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Introduction
©0000

Motivation

Higgs discovery
Success of Standard Model
4
SM as effective theory
(Dark Matter, Dark Energy...)
4
New physics hide in subtle effects
4
Precision calculation needed
U
Scattering amplitudes are
powerful means to access it
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Introduction
00000

Motivation

Scattering amplitudes are at the core of
cross sections measured in colliders

very effective tool to know gra-
vitational waveforms with high
precision in weak field approxima-
tion

[Foffa,Sturani,Mastrolia,Sturm (2016)]
[Foffa,Sturani,Mastrolia,Sturm, Torres
Bobadilla (2019)]...
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Introduction
0000

Motivation

Scattering amplitudes are built out of many Feynman integrals:

L
1
d
i=1 -

Higher precision = Higher loop
Complexity of the calculations increases quickly

Zero loops One loop
Al ~

State of the art calculations at 2 loop,
TS P
Y e jz: . such as

o, e

requires (O(10000) integrals. Needs to
evaluate them all? No!

EiERR BB K&K R

[Bern, Dixon, Kosower (2012)] 5/20



Introduction
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Integration By Parts ldentities

Linear relations among integrals: Integration By Parts Identities - IBPs
[Chetyrkin, Tkachov (1981)]
[Laporta (2001)]...

L
o vk
/Hddkf IKE (DalDaN) =0=clat1,....ay + -+ cnlay,...ay+1 =0
i=1 J LN

Integrals related by a total derivative

Linear System = Gauss Elimination = Master Integrals {J;} - Mls

Decomposition of an Integral in terms of Mls
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Integration By Parts ldentities

[Kotikov '91, Remiddi '97, Gehrmann & Remiddi '00, Argeri & Mastrolia '07, Henn '13]
[Tarasov '96, Lee '07]

Mils as solutions of
m Differential equations = Built by means of IBPs
m Dimensional recurrence relations
“ . | |
%
(‘)SJ,J\ = E C[J, = 85./ =AJ A= * ] ]
* * * | |

i=1

IBPs Drawbacks:
m # equations grows dramatically

m manipulation large expressions

Possible bottleneck of multiloop calculations
Can we directly project integrals on MI?
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Intersection theory
€000

Intersection theory

[Aomoto, Kita, Matsumoto, Mizera, ...]

In Baikov representation [Mastrolia, Mizera (2018)]

@ Ial,...,aN:/U(Z)‘p(z)
C

u(z) = H Pi(z)"" = u(z) multivalued function s.t. P; (0C) =0
i p(z) = ¢(z)dz = ¢(z)single valued form

Total derivative translates to

/Cd(ugo):/cduap—l—udgo:/cu(d?u-i-d)(p

:/u(w-i—d)(p:/quLp:O Po ={z|zis a pole of w}
c

C

rewriting Integration by Parts Identities as

/U(@Jrvwi):/w =  p~e+ Vol
C C
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Intersection theory
0000

Equivalence class between forms defines the Twisted cohomology group.
wlel = {elVup =0}/{Vué} = H

Key relation between and Twisted Cohomology
[Aomoto (1975)]

=dim(H[) [Lee, Pomeransky (2013)]

=x(X)=(-1)"(n+1-x(Ps))
= {# of solutions of w = 0}

Contours have similar structure
/ucp = / up = |C] = HX Twisted Homology group
C C+owg

Feynman integrals are pairing Dual integrals

cocycle 1 1

C = u (z z) = u + V_ué

(olc] :/ u(2) ASO(Z) [Cle) /C (2) #(2) /C (¢ )
C

=lp)=H", , [Cl=H,*~

cycle
9/20



Intersection theory
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Twisted intersection number

Seeking relations between integrals (forms) = Intersection number

1
(prler) = —— [ der) Aer
(2mi)n
[Mastrolia, Mizera (2018)]

IBP built in naturally within such formalism. [Frellesvig, Gasparotto, Laporta, Mandal,
Mastrolia, L.M., Mizera (2019)]

(pr + Vwler) = (pLler + V-w&) = (pLlvr)

Define basis of independent form and dual form

<61|7 <62|, ] <eV| ) |h1>’ |h2>’ ) |hl’>
Build the matrix
(prler)  (pclm)  (oclh2) ... (orlhy)
(etlpr) (erlh) (elh2) ... (er|h)
M= | (eler) (elh) (elh) ... (elh) E( (eLlpr) AT )
. . . . : B C
(eler) (evlh) (evlh2) ... (evlhy)
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Intersection theory
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Master Decomposition Formula

(¢1| depends on the basis element

detM = det C ((wlwﬂ —ATC! B) =0

I
(pLlpr) =ATC'B = Z(¢L|hj> (C )i (eiler)
ij=1
Since |pR) is arbitrary
v Cose v v
( — . -1 o= Nle| = .
(ol =Y teulhy) (€71), (el =" Y olhi) (el =Y i
ij=1 i=1 i=1
€1

Direct projection
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Univariate
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Univariate computation

(eLler) = ﬁ/b(w) AR = Z 555 ((V;lw) SOR) =

PEPw
dLog
= E Res (Yp pr) = E
z=p
PEPL, PEPw

Yo=Vilor = (d+w)yp=¢L

only local solution to 1), needed = power series ansatz
max
Pp = Z ¢F()j)7.j +0 (Tmax+1)
Jj=min
1p obtained by pattern matching

Sanity check:
i’ (Vutlor) = ) Res(€er)

PEPwW

- Z 5:95 (‘PLVZ}USDR)

PEPy
Resz=p (p1) Resz=p (¢r)

Resz—p (w)
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Univariate
€00

Univariate computation

(pLler) = ﬁ/b(w)/\w = Z Res ((VoteL) ¢r) = — Z Res (pLVZier)

PEPw
dLog
=) Res(uper) =
z=p
PEPL, PEPw

Yp=Viler = (d+w) idp=g¢

only local solution to v, needed = power series ansatz
max
Yp = Z ¢,(,j)¢f + 0 (Tmax"'l)
j=min
1p obtained by pattern matching

Sanity check:
< w§|¢R> § h P(&SOR)

PEPe g

PEPw

Resz—p (¢1) Resz=p (¢r)

Res;—p (w)
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Univariate
€00

Univariate computation

(pLler) = ﬁ/b(w)/\w = Z Res ((VoteL) ¢r) = — Z Res (pLVZier)

PEPw
dLog
=) Res(uper) =
z=p
PEPL, PEPw

Yp=Viler = (d+w) idp=g¢

only local solution to v, needed = power series ansatz
max
Yp = Z ¢,(,j)¢f + 0 (Tmax"'l)
j=min
1p obtained by pattern matching

Sanity check:
V = Res =0
< wf“PR> E —p (fSDR)

PEPepR

PEPw

Resz—p (¢1) Resz=p (¢r)

Res;—p (w)
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Univariate
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Reduction on the Maximal Cut

Maximal Cut = univariate integral representation

d—5

2

u= (%zz(s —2z—-1)(s—2z+ 3))

w=dlogu=0 2 sols. = 2 Mls v=2

The Mls chosen as

S=ha1111100 =(@C]=(1C] & h=hi1111115-1= (e[C]=(z[C]
Decompose
hi1,1,1,1,1,0-2 = (0]C] = (2%|C]
Compute
(<p|e,-> i:1,2 & C,'j: <e,-\ej) i,j:1,2

Plug in the Master Decomposition Formula

2
- o _ (d—4)(s—1)(s+3) _ (3d—11)(s+1)
ci = 21:<@|ef> (€7), a=- 4(2d —7) 2T T 2d )
j=

agreement with SYS
13/20



Univariate
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Examples

O(30) examples checked on the maximal cut
[Frellesvig, Gasparotto, Laporta, Mandal,

Mastrolia, L.M., Mizera (2019)]
" b . P P . & p"_b‘ [N s R . j
X oo O X ,“f =G
S , v
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Multivariate
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Multivariate :: Fibration

Univariate: known; Multivariate?

/u(z)tpL ¥ /dz,,/dzn 1- /d21 u(zi,...,zn) (21, -y 2Zn)

[Mizera (2019)]

n .
dz, W(L )(Zn) u(n)(zn) [Frellesvig, Gasparotto, Mandal,
Mastrolia, L.M., Mizera (2019)]

Integration connects them. How does it translate to our formalism?

/u z)p(z /dz,, /dzz/dzlu 21,y 2n) Pr(z1, -+ 2Zn)

Jv; Mlin zg
/dz,, /d23/d22z (zn,.. 22)J (z,,,..,,22)
Jvy Mlin zp

= /dz,, Z c,.(")(z,,)_/i(")(zn)

15/20



Multivariate
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Multivariate :: The algorithm

[Mizera (2019)]
Goal: <‘PL‘¢R> [Frellesvig, Gasparotto, Mandal,
Mastrolia, L.M., Mizera (2019)]

Inputs Get
(oLl s lor) n-forms, Cgpfl):(e.("fl)|h§"71))metric matrix,
w = Z'.’w,- connection,
' = (cp | |g0 ) projected form,
Vp—1 number master (n-1)-forms Li R,i
(ef"_1)| 7 |h(."_1)) inner basis ng) projected connection
Compute see also [Matsumoto (1998)]
[Matsubara et al. (2019)]
1 [Weinzierl (2020)]
(erler) = Z Res (1?,(,,) w%i c,(‘;]7 ))
pE‘Pn(,,)

D" + Q0" = o)

i
s

Terminating conditions: Q1) = w;, C(O =1, 9"5_3? ©LR
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Multivariate
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Multivariate :: Sunrise

Maximal Cut = 2 variables integral representation

L@ u=(az(l-2-2))7

Decompose /1,1,1,0,—1 = {¢|C] = (z|C] on Mis h = h1100 = (e1?]C] = (1/C]

[LTE ) sy dy

Compute (z|1) & C=(1]1)

Get
Inputs
1 _ _ v(zm-n*
(prl = (1], ler) =11), V= s
— n. .. — =
W—ZI. wi,rn=1 <‘)0(L2)|:<_122_1|7 |<Pg)>:|—222_1>
(eW] = (], [AV)) = |z) Q@) — Bri2z—y
T (212
Compute
2
y
1) =

33y -2)BY 1By +1)(3v+2)
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Multivariate
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Multivariate :: Sunrise

Maximal Cut = 2 variables integral representation

L@ u=(z21(1 —z1 — 2))"”

Decompose /11101 = {(¢|C] = (z|C] on Mis = h1100=(e1?|C] = (1/C]

Compute (z|1) & C=(1|1)

1) = 7 1) = il
T S | N T R B T W) [ R E RS [ E )

Plug in the Master Decomposition Formula

- _ 2|1 1
i = Zﬂ:(‘ﬂeﬁ (C l)ﬁ = <<12‘|1>> = = 3
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Multivariate
0000800

Multivariate :: Non Planar Triangle

4 Py f
2 u(z) f(z
: _ (2)f(2) 472
3 b, 21223242526
6
Y(1,23456) = 1 n=—<K H=—<),
V(1,346 = 1 ’ .
5 Mls § V(23,46 =1 Iy = <) ' Jy = —@<
V(2,46 =1 '
V135 =1 .
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Multivariate
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Multivariate :: Non Planar Triangle

Cut{1,375}

2
z, N P,
2
‘<Xs: = / U135135
3 e,
6
p135 = P135d20 Adzg Adzg Adzy

Number of Mls

V(2467) = 2
V(2a6) = 3
V(2q) = 2
Vo) =2

ulz)zz
L[z,
2120273242526

u3s = 222y 2% u(0, 22,0, 24,0, 26, 27)

N z7

P135 =
227476
Inner basis
A(24 1 (24
aen _ L een)
222426

~ (246 (246 (246

§ ):Ze eé )=Z4 eg )222
~(24 (24
e§ ):Z4 eg ):ZQ

(

e —1 P —
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Multivariate
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Multivariate :: Non Planar Triangle

7 4
2 B u(z) z7 J
5 = ——d'z
3 P, 212223242526
6
Cut{1’375}
z. ! P,
L 2 ' P2 P4 _P6
u3s = z5% 2z, *z:°u(0, 22,0, 24,0, 25, Z
s = | u135p135 135 = 2,22, 25°u(0, 22,0, 24, 0, 26, z7)
3 P, . P
¢ ®135 =
2p24 26

w135 = P135d22 Adzg A dzg A dz7
1 1
z, . P, N P, 1 .
2 2
3 P, 3 P, .
L] [}

2
_ (2467) ((~—1 _ s _ (d—3)(3d —10)(3d — 8)
= 2@135“’1‘ ) (C(2467))ﬁ = a=--, 0=
=1

2 2(d — 4)3s2
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Summary and Outlook
.

Summary and Outlook

Giving a new persective

m Direct decomposition in integral basis and direct construction of system of
differential equations

Algebra of Feynman integrals controlled by intersection number
Intersection number: Scalar product/Projection between Feynman integrals
useful for both Physics and Mathematics

8-20,2019

A lot of new possibilities Mathem Amplitudes 2019
. . . Intersection Theory & Fi Integral
m study of Differential Equations for Feynman Rl SoD = eynman Iniegra’s
integrals e
m application to different representations
m Combine with Finite Fields S il A
B alternatives algorithm for the multivariate
intersection number and for the Ml reduction SPEAKERS

m Quadratic relations < Riemann twisted Period
Relation

[see also indico.cern.ch/event/836413/]
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Thank you for your attention
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Multivariate :: Fibration

/u(z)‘PL Z)—/dZnZ (zn)J ) (zn) /dznz%_,(zn)/ "y

[Mizera (2019)]
‘U' [Frellesvig, Gasparotto, Mandal,

Vn_1 Mastrolia, L.M., Mizera (2019)]
_ (n) (n—1)
il =Y @A)
i=1

(n)

¢, ; coefficient of the reduction

() _ (n—1)
@= Dt D) (cgly)
j
Same decomposition on the dual basis

Vn—-1

n -1 n — -1

for) = D I AR = 1 =30 (k) (6 Vlen)

i=1

- i
F iy
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Multivariate :: Computation

[Mizera (2019)]
[Frellesvig, Gasparotto, Mandal, Mastrolia,

We are interested in
L.M., Mizera (2019)]

1
[ 1)1y _c(@)
(eLler) = (@i / (o) AR (e 10;)=C;;

1
(27”)/ W) NOR) ) /Xf(e'(l)“hfn)

— @y A2, cf >)
(27ri) PN PR

2
— @) 5@ D)
= > Res (w,,,,- #rj Ci )

PEP(2)

1 ne
= — [ o) Nor = Z z"n?ii(lb(n) 905?1 C% 1))

(2mi)
PEPq(n)

w,(") generalization of univariate case

,\,\
G

a0 48 = 5
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Multivariate :: Connection

f.j"). In the 2 variables case:

vy
/%0(21,zz)u(21,zz):z:/dzch,(z)(zz)/dz1 e(z1,22) u(z1, 22)
vy
- Z/dzw,@)(zz)u,-(a)

New connection arise: Q

total derivative is

=% / ¢ (#P@ul) = / (4 @utz) + o ) du()

=> / (d¢§2>(z2)5,., + 30,(2)(22)92-2)(220 uj(22)
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Multivariate :: Connection

dU,‘(Z2) = dZZ /6}1)(21,22)U(21,22)

= / (dZZEi(l)(Z]_,ZQ) + M A efl)(ZI,Zz)) u(z1, z2)

u(z1, z2)

= /u(zl,zz)(dZ2 +w2/\)efl)(zl,zz) = QEJ.Z)(ZQ)/efl)(zl,22)u(zl,22)
QI(.J.2)(22) projection of the outer connection

QP(22) = D {(de +wan) €M) (C))
k

I

() = Yz, + o) ™ VIHY) (1),
k
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