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Use particle physics methods to calculate classical gravity

CMS Experiment at the LHC, CERN
Data recorded: 2012-May-13 20:08:14.621490 GMT
Run/Event: 194108 / 564224000
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Here, we use Heavy-Quark Effective Theory



Heavy Quark Effective Theory

Limit of QCD describing heavy quark interacting with light degrees of freedom

heavy quark momenta light d.o.f. carry momenta smaller than heavy quark mass
pﬂ = mv* + k* ‘k“‘ ~ O(AQCD) where AQCD < mgQ.
where on-shell condition
2 2
v =1 L
v-k =
2m

the residual momenta scales with hbar
5



Heavy Quark Effective Theory

Limit of QCD describing heavy quark interacting with light degrees of freedom

heavy quark momenta light d.o.f. carry momenta smaller than heavy quark mass

pﬂ = mv* + k* ‘k“‘ ~ O(AQCD) where AQCD < mgQ.

—1mQU X 1 + U
2

For the quark-fields w(m) — €

Qv ()

QCD Lagrangian V(P —mo)p — iQuv - D



Heavy Black Hole Effective Theory

[Damgaard, Haddad, Helset, 19’]

Q Q

Propagators: spin-0 and spin-1/2

D5=0(k) = t
() () hvk
s=41 /) 1—|—ﬁ
D, %(k) =
() hv-k 2

Explicit /, power-counting

Makes explicit the hbar dependence in loops

G _ 1 1
MBP) T A f d*] _ ol
“Myubble K2 h2Z2 hz( [ + q)g ( )
= O(h™?).
G2 _ 1 1 1
MBP) T R / d4] _ L O(h2
= O(h°).

0 4(2) Gy [ o ] 1 1 1 _a
WM (crossed-—box ~ iz ™ / @l P R20+9)2 k- (+ k1) hw- (1 + ks) +OR™)

= O(h™%).



[Damgaard, Haddad, Helset, 19’]

Long-range scattering of two heavy bodies

Long-range scattering has a similar scale hierarchy as HQET

The exchanged graviton momentum
IS much smaller than the mass of each object

Restoring hbar into the heavy momentum

p* = movt + hkH.



Heavy Black-Hole Effective Theory (HBET) p* = mou* + hk*

[Damgaard, Haddad, Helset, 19’]

Using Lagrangians and Feynman Rules,

classical and leading quantum contributions at 1PM and 2PM for s < 1/2 were calculated.

P1—q Dp2+t+q

D1 D2

Non-trivial job for higher spins...

On-shell Heavy Particle Effective Theory (HPET)



Massive spinor-helicity variables

[ Arkani-Hamed, Huang, Huang. 17’]

2 I3 I 1J Ao € 1P%)a
det(paﬁ-):m %paB:)\Oé)\B[:)\aE]J)\B )
| | - )\Ba < [pa‘ﬁ'
Rank 2 matrix |,d are SU(2) little group indices
Dirac spinors and polarization tensors  [Ochirov 18] Recover the massless variables in the high-
energy limit
a aaq a a \ aa \ & ~a
Aa __ )‘pa —a _>‘p /\pa > ApaG—, )‘p ’ )‘p Gt s
'U,p o S\da ? u’pA — 5\ a m—0 m—0
p joXo’

. (a b) Bold notation = symmetrization over the LG
B Z<p |O,u‘p ] indices

e, (p) o

S S e.g: minimal coupling
T‘ +lh|
+|hl,s 2s+h 40T 25
. Mmin _(_1) m, 28 <21> )

m(q| = |q|p1 10




[Aoude, Haddad, Helset, Jan 20’]

HPET spinor-helicity variables

S=——/—=S

h

We obtain the heavy spinor from the Dirac equation ;’:u£ = ul,

- (- (o — ()£

Momentum associated

2
m=( 0 |pv>foz[pv|) g, win = (1o )m

|pv]II<pv|

Explicit separation of spinless and spin effects at 3 points

UpUy <2fu]-fu> ~ [zvlfu] (ﬂvguyuv)q“ey(q) ~ 37<2fUQ> <q1v> ~ x_l[szQ] [qlfu]
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Massive spinor-helicity variables

[ Arkani-Hamed, Huang, Huang. 17’]

General 3-point amplitudes (any spin-s, helicity-h):

Positive helicity in the chiral basis

M+|h|,s _ (_1)

2s+h xl
m™m

h|
28

90(21)** + g1(21)

2s—12(2q){ql)

™m

28

(z(2g)(q1))*

m2s

(similar for negative helicity)
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Massive spinor-helicity variables

[ Arkani-Hamed, Huang, Huang. 17’]

General 3-point amplitudes (any spin-s, helicity-h):

Positive helicity in the chiral basis

S zlhl _1x(2q)(ql x(2q){(q1l 2s |
S M+|h|,s _ (_1)2s+hm28 go<21>2s +gl<21>23 1 < fn>?,< > .. +923( < T'>1<28 >)
h (similar for negative helicity)

Minimal coupling from high-energy limit:

+|h|,s 2s+h 90L
M = (1) —
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[Aoude, Haddad, Helset, Jan 20’]

HPET spinor-helicity variables: Spin operator

S—=S pH = moH + kM,

h
Spin-Operator from the Pauli-Lubanski

1 1

S“ — 2mﬁuyaﬂpvz]a,8 — Su = —§€uya'B’UyJa6.
On-shell version At three-points
wy B _ LTy aB L uyaB X
(S )a = 1 [(U )aa’U 'Uoza(a' ) ] . — (q . S)a’B o §|q><q‘,

Spin vector defined in [Daamgard, Haddad, Helset]

1
Sy = Suo(P2) vy ue(pr) > Sf = Uy(p2)SHuu(p1) = —2(2|S*|1y) = 2[2,]5*|1,].
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[Aoude, Haddad, Helset, Jan 20’]

HPET spinor-helicity variables: Three-point

General massive 3-point in HPET variables (zero initial residual momentum)

using the relations...
I

<21> — <2v1v> | om <2UQ><q1v>7

(29)(q1) = (2,q)(q1y).

We obtain Relation between the coeffs.
h| 28 k
€T €T _
M+|h| | 2s5+h § : H 21 25—k ( ), 1 ) _ 28 — 1
( ) mzs — gs,k< v v> 2m< UQ> <q 'v> gs L= E g; 9g —

Purely spinless 4/ L Purely spin
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[Aoude, Haddad, Helset, Jan 20’]

HPET spinor-helicity variables: Three-point

General massive 3-point in HPET variables (zero initial residual momentum)

using the relations...
I

<21> — <2’U]-’U> | 2m<2UQ><q1v>a

(29)(q1) = (2,q)(q1y).

We obtain Relation between the coeffs.
h| 28 k
€T €T _
M+|h'| | 2s5+h § : H 21 25—k ( ), 1 ) _ 28 — 1
( ) mzs — gs,k< v v> 2m< UQ> <q v> gS L= E g; 9g —

Purely spinless 4/ L Purely spin

Minimal coupling

+|h|,5=3 goz!" o
MHPET,H?in: (_1)1+h m [<2v1v> | 2m<ZUQ><q1v>]a
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Kerr Black Holes as heavy particles

. : L Lo : [Goldberger Rothstein, 06’]
Effective action for spinning gravitating bodies Porto 06", Levi Steinhoff 15, ..

1
5= [[do {-mvAi - 15,0 + Ll Sy 002

higher spin multipoles

©.@)
1 n E
Lg1 = Z 052 uzn ...D Hik2 gpi gH2  QH2n

n=1 2 ' m2 e He \/_
00 (_]_)'n, CSZn—|—1 BM1M2 Ty ont1
+Z(2n+1)! in Dini -+ Dy~ 2SS .S
n=1

Was matched to the 3-point amplitude

ub =

Q-

v
dd% coordinate velocity

spin operator

angular velocity

The WCs contain info about the

iInternal structure of the body

for Kerr BHs

C’Kerr =1 for all k.

Chung, Huang, Kim, Lee, 19’]
Chung, Huang, Kim 19’]

‘Guevara, Ochirov, Vines, 19’]
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[Aoude, Haddad, Helset, Jan 20’]

Kerr Black Holes as heavy particles

In the HPET variables (all incoming) ...

2 a b
+2,8s __ KR S s—a <2—Uq> <q1’0> s—b —1 [Z—UQ] [q]-v] S — S S
M = E 97r 25 Csa+b’na,b<2_v1fu> ( X o) [2—'01'0] T - : na,b a b

a+b<s

converting to the chiral basis

2 v’

s o s s—a= u 0
M5 — (—1)* Z —Cgatomg (241 o)’ b(_<2”q><q1”>)

28
m a1b<2s 2 2m \
CS’“ an =k

Comparing with the general S—pt HPET /
23+h m|h|

MM = ngk (2,1,)%7F (%(%qﬂqlv))k

Minimal coupling in HPET,

. - . . Precisely the multipoles of a Kerr BH
Focusing on the minimal coupling, and normalizing

o 9 e 1-1 (Obtained first up to O(1/s),
sk = go(k) min (28) Z ( S ) (s) _ 1 then precisely with Hilbert
" S8 T \k) |~ \k—j/)\y T space matching)
go = km/2, = - 18

(no need for boost)



- - - [Aoude, Haddad, Helset, Jan 20’]
Why is the same spin-multipole?
Using traditional variables the spinor variables have both spin and spinless effects

= (14)(q2)

(12) = —[12] - ;n 14][¢2] and 12] = —(12) + —

While for HPET variables (for zero residual momenta) we have clear separation
(2,1,) = —[2,1,) (209)(q1lv) = 7 %[2,q][q1]

Although, the final and initial momenta differs by a null vector P2 — P1 — (¢

external states are associated with same momenta

72
Du2 = (1 4m2) mot = mu¥.
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[Aoude, Haddad, Helset, Jan 20’]

Compton scattering

Using BCFW, with a shift on the massless legs. Same helicity case

1 K ) -S|
+2 42\ _ 0 o0 +2 +2 2 q3 T 44 2
M(_187287Q3 7Q4 )_ ZSM(_]' 72 7Q3 7q;11- )(22)‘ Sexp ‘1’0> 87
m . Mgzt+qs
2
0 60 +2 +2y _ Kk° (3|p1]3|{4|p1]4] 0 0 +1 4142
M(=1%,2%,457,457) = o5 p— A(-17,2% ¢35, 9;)".
See also
[Guevara, Ochirov, Vines 20’]
Makes immediate the spin-exponentiation. [Chung, Huang, Kim, Lee, 197]
Clear separation between spinless and spin effects.
o S 1 s=0 28 — 1 h . - 28
Extended to n-boson (same helicity) n+2 — mMn+2<2v| CXp — Z%’ -S| [1y)
T = _
Spin-universality 1 1 B X ]
_ MszO 9 28 gl 1 230
m23 n+2[ ’U‘ eXp _mq |h‘ ;(h - | 'v]
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Tidal effects for spinning particles

A
\
4

/
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Tidal effects for spinning particles
[RA, Kays Haddad and Andreas Helset, Dec 20]

e Hilbert series to enumerate all the number of each operator types
and construct operator basis

e On-shell amplitudes to guide

e [idal spin-1/2 scattering amplitude at 2PM P —q

D1 ‘l\ .
» (Classical observables \\

[based on previous spinless case by Haddad and Helset, 20’]
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Hilbert series to enumerate all the number of operators

The Hilbert series of 2 fermions-2 graviton

HYyon = (/2 + 1)(CF + CR)(Yy° + 9Ty D*" + (n — 1)CLCR(YY° + ¢ TyT) D"
+ 2 (1= (~1)")(C + Chyetyh) D™, (2.6)

HEyan = [n/2)(CF + CR)WY! + 94D + (n — 1)CLOR(Y! + ) D* .

(2.7)
\ Number of operators /

of such type

No information on the Lorentz contraction —_— Need to construct a basis

23



Hilbert series to enumerate all the number of operators
and construct operator basis

V _g‘CGR =V g [TZ(ZGM ’)’G’D — m)’lp R ALOdd + A even:|

Odd mass dimensions

oo |n/2]
o n,k D 1o Vpo verPn—
Acg =30 3 d) (6524 ) (D 0O Do ns D505 Crr

n=0 k=0

<
_|_L L d ( l/)\TOq azkw) (Dﬁl---ﬁn2k;C}Lp)\O'Da1...a2kD51 ,Bn 2kCI/pT0‘)

0 |n/2] . N ~
n Z -~ idgn,k) (TP’YESD UVAT O ...000) 41 ¢> (D,BI---,Bn2k CppAaDal...a2k+1Dﬁl“ﬂn_% CI/pTO')
n=0 k=0

oo [n/2] o )
-+ L L d(n k) (w,y Dal azk,w) (D,BL.ﬂn_QkC'uupaDal...aszﬁl”.6 _2kC,ul/pa)

nOkO

<
4 Z ze(”) ( O-,LWD paT.. Oz2n¢) (C/.L)\pTDaal...agnCu )\UT) .
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Hilbert series to enumerate all the number of operators
and construct operator basis

V _g‘CGR =V g [TZ(ZGM ’)’G’D — m)’lp R ALOdd + A even:|

Even mass dimensions

<
gfﬁn _ Z Z ?,f(n k) ( Du75a1...a2k¢> (Dﬁl--ﬂn 2kcup'7’rDa1 a%DﬂL.ﬂ 2kCz/p6'r>

>0 — <
4 S: S: i 2(n,k) (¢7}LD u’7a1...a2k¢> (Dﬂl--ﬂn 2kcup’y 1)5011 aszﬁl..ﬂ 2kCup5'r>
n=0 k=0

oo |n/2]

n,k 7, a...0¢ T
+Z Z (n,k) ('90'7 'YuD YoAa1.. 2k¢) (Dﬁl---ﬂn %C#m D/\al aszBI B QkCl/p(S'r
n=0 k=0

_Dﬂl Bn— 2kcup’7 D)\al Of2kDﬂ1“ﬂ 2kCt/p(57')

oo [n/2]

_'_S: S: f(n k) (w,y 'YuD viaj.. azkw) (Dﬁl--ﬂn 2k0up75D)\al aszﬁl...ﬁ chumd
n=0 k=0

.o n
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[Durieux and Machado, 19’]

On'She" amplitUdeS tO CrOSS CheCk [Durieux, Kitahara, Machado, Shadmi, Weiss , 20’]

Amplitude basis for gravity

Helicity Amplitude

[12]*[34]zy®,  [12]°([14][23] + [13][24])y**
[12]*(34)z "y

[1/(3 — 4)[2)*[34]zy

12]4[3[(1 — 2)|4)zy** !

12]4 (3|(1 — 2)|4]x 2b+1

13](24)[1((3 — 4)|2>3 “y°

S S S N N N

where
r = s12 and y = $13 — S23 + S24 — S14.

Used to check relation between operators
which are not obvious off-shell

26



Calculate the 2PM tidal spin-1/2 scattering amplitude

2

o0 742
AM? =G?m3s Y (—%) UhG — iwEhG + iwth €6 I+q_ /é +q
7=0

+(g-51) (- $2) GV = ¢ (St - $2) GP? +wg? (v2 - 81) (vr - $2) GY) P

where

Uy = u(p1 — q)u(p1) = taug,
Us = u(p2 + q)u(p2) = Uaus,
Ei = Euyaﬂplup2vq_a5iﬂa

EP = Euyaﬁpz‘y(jasig,

1
St = 5U2ﬂ57“ U2i—1,

For example

P1 — ¢

Aps — |

T~
X

()

1,1 : .
G§ ) = — m—(4m1)27(1 — w2)7 16aj+1
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Classical observables

 (Conservative two-body Hamiltonian

H(g,p) = \/p2 +m?2 + \/p2 +m3 + (niny| [V(k’, k,S,) + AV (K K, Sa)] nymg)

[Following Bern, Luna, Roiban, Shen, Zeng, 20’]

* Linear and angular impulses (KMOC)

[Following Kosower, Maybee, O’Connell, 18’]

,  Eikonal phase:
linear impulse, spin-kick and aligned
SCatterl ng aﬂg Ie [Following Bern, Luna, Roiban, Shen, Zeng, 20’]

28



Linear and angular impulses (KMOC)

—mG?my o~ (27" T[7/2+ 4] ) b
Aph T (__) , [ 4mimoGL¥
P1,Gr 8myvVw? — 1 ;::0 b2 I'[-3/2 — j] 255 )

1 Nzl
+2wm1mgepya5v§v?(Sf)Gg-l’l)m ((7 + 27) b2 Hﬂp)

1 N el
+ Zwm%mgep,,aﬁ’v’f'vg‘(S§)G§1,2) bl ((7 + 27) b2 HF‘P)

B BSIV}(SQP)G?I) = e ({51) - (52)) G§2,2) + wnyp (V2 - (S1)) (v1 - (S2)) G§2,3)J

X ((9/2—|—j)buz;jbp gb(ﬂﬂvp)) |i| ( b22> (7/2+j)],

And angular impulse.

I

ASY = <<Z / J4q3(2p1-q)5(2pz-q)e‘ib'q( :;zq-Sl(pl)A(Q)Jr ST (p1), A(q)]

1

(5.4)

)

commutator piece

Working with covariant spin

final spinors - a(p &+ hq) = u(p) + O(q).
U, = 2m; + O(qz).

29



] 1 d2—26q ok s 4l
Eikonal phase Xi = / (omy2—2:€ T Mi(a),

Can use
dzq 2 q2 j+2 A N
/ 2’ q (z> 0%(p, 4, Sa) = O (p, Vi, Sa) I2(b) -,

Impact parameter operators

@(O) — ]Ia @(1’1) — _(Sl X p) ) vba @(1,2) — _(52 X p) ) vba
O = (81 -Vp)(S2-Vs), O =_(8;-8,)V:, 023 =_(p-8))(p-82)V2.

Eikonal operator

A A

AXZ — 2G2 % Z W, D, Vb, ) I]+2(b) ]Cj (w7p7 vba Sa) = 4E1E2 Z Abé](LU)OA,
7=0 A

30



] 1 d2—26q ok s 4l
Eikonal phase Xi = / (omy2—2:€ T Mi(a),

—4m1m2\/w2 —1

Amplitude In the classical spin-structure basis

00 =1 OtV =L, 8, 02 = L, - So,
@(291) — q . Slq . ‘5'2’ @(2’2) p— ngl . §2, (@)(2,3) — q2p ) Slp ) ‘§27

where L, =1i(p X q).

N
4 )

d2q . . 7% [q? Jj+2 X
—1q-b" [ 1 A _ A 1. b
[ e (L) 040 5) = 040, V1 ) 1112(0)

Impact parameter operators

A

OO =1, OB = _(8; xp)-Vp, OB =_(S5 x p)- Vs,
O = _(8,-Vp)(S2-Vp), O =_(8,.-8,)Vz:, O3 =_(p-8))(p-S2)Vs3.



Classical observables from the eikonal phase

Eikonal operator

A

Axo = 2G*m %Z w, P, Vp, S )I]+2(b) K:j(wapa Vb?*ga) = 4E1E22Ab124,](w
7=0 A

. o Ox
Linear impulse and spin-kick Ap, =Vpx and AS, = —Gmkasj Sclfa
a

= 8’6'((«0,}7, Vba‘sa,)
AS, = —ZGQW% Z ( : 98 X Sa) Ii+2(b).  Matches the commutator plece
. of the angular impulse

2G’m32 <~ 2|b

Scattering angle (aligned spin) ST 2 5_|_2] w, P, Vi, Sa) Lj+3(b).

A

)0,
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Conclusions

Introduced HPET variables to calculate classical gravity:
Seems natural; expansion done at operator level from start
Exact matching of the multipole expansion of a Kerr BH
Facilitates classical limit of tree-level amplitudes; Spin-Universality
Used EFT techniques to describe tidal effects for spinning particles
Expanded on recent description for spinless tidal

Used on-shell amplitudes to cross check the tidal action

Calculated several classical observables
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Hilbert Series for scalars

Contour integral of the plethystic exponential

1 — r—+1 ¢7‘ r T
_ — PEs = .
H — /dMPPE[qu], 0 EXP _rz::oz TDTAqSX(b(xl’ s Ll _ .
X¢ = X[1,(0,0](D; @, B), X(1,00))(D; @, B) = DP(D; e, B) (1 — D),
XF, = X2,1,07(D; a, B), X210 (D; @, B) = D*P(D; a, B) ;X(1,0) (@, 8) = Dx/2,1/2) (o B) + 772;
XFr = X[2,0,1)](D; @ B), X(2,0,0)](D; @, B) = D*P(D; 0, B) [x(0,1)(: B) — Dx(1/2,1/2) (e, B) + D*.
; s X0 (@) =1,
U(2 U(2
X0 B) =X (@) XX, (B) U@y gy L
84
30(4) ~ SU(Z)L X SU(2)R X.lsU(Q)(a) — o2 114 1

a2’

(1Y dor > 1 dp ) 1
[ ire = (315) £, 320- (1= 22) £, 360 -7 (= 32).



[Damgaard, Haddad, Helset, 19’]

Heavy Black-Hole Effective Theory (HBET) p* = mou* + hk*

Minimally coupled scalar:

1 » o=~ = ¢
\/jgcsc-grav — \/jg (igw/augbavqb - §m ¢ ) "\L.ﬂ\‘

Heavy-field limit ¢ —

The Lagrangian

V _QE%?BCI)ET = v/—=gxX" g‘wivuav zm(gwjvuvu — 1)

Linear propagators

(

D;="(k) = w
v hv - k Also obtained for s=1/2
36



Reparametrization invariance

The decomposition of heavy guark momentum is not unigue p“ = mot* + k*

We can always transform

(v, k) = (w, k') = (v | 5k,k—5k),

m

Which effect the variables as

py) = (1 41;:2)_1 (1 41:; fjﬁ) Pw) ;Zézlpw]:,

= (1= o) [(1= s+ ) 1ol = giel]

The S-matrix is reparametrizaion invariant
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