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1. Introduction and motivation



Black hole research areas
Astrophysics Holography BH properties

GW Physics High-Energy Physics Fluid Analogies



Major goals in BH studies
   Model BHs in astrophysical environments: Kicks, Accretion etc. 

   GW source modeling, template banks for LIGO, Virgo, KAGRA, LISA 

   Model asymptotically AdS Black Holes 

   Scattering threshold, GW emission in high-energy collisions 

   Properties of BHs: Stability, Entropy, Ringdown etc. 

   Probe environments of BHs: Scalar Fields, Modified Gravity

Methodology
   Analytic studies 

   Perturbation theory, post-Newtonian, etc. 

   Numerical Relativity:   3+1, BSSNOK, CCZ4 formulations etc.



2. High-energy head-on collisions of BHs



Does matter matter?
   Hoop conjecture         kinetic energy triggers BH formation  

   Einstein + minimally coupled, massive complex scalar field 

      “Boson stars”    Pretorius & Choptuik ’10


   BH formation threshold 

   Similar results for collisions of perfect fluid balls 

     East & Pretorius ’13,    Rezzolla & Tanaki ‘13

)

�thr = 2.9± 10% ⇠ 1/3 �hoop



Collisions of BHs in D=4
   Orbital hang-up:     Campanelli et al, gr-qc/0604012


   Free paramerers:    Mass ratio 

                                Boost 

                                  Impact parameter 

                                  Spin (aligned only)   

   How are scattering threshold and radiated GW energy affected?
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Head-on collisions of BHs in 4D
   For            kinetic energy dominates: Structure irrelevant 

   Model particle collisions through BH collisions. 

    Determine energy loss in GWs
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3. Grazing collisions of BHs



D=4 grazing collisions:
   Radiated energy up to at least 

   Immediate vs. Delayed vs. No merger

Sperhake et al, 0907.1252

b = 0 , ~S = 0 , � = 1.52

⇡ 35 % M



Scattering threshold
                       Merger 

                         Scattering 

   Numerical study: 

      Shibata et al  PRD  0810.4735


   Limit from Penrose construction: 

      Yoshino & Rychkov  PRD  hep-th/0503171


   Impact of structure of the colliding BHs? 

          Collide spinning BHs 

b < bscat )
b > bscat )

bscat =
2.5± 0.05

v
M

bscat = 1.685 M

!



Grazing collisions  in D=4
   Spins: aligned, zero, anti aligned  Sperhake et al  PRL  1211.6114 

                      :   spin effects washed out as  bscat, Erad v ! c



4. Black-hole collisions in D>4



Head-on collisions from rest: q = 1

a0
2⇡x

�(x)
, x =

D � a1
a2

b0
(2⇡)x

�(x)
, x =

D � b1
b2

Recall:                            (Thanks to Chris Moore)AD�2 =
2⇡(D�1)/2

�
�
D�1
2

�

a0 = 2.8236⇥ 10�5

a1 = �2.47721

a2 = 0.767106

b0 = 1.72877⇥ 10�6

b1 = �1.57712

b2 = 0.549696

Cook et al,  1709.10514



Head-on collisions from rest:

D

Erad/MADM

Cook et al,  1709.10514
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Head-on collisions of BHs in
   Boosted, equal-mass, non-spinning BHs

Sperhake et al, 1909.02997
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Scattering theshold in D=5

Okawa et al, 1105.3331



Super-Planckian regimes in BH collisions

Okawa et al,

1105.3331

   Kretschmann scalar: exceeds AH value outside AH

Sperhake et al,

1909.02997



Gregory-Laflamme instability in D=7

Andrade et al,

2011.03049

   Collide 2 Myers-Perry BHs 

    near threshold of merger 

   Like GL in black strings 

    Lehner & Pretorius,

1006.5960



5. Eccentric, unequal-mass BH binaries



Original Motivation: Black-hole kicks
   Anisotropic GW emission       recoil of remnant BH 

   Kick important for SMBH formation, 

    BH populations, galaxy structure,… 

   Eccentricity enhances super kicks 

      US et al 1910.01598


     Check the same for unequal-mass kicks

 Asymmetry through spin; super kick 

    González et al gr-qc/0702052, Campanelli et al gr-qc/0702133


 

 

 Asymmetry through unequal masses 

     González et al gr-qc/0610154
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Pretorius 0710.1338
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Setup
   Non-spinning BH binaries with masses 

   Vary         at const. binding energy 

   Four sequences:  sq2:3,  sq1:2,  lq1:2,  sq1:3 

      With 3 mass ratios 

   s = “short”  (      orbits in qc limit),   l = “long”   (      Orbits) 

      Long sequence lq1:2 to check for artefacts from short inspiral. 

   No rigorous eccentricity estimate in GR 

    Use 3PN (harmonic gauge)       Memmesheimer at al  gr-qc/0407049
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<latexit sha1_base64="H1XssQs23OUjSFz4bRaxg+TW5yw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69BIvgqSSiKJ4KXjxWtLbQhrLZTtqlm03YnQil9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5YSqFIc/7dgorq2vrG8XN0tb2zu5eef/g0SSZ5tjgiUx0K2QGpVDYIEESW6lGFocSm+HwZuo3n1AbkagHGqUYxKyvRCQ4IyvdY5e65YpX9WZwl4mfkwrkqHfLX51ewrMYFXHJjGn7XkrBmGkSXOKk1MkMpowPWR/blioWownGs1Mn7olVem6UaFuK3Jn6e2LMYmNGcWg7Y0YDs+hNxf+8dkbRVTAWKs0IFZ8vijLpUuJO/3Z7QiMnObKEcS3srS4fMM042XRKNgR/8eVl8nhW9S+q3t15pXadx1GEIziGU/DhEmpwC3VoAIc+PMMrvDnSeXHenY95a8HJZw7hD5zPH1M0jcw=</latexit>et
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Results:  sq2:3,  sq1:3

   Oscillatory dependence on eccentricity!
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Results:  sq1:2,  lq1:2

   Oscillatory dependence on eccentricity!
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Summary of observations
   Max kick at 

      Exceeds qc kick by 

   Oscillatory variation increases 

      in frequency, magnitude for 

      longer inspiral; high    

      sensitivity for long inspirals? 

   Fewer/less pronounced 

    Oscillations in               ; 

     Extrema not aligned. 

   Oscillations in all partial recoils 

   Higher-order terms        systematically reduce kick       

<latexit sha1_base64="yFpOCuFUVpFdUqftWgONc4YnxKc=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgadkVg+Ip4MVjBPOAZAmzk9lkyDyWmV4hLPkMLx4U8erXePNvnCR70GhBQ1HVTXdXnApuIQi+vNLa+sbmVnm7srO7t39QPTxqW50ZylpUC226MbFMcMVawEGwbmoYkbFgnXhyO/c7j8xYrtUDTFMWSTJSPOGUgJN6bAB9yyUO/PqgWgv8YAH8l4QFqaECzUH1sz/UNJNMARXE2l4YpBDlxACngs0q/cyylNAJGbGeo4pIZqN8cfIMnzlliBNtXCnAC/XnRE6ktVMZu05JYGxXvbn4n9fLILmOcq7SDJiiy0VJJjBoPP8fD7lhFMTUEUINd7diOiaGUHApVVwI4erLf0n7wg/rfnB/WWvcFHGU0Qk6RecoRFeoge5QE7UQRRo9oRf06oH37L1578vWklfMHKNf8D6+ARv8kHQ=</latexit>

et ⇠ 0.5

<latexit sha1_base64="n/hKTSUB+jeG2Pf5sFyMis8Jj6Q="></latexit>

sq2:3 sq1:2 lq1:2 sq1:3

22% 22% 25% 12%

<latexit sha1_base64="UxcDmzLaVYTz87SIpE49C3Md2bQ=">AAACBHicbVDLSgMxFM3UV62vUZfdBIvgQsqMKIqrggguK9gHdIYhk8m0oUlmSDJCGSq48VfcuFDErR/hzr8xbWehrQcunJxzL7n3hCmjSjvOt1VaWl5ZXSuvVzY2t7Z37N29tkoyiUkLJyyR3RApwqggLU01I91UEsRDRjrh8Grid+6JVDQRd3qUEp+jvqAxxUgbKbCr10HuSQ4lisbHDx4e0Nk7pmIc2DWn7kwBF4lbkBoo0AzsLy9KcMaJ0JghpXquk2o/R1JTzMi44mWKpAgPUZ/0DBWIE+Xn0yPG8NAoEYwTaUpoOFV/T+SIKzXioenkSA/UvDcR//N6mY4v/JyKNNNE4NlHccagTuAkERhRSbBmI0MQltTsCvEASYS1ya1iQnDnT14k7ZO6e1Z3bk9rjcsijjKoggNwBFxwDhrgBjRBC2DwCJ7BK3iznqwX6936mLWWrGJmH/yB9fkDmwCYDA==</latexit>

Erad, �fin

<latexit sha1_base64="mHh81JDHMRKJjDnWvTHKSXcpq0g=">AAACC3icbVDLSsNAFJ34rPUVdelmaBFclUQUxVXBjcsK9gFNCJPJTTt08mBmUighezf+ihsXirj1B9z5N07bLGrrgQtnzrmXuff4KWdSWdaPsba+sbm1Xdmp7u7tHxyaR8cdmWSCQpsmPBE9n0jgLIa2YopDLxVAIp9D1x/dTf3uGIRkSfyoJim4ERnELGSUKC15Zm3s5Y5iPIDcAc4LhwNefHtW4Zl1q2HNgFeJXZI6KtHyzG8nSGgWQawoJ1L2bStVbk6EYpRDUXUyCSmhIzKAvqYxiUC6+eyWAp9pJcBhInTFCs/UxYmcRFJOIl93RkQN5bI3Ff/z+pkKb9ycxWmmIKbzj8KMY5XgaTA4YAKo4hNNCBVM74rpkAhClY6vqkOwl09eJZ2Lhn3VsB4u683bMo4KOkU1dI5sdI2a6B61UBtR9IRe0Bt6N56NV+PD+Jy3rhnlzAn6A+PrFwYDm6I=</latexit>v˜̀˜̀
0

<latexit sha1_base64="JT9ivwW7FwHwpr4/eBNF2ioxou0=">AAAB+3icbVBNS8NAEN34WetXrEcvwSJ4KklRFA9S8OKxgv2AJoTNZtIu3WzC7qZYQv6KFw+KePWPePPfuG1z0NYHA4/3ZpiZF6SMSmXb38ba+sbm1nZlp7q7t39waB7VujLJBIEOSVgi+gGWwCiHjqKKQT8VgOOAQS8Y38383gSEpAl/VNMUvBgPOY0owUpLvlmb+LmrKAshd4Gx4rZZ+GbdbthzWKvEKUkdlWj75pcbJiSLgSvCsJQDx06Vl2OhKGFQVN1MQorJGA9hoCnHMUgvn99eWGdaCa0oEbq4subq74kcx1JO40B3xliN5LI3E//zBpmKrr2c8jRTwMliUZQxSyXWLAgrpAKIYlNNMBFU32qRERaYKB1XVYfgLL+8SrrNhnPZsB8u6q2bMo4KOkGn6Bw56Aq10D1qow4i6Ak9o1f0ZhTGi/FufCxa14xy5hj9gfH5A1LilJc=</latexit>v˜̀>2

28



Interpretation
   Only “special” direction: apoapsis 

   Goal: Measure BH infall direction relative to apoapsis 

   Problem: neither rigorously defined. So approximate 

    apoapsis       Axis;   infall       kick direction (beaming!)   

   Ideally expect      periodicity of 

   Must not forget apsidal precession (Mercury!), so only  

<latexit sha1_base64="l42QPTa82wYtb/LwG9laONlL/Zg=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4KruiKJ4KXjxWsB/SLiWbZtvQZBOSrLQs/RVePCji1Z/jzX9j2u5BWx8MPN6bYWZepDgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYMDLVhNaJ5FK3ImwoZwmtW2Y5bSlNsYg4bUbD26nffKLaMJk82LGiocD9hMWMYOukxw5WSssRGnVLZb/iz4CWSZCTMuSodUtfnZ4kqaCJJRwb0w58ZcMMa8sIp5NiJzVUYTLEfdp2NMGCmjCbHTxBp07poVhqV4lFM/X3RIaFMWMRuU6B7cAselPxP6+d2vg6zFiiUksTMl8UpxxZiabfox7TlFg+dgQTzdytiAywxsS6jIouhGDx5WXSOK8ElxX//qJcvcnjKMAxnMAZBHAFVbiDGtSBgIBneIU3T3sv3rv3MW9d8fKZI/gD7/MHyKmQXg==</latexit>⇡ x
<latexit sha1_base64="qh0dM/M6CxQbir22rYbKL8jt1F4=">AAAB63icbVBNSwMxEJ31s9avqkcvwSJ4KrtFUTwVvHisYD+gXUo2zbahSTYkWaEs/QtePCji1T/kzX9jtt2Dtj4YeLw3w8y8SHFmrO9/e2vrG5tb26Wd8u7e/sFh5ei4bZJUE9oiCU90N8KGciZpyzLLaVdpikXEaSea3OV+54lqwxL5aKeKhgKPJIsZwTaX6n3FBpWqX/PnQKskKEgVCjQHla/+MCGpoNISjo3pBb6yYYa1ZYTTWbmfGqowmeAR7TkqsaAmzOa3ztC5U4YoTrQradFc/T2RYWHMVESuU2A7NsteLv7n9VIb34QZkyq1VJLFojjlyCYofxwNmabE8qkjmGjmbkVkjDUm1sVTdiEEyy+vkna9FlzV/IfLauO2iKMEp3AGFxDANTTgHprQAgJjeIZXePOE9+K9ex+L1jWvmDmBP/A+fwC/7Y4F</latexit>

2⇡
<latexit sha1_base64="y7PMMFMy4lbYzY7EctzK1fWg+3k=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWAR6qYkoiiuCm5cVrAPaEKYTCftkJlJmJkUSsjGX3HjQhG3foY7/8Zpm4W2HrhwOOfemXtPmDKqtON8Wyura+sbm5Wt6vbO7t6+fXDYUUkmMWnjhCWyFyJFGBWkralmpJdKgnjISDeM76Z+d0ykool41JOU+BwNBY0oRtpIgX08DnJPchhTHBd1b4ykHhGNzgO75jScGeAycUtSAyVagf3lDRKccSI0Zkipvuuk2s/NexQzUlS9TJEU4RgNSd9QgThRfj47oIBnRhnAKJGmhIYz9fdEjrhSEx6aTo70SC16U/E/r5/p6MbPqUgzTQSefxRlDOoETtOAAyoJ1mxiCMKSml0hHiGJsDaZVU0I7uLJy6Rz0XCvGs7DZa15W8ZRASfgFNSBC65BE9yDFmgDDArwDF7Bm/VkvVjv1se8dcUqZ47AH1ifP53llmM=</latexit>

vkick(#)
<latexit sha1_base64="+PIfGhdJjq9cxJlJkuAhpk0A00w=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KklRFE8FLx4r2A9oQtlsJ+3S3STubgql9Hd48aCIV3+MN/+N2zYHbX0w8Hhvhpl5YSq4Nq777aytb2xubRd2irt7+weHpaPjpk4yxbDBEpGodkg1Ch5jw3AjsJ0qpDIU2AqHdzO/NUKleRI/mnGKgaT9mEecUWOlwBeoteaSVP2Ud0tlt+LOQVaJl5My5Kh3S19+L2GZxNgwQbXueG5qgglVhjOB06KfaUwpG9I+diyNqUQdTOZHT8m5VXokSpSt2JC5+ntiQqXWYxnaTknNQC97M/E/r5OZ6CaY8DjNDMZssSjKBDEJmSVAelwhM2JsCWWK21sJG1BFmbE5FW0I3vLLq6RZrXhXFffhsly7zeMowCmcwQV4cA01uIc6NIDBEzzDK7w5I+fFeXc+Fq1rTj5zAn/gfP4AcY2R2w==</latexit>. 2⇡

<latexit sha1_base64="mpgyrktnIZE3ZsSiG/L9VawKem0=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoseiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLfcPloFrz6t4ceJX4BalBgeag+tUfxjSVTFkqiDE930tskBFtORVsVumnhiWETsiI9RxVRDITZPNbZ/jMKUMcxdqVsniu/p7IiDRmKkPXKYkdm2UvF//zeqmNboKMqyS1TNHFoigV2MY4fxwPuWbUiqkjhGrubsV0TDSh1sVTcSH4yy+vkvZF3b+qew+XtcZtEUcZTuAUzsGHa2jAPTShBRTG8Ayv8IYkekHv6GPRWkLFzDH8Afr8ASEBjks=</latexit>⇠
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First glimpse at waveform features
   Kick arises from overlap of multipoles! 

   So expect features in        relative to 

   Example:       versus       for: 

   Better alignment for 

      large kick 

   Similar pattern for 

      other                  

      configurations and 

      other multipoles   

<latexit sha1_base64="iAQQ30SVIoIWCne5sghYxXKzvrI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUTwVvHisYD+gCWWznbZLN5u4uymU0N/hxYMiXv0x3vw3btsctPXBwOO9GWbmhYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nimGDxSJW7ZBqFFxiw3AjsJ0opFEosBWO7mZ+a4xK81g+mkmCQUQHkvc5o8ZKgZ9o3s18FIJE02654lbdOcgq8XJSgRz1bvnL78UsjVAaJqjWHc9NTJBRZTgTOC35qcaEshEdYMdSSSPUQTY/ekrOrNIj/VjZkobM1d8TGY20nkSh7YyoGeplbyb+53VS078JMi6T1KBki0X9VBATk1kCpMcVMiMmllCmuL2VsCFVlBmbU8mG4C2/vEqaF1Xvquo+XFZqt3kcRTiBUzgHD66hBvdQhwYweIJneIU3Z+y8OO/Ox6K14OQzx/AHzucP1niSHQ==</latexit>

 `m
<latexit sha1_base64="fAZ1m4BZUWsxTaNrNMv4X/XZzQs=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbFIPZVEFMVTwYvHCvYDmhA22027dDcJuxuhhv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL0w5U9pxvq3S2vrG5lZ5u7Kzu7dftQ8OOyrJJKFtkvBE9kKsKGcxbWumOe2lkmIRctoNx7czv/tIpWJJ/KAnKfUFHsYsYgRrIwV21UsVC3KPcl5Hoj4N7JrTcOZAq8QtSA0KtAL7yxskJBM01oRjpfquk2o/x1Izwum04mWKppiM8ZD2DY2xoMrP54dP0alRBihKpKlYo7n6eyLHQqmJCE2nwHqklr2Z+J/Xz3R07ecsTjNNY7JYFGUc6QTNUkADJinRfGIIJpKZWxEZYYmJNllVTAju8surpHPecC8bzv1FrXlTxFGGYziBM3DhCppwBy1oA4EMnuEV3qwn68V6tz4WrSWrmDmCP7A+fwAYA5Kw</latexit>

 `0m0

<latexit sha1_base64="UU1SWz20L0maagKsSp/ojbAEGbE=">AAAB8HicbVDLSgMxFL2pr1pfVZdugkVwVWZ8oLgquHFZwT6kHUomzbShSWZIMkIZ+hVuXCji1s9x59+YtrPQ1gMXDufcy733hIngxnreNyqsrK6tbxQ3S1vbO7t75f2DpolTTVmDxiLW7ZAYJrhiDcutYO1EMyJDwVrh6Hbqt56YNjxWD3acsECSgeIRp8Q66bGbGN7Lzs8nvXLFq3oz4GXi56QCOeq98le3H9NUMmWpIMZ0fC+xQUa05VSwSambGpYQOiID1nFUEclMkM0OnuATp/RxFGtXyuKZ+nsiI9KYsQxdpyR2aBa9qfif10ltdB1kXCWpZYrOF0WpwDbG0+9xn2tGrRg7Qqjm7lZMh0QTal1GJReCv/jyMmmeVf3Lqnd/Uand5HEU4QiO4RR8uIIa3EEdGkBBwjO8whvS6AW9o495awHlM4fwB+jzB4o+kDU=</latexit>

 33
<latexit sha1_base64="8jONKt8w65bWYUZQ/jvi2D4pe+w=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKewGRfEU8OIxgnlIsoTZyWwyZB7LzKwQlnyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUMirVhDaJ4kp3ImwoZ5I2LbOcdhJNsYg4bUfj25nffqLaMCUf7CShocBDyWJGsHXSYy8xrJ/VatN+ueJX/TnQKglyUoEcjX75qzdQJBVUWsKxMd3AT2yYYW0Z4XRa6qWGJpiM8ZB2HZVYUBNm84On6MwpAxQr7UpaNFd/T2RYGDMRkesU2I7MsjcT//O6qY2vw4zJJLVUksWiOOXIKjT7Hg2YpsTyiSOYaOZuRWSENSbWZVRyIQTLL6+SVq0aXFb9+4tK/SaPowgncArnEMAV1OEOGtAEAgKe4RXePO29eO/ex6K14OUzx/AH3ucPhzOQMw==</latexit>
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<latexit sha1_base64="QaECUhyALN/8A+UTgZcp3MFxeQM="></latexit>

lq1:2-p0537 lq1:2-p0567

v = 128 km/s v = 173 km/s

<latexit sha1_base64="iH9cYxhM98g1tiXM+BgtTl8HRiw=">AAACAnicbVDLSgMxFL3js9bXqCtxEyyCG8uMKIqrghuXFewD2qFk0rQNTTJDkimWobjxV9y4UMStX+HOvzFtR9DWAxdOzrmX3HvCmDNtPO/LWVhcWl5Zza3l1zc2t7bdnd2qjhJFaIVEPFL1EGvKmaQVwwyn9VhRLEJOa2H/euzXBlRpFsk7M4xpIHBXsg4j2Fip5e4PWmlTCSSYHKET9PPC96OWW/CK3gRonvgZKUCGcsv9bLYjkggqDeFY64bvxSZIsTKMcDrKNxNNY0z6uEsblkosqA7SyQkjdGSVNupEypY0aKL+nkix0HooQtspsOnpWW8s/uc1EtO5DFIm48RQSaYfdRKOTITGeaA2U5QYPrQEE8Xsroj0sMLE2NTyNgR/9uR5Uj0t+udF7/asULrK4sjBARzCMfhwASW4gTJUgMADPMELvDqPzrPz5rxPWxecbGYP/sD5+AafpJbo</latexit>vmin � vmax
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Summary
   High-energy head-on collisions in D=4:               up to  

   Grazing collisions in D=4:              up to 

    Inner structure of  BHs washed out for large velocities 

    Scattering threshold 

   GW emission in general weaker in higher dimensions 

   Trans Planckian regions may occur outside horizons in D>4 

   Max kick at             ;                     larger than qc result. 

   Additional oscillations in 

   Oscillations stronger and more rapid in long inspirals. 

     Suggests that kick and GW sensitively depend on     i.e. 

     Infinitesimal       may cause finite change in         ,     

   Kick variation due to angle of infall vs. apsidal direction 

<latexit sha1_base64="HVA3O8RenvbzBXHfwf4QcZe2wJM=">AAAB+nicbVDLSgMxFM34rPU11aWbYCm40DJTLIqrghuXFewDOkPJpJk2NJOEJKOW2k9x40IRt36JO//GtJ2Fth64cDjnXu69J5KMauN5387K6tr6xmZuK7+9s7u37xYOmlqkCpMGFkyodoQ0YZSThqGGkbZUBCURI61oeD31W/dEaSr4nRlJEiaoz2lMMTJW6rqFAEmpxCP0K2eVanAalLpu0St7M8Bl4mekCDLUu+5X0BM4TQg3mCGtO74nTThGylDMyCQfpJpIhIeoTzqWcpQQHY5np09gySo9GAtlixs4U39PjFGi9SiJbGeCzEAvelPxP6+TmvgyHFMuU0M4ni+KUwaNgNMcYI8qgg0bWYKwovZWiAdIIWxsWnkbgr/48jJpVsp+tezdnhdrV1kcOXAEjsEJ8MEFqIEbUAcNgMEDeAav4M15cl6cd+dj3rriZDOH4A+czx/bCpJn</latexit>

⇡ 12� 25%
<latexit sha1_base64="yFpOCuFUVpFdUqftWgONc4YnxKc=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgadkVg+Ip4MVjBPOAZAmzk9lkyDyWmV4hLPkMLx4U8erXePNvnCR70GhBQ1HVTXdXnApuIQi+vNLa+sbmVnm7srO7t39QPTxqW50ZylpUC226MbFMcMVawEGwbmoYkbFgnXhyO/c7j8xYrtUDTFMWSTJSPOGUgJN6bAB9yyUO/PqgWgv8YAH8l4QFqaECzUH1sz/UNJNMARXE2l4YpBDlxACngs0q/cyylNAJGbGeo4pIZqN8cfIMnzlliBNtXCnAC/XnRE6ktVMZu05JYGxXvbn4n9fLILmOcq7SDJiiy0VJJjBoPP8fD7lhFMTUEUINd7diOiaGUHApVVwI4erLf0n7wg/rfnB/WWvcFHGU0Qk6RecoRFeoge5QE7UQRRo9oRf06oH37L1578vWklfMHKNf8D6+ARv8kHQ=</latexit>

et ⇠ 0.5

<latexit sha1_base64="2vEFC9FfznslWuU/T94pI1c/5Go=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSxCvZREFMVTwYvHCvYD2hA22027dDcJu5tKif0pXjwo4tVf4s1/47bNQVsfDDzem2FmXpBwprTjfFuFtfWNza3idmlnd2//wC4ftlScSkKbJOax7ARYUc4i2tRMc9pJJMUi4LQdjG5nfntMpWJx9KAnCfUEHkQsZARrI/l2eexnPSnQiJHRtEp9febbFafmzIFWiZuTCuRo+PZXrx+TVNBIE46V6rpOor0MS80Ip9NSL1U0wWSEB7RraIQFVV42P32KTo3SR2EsTUUazdXfExkWSk1EYDoF1kO17M3E/7xuqsNrL2NRkmoakcWiMOVIx2iWA+ozSYnmE0MwkczcisgQS0y0SatkQnCXX14lrfOae1lz7i8q9Zs8jiIcwwlUwYUrqMMdNKAJBB7hGV7hzXqyXqx362PRWrDymSP4A+vzB8I4k6Q=</latexit>

vkick(et)

<latexit sha1_base64="H1XssQs23OUjSFz4bRaxg+TW5yw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69BIvgqSSiKJ4KXjxWtLbQhrLZTtqlm03YnQil9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5YSqFIc/7dgorq2vrG8XN0tb2zu5eef/g0SSZ5tjgiUx0K2QGpVDYIEESW6lGFocSm+HwZuo3n1AbkagHGqUYxKyvRCQ4IyvdY5e65YpX9WZwl4mfkwrkqHfLX51ewrMYFXHJjGn7XkrBmGkSXOKk1MkMpowPWR/blioWownGs1Mn7olVem6UaFuK3Jn6e2LMYmNGcWg7Y0YDs+hNxf+8dkbRVTAWKs0IFZ8vijLpUuJO/3Z7QiMnObKEcS3srS4fMM042XRKNgR/8eVl8nhW9S+q3t15pXadx1GEIziGU/DhEmpwC3VoAIc+PMMrvDnSeXHenY95a8HJZw7hD5zPH1M0jcw=</latexit>et
<latexit sha1_base64="UwivIir29RZbm0bx8dJxfvkQdkk=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUTwVvHisYGuxDWWz2bRLN5uwOxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzglQKg6777ZRWVtfWN8qbla3tnd296v5B2ySZZrzFEpnoTkANl0LxFgqUvJNqTuNA8odgdDP1H564NiJR9zhOuR/TgRKRYBSt9Jj3dEzCCe9jv1pz6+4MZJl4BalBgWa/+tULE5bFXCGT1Jiu56bo51SjYJJPKr3M8JSyER3wrqWKxtz4+eziCTmxSkiiRNtSSGbq74mcxsaM48B2xhSHZtGbiv953QyjKz8XKs2QKzZfFGWSYEKm75NQaM5Qji2hTAt7K2FDqilDG1LFhuAtvrxM2md176Lu3p3XGtdFHGU4gmM4BQ8uoQG30IQWMFDwDK/w5hjnxXl3PuatJaeYOYQ/cD5/AIPjkMk=</latexit>

det
<latexit sha1_base64="cBoce3B4fjYz88EAh3h2Z5GEOkU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEongqePFYwX5AE8pmu2mX7G7C7qZQQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZF6acaeO6305pY3Nre6e8W9nbPzg8qh6fdHSSKULbJOGJ6oVYU84kbRtmOO2limIRctoN4/u5351QpVkin8w0pYHAI8kiRrCxkj8Z5L4SKGYkng2qNbfuLoDWiVeQGhRoDapf/jAhmaDSEI617ntuaoIcK8MIp7OKn2maYhLjEe1bKrGgOsgXN8/QhVWGKEqULWnQQv09kWOh9VSEtlNgM9ar3lz8z+tnJroNcibTzFBJlouijCOToHkAaMgUJYZPLcFEMXsrImOsMDE2pooNwVt9eZ10rupeo+4+Xtead0UcZTiDc7gED26gCQ/QgjYQSOEZXuHNyZwX5935WLaWnGLmFP7A+fwBIouRuA==</latexit>vkick

<latexit sha1_base64="iAQQ30SVIoIWCne5sghYxXKzvrI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUTwVvHisYD+gCWWznbZLN5u4uymU0N/hxYMiXv0x3vw3btsctPXBwOO9GWbmhYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nimGDxSJW7ZBqFFxiw3AjsJ0opFEosBWO7mZ+a4xK81g+mkmCQUQHkvc5o8ZKgZ9o3s18FIJE02654lbdOcgq8XJSgRz1bvnL78UsjVAaJqjWHc9NTJBRZTgTOC35qcaEshEdYMdSSSPUQTY/ekrOrNIj/VjZkobM1d8TGY20nkSh7YyoGeplbyb+53VS078JMi6T1KBki0X9VBATk1kCpMcVMiMmllCmuL2VsCFVlBmbU8mG4C2/vEqaF1Xvquo+XFZqt3kcRTiBUzgHD66hBvdQhwYweIJneIU3Z+y8OO/Ox6K14OQzx/AHzucP1niSHQ==</latexit>

 `m

31

<latexit sha1_base64="6hLhHgqGoc1jHBKlHuf6faHuQkM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBkPAg4RdHyieAl48RjAPyC5hdjKbjJmdWWZmhbDkH7x4UMSr/+PNv3GS7EETCxqKqm66u8KEM21c99sprKyurW8UN0tb2zu7e+X9g5aWqSK0SSSXqhNiTTkTtGmY4bSTKIrjkNN2OLqd+u0nqjST4sGMExrEeCBYxAg2Vmp55/6pX+2VK27NnQEtEy8nFcjR6JW//L4kaUyFIRxr3fXcxAQZVoYRTiclP9U0wWSEB7RrqcAx1UE2u3aCqlbpo0gqW8Kgmfp7IsOx1uM4tJ0xNkO96E3F/7xuaqLrIGMiSQ0VZL4oSjkyEk1fR32mKDF8bAkmitlbERlihYmxAZVsCN7iy8ukdVbzLmvu/UWlfpPHUYQjOIYT8OAK6nAHDWgCgUd4hld4c6Tz4rw7H/PWgpPPHMIfOJ8/FLWOHw==</latexit>

13%
<latexit sha1_base64="2CE7U0WD+EjyHq92EWN+nxjJHQc=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU90VRfFUEMGLUMF+QLuUbDbbhibZNckWytLf4cWDIl79Md78N6btHrT6YODx3gwz84KEM21c98spLC2vrK4V10sbm1vbO+XdvaaOU0Vog8Q8Vu0Aa8qZpA3DDKftRFEsAk5bwfB66rdGVGkWywczTqgvcF+yiBFsrOTf9LKuEkjhcHJy1ytX3Ko7A/pLvJxUIEe9V/7shjFJBZWGcKx1x3MT42dYGUY4nZS6qaYJJkPcpx1LJRZU+9ns6Ak6skqIoljZkgbN1J8TGRZaj0VgOwU2A73oTcX/vE5qoks/YzJJDZVkvihKOTIxmiaAQqYoMXxsCSaK2VsRGWCFibE5lWwI3uLLf0nztOqdV937s0rtKo+jCAdwCMfgwQXU4Bbq0AACj/AEL/DqjJxn5815n7cWnHxmH37B+fgGGV+Rog==</latexit>

Erad/M
<latexit sha1_base64="2CE7U0WD+EjyHq92EWN+nxjJHQc=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU90VRfFUEMGLUMF+QLuUbDbbhibZNckWytLf4cWDIl79Md78N6btHrT6YODx3gwz84KEM21c98spLC2vrK4V10sbm1vbO+XdvaaOU0Vog8Q8Vu0Aa8qZpA3DDKftRFEsAk5bwfB66rdGVGkWywczTqgvcF+yiBFsrOTf9LKuEkjhcHJy1ytX3Ko7A/pLvJxUIEe9V/7shjFJBZWGcKx1x3MT42dYGUY4nZS6qaYJJkPcpx1LJRZU+9ns6Ak6skqIoljZkgbN1J8TGRZaj0VgOwU2A73oTcX/vE5qoks/YzJJDZVkvihKOTIxmiaAQqYoMXxsCSaK2VsRGWCFibE5lWwI3uLLf0nztOqdV937s0rtKo+jCAdwCMfgwQXU4Bbq0AACj/AEL/DqjJxn5815n7cWnHxmH37B+fgGGV+Rog==</latexit>

Erad/M
<latexit sha1_base64="oc1qy8hl7iDMOydO1FGyUVPeVRY=">AAAB8nicbVBNS8NAEN34WetX1aOXxVLwICURi+Kp4MVjBfsBSSib7aZdupsNuxOhhP4MLx4U8eqv8ea/cdvmoK0PBh7vzTAzL0oFN+C6387a+sbm1nZpp7y7t39wWDk67hiVacraVAmlexExTPCEtYGDYL1UMyIjwbrR+G7md5+YNlwljzBJWSjJMOExpwSs5AeGS9xwg4ug1q9U3bo7B14lXkGqqECrX/kKBopmkiVABTHG99wUwpxo4FSwaTnIDEsJHZMh8y1NiGQmzOcnT3HNKgMcK20rATxXf0/kRBozkZHtlARGZtmbif95fgbxTZjzJM2AJXSxKM4EBoVn/+MB14yCmFhCqOb2VkxHRBMKNqWyDcFbfnmVdC7rXqPuPlxVm7dFHCV0is7QOfLQNWqie9RCbUSRQs/oFb054Lw4787HonXNKWZO0B84nz+MYpAX</latexit>

⇠ 50%

bscat =
2.5± 0.05

v
M



2. High-energy head-on collisions of BHs



Head-on collisions of BHs in 4D
<latexit sha1_base64="PrsWLSBootwT31sDYI+svjV/EiY=">AAAB/nicbVDLSsNAFJ3UV42vqLhyM1gEVyGpFa1QKLhxWcE+oAllMp20Q2eSMDMplFDwV9y4UMSt3+HOv3HaZqGtBy4czrmXe+8JEkalcpxvo7C2vrG5Vdw2d3b39g+sw6OWjFOBSRPHLBadAEnCaESaiipGOokgiAeMtIPR3cxvj4mQNI4e1SQhPkeDiIYUI6WlnnUyrjl2tWJ6nukNEOeoVrarlz2r5NjOHHCVuDkpgRyNnvXl9WOcchIpzJCUXddJlJ8hoShmZGp6qSQJwiM0IF1NI8SJ9LP5+VN4rpU+DGOhK1Jwrv6eyBCXcsID3cmRGsplbyb+53VTFd74GY2SVJEILxaFKYMqhrMsYJ8KghWbaIKwoPpWiIdIIKx0YqYOwV1+eZW0yrZ7ZTsPlVL9No+jCE7BGbgALrgGdXAPGqAJMMjAM3gFb8aT8WK8Gx+L1oKRzxyDPzA+fwBmBZMr</latexit>

v = 0.94

� = 2.93



Head-on collisions of BHs in 4D
<latexit sha1_base64="PrsWLSBootwT31sDYI+svjV/EiY=">AAAB/nicbVDLSsNAFJ3UV42vqLhyM1gEVyGpFa1QKLhxWcE+oAllMp20Q2eSMDMplFDwV9y4UMSt3+HOv3HaZqGtBy4czrmXe+8JEkalcpxvo7C2vrG5Vdw2d3b39g+sw6OWjFOBSRPHLBadAEnCaESaiipGOokgiAeMtIPR3cxvj4mQNI4e1SQhPkeDiIYUI6WlnnUyrjl2tWJ6nukNEOeoVrarlz2r5NjOHHCVuDkpgRyNnvXl9WOcchIpzJCUXddJlJ8hoShmZGp6qSQJwiM0IF1NI8SJ9LP5+VN4rpU+DGOhK1Jwrv6eyBCXcsID3cmRGsplbyb+53VTFd74GY2SVJEILxaFKYMqhrMsYJ8KghWbaIKwoPpWiIdIIKx0YqYOwV1+eZW0yrZ7ZTsPlVL9No+jCE7BGbgALrgGdXAPGqAJMMjAM3gFb8aT8WK8Gx+L1oKRzxyDPzA+fwBmBZMr</latexit>

v = 0.94

� = 2.93



Head-on collisions of BHs in 4D
<latexit sha1_base64="PrsWLSBootwT31sDYI+svjV/EiY=">AAAB/nicbVDLSsNAFJ3UV42vqLhyM1gEVyGpFa1QKLhxWcE+oAllMp20Q2eSMDMplFDwV9y4UMSt3+HOv3HaZqGtBy4czrmXe+8JEkalcpxvo7C2vrG5Vdw2d3b39g+sw6OWjFOBSRPHLBadAEnCaESaiipGOokgiAeMtIPR3cxvj4mQNI4e1SQhPkeDiIYUI6WlnnUyrjl2tWJ6nukNEOeoVrarlz2r5NjOHHCVuDkpgRyNnvXl9WOcchIpzJCUXddJlJ8hoShmZGp6qSQJwiM0IF1NI8SJ9LP5+VN4rpU+DGOhK1Jwrv6eyBCXcsID3cmRGsplbyb+53VTFd74GY2SVJEILxaFKYMqhrMsYJ8KghWbaIKwoPpWiIdIIKx0YqYOwV1+eZW0yrZ7ZTsPlVL9No+jCE7BGbgALrgGdXAPGqAJMMjAM3gFb8aT8WK8Gx+L1oKRzxyDPzA+fwBmBZMr</latexit>

v = 0.94

� = 2.93



Head-on collisions of BHs in 4D
<latexit sha1_base64="PrsWLSBootwT31sDYI+svjV/EiY=">AAAB/nicbVDLSsNAFJ3UV42vqLhyM1gEVyGpFa1QKLhxWcE+oAllMp20Q2eSMDMplFDwV9y4UMSt3+HOv3HaZqGtBy4czrmXe+8JEkalcpxvo7C2vrG5Vdw2d3b39g+sw6OWjFOBSRPHLBadAEnCaESaiipGOokgiAeMtIPR3cxvj4mQNI4e1SQhPkeDiIYUI6WlnnUyrjl2tWJ6nukNEOeoVrarlz2r5NjOHHCVuDkpgRyNnvXl9WOcchIpzJCUXddJlJ8hoShmZGp6qSQJwiM0IF1NI8SJ9LP5+VN4rpU+DGOhK1Jwrv6eyBCXcsID3cmRGsplbyb+53VTFd74GY2SVJEILxaFKYMqhrMsYJ8KghWbaIKwoPpWiIdIIKx0YqYOwV1+eZW0yrZ7ZTsPlVL9No+jCE7BGbgALrgGdXAPGqAJMMjAM3gFb8aT8WK8Gx+L1oKRzxyDPzA+fwBmBZMr</latexit>

v = 0.94

� = 2.93



Head-on collisions of BHs in 4D
<latexit sha1_base64="PrsWLSBootwT31sDYI+svjV/EiY=">AAAB/nicbVDLSsNAFJ3UV42vqLhyM1gEVyGpFa1QKLhxWcE+oAllMp20Q2eSMDMplFDwV9y4UMSt3+HOv3HaZqGtBy4czrmXe+8JEkalcpxvo7C2vrG5Vdw2d3b39g+sw6OWjFOBSRPHLBadAEnCaESaiipGOokgiAeMtIPR3cxvj4mQNI4e1SQhPkeDiIYUI6WlnnUyrjl2tWJ6nukNEOeoVrarlz2r5NjOHHCVuDkpgRyNnvXl9WOcchIpzJCUXddJlJ8hoShmZGp6qSQJwiM0IF1NI8SJ9LP5+VN4rpU+DGOhK1Jwrv6eyBCXcsID3cmRGsplbyb+53VTFd74GY2SVJEILxaFKYMqhrMsYJ8KghWbaIKwoPpWiIdIIKx0YqYOwV1+eZW0yrZ7ZTsPlVL9No+jCE7BGbgALrgGdXAPGqAJMMjAM3gFb8aT8WK8Gx+L1oKRzxyDPzA+fwBmBZMr</latexit>

v = 0.94

� = 2.93



Head-on collisions of BHs in 4D
<latexit sha1_base64="PrsWLSBootwT31sDYI+svjV/EiY=">AAAB/nicbVDLSsNAFJ3UV42vqLhyM1gEVyGpFa1QKLhxWcE+oAllMp20Q2eSMDMplFDwV9y4UMSt3+HOv3HaZqGtBy4czrmXe+8JEkalcpxvo7C2vrG5Vdw2d3b39g+sw6OWjFOBSRPHLBadAEnCaESaiipGOokgiAeMtIPR3cxvj4mQNI4e1SQhPkeDiIYUI6WlnnUyrjl2tWJ6nukNEOeoVrarlz2r5NjOHHCVuDkpgRyNnvXl9WOcchIpzJCUXddJlJ8hoShmZGp6qSQJwiM0IF1NI8SJ9LP5+VN4rpU+DGOhK1Jwrv6eyBCXcsID3cmRGsplbyb+53VTFd74GY2SVJEILxaFKYMqhrMsYJ8KghWbaIKwoPpWiIdIIKx0YqYOwV1+eZW0yrZ7ZTsPlVL9No+jCE7BGbgALrgGdXAPGqAJMMjAM3gFb8aT8WK8Gx+L1oKRzxyDPzA+fwBmBZMr</latexit>

v = 0.94

� = 2.93



4. Black-hole collisions in D>4



Boosted head-on collision D = 6 , v ⇡ 0.54 c



Boosted head-on collision D = 6 , v ⇡ 0.54 c



Boosted head-on collision D = 6 , v ⇡ 0.54 c



Boosted head-on collision D = 6 , v ⇡ 0.54 c


