Hyperboliclike encounters in a two-body
system: Analytical treatment, recent
developments and open problems
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Based on works done in collaboration with: Abstract

° The main features of the "Tutti Frutti" method which has allowed
T. Damour, A. Geralico

reaching the 6PN level of accuracy (modulo a few still unknown
parameters) in the relativistic treatment of the two-body system will be
briefly introduced and discussed.

Special attention will be devoted to the gauge-invariant information
encoded in the scattering angle of hyperboliclike encounters.
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A fully relativistic treatment of the
gravitational two-body problem
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A list of tools

Matched Asymptotic Expansion approach
to the motion of strongly self-gravitating
bodies (match between near region and
far region)—> UV finiteness up to 5PN=5
loops.

PN-matched Multipolar post-
Minkowskian (MPM) approximation
theory of the GW emission of binary
systems. Known up to 3 loops.

Post-Newtonian (PN)
approximation to the motion
of binary systems. Fully known
up to 4 PN=4 loops. Potential
terms computed @5PN.
Recent results @5PN and 6PN.

Gravitational Self-Force
(GSF, GST). Computations
of some Gl quantities up
22 loops.

Post-Minkowskian (PM) approximation theory
Effective One-Body (EOB) approach to coales (in G) to the motion of binary systems.

binary black holes (and binary NS). Known up to Metric fully known to 2 PM= O(G2)=1 loop, it

4PN. Recently extended to 5PN =5 loops (with 2 led to the first derivation of the 2PN dynamics.
unknown) and 6PN =6 loops (2+4 unknown). Recent results at O(G3) and O(G*).



Recent years have witnessed a useful
GSF, GST synergy between these methods, with
information flowing between them (and
owing also from the results of full
herical relativity simulations).

A flexible enough formalism

EFT, QFT, AMPLITUDES
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Scattering Amplitudes and the Conservative Hamiltonian for Binary Systems
at Third Post-Minkowskian Order

Zvi Bern,' Clifford Cheung,” Radu Roiban,® Chia-Hsien Shen,' Mikhail P. Solon,” and Mao Zeng”
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PN approach Hypn = (Hapn — Mc?)/p
H: N. 1PN 2PN Hgpn|r.p) = Hx(r.p) + Hipn(r.p) + Hopn(r. p)
e ) 4 ) 4

, o + Hipn(r. p) + Hapx[r. pl.
Conservative ADM Hamiltonian in the CM system
(including time-sym rr effects into the conservative part of the H)
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H: 4PN nonloc (less familiar with NL Hamiltonians...)

1 G*°M < dt
Hnonloc,4PN — _g C—SIg(jg) (t)PfZ’r/c/ WI?SB) (t,)

M = dt
_ G szr/c / FSpht N( f)

c® oo [t =1

P (e, ) = 19 01 ()

The 4PN Hamiltonian has been fully derived and confirmed within three different
approaches

ADM, EOB (Damour, Jaranowski, Schaefer)
H (Bernard, Blanchet, Bohe, Faye, Marsat)

EFT (Foffa, Porto, Rothstein, Sturani)



EOB: Buonanno-Damour 1999

Dimensionless inverse radial variable,
also carrying a G

/ . i
H = Mc?\/ 1+ 20( g = 1) =6M(c)

EOB potentials

— -

HZe = A(uzv)(1 ,’?%HE—I—A{HZEJ (u:v) p;

™,

+ Q(u, pyiv)),

%,

~

, , , DJS gauge: P. dependence in
* 4 * f} ®
Qlu, p: ""’j Prqalu; ""’) + Prdeu: ""’) place of | derpendence

+ pras(u:v) + pPqio(usv) + ...

P. vanishes along circular orbits: the DJS gauge is adapted to circular orbits and will
imply an expansion in small eccentricity when considering ellipticlike motion



Schwarzschild + 1PN EO B @ 3 PN

Alu)

D(u)

| —2u

2PN

94  41z%\ 7,
A

-- (520 — 612 )1’ DJS gauge: radial

component of

O(r'.p') (3{4 — v\ ) (m"-p')* the momentum

Coefficients: rational numbers plus 72
polynomiality in u and v

u=1/r

Canonically equivalent to
the one shown above
written in ADM or h
coordinates

5 coefficients only instead of 24: a big computational advantage!

Note: PN by definition lives in the weak-field slow-motion region. It is impossible to enter
the strong-field region...even with 20 PN orders!



Starting from 4PN the EOB potentials
have a nonlocal structure

Terms with logs are genuine 4PN terms

A = Aloc 4 Anonloc, D — Dloc 4 Dnonloc, Q _ Q]OC 4+ Qnonloc

The EOB potentials complete up to 4PN, EOB coordinates Transcendental richness...
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Schwarzschild is included. To go beyond with PN one should
determine other potentials (i.e., both their local and nonlocal parts)!

All the potentials A(u;v), D(u;v), Q(u, p,;v) reduce to
their Schwarzschild values when v — 0: A( u.0) = 1-2u, ,
* A convenient

D(u:;0) =1, Q[u, p,:0) =0, and can be expanded in wayto order

powers of v away from the test-mass limit: these
information:

A l::I.r y) | —2u + MJL'] [:”) + bjﬂ;ﬁ [”) 4+ b}}qb% {”} 4 ipnoi/ynomlallty
D(u;v) = 1 4+vd (u) + 2d” (u) + 2d” (u) + ...

: Functions of u
galuv V¢ +12q + ¢ + ...
14\ ) .-"4 'I } 14 ( } ;"4 ( } are power
{'.’;f}[:’” b.) b-[}lﬁ |{ }—'—L..- ['..."ﬁ [: }"‘L’ {_fﬁ [: }—i_ o series with

| coefficients
gglu;v) uq‘g (u) + .r.x“f;;_ () + v f;f,_,‘;" () + .... including

log(u) after
Up now (6PN) we have seen polinomialy in u plus log (u) the 3PN



PN, PM, MPM, SF, EOB, EFT, Delaunay
averaging formalisms

Beyond the
4PN?

Capturing
information
from....

TuttiFrutti

and leading
to....

6PN nonlocal part of the 6PN local part of the
two-body Hamiltonian two-body Hamiltonian



Nonlocal effects
PN 10 have the noniocal @6PN

Hamiltonian @6PN since
nonlocal effects start @4PN

G2M A N
Hnonloc,4PN — _c_ng2'r/c/ mfg%t’ (t: t’)
—0o0

Strategy: Computed in h coords and

2 Integrated flux split equals translated in EOB coords
averaged Hamiltonian

First accomplishment

Use of a first 4
Gl information

Fix the nonlocal
part of EOB

‘ potentials up to

Compare averaged
3 Hamiltonian in h and EOB

coordinates 6PN




Second accomplishment

Pa SSi ng 5 Evaluate z; from 1SF,

expanded in eccentricity,

from nonloc which ncrportes ot oa
to loc...

Use of a second
Gl information

4

Evaluate z, in EOB using the

local part of the Hamiltonian

in @ parametrized form with
unknown coefficients

Fix the nonlocal
part of EOB

potentials up to
6PN

. Third accomplishment
Key tool: 1SF+First Law

PHYSICAL REVIEW D 85, 064039 (2012)

First law of binary black hole mechanics in general relativity and Com pare the two and fix the
post-Newtonian theory

local EOB potentials

Alexandre Le Tiec,l’“c Luc Blanche[,z'+ and Bernard F. Whitings'i

at O(v) since we can use 1SF
only

mymsa :
V= 5 sym mass ratio
(my + ms)




Compute the scattering Use of a third
angle in EOB with a Gl information
parametrized v
dependence of
unknown coefficients 9

Use a special
«rule» to fix the
allowed
dependence on v
of the local EOB
potentials

Determine all missing
coefficients except for

2 @5PN and 4 @6PN Gl quantities involved in the TF approach

- Averaged NL Hamiltonian
- Redshift

- Scattering angle

Just the program...details (not many) will follow



Gravitational Self-Force approach/program

This is standard BH perturbation theory a la Regge-Wheeler-Zerilli in the
Schwarzschild case or a la Teukolsky in the Kerr spacetime.

The program is standard:
—> Decompose the perturbed metric in spherical harmonics,
= Fourier-transform in time,

— Split the 10 radial equations according to their parity, summarize them by a
single radial equation (Regge-Wheeler-Zerilli) with Dirac-delta source terms.

- Solve the RWZ homogeneous (PN solutions and MST solutions, in and up)
- Solve the RWZ inhomogeneous by the Green function method.

- Resum in m (ranging from —I to I) and in | (ranging from 0 to infinity).

— Divergent series in | to be regularized (removal of the singular field).

- Problem with gauge-dependent low multipoles 1=0,1.

—> Compute a gauge invariant quantity [redshift, periastron advance, gyroscopic
precessions..]

—> Convert information in the Hamiltonian formalism.
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Converting z, 1SF information in EOB potentials via
the first law of the two-body dynamics
(N. analytic 1SF encodes both local+nonlocal effects)

qj;’][u]l = Biu+ Bau® + B sou’
+ Bju® —I—B,—.;..-gu /
+ (BS + BP Inu)u® + By jpu®/?
+ (B + B Inu)u® + (Bi1/2 + Bll‘] o Inu)u't/?
+ Onpu) (1),

Subtract the (sum of local and nonlocal) EOB potential obtained from 1SF from
their nonlocal parts obtained by using Delaunay averaging to obtain the local
part of the EOB potentials.

1SF allows to compute only terms linear in v: all other coefficients should be
included in a parametrized form.
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Computation of the nonlocal (tail-related) parts of the EOB
potentials (up to 6PN) is easy!

Beyond the 6PN the nonlocality becomes technically more
involved.

GM dt’ i
HS5a 00N (1) = Pf2r12(t)/c/|—f€plt(t t').

nonloc.h C t,’

r = ap(l—e.cosu),

(= n(t —tp)=u—esinu+ fysinV 4+ g(V —u),

_ - 1+e -

o = P _v + f$sin2V + g4 sin 3V, V(u) = 2 arctan * tanE
K 1-— Gd) 2

Integration performed expanding in To have H nonloc,h at 6PN one needs the flux

small eccentricity! split at the 2PN level

2PN

parametric
egs of
ellptic

orbits

OIENE
Keplerian
form

PAM\
mutipolar
moments
Various multipolar

tt contributions as the building

(3) (3) block of the flux function:
Fopn(t) = I b (D15, (8) + .. GW flux electric quadrupole,
electric octupole,

magnetic quadrupole, —> Building blocks of the NL

G electric hexadecapole,

Fon (1) = 2L OLY ) + ... ~  Mmeeneticoctupole Hamiltonian

Lt It is the flux split version of the GW flux which enters
’ the nonlocal part of the two-body Hamiltonian!



<th. ) - <H4+5+6PN> — Fh(a?}e?

1onloc.h nonloc,h

— < Hoob >

nonloc

nonloc.h
7 A '
Duunluc.h

énmllmc?h

Still to be determined

WHATS
NEXT ?

F" is a GI quantity which can
be used to fix completely the NL
part of the EOB Hamiltonian

H%: = A(u;v) (1 + pou® + A(u; v) D(u; v)p: +Q(u, py; u))

Qu,pr;v) = praa(u;v) +phge(usv) + prgs(u;v) +prquo(w;v) + ...

Fully determined



TABLE VI h-route nonlocal EOB coeflicients.

nl,c

ﬂ-?l Jog

{_Inl.c

Tullog
dg

nl,c

Qas

nl,log
Qa5

nl,c
Je4

nl,log
G4

nl,c
UER)

nl log
UER!

(5567~ In(2) + 55+ — 557 In(3) — 555y v

+ (Tl 2) ' 10182 100 1 3) 4 101212 2 List of the EOB

n (_g 432y + 1214624 In(2) — &;30 1n{3}] Vﬂ,

5 045

—222y 4 580,27 4 1607, nonlocal

(_6381650 ln(g} 4 2043541 4 17658581 11'1'[3} 64096 ¥ 4 OTEH625 11'1{5}] 7

180 2835 140 45 2268 ° °

2R40312 s 3576231 167906 302752 ., OTeH625 2
(T W) = ey M) F e+ Ta0s ™Y e () v coefficients
(=g In(2) - g5 + T mB) + SHFov + S In(3)) v,

—dans, 4 dsle, 2y 1z, 0 determined by

70925884 13212013 3873663 8787109375 617716 ..
( Dgifsua;? @)+ ri%%iﬂﬂ*';ﬁclﬁ 16 ln(:f?ﬂ;[!"ﬁ 272&223441[1{5j ;Hszs;lﬂﬁavrl] y 2 1
+ (—2s0— In(3) — 533 In(2) - =3~ + 35 7Y+ —13 — In(5)) v Compa rlson Of
177316 |, 11263031264 16544 . 40917TOGRTS 2002467 3
+ (" + T ame - In(2) + gy — e In(5) + 55— 1In(3) ) v

_3%818558 v+ 31:;3115'?2 ]'/2 + %]‘/3 ave rages
(- 2LSegret () — SRS — ST 1n(3) + Ry + SZHTE 1)

S WD)y - _

4 (445522;&;??35 11'1{3} 4 24111’;?’;34;36 11'1{2} _ 126‘1]';20566.3 _ 2??:8 v — .«9602].';.325]5[:625 lH{Er}

_ﬂﬁE%ggigﬁlﬂ? ln(?)] ]'/2

4+ (_ 4[%};;03 _ 1095223‘3‘]52& 111{3) e
_431533354633 lﬂ{2]] il'/'l

1424826953125 96889010407 2368
+ S===m=ens In(5) + —soen In(7) + ==

223624 13424 2 , 11843
1575 V =V =
5106312336176 17515638027261 63886617280625 20247 366220630
(== 5721 ~In(2) + == 313600 In(3) — = Toteoer—— 1(5) — —gmes—— In(7)
_ 709105510 ,,
133300
177055674 730808 43719724468071 366440151015625 26506549233199
+ (= 307675 In(2) — gz — In(3) + 1534006 In(5) + = Fgz5g—— In(7)
17462931 2
-l
57604236136064 0467583300341 73366108046875 7709596970957
+ 90225 In(2) + 30200 In(3) 381024 In(5) TRRE0 In(7)
_1sas63) 3
31
0




How can we determine the local NHET'S
part of the EOB potentials? NEXT ¢

—>Compute another Gl invariant quantity (the
redshift) which incorporates both local and nonlocal
effects in two different ways:

1) 1SF (SF computations are only linear in v)

2) Using the full EOB Hamiltonian, connected via
the first law of two-body dynamics (Le Tiec-
Blanchet-Whiting 2012) OH

= <(9m1

)

—>Compare the two («subtract» nonlocal from the
full local plus nonlocal objects), and identify the
local part of the EOB potentials!



Determining the local part of the EOB
potential @ O(v?)
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Almost all of them will be determined by

910.6PN Joc,f = @ using the scattering angle along hyp orbits




And now?

Compute another Gl invariant quantity (the scattering angle along hyperboliclike orbits)

whose v structure is known _
[ loc.t g .

e Jyn  (yiv

ifcaf(% V) = [h(75 V)]n_l Xfc’f(’y; I/) s n>1 J
S USE THE
h(viv) = V1T 20(7 — 1) = — . GOLDEN RULE
M c?
n—1

tot ., ~tot . _ Y . : —
Cn i Xn (v;v) =P) (v); with d,, = 5
[Technical: the introduction of the flexibility function allows both the local and the nonlocal

parts to satisfy this rule!]

T. Damour, Classical and quantum scattering in post-Minkowskian gravity,
Phys. Rev. D 102 (2), 024060 (2020). [arXiv:1912.02139 [gr-qc]].



Using the v structure of the scattering
angle one determines most of the v
structure of the local Hamiltonian

The scattering angle depends on unknown
EOB parameters (at either 5PN and 6PN)

loe. i 1 2 g2, 328 4
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[Here computations are conveniently 16 96 S 384 o
performed in the energy gauge and not in the —2¢3pc — A4ikc — F05EC [ PN

DJS gauge]



Results

We have computed 3 gauge invariant quantities: averaged GW flux (elliptic), redshift (elliptic),
scattering angle (hyperbolic).

We have determined the local 5PN (first) and 6PN (later) EOB Hamiltonian modulo
2 unknown at 5PN and 4 more unknown at 6PN.

Note that thinking of all possible terms entering the 6PN real Hamiltonian, we have
determined 147 terms of the 151 total number!

@5PN instead the real Hamiltonian contains
97 coefficients of which we have determined

95! o
The missing terms are

second order in v in the
‘ EOB potentials: 1SF

cannot help!

One needs 2SF which is

the next challenge in SF

PHYSICAL REVIEW LETTERS 124, 021101 (2020)

Second-Order Self-Force Calculation of Gravitational Binding Energy
in Compact Binaries

Adam Pound ,1 Barry Wardell ,2 Niels Warburton ,2 and Jeremy Miller’



What remains....

: ) 4 Reminder of
A(w;v) = 1=2u+va” (u) +v%a” (u) + v°a” (u) + ... EOB potentials
D(u;v) = 1+ vd”' (u) + V24" (u) + 3a (u) + ...

List ot the f-route KUB potentials in p,.-gauge.
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What is needed to complete the 2 body dynamics at a fixed PM level

V0,1,2,3V0,1,2,3
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Each vertical column of
dots describes the PN
expansion (keyed by
powers of p?) of an
energy-dependent
function parametrizing
the scattering angle.

The various columns at
a given PM level
correspond to
increasing powers of v.
D. Bini, T. Damour and A.Geralico,
“*Sixth post-Newtonian local-in-time dynamics of binary
systems,"

Phys. Rev. D 102, no.2, 024061 (2020)
[arXiv:2004.05407 [gr-qc]].

Schematic representation of the irreducible information contained, at each PM
level (keyed by a power of u = GM/r), in the local dynamics.



WHATC The next challenge(s)...and
edO ? open problems

- Improve the present knowledge of
the nonlocal part of ¥ (N"LO).

This implies the evaluation of the nl part of the Hamiltonian averaged along hyperbolic
orbits (that is of the flux-split integrals expanded in large eccentricity) and can be done
both in the time domain and in the frequency domain (with difficulties in both cases...)

—> Compute rr contributions to y
(presently @ 2PN)

This implies the use of the rr y expression for time sym scattering obtained in 2012

PHYSICAL REVIEW D 86, 124012 (2012) BD and T. Damour

Gravitational radiation reaction along general orbits in the effective one-body formalism



(N"LO) Time domain computations

One needs to compute flux split integrals (with a singularity - fog(T_ ")
line). Expand in large eccentricity and work in the time domain. /[_1?1]”_1.1] e T-T1""

The arising integrals correspond to very large expressions (numerical computation and
then recovery of the analytical results by using the PSLQ algorithm; analytical
computations in terms of harmonic polylogs).

We reached the NNNLO level, O(G’) of accuracy (in the expansion in large eccentricity).

At NNLO we found large integrands, difficult to evaluate even numerically (fruitful
collaboration with HEP people: S. Laporta and P. Mastrolia ).

220 524.7672921802125843427359557031017584761419995573690119377287112384988398300977120939070371581
96060831706238995205677052067946783744966475134730111010455883184170170829347212071124106113165
2613485679
PSLQ
25883 , 22333 7- 625463 361911 00837 _ -
‘QQD‘ 00 + 110 K — “33g0 7 — “se0- 7 In2+ g5 m¢(3)

Noticeably, in the intermediate results the Catalan constant and {(3) enter
(enriching the transcendental structure of the result). However, the first cancels
out in the scattering angle while BOTH cancel out in the periastron advance,
leading to a rational coefficient only (at NNLO).



The NNLO accomplishment

Example of integral entering our computation (in its reduced, final form)

1
J(x) = / dTl (1 — %) x Expression in terms of HPLs w=4
0
2
A T : —T)(1—=x
16 a.rctzth(T) — 3 Li3 (ELT%EL:D ]
. :
) (T + 1/x)

sought for result

. 1 .9
Three-log function... J(.ﬂ} _ _E}TZ :[‘1 _|_ aﬂ_c(g}

Polylogs in general

o



Fitting is easy only

At N N N LO ? once you know the

structure of the
expected result!

One of these integrands

«About 2-300 times this block»

=
j /]

(-86222 /3152 (-1+T) =
(- ((Tp~12 + 567504 /43111 +Tp~10 + 181497 /43111 +Tp* 8 - 6429152 /
105476/43111+Tp+ (Tp*12 - 1627314 / 263659+ Tp~ 10 - 5379177
524393/43111+ (Tp~12 - 4160988 / 524393+ Tp~ 10 - 24 738249 /

6509256 /43111 +Tp+ (-3308411 /271219+Tp*8+ 1662010 /271

386007/43111+ (1 +Tp) = (-1 + Tp) = (Tp~12 + 6987756 / 128669 =
21516708 / 43111+ Tp# (-6616822 /1793059 + Tp* 10 - 6616822 /

Collaboration with S.
Laporta and P. Mastrolia

Q40num = 2324.\
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Q40PSLQ =-(21644756692/7640325) + (13986515191 Pi)/
19051200 - (5616 Pi*2)/25 + (122517 Pir4)/
2240 - (11235344 Zeta[3])/51975



Frequency domain computations

Expressions involving BesselK
Functions, with the
integration variable appearing
either in the argument or in
the order.

Expansion in large
eccentricity involves
derivatives with respect to
the order [unknown beyond
the third order]

Various tricks

Use of various integral
transform, like the Mellin
transform

0

2 2
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2/) cosh* v b) cosh® v

2048
25 7




The status of the art

INTEGRAL TRANSFORMS AND SPECIAL FUNCTIONS, 2016 .
Taylor & Francis
Taylor & Francis Group

VOL. 27, NO. 7, 566577
http://dx.doi.org/10.1080/10652469.2016.1164156

Higher derivatives of the Bessel functions with respect to the

order R
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Radiation-Reaction?

Known at 2PN

B-D 2012 and recently used @ 3PM by
] {;}X(cunserv](ﬁﬁ' }) 3 X({:t}nserv}{g" ]) ' T. Damour to solve the
3{RR]X:§( F SRRE + Y 5{RR].J) paradoxical situation

concerning the HE limit of .
Obtained in the case of first order rr effects, and in absence of CM total momentum recoil

Passing from the conservative case to the case of presence of rr one uses the
parametric eqgs of the orbit and a variation of the constants method. Actually the
constants which vary are the energy, the angular momentum and the angular
dispacement of the apsidal line. The latter, however, does not contribute due to
symmetry reasons up to the level in which the above mentioned limitations apply.

The quantity c¢,(f) corresponds in our above
simplified treatment to the direction of the vector Af(r).
We found above that the direction of A(¢) did not include a
secular change under the influence of F. because of sym-
metry reasons linked, finally, to the time-odd character of
. This fact has a correspondent in ¢, (). Indeed, Ref. [61]
found that there were no secular changes in c¢,(f) [and
ce(1)] precisely because dc,(f)/dt is an odd function of
¢, around the periastron, and remarked that this was linked
to the time-odd character of F.

We are currently generalizing this result!
Work in progress @ G3, G* and beyond but @ a fixed PN accuracy



Blumlein, Maier, Marquard,
Schaefer et al 2020

Complete agreement with the recent work by J. Blumlein, A. Maier, P. Marquard, G. Schafer,
arXiv: 2010.13672 @5PN.

See Eqgs. 63-64 there, with the determination of the 72 part of the 5PN missing coefficients in TF.
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Typo in our 6PN nonloc paper
arXiv:2007.11239 [gr-qc]

Eq. (8.27) —@1112 — —@IHQ

first line 12 112




Conclusions and plans for future works

In principle yes...but one finds 6 more
Can TF method be applied to reach 7PN? undetermined parameters..2+4+6

Push forward the knowledge of the nonlocal in time dynamics and obtain more
information about the nonlocal part of the scattering angle...

5PN h-coordinate-based potential Hamiltonian [See the conservative radiation Foffa-
Sturani pioneering works, as well as the recent works by J. Blumlein, et al.]

Scattering angle from 1SF? [L. Barack et al. @Capra 2020, S. Hopper, 2018]

Full scattering angle @ 4PM from amplitudes? [Potential graviton contributions recently

obtained by Z. Bern et al., 2021]
New and promising avenues from amplitudues [G. Veneziano et al., R. Porto et al., J.

Parra Martinez et al., F. Vernizzi et al., etc.]

Extension of results to spinning bodies or in general to bodies with a given multipolar
structure [See e.g. A. Buonanno, J. Steinhoff, J. Vines, etc.]

Thanks for qowr bind attention!
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