directly inferred observationally, e.g.
from the local value of the rotation curve,

aloc =
v2c
R0

⇡ 2 · 10�10 m/s2. (A3)

Setting the coordinate origin to the position of the point
mass and aligning the ẑ direction with �aBG, the New-
tonian potential around the point mass can be written
as,

�N = �aN,BGz �
Gmpert

r
, (A4)

where aN,BG is the Newtonian background field which
relates to the observed background field through
⌫(aN,BG/a0)aN,BG = aBG. To leading order in mpert, the
perturbed field (background and perturbation) is given
by [66],

� = �aBGz �
Gmpert

r
⌫

✓
aN,BG

a0

◆h
1 +

�BG

2
sin2 ✓

i
,

(A5)
where �BG ⌘ @ log ⌫/@ log xN evaluated at aN,BG/a0.
The result of Eq. (A5) allows one to determine the maxi-
mal range of influence of the perturbation by demanding
that its e↵ect be much smaller than aloc. This reduces
to the simple requirement for the distance, D, from the
perturbation,

D �

s

⌫

✓
aN,BG

a0

◆
Gmpert

aloc
. (A6)

This distance is always larger than the equivalent
distance for the Newtonian case by a factor of
⌫ (aN,BG/a0)

1/2 (which is always greater than 1).
There are a number of known over-dense regions within

the O(1) kpc region of the Sun. The most prominent
of these are localized at (R,Z) ⇠ (6.5, 1.5) kpc and
⇠ (9.5, 0.8) kpc, with densities of approximately twice
that of their average surroundings and sizes of order 1
kpc3 [44]. We find the total mass of each of these to be
mpert . 107 M� and thus in order to safely neglect the
e↵ects of these over-densities, one must be at a distance
larger than,

D � 0.1 kpc⇥

"
⌫

✓
aN,BG

a0

◆
·

mpert

107 M�
·
2 · 10�10 m/s2

aloc

#1/2

,

(A7)
which is the case for any interpolation function whose
value in the vicinity of the perturbation is ⌫ ⇠ 1.

Appendix B: MCMC details and convergence

We run emcee with 200 walkers for 60,000 steps per
walker. A corner plot of all the free parameters and
their posterior distributions and two-parameter correla-
tions can be seen for the MOND model in in Fig. (5)
and for the DM model in Fig. (6). Several other cor-
relations can be seen in Figs. ?? and ?? [ML: please
add to Appendix] [MTM: @ML: wasn’t sure what fig-
ures you were envisioning for the second Fig. reference]
[MTM: remake plots using this entire burnt in sample
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I. INTRODUCTION

In the late twentieth century, the discovery that galac-
tic rotation curves flatten at large radii [1, 2] revolution-
ized our understanding of galactic dynamics. This sin-
gular observation is often considered the first definitive
evidence for the existence of dark matter (DM). The stan-
dard assumption is that the presence of ‘halo’ of dark
matter provides the needed acceleration to explain the
rotation curve observation. Our goal in this work is to
test this assumption about the dark matter halo directly
using Milky Way dynamics, and to compare how well
the halo assumption works relative to other possible al-
terations of the Milky Way’s gravitational field.

To explain the fact that the rotation curve is flat near
the Solar position requires that the local dark matter
density scale as ⇢DM = ⇢̃DM/r2. This dependence on the
Galactocentric radius yields a constant circular velocity,
assuming that the halo is isothermal and in equilibrium.
This simple framework is quite predictive, providing ad-
ditional observables that can be tested. One example
is to look beyond the e↵ect on radial acceleration, and
to study the impact on the vertical acceleration of local
stars. In particular, if the local dark matter density dis-
tribution only depends on the radial coordinate, then its
contribution to the vertical acceleration of nearby stars
is simply proportional to 4⇡G⇢̃DMz, where z is the height
above the mid-plane and G is Newton’s gravitational con-
stant.

Standard methods of estimating the local dark matter
density use Jeans equation to infer the ⇢̃DM from the ver-
tical acceleration of local stars. Historically, these studies
always assume, by default, that the dark matter halo im-
pacts the local dynamics following the prescription de-
scribed above. Our approach in this work is di↵erent:
we want to study the consistency of the DM expectation
with data, comparing it to other possible scaling relations
that relate the radial and vertical accelerations of nearby
stars. In this manner, we can test a fundamental pre-
diction of the presence of the DM halo using observables
specific to our local neighborhood in the Galaxy.

As a point of comparison to the dark matter halo sce-
nario, we explore a class of phenomenological models,
motivated by the idea of Modified Newtonian Dynamics
(MOND) [], where the observed acceleration of a particle

a scales as

a =

(
aN a � a0p
a0aN a ⌧ a0 .

(1)

Here, aN = �r�N is its Newtonian acceleration due to
the baryonic potential (i.e. the potential which solves
the Poisson equation with no dark matter). The acceler-
ation scale at which the rotation curve flattens is a0. In
particular, we assume that

a = ⌫

✓
aN
a0

◆
aN, (2)

where the interpolation function, ⌫(aN/a0), is a func-
tion that must obey the asymptotic behavior specified
in Eq. (1), but is otherwise arbitrary. This type of be-
haviour is a prediction of various MOND-like theories1.
However, in this study, we do not restrict the analysis to
any specific interpolation function but rather only test a
generic interpolation function in the region where mea-
surements are sensitive to it. Thus, for the remainder
of this work, we refer to the behavior of Eq. (2) simply
as a theory of modified gravity. Importantly, the main
feature of this theory is isotropy, i.e. the theory does not
di↵erentiate between the components of the acceleration
vector for any coordinate system.
In our analysis, we consider a modified gravity frame-

work defined by Eq. (2), where ⌫(ab/a0) is an interpola-
tion function which is assumed to follow the asymptotic
behavior specified by Eq. (1), but is otherwise arbitrary.
A variety of modified gravity theories simplify to Eq. (2)
in the presence of a spherical or cylindrical symmetry [3].
[MTM: There are other citations we throw in here.] The
most general solutions typically also have a divergenceless
vector field that also contributes to the a. Appendix ??
reviews these e↵ects and demonstrates that the contri-
butions of this field can be safely neglected.
As we will study only a localized region in the Solar

neighborhood, we can motivate a linear expansion of ⌫.
In doing so, we reduce the arbitrary function in Eq. (2)
to two constants, which we treat as free parameters. In

1 Strictly speaking, the behavior of Eq. (2) is a result of theories
know as Quasi-Linear MOND (QuMOND).

Using

2.3 OLD STUFF

Then, the Fourier Transform of µ(|r�(z)|/a0) is,

µ

✓
|r�(z)|

a0

◆
=

Z 1

1
µ̃

✓
|r�(k)|

a0

◆
e
�ikz

dk (2.29)

⌫(xN) ! ⌫0 + ⌫1 · xN (2.30)

3 Emergent Gravity Theory

Empiracally, the acceleration scale is at,

a(r) = G
M(r)

r2
<

H0

2
(3.1)

Now, note something known about BHs. That if the entropy and temperature are given by,

S =
A

4⇡G
(3.2)

and,

T =
g

2⇡
. (3.3)

Since in a BH, the mass, acceleration and area are related by,

dM =
g

2⇡

dA

4G
, (3.4)

if one replaces g and dA/G, one gets the first law of thermodynamics,

dE = TdS. (3.5)

Importantly, this means that if there is some entropy related to a system (eg a BH), then this

translates to energy which can alter gravity. This is the general point of emergent gravity.

A thought experiment: If one lowers a mass m with dimensions R into a BH, the work done

during the period when the mass is moving through the horizon is W = F · R = mgR. This work

is transferred into entropy of the BH, so according to the first law of thermodynamics,

W = mgR = TS =
g

2⇡
S. (3.6)

The result is that the entropy increases by,

S = 2⇡mR. (3.7)
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