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Compact binary systems

LN

* Masses comparable: m = m; ~ my
Generalisation to different masses straightforward

¢ Nonrelativistic system: v < 1

Gm?
r

e Virial theorem: mv? ~

Post-Newtonian (PN) expansion:
Combined expansionin v ~ /Gm/r < 1
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Post-Newtonian expansion

Scales

N

‘wGwzz—,V=>

® r.=2Gm=

A~ L
v

rs ~ rv
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Post-Newtonian expansion

Conservative dynamics

Various Approaches:
e Traditional: up to fourth order (4PN)

[Damour, Jaranowski, Schafer 2014-2015]

[Bernard, Blanchet, Bohé, Faye, Marchant, Marsat 2015-2017]

e “Tutti Frutti”: partial 5PN & 6PN

[Bini, Damour, Geralico 2019-2020]

e Effective Field Theory [Goldberger, Rothstein 2004-2006]

4PN [Foffa, Porto, Rothstein, Sturani 2019; Blimlein, Maier, Marquard 2020]

(partial) 5PN & 6PN — this talk
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Effective Field Theory

Idea: construct simpler, but equivalent theory

Starting from a full theory (general relativity)

© Identify relevant and
expand action in

v~ y/Gm/r<1
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General relativity
General relativity action:

Sarlg"”] = SEH + SGF + Smatter
With n*¥ = diag(—1,1,1,1), g = det(g""):

e Einstein-Hilbert action:

ddxw/ gR

SEH = 16G

® Harmonic gauge 0,./—gg" = 0:
— d u b yoBrH
SGF 32G d X\/7|_ I r g*°r of

¢ Assume point-like matter, no spin:

2
Smatter = — E ma/dTa
a=1
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General relativity
Expand Sgrinv ~ v/Gm/r < 1, e.g.

oxt oxv
—ma/d‘ra: —ma/dt —gw,ﬁai;’ = —ma/dt V—goo+
Coupling to of metric

Temporal Kaluza-Klein decomposition ol, smolin 2010]

-1 Aj d—2
uy 2¢ \j _,d-2
g e <AI e*quﬁ(aij + Ufj) _ AIAJ> , Cd d_ 3

Flat spacetime for /Gm/r — 0:

Expandin ¢, Aj,0ij ~ /Gm/r ~ v ]
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General relativity

Serl¢. Ai,0jj] =
2 1
Z/dt <m3+2mav3+(’)(v4)>
a=1
2 1
+ m, [ dt | —¢ + vajAj + vaivaiop — = 2+...>
> m & 01— 54

+/ d'x —ca(8,$)* + (9 A-)2+1(a --)2—1 0,0;)?
327G d\Op A 2 nOii 2( uau) +.

Consider as quantum field theory:

m,v° m,v m,v?2
|
|
|
| § é%
¢ A 0ij
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Effective Field Theory

Starting from a full theory (general relativity)
@ Identify relevant scales and
expand action in small scaling parameter

@ Decompose fields into modes,
characterised by scaling of momentum (components)

[Beneke, Smirnov 1999]

¢ = ¢Ppot + Prad, A = Apot + Arad: 0 = Tpot + Trad

e Potential: kg ~ ¥, k ~ 1

* Radiation/ultrasoft: k# ~ v

® hard, soft modes: negligible quantum corrections
Radiation fields have wavelength A ~ 7 > r
= multipole expansion in terms with both modes,

€.9- brad(t, X) = draa(t, 6) + xiOirad(t, 6) +

9/23



Effective Field Theory

Starting from a full theory (general relativity)

@ Identify relevant scales and
expand action in small scaling parameter
@ Decompose fields into modes,
characterised by scaling of momentum (components)
@ Write down effective field theory action:
Nonrelativistic general relativity [Goldberger, Rothstein 2004-2006]
® Absorb potential modes into near-zone potential
® Keep radiation/ultrasoft modes
Ansatz:
SNRGR = Smatter + Smixed + Sradiation

® Smatter = fdt (M +T - VNZ)
® Shixed: coupling of radiation modes to matter
® Siadiation: pure radiation modes
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Effective Field Theory

Starting from a full theory (general relativity)

© Identify relevant scales and
expand action in small scaling parameter

@® Decompose fields into modes,
characterised by scaling of momentum (components)

© Write down effective field theory action

@ Determine parameters from equivalence between effective
and full theory up to higher PN orders: maiching
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Nonrelativistic effective theory

d I , .
= |— |0g /D¢potDApotD0'pot eISGR_I f dt(M+T) 4) A o 0:|
L rad—/‘rad=0%rad—

dt
A L e T
~ar 8| 1 2L Tt

Matter lines are no propagators:

| | ? 2
I ( L )
No contributions from factorising diagrams: of. [Fischler 1977]
. d 4 n 1 w 4
=1— I = /A
dt L 2 RN S W—
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Potential matching

© Generate diagrams with up to 5 loops with QGRAF ogueira 1991]
@ Discard unwanted diagrams, e.g. graviton loops

T
I
. BOINN ARSI ! AN
— dt = FITERAN -+ /1 AAR 4+ e —+ oy
VA BTN N A AN [ v 1
i I RV
. L . P

— T T T —T—T
[N LTI i T
Vo IR\ A " /1 [
+ Vi AR =+ R I + e /AR
AN AN A [ [} ) In n o [
e I\ [ o [N} ) 1\ [ N |
v L L L L
T T T T
0 i I |
n 1 1
+ +OT 4+ e+
[ n [ A ! I
[ T B A ) I\ [ ) I\ I
MR . L L
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Potential matching

© Generate diagrams with up to 5 loops with QGRAF nogueira 1991]
@ Discard unwanted diagrams, e.g. graviton loops
e Compute and insert Feynman ruleS W|th FORM [Vermaseren et al.]

iy
Mkz i k1 ke ini kq k
— L (Giidvzkake | giidizkike)
32mp)
JJJ2

\‘/c;'%’icz’,ju'z*l ko _ V;1UWC2’J1J'2*1 ko 4 V;gcz’vfzhvkl ko 4 Vc;'%’fcz,vhjzvkz k4 V;ggvjzhvb ki
vitizdiizkike V=0 (52 4 5y L gy 5%)( — 102 (as1k1 ke _ gz gkike)
+ 2[5"1]1 (45i2’<151'2‘<2 _ 5"21'25k1’<2) _siti2gitk 5]2’<2])
+2{4 pr2 F’z 7P2 k2)5'111512‘<1
+ 2[(p1 +ph )p'2y1k1512k2 _ pfl k25"1./'15"2j2}
IR [pR pRasi o(p2p2 _ g2 pkaysitka _ (i iy R skike
+ sz'2 (4p{25i1k1 sk | plll astkisi2le _ shizghike)
+2[811 (p 1'25k1k2 _ 2pf25f2’<1) _ pf25f1"251'1k1])
+ pfz( 1(2sf1k1gi2ke _ giiizgkikey _ 4p;2511k151'1‘<2
+2[pk ko sitiz itk | sii1 (zpk25'2‘<1 _ p£25k1k2)])}
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Potential matching

© Generate diagrams with up to 5 loops with QGRAF ogueira 1991]
@ Discard unwanted diagrams, e.g. graviton loops
e Compute and insert Feynman rUIeS W|th FDRM [Vermaseren et al.]

@ Reduce massless propagators to master integrals using
Laporta’s algorithm [Chetyrkin, Tkachov 1981, Laporta 2000]
implemented in crusher

v=0

+c3 +0(e)

®

¢j: Laurent series in ¢ = 35¢

2 b
polynomials in my, my, r=1,G™1
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Potential matching

© Generate diagrams with up to 5 loops with QGRAF ogueira 1991]
@ Discard unwanted diagrams, e.g. graviton loops
e Compute and insert Feynman rules with FORM [Vermaseren et al.]

@ Reduce massless propagators to master integrals using
Laporta’s algorithm [Chetyrkin, Tkachov 1981, Laporta 2000]
implemented in crusher

O Insert known (factorising) master integrals

[Lee, Mingulov 2015; Damour, Jaranowski 2017]

5 =6’/ % —4—4In(2) + O(Y)
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Potential matching

© Generate diagrams with up to 5 loops with QGRAF ogueira 1991]
@ Discard unwanted diagrams, e.g. graviton loops
@ Compute and insert Feynman rules with FORM (vermaseren et al]
@ Reduce massless propagators to master integrals using
Laporta’s algorithm [Chetyrkin, Tkachov 1981, Laporta 2000]
implemented in crusher
® Insert known (factorising) master integrals

[Lee, Mingulov 2015; Damour, Jaranowski 2017]

5PN vV = 0: [Foffa, Mastrolia, Sturani, Sturm, Torres Bobadilla 2019; Bliimlein, Maier, Marquard 2019]
New:

e complete 5PN (siamiein, Maier, Marquard, Schafer, 2020]

e 6PN up to3 |OOpS: V26 [Blimlein, Maier, Marquard, Schéfer, 2020-2021]
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Near-zone potential

Cross checks

VO V2 V4 V6 V8 VlO V12

t [Bern, Cheung, Roiban, Shen, Solon 2019; Cheung Solon 2020; K&lin, Liu, Porto 2020]
TT [Bern, Martinez, Roiban, Ruf, Shen 2021]

*
[Foffa, Sturani, Torres Bobadilla 2021]
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Classical action

is not physical:
¢ Gauge dependent
¢ Infrared divergence at >4PN
= combine with contribution from radiation/ultrasoft modes
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Classical action

is not physical:
¢ Gauge dependent
¢ Infrared divergence at >4PN
= combine with contribution from radiation/ultrasoft modes

Construct classical post-Newtonian action without any field:
SpN :/dt L[X,, V2] :/dt (M+T-V)

Absorb radiation modes radiation/ultrasoft modes into
far-zone potential Vg7 (“tail”)

V=Wz+ Wz
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Far-zone potential

Matching equation for far-zone potential:
.d (Smixea-+ Sraciation)
VFZ — IE |Og D¢radDAradDUrad e!\Pmixed radiation
Matter-radiation interaction in NRGR:
1
Stixed = > / d?x T‘“’(ng, + (9(5g3,,), 08uv = Buv — Muw
dg,., multipole expanded

= ¢, A, 0j; coupling to multipole moments E, P;, L;, Ijj, . ..
after integration by parts e.g. [Ross 2012]
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Far-zone potential

Matching at 4PN, conservative part:

\

’
\

/dtV4PN ;’; ;M gﬁ*
7 s““% éjﬁ%@%

I
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Far-zone potential

Matching at 4PN, conservative part:

/ dt V4PN 1/
1

AR A
W%ﬁ

I

At 5PN (Foffa, sturani 2019-2021]
¢ Additional multipole moments J;;, Ojj«
* More 2-loop diagrams
* 1PN corrections to E, I;; in d dimensions

[Marchand, Henry, Larrouturou, Marsat, Faye, Blanchet 2020]
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Classical Hamiltonian

e Combine potentials V = + Vez:
Lon[%or V30, 0 ] =M+ T =V

¢ Eliminate higher time derivatives:
* Total derivatives Lpny — Lpn + & F
® Multiple zeroes Lpy — Lpn + FZ1 25 - -+
with §(FZ1Z, ---) = 0 at current PN order
® Coordinate shifts x, — x; + AX, with Ax; = O(1PN)
e Transform to classical Hamiltonian H = p,v, — L
in centre-of-mass frame
¢ Canonical transformations with generator g for comparisons
and simpler expressions

H— ePeH,  Dof ={f g}
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Classical Hamiltonian

pole free
Hspn — =M _

I

mymy P1 P2 [x1 — x| F
w= . p=—=——, r= . on=-—
M 7 " GM r
21p12 5 125p2  499p*  161p°  445p®  77pl0
1024 16r0 16r5 64r4 3213 256r2 256r
w [231p12 279775133 1450584679p2  2010713771p*  11206267p°  937p®
M| 1024 52920016 211680015 141120074 1411203 32r2
805p'0 N ( r ) 64 18944p%  1796p*  19136(p.n)>  10664p>(p.n)?
n| — — —
256r ro 105r6 105r5 105r4 105r5 105r4
2748(p.n)* ,( 70399 65201p7  1328147p*  7719p°  6649(p.n)?
|t + - -
35r4 11526 1152/5 122884 400613 5765
5042575p%(p.n)?  58887p*(p.n)?  3203913(p.n)*  89625p%(p.n)*
6144r4 409613 40964 40963
42105(p.n)® 34541503(p.n)?  2395722563p%(p.n)?  62196341p*(p.n)?
400613 21168005 282240r% 7840013
580p%(p.n)2  35p8(p.n)2  631107353(p.n)*  31226291p%(p.n)*
16r2 256r 78400r* 23520r3
8051p*(p.n)*  563921(p.n)®  5117p%(p.n)®  159(p.n)? 231p'2
384r2 960r3 320r2 28r2 256
72454  1353196483p>  787300061p*  3605263p°  11535p°  2865p'°
22516 52020015 26460014 2040013 128r2 256r
256 3392p2  432p*  2002(p.n)?  6824p3(p.n)>  496(p.n)*
_ + _ _ _
105r6 105r5 35r4 1055 105r4 7r4
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Classical Hamiltonian

5453 121315p°  2076041p*  29987p%  200359(p.n)?  172311p*(p.n)?
768r6 768r5 12288r4 4006r3 768r5 4006r3

5062205p%(p.n)2  2617363(p.n)*  127125p%(p.n)*  14175(p.n)®
6144r4 40964 409613 409613

857318207(p.n)?  34200172759p°(p.n)>  5034763p*(p.n)>  4969p°(p.n)?

2646005 21168004 98003 64r2
275p%(p.n)®  4980043687(p.n)*  2674877p%(p.n)*  925p*(p.n)*  15p%(p.n)*
aser 3528000 784073 24r2 128r
25649(p.n)®  8331p(p.n)®  751(p.n)® w? [1617p'%  238966727p?
T 33603 160r2 28r2 ] W[ 1024 151200/

127702733p*  108551131p°  16283p%  3995p10 2 _2339,32 98447p*
84672r% 423360013 25612 256r 192r5 3072r4

20250p%  16111(p.n)?  131231p%(p.n)2  106947p*(p.n)>  361499(p.n)*

1024r3 192r5 1536r4 10243 1024r4
30075p%(p.n)*  65625(p.n)® 758233181(p.n)?  10374288811p%(p.n)?
T 10243 102488 ) 1512005 7056004
2207947669p% (p.n)?  177p%(p.n)?  221p%(p.n)?  12810612439(p.n)*
B 141120073 286r2  64r 70560014
355111837p%(p.n)*  125225p*(p.n)*  3pS(p.n)*  13905527(p.n)°
N 0408073 B 76812 T 128r 44803
136977p%(p.n)®  15p*(p.n)®  289839(p.n)®  35p?(p.n)®
12802 128r  4480r2  256r
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Classical Hamiltonian

p* [ 1155p'%  593p°  6649p°  1615p°  549p*(p.n)?  62143p°(p.n)>  867p°(p.n)?
M4 1024 32,3 256r2 256r 32r3 256r2 256r
5749p%(p.n)*  652381p*(p.n)*  3p%(p.n)*  17623(p.n)®  1178320p%(p.n)®

96r3 768r2 64r 240r3 1280r2
45p%(p.n)®  1443091(p.n)®  105p2(p.n)® w® [231p'2  63p0  35p8(p.n)?

128r 4480r2 128r M5 | 1024 256 256
15p6(p.n)4 15p4(p.n)6 35p2(p.n)8 63(p.n)10 17(p.n)2 N 29p2(p.n)2

128r 128r 256r 256r 4r5 8r4

21p*(p.n)®  5p°(p-n)®  (pn)’
16r3 32r2 8r4

= observables: energy, periastron advance
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Classical Hamiltonian

Cross checks:

v £5 agrees with Schwarzschild limit
. ,\“722: poles cancel between and far zone

4

5 .
, L4, % agl’ee W|th [Bini, Damour, Geralico 2020]

&
S %‘z:w %‘t 2‘1:0

£ agrees With [sini, bamour, Geralico 2020]
after finite renormalisation J;; — (1 — 1e) Jj;

2
* No comparable result for £z
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Conclusion

¢ Powerful methods from particle physics
for post-Newtonian expansion:

e Effective field theories
® Techniques for multiloop calculations

e Latest results:
® Complete 5PN (near-zone) potential
® Partial 6PN potential

* Open questions in combination with far zone/tail
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