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Three phases, different approaches

propagation time, the events have a combined signal-to-
noise ratio (SNR) of 24 [45].
Only the LIGO detectors were observing at the time of

GW150914. The Virgo detector was being upgraded,
and GEO 600, though not sufficiently sensitive to detect
this event, was operating but not in observational
mode. With only two detectors the source position is
primarily determined by the relative arrival time and
localized to an area of approximately 600 deg2 (90%
credible region) [39,46].
The basic features of GW150914 point to it being

produced by the coalescence of two black holes—i.e.,
their orbital inspiral and merger, and subsequent final black
hole ringdown. Over 0.2 s, the signal increases in frequency
and amplitude in about 8 cycles from 35 to 150 Hz, where
the amplitude reaches a maximum. The most plausible
explanation for this evolution is the inspiral of two orbiting
masses, m1 and m2, due to gravitational-wave emission. At
the lower frequencies, such evolution is characterized by
the chirp mass [11]
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where f and _f are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and _f from the data in Fig. 1,
we obtain a chirp mass of M≃ 30M⊙, implying that the
total mass M ¼ m1 þm2 is ≳70M⊙ in the detector frame.
This bounds the sum of the Schwarzschild radii of the
binary components to 2GM=c2 ≳ 210 km. To reach an
orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this
frequency would be only ≃350 km apart. A pair of
neutron stars, while compact, would not have the required
mass, while a black hole neutron star binary with the
deduced chirp mass would have a very large total mass,
and would thus merge at much lower frequency. This
leaves black holes as the only known objects compact
enough to reach an orbital frequency of 75 Hz without
contact. Furthermore, the decay of the waveform after it
peaks is consistent with the damped oscillations of a black
hole relaxing to a final stationary Kerr configuration.
Below, we present a general-relativistic analysis of
GW150914; Fig. 2 shows the calculated waveform using
the resulting source parameters.

III. DETECTORS

Gravitational-wave astronomy exploits multiple, widely
separated detectors to distinguish gravitational waves from
local instrumental and environmental noise, to provide
source sky localization, and to measure wave polarizations.
The LIGO sites each operate a single Advanced LIGO

detector [33], a modified Michelson interferometer (see
Fig. 3) that measures gravitational-wave strain as a differ-
ence in length of its orthogonal arms. Each arm is formed
by two mirrors, acting as test masses, separated by
Lx ¼ Ly ¼ L ¼ 4 km. A passing gravitational wave effec-
tively alters the arm lengths such that the measured
difference is ΔLðtÞ ¼ δLx − δLy ¼ hðtÞL, where h is the
gravitational-wave strain amplitude projected onto the
detector. This differential length variation alters the phase
difference between the two light fields returning to the
beam splitter, transmitting an optical signal proportional to
the gravitational-wave strain to the output photodetector.
To achieve sufficient sensitivity to measure gravitational

waves, the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains a
resonant optical cavity, formed by its two test mass mirrors,
that multiplies the effect of a gravitational wave on the light
phase by a factor of 300 [48]. Second, a partially trans-
missive power-recycling mirror at the input provides addi-
tional resonant buildup of the laser light in the interferometer
as a whole [49,50]: 20Wof laser input is increased to 700W
incident on the beam splitter, which is further increased to
100 kW circulating in each arm cavity. Third, a partially
transmissive signal-recycling mirror at the output optimizes

FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full
bandwidth of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Keplerian
effective black hole separation in units of Schwarzschild radii
(RS ¼ 2GM=c2) and the effective relative velocity given by the
post-Newtonian parameter v=c ¼ ðGMπf=c3Þ1=3, where f is the
gravitational-wave frequency calculated with numerical relativity
and M is the total mass (value from Table I).
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Figure: LIGO and VIRGO scientific
collaboration, Phys. Rev. Lett. 116 6
(2016).

• Inspiral and ringdown phases
studied using perturbation theory
• Merger phase studied using

numerical relativity
• Interplay between the different

phases (EOB,
Inspiral-merger-ringdown)

Inspiral phase
Inspiral phase contains most of the signal. Traditionally studied in the Post
Newtonian (non-relativistic) regime v � c.
L. Blanchet (2014) [1310.1528], (2019) [1812.07490]
D. Bini and T. Damour (2017) [1706.06877]



Post-Minkowskian: a complementary approach

• Perturbative study in G while keeping the velocity fully relativistic
• One can still split in conservative + dissipative effects

• Traditional GR
S. Kovacs and K. Thorne
Astrophys. J. 200 (1975) - 215,
217 (1977) - 224 (1978) , K.
Westpfahl and M. Goller Lett.
Nuovo Cim. 26 (1979) 573-576 .

• Scattering Amplitudes
C. Cheung, I. Z. Rothstein, M. P. Solon (2018) 1808.02489 , Z. Bern et al.
(2019) [1908.01493], (2021) [2101.07254] , D. Kosower, B. Mayee, D. O’Connell
(2019) [1811.10950] - E. Herrmann et al. (2021) [2101.07255]

• Eikonal
P. Di Vecchia, C. Heissenberg, R. Russo, G. Veneziano (2020) [2008.12743],
(2021) [2101.05772], [2104.03256]

• Worldline EFT
G. Kälin and R. A. Porto (2020) [2006.01184], [2007.04977] , G. Mogull, J.
Plefka, J. Steinhoff (2021) [2010.02865] , G. U. Jakobsen et al.
(2021)[2101.12688]



PM Effective Field Theory
Setting up our EFT

Expansion around Minkowski gµν = ηµν + hµν/mPl

Spin and Finite-size effects

S = −2m2
Pl

∫
d4x
√
−gR︸ ︷︷ ︸ −

∑
a=1,2

ma

2

∫
dτa
[
gµν(xa)Uµa (τa)Uνa (τa) + 1

]
+ . . .

µν ρσk =
i

k2
Pµν;ρσ

Pµν;ρσ =
1

2
(ηµρηνσ + ηµσηνρ − ηµνηρσ)

µν

τλρσ

k1

k3

k2
=

i

mPl
Vµνρσλτ (k1, k2, k3)

Implicit splitting in potential+radiation modes, flexibility (and care) in the iε
prescription
G. Kälin and R. A. Porto (2020) [2006.01184]

~ = 1 , c = 1 , mPl = 1/
√

32πG , ηµν = diag(+,−,−,−) ,

∫
q
≡

∫ d4q

(2π)4



PM Effective Field Theory
Setting up our EFT

Expansion around Minkowski gµν = ηµν + hµν/mPl

Spin and Finite-size effects

S = −2m2
Pl

∫
d4x
√
−gR −

∑
a=1,2

ma

2

∫
dτa
[
gµν(xa)Uµa (τa)Uνa (τa) + 1

]
︸ ︷︷ ︸

+ . . .

τa
= −

ima

2mPl

∫
dτa

∫
q
e−iq·xaUµa Uνa

Polyakov action reduces the point-particle vertices.
G. Kälin and R. A. Porto (2020) [2006.01184]



τa
= −

ima

2mPl

∫
dτa

∫
q
e−iq·xa(τa)Uµa (τa)Uνa (τa)

Isolate the powers of G

xµa(τa) = bµa + uµaτa + δ(1)xµa(τa) + . . .

Uµa (τa) = uµa + δ(1)uµa(τa) + . . .

• ua = lim
τa→−∞

Uµa (τa) , ba · ua = 0

• δ(n)xµa , δ
(n)uµa deviations from the straight motion at order Gn containing

both conservative and radiation effects
G. Kälin and R. A. Porto (2020) [2006.01184]

τa
= −

ima

2mPl
uµau

ν
a

∫
dτa

∫
q
e−iq·(ba+uaτa)

1
τa

= −
ima

2mPl

∫
dτa

∫
q
e−iq·(ba+uaτa)

×
(

2δ(1)u
(µ
a (τa)u

ν)
a − i(q · δ(1)xa(τa))uµau

ν
a

)



Matching procedure

The pseudo Stress-Energy Tensor

+ + . . .≡−
i

2mPl

∫
d4xTµν(x)hµν(x)=−

i

2mPl

∫
k
T̃µν(−k)h̃µν(k)

Classical Amplitude and Asymptotic Waveform

Aλ(k) = −
1

2mPl
ε∗λµν(k)T̃µν(k) , ελ0ν = 0 , kµελµν = 0 , ηµνελµν = 0

hµν(x) = −
1

4πr

∑
λ=±2

∫
dk0

2π
e−ik

0(t−r)ελµν(k)Aλ(k)|kµ=k0nµ

The Amplitude is the only thing we need to compute.



LO amplitude

γ ≡ u1 · u2 , b ≡ bµ1 − b
µ
2 , ωa ≡ k · ua , δ

−(n)
(ωa) = (2π)

n
δ
(n)

(ωa) .

LO Amplitude

τ1
k

T̃µν
(1)

(k) =
∑
a

mau
µ
au

ν
ae
ik·baδ−(ωa)

A(1)
λ (k) = −

1

2mPl

∑
a

ma ε
∗λ
µν(n)uµau

ν
a e

ik·baδ−(ωa)

δ−(ωa)→ non-radiating piece relevant to compute Jrad (see later).



NLO Amplitude

1τ1
k

τ1

τ2

k

A(2)
λ (k) = −

m1m2

8m3
Pl
ε∗λµν(n)

{[
− 2

(
γI(0) + ω1ω2J(0)

)
uµ1u

ν
2

+

−2γ2 − 1

2

k · I(1)

(ω1 + iε )2
+

2γω2

ω1 + iε
I(0) + 2ω2

2J(0)

uµ1u
ν
1

+

 2γ2 − 1

ω1 + iε
Iµ
(1)

+ 4γω2J
µ
(1)

uν1 +
2γ2 − 1

2
Jµν

(2)

]
eik·b1

}
+ (1↔ 2)

Retarded Boundary conditions

1

x+ iε
= P

(
1

x

)
−
i

2
δ−(x)→ Other static contributions



A(2)
λ (k) = −

m1m2

8m3
Pl
ε∗λµν(n)

{[
− 2

(
γI(0) + ω1ω2J(0)

)
uµ1u

ν
2

+

(
−

2γ2 − 1

2

k · I(1)

(ω1 + iε)2
+

2γω2

ω1 + iε
I(0) + 2ω2

2J(0)

)
uµ1u

ν
1

+

(
2γ2 − 1

ω1 + iε
Iµ
(1)

+ 4γω2J
µ
(1)

)
uν1 +

2γ2 − 1

2
Jµν

(2)

]
eik·b1

}
+ (1↔ 2)

Two sets of master integrals

Iµ1...µn
(n)

≡
∫
q
δ−(q · u1 − ω1) δ−(q · u2)

e−iq·b

q2
qµ1 . . . qµn

Jµ1...µn
(n)

≡
∫
q
δ−(q · u1 − ω1) δ−(q · u2)

e−iq·b

q2(k − q)2
qµ1 . . . qµn

• The first set can be solved analytically.
• The second set can be express as a one dimensional integration over a

Feynman parameter.



Master Integrals

Integral I0

I(0) ≡
∫
q
δ−(q · u1 − ω1) δ−(q · u2)

e−iq·b

q2

= −
1

γv

∫
d2q⊥
(2π)2

eiq⊥·b

|q⊥|2 +
ω2
1

γ2v2

= −
1

2πγv
K0

(
|b|ω1

γv

)

Integral J0

J(0) ≡
∫
q
δ−(q · u1 − ω1) δ−(q · u2)

e−iq·b

q2(k − q)2

=
1

γv

∫ 1

0
dy e−iyk·b

∫
d2q⊥
(2π)2

eiq⊥·b⊥[
q2
⊥ +

s2(y)

γ2v2

]2 =
|b|2

4πγv

∫ 1

0
dy e−iyk·b

K1 (zf(y))

zf(y)

s(y) =
√

(1− y)2ω2
1 + 2γy(1− y)ω1ω2 + yω2

2



Master Integrals

Integral I0

I(0) ≡
∫
q
δ−(q · u1 − ω1) δ−(q · u2)

e−iq·b

q2

= −
1

γv

∫
d2q⊥
(2π)2

eiq⊥·b

|q⊥|2 +
ω2
1

γ2v2

= −
1

2πγv
K0

(
|b|ω1

γv

)

Integral J0

J(0) ≡
∫
q
δ−(q · u1 − ω1) δ−(q · u2)

e−iq·b

q2(k − q)2

=
1

γv

∫ 1

0
dy e−iyk·b

∫
d2q⊥
(2π)2

eiq⊥·b⊥[
q2
⊥ +

s2(y)

γ2v2

]2 =
|b|
4π

∫ 1

0
dy e−iyk·b

K1

(
|b| s(y)

γv

)
s(y)

s(y) =
√

(1− y)2ω2
1 + 2γy(1− y)ω1ω2 + yω2

2



b
µ
2 = 0 , b

µ
1 = b

µ
, u

µ
2 = δ

µ
0 , k

µ
= ωn

µ
, u

µ
1 = γv

µ
= γ(1, vev) , ev ≡ v/v , eb = b/|b|

A(1)
λ (k) = −

m1

2mPl

γv2

n · v
ε∗λij e

i
ve
j
v δ
−(ω)eik·b , A(2)

λ (k) = −
Gm1m2

mPlγv
ε∗λij e

i
Ie
j
JAIJ (k)eik·b

Avv = c1K0

(
z(n · v)

)
+ ic2

[
K1

(
z(n · v)

)
− iπδ

(
z(n · v)

)]
+

∫ 1

0
dy eiyzvn·eb

[
d1(y)zK1

(
zf(y)

)
+ c0K0

(
zf(y)

)]
Avb = ic0

[
K1

(
z(n · v)

)
− iπδ

(
z(n · v)

)]
+ i

∫ 1

0
dy eiyzvn·ebd2(y)zK0

(
zf(y)

)
Abb =

∫ 1

0
dy eiyzvn·ebd0(y)zK1

(
zf(y)

)

z ≡
|b|ω
v

, f(y) ≡
√

(1− y)2(n · v)2 + 2y(1− y)(n · v) + y2/γ2

c0 = 1− 2γ2 , c1 = −c0 +
3− 2γ2

n · v
, c2 = vc0

n · eb
n · v

d0(y) = f(y)c0 , d1(y) = . . .



A(2)
λ (k) = −

Gm1m2

mPlγv
ε∗λij e

i
Ie
j
JAIJ (k)eik·b

Avv = c1K0

(
z(n · v)

)
+ ic2

[
K1

(
z(n · v)

)
− iπδ

(
z(n · v)

)]
+

∫ 1

0
dy eiyzvn·eb

[
d1(y)zK1

(
zf(y)

)
+ c0K0

(
zf(y)

)]
Avb = ic0

[
K1

(
z(n · v)

)
− iπδ

(
z(n · v)

)]
+ i

∫ 1

0
dy eiyzvn·ebd2(y)zK0

(
zf(y)

)
Abb =

∫ 1

0
dy eiyzvn·ebd0(y)zK1

(
zf(y)

)

Consistency checks with S. Kovacs and K. Thorne Astrophys. J. 224 (1978)

• Coincides with the Forward limit, i. e. k ‖ v. In this limit k · b = 0 and one
can perform the y integral.
• Agreement in the small velocity limit i.e. v � 1



Waveform direct space

b
µ
2 = 0 , b

µ
1 = b

µ
, u

µ
2 = δ

µ
0 , k

µ
= ωn

µ
, u

µ
1 = γ(1, vev) , ev ≡ v/v , eb = b/|b|

Master Integral time domain

∫
dω

2π

{
I(0), J(0)

}
e−iω(n·b+t−r) =

1

n · u1

∫
q
eiq·b̃(t−r)f (ω̃,q)

b̃(t− r) ≡ b +
γv

n · u1
(t− r + b · n) ω̃ ≡ −

γv

n · u1
q · ev

Waveform G. U. Jakobsen et al. (2021)[2101.12688]

h
(2)
±2 =

m1m2G

8mPlr

∫
q
eiq·b̃

[
qiN i±

q2 (q · ev − iε)
+

qiqjMij
±

q2 (q2 + q · L · q)

]
Lij ≡ 2

v

n · v
e

(i
v n

j)

N i± ≡ 4
γv

(n · v)2
(ε± · ev)2

[
(1 + v2)ni − 4v eiv

]
+ 8

γ(1 + v2)

n · v
(ε± · ev)εi±

Mij
± ≡ 16

γv4

(n · v)3
(ε± · ev)2 eive

j
v + 8

γ(1 + v2)

n · v
εi±ε

j
± − 32

γv2

(n · v)
(ε± · ev) e

(i
v ε
j)
±



Radiated observables
u ≡ t− r

hµν(x) = −
1

4πr

∑
λ=±2

∫
dk0

2π
e−ik

0uελµν(k)Aλ(k)|kµ=k0nµ

Linear and Angular momentum fluxes

Pµrad =

∫
dΩ du r2 nµ ḣij ḣij

Jirad = εijk
∫
dΩ du r2

(
2hjlḣlk − xj∂khlmḣlm

)

ḣµν(x) ∝ ωAλ(k) = ωAλ(k)finite , Aλ(k)finite = Aλ(k)−
( static

contributions
)

A time derivative removes all static contributions

Different scaling

A(1)
λ (k) ∝ δ−(ω)

Pµrad = O
(
G3
)
, Jirad = O

(
G2
)



LO Radiated Linear Momentum
Momentum in terms of the Amplitude

Pµrad =
∑
λ

∫
k
δ−(k2)θ(k0)kµ |Aλ(k)finite|2

=
G3m2

1m
2
2

|b|3
uµ1 + uµ2
γ + 1

E(γ) +O(G4)

Homogeneous mass dependence, result fixed by the probe limit
S. Kovacs and K. Thorne Astrophys. J. 224 (1978) .

E(γ) recently found in E. Herrmann et al. (2021) [2101.07255] and confirmed in
P. Di Vecchia et al. (2021)[2104.03256]

E(γ)

π
= f1+f2 log

(
γ+1

2

)
+f3

γ arcsinh
√
γ−1

2√
γ2−1

f1=
210γ6−552γ5+339γ4−912γ3+3148γ2−3336γ+1151

48 (γ2 − 1)3/2

f2=−
35γ4+ 60γ3− 150γ2+ 76γ− 5

8
√
γ2 − 1

f3=

(
2γ2− 3

) (
35γ4− 30γ2+ 11

)
8(γ2 − 1)3/2



LO Radiated Linear Momentum
Momentum in terms of the Amplitude

Pµrad =
∑
λ

∫
k
δ−(k2)θ(k0)kµ |Aλ(k)finite|2

=
G3m2

1m
2
2

|b|3
uµ1 + uµ2
γ + 1

E(γ) +O(G4)

Homogeneous mass dependence, result fixed by the probe limit
S. Kovacs and K. Thorne Astrophys. J. 224 (1978) .

E(γ) recently found in E. Herrmann et al. (2021) [2101.07255] and confirmed in
P. Di Vecchia et al. (2021) [2104.03256]

E(γ)

π
= f1+f2 log

(
γ+1

2

)
+f3

γ arcsinh
√
γ−1

2√
γ2−1

f1=
210γ6−552γ5+339γ4−912γ3+3148γ2−3336γ+1151

48 (γ2 − 1)3/2

f2=−
35γ4+ 60γ3− 150γ2+ 76γ− 5

8
√
γ2 − 1

f3=

(
2γ2− 3

) (
35γ4− 30γ2+ 11

)
8(γ2 − 1)3/2



Pµrad =
G3m2

1m
2
2

|b|3
uµ1 + uµ2
γ + 1

E(γ) +O(G4)

E(γ) =
2|b|3

π2(γ2 − 1)

∑
λ

∫
dΩ

∫ ∞
0
ω2dω

∣∣ε∗λij eiIejJAIJ (k)
∣∣2

• Analytic result for E(γ) cannot (yet) be found due to the involved integration
in y.
• The computation is possible at virtually any PN order

E
π

=
37

15
v +

2393

840
v3 +

61703

10080
v5 +

3131839

354816
v7 +O(v9)

This is in perfect agreement with E. Herrmann et al. (2021) [2101.07255]

• Agreement with known results at 2PN once written in the CoM frame.
L. Blanchet and G. Schaefer Mon. Not. Roy. Astron. Soc. (1989) .



Spectral dependence

Pµrad =
G3m2

1m
2
2

|b|3
uµ1 + uµ2
γ + 1

E(γ) +O(G4)

Spectral dependence

E(γ) =
2v3

π2(γ2 − 1)

∫
dΩ

∫ ∞
0

z2dzf(z,Ω) , z ≡
|b|ω
v

Spectrum f(z,Ω) depends only on{
I

(s)
i , I

(c)
i

}
(z,Ω) ≡

∫ 1

0
dy

{
sin(yzvn · eb), cos(yzvn · eb)

}
gi(z,Ω; y)

g0(z,Ω; y) ≡ d0(y)zK1 (zf(y))

g1(z,Ω; y) ≡ c0K0 (zf(y)) + d1(y)zK1 (zf(y))

g2(z,Ω; y) ≡ d2(y)zK0 (zf(y))

aIJ ≡ [(eθ · eI)(eθ · eJ ) + (eφ · eI)(eφ · eJ )]/2

eI = {ev, eb} , eθ = (cos θ cosφ, cos θ sinφ,− sin θ) , eφ = (− sinφ, cosφ, 0)



Soft Limit

1τ1
k

τ1

τ2

k

A(2)
λ (k) = −

m1m2

8m3
Pl
ε∗λµν(n)

{[
− 2

(
γI(0) + ω1ω2J(0)

)
uµ1u

ν
2

+

(
−

2γ2 − 1

2

k · I(1)

(ω1 + iε)2
+

2γω2

ω1 + iε
I(0) + 2ω2

2J(0)

)
uµ1u

ν
1

+

(
2γ2 − 1
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Spectrum in the Small frequency limit
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∣∣∣
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L. Smarr Phys. Rev. D 15 (1977) , P. Di Vecchia et al. (2021) [2101.05772] .



LO Radiated Angular Momentum

Jirad = εijk
∫
dΩ du r2

(
2hjlḣlk − xj∂khlmḣlm

)
= εijk

∫
dΩ r2

(
2h

(1)
jl δmk − xj∂kh

(1)
lm

)∫
du ḣ

(2)
lm + O

(
G3
)

Gravitational wave memory

Wave memory determined by the Soft Limit

∫
du ḣij =

i

4πr

∑
λ

∫
dω

2π
ελij δ−(ω)ω Aλ(k)ω→0

LO Angular Momentum does not depend on gravitational self-interactions.
T. Damour (2020) [2010.01641] .
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LO Angular momentum
Polar coordinates eθ = (cos θ cosφ, cos θ sinφ,− sin θ) , eφ = (− sinφ, cosφ, 0),
n = (sin θ cosφ, sin θ sinφ, cos θ).

Jrad =
∑
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Ĵ ≡ λ(n + cot θeθ) + L̂

L̂
x
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I(v) ≡ −
16

3
+

2

v2
+

2(3v2 − 1)

v3
arctanh(v)

T. Damour (2020) [2010.01641] .



Conclusions and Future directions

• Worldline EFT methods prove to be efficient and useful also in the PM study
of the binary inspiral problem (unbound case)
• Small number of topologies thanks to the Polyakov action
• First stepping stone for a derivation of Pµrad and Jrad alternative to other

methods

• New way of approaching integrals of the form Jµ1...µn
(n)

• Include Spin and finite-size effects in the radiative sector
• Build a map to connect unbound and bound quantities

Thank you for your attention!
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