
Gravitational Bremsstrahlung from
spinning Bodies using a World line QFT

based on [2010-02865] with Jan Plefha &Jan Steinhoff
& [2101 - 12688] (PRL) K Gustav Jakobsen, 3. P . ,3. S .
& [2105 - xx ✗ ✗✗ ] with G.3.

,
J.P.

,
J
. S .

Gustav Mogall
[Humboldt Uni, AEI Potsdam ]
GG 1 : May 18

,
2021



worldlineQFTUseap.ath integral representation : K2--3211-6
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÷ -5
where ✗FG ;) = bit I;vi + 2-ice ,)

,
f

guvG) = Nur t Khmu (x ) equivalent to m; JIT ;

BASICIOEtm-i.compate physical quantities as expectation values of
operators in the WQFT. . .

(↳ {¥}Dwafe:=zwo# IDhour Dz? Och , {z, }) @
I (SEH +sgf +Eispin)

In practice work in Fourier space (energy, momentum ) and draw Feynman
diagrams . The classical limit is identified with thee - level diagrams .

Here we focus on the unbound 2-body problem . Mappings to bound orbits by
e.g. [

K'a-Lin
, Porto ] .



WQFTFeynmar.RU#
Treat ZYCE;) as a propagating degree offreedom :

5- - ¥fd"✗ER -{ME/d-qgwi.is/Ylg9uv(x)--Nuv+KhuvCx)✗FCT ;) = bit I;vF + zinc ;)

Feynman rules from bulk action are standard; on the world line I 2-40)
only energy w is conserved .

We insert
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,
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World line propagator :
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Feed this into the interacting part of the action , read off e.g .
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Vertices couple linearly to huv (h) ; known n- point expression :
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Radiation

Compute Church) >waft by drawing graphs with a single outgoing
graviton line . E.g .

1- body leading order :

- 1h24 hitch)>was, =
- - - •- - - .

why = - ikmeikbcfcu.ir) vmvr

Leading 2- body radiation ( 2PM ) consists of 3 diagrams :
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And the ( its2) version of the first diagram . Integral measures are
brought into a common form .



classicalEOMswecancaladatex.IE :) and hmu Cx ) from the Eo Ms : K 2=3211-6

if = - ftp.XYX.ir
,

☐ hour = - E- Sur
,

Sur - Tur - Inner Tip

Solve these iteratively as power series in G :

↳
extended stress-energy
tensor

✗PCI;) = b? + I ; Viet Gxi "
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(I ;) + GZX ;
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9mn (x) = hurt 6h ✓
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. to OCG ) from the geodesic equation :
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Path integral localizes on the EOM in the tree- level (steepest descent) approximation.



connectiontoscattevingamplitudes-Rec.at
that for a single black hole :

- i K2 ( h"(h)>
wage

=

- -

• = - izmmp-eih.bfch.ir) view

This we compare with the 400Th > vertex :

PEEP - Ya = - ; K [ paper -¥ (wink - hmu) ]
K J

_ÉÉdm-h→o Limit
,
k=-hñThere is a match

,
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d
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, Maybee, O'Connell ]kYh"(h)>wage = zi-meih-bcfch.ir ) himb- →o µ
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GR

similar relationships exist in conservative scattering ,e.g . ( in b-→0 limit)

Zwart = e'
✗
= ¥2 fc2.fi#ocqvi)d(q-Vz)ei9ib (0,02/510.02)

Formal understanding from Feynman - Schwinger dressed scalar propagator.
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For a 5- point amplitude the explicit connection is J
UVkkhmthbwafe-ymimz-q.gr/eiGib't%bdcfCqi4)cfCqz-vz)8Ch-qiqz) ¥50 Mar

compare WQFT with 5-point amplitude directly at level of diagrams :
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teadingwaveform-T.nu __ extended energy-momentum
Go back and consider the Einstein eq

" :

J
tensor

hkhnvch)>wage = ¥ Snuck) } Sure Tur - £WuvTPp ,
Kk 3211-9

How does huv then look in position space ? Fora fixed energy I, in the
wave Zone :

Warthen

Khuvlt, E) = Sur (h) e- '
""
+ c.c. } r --1×-13>{141,1-1,11412}

where ⇐ rpm = I( 1
, E)

↳
studied by [Moagiahahos , Riva, Vern izzi

'
21]

✓
TT= transverse - traceless

khijt.fi#--4f-s/e-ih' ✗ s ( k ) } h .✗=r(t - r)=ru
retaa-detime.ee

The time - domain waveform is fig = Eng " fig"'

f = ft @e)
i.
+ flex)

,
⇐ f-i. ✗ = If,@_g×) ,



performingthe.in/-egralSp-- ( SI )
we now have an extra energy integral . So . . . f⇒

p-vi-l-vcosoyg.gg/eil9ib1t9ib2-"⇒ ftp.vdd-cqz.vz) 8- Ch - q, - qz) = p¥ g)e'FI

Delta f 's evaluate all energy components . To make it simple ,
use the rest frame of the first black hole :
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✗ :*!
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:(0,7)
,

D= -p?¥£É ,

I = §
,
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The shifted impact parameter : Éi =
Cartesianb-" = but uavi-u.hu } u ,
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,

U
,
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Integratedwaveforns [Kovacs
>
Thorne ' 77 ]

£÷=4+gfe¥I(qiij.si#+g-MEEf)lgLis--orii+zp?Y-zeiiiE"
=•I ÷

}
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$•--•É
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Now perform these integrals, one for each diagram . . .
we get

£É¥=F + a.✗ + ¥4,¥i+ ) ñ1=EÑ
II'l=FÉÉ

Where ✗It , 2 't, ✗ , Bt, ✗ ,

B't
,
✗ are functions of 6--151 >V44 0,0, and U, e.g .

:

✗ I = ZW-ffjjcpg.FI?cos0s#,af---4C20jYp?jI9sm$- }pvz=tvcoso_
This result agrees precisely with Kovacs & Thorne . We have a visualization
of the waveform . . .



Radiatedangulavmomentum_ [Damour '20]

Using the waveform we can check the total radiated angular momentum .

grad 1
is
=⇐ fdudo (fncifjgk - I ✗ [;D;] fu , f•n ,) } Ji dufi;do : = sin 0 dodo

Focus on the Z - direction . The leading- order f
"?
;
(0,0) does not depend on

retarded time u
.

So all we need from ft ) ( u
,
0,0 ) is the wave memory

:

}
- • -

-

-

u:-( do

If
;j
: = [f, ]u= - •

= -262m , mz b"^É + 063)
.

}•_•§
.
.

onlf
d

Perform the spherical integral, and we get ⇒ rad. ang . momentum not dependent
on bulk interactions

}¥¥÷t= 4621m¥ '%- Icv) + Oca }) } Agrees with Damour,ICV) = - 3- + ¥ + 13T¥ arctanhcv) even in com frame !

where 3¥'t = ma 1121111 = mz8vb (see also [Mougiahahos, Riva,Vern izzi
'
21])



RadiatedEnergyprad-s.rs#fdcedo [&;] 2pm } p^=( 1.E)
We seek the radiated energy in the frame of BHI :

Erad = vi. Prad ⇒ dEd¥ = 32¥ /du [É;] ?

dEd%d_ = 631,273€ badingPNorder-sseepaperfory.to v3

✗ [456050cost + sin#4- 109s :b 40+630 sinks .MG/t354sin2Ocoskcos'o]

⇒ En¥=a'mIyiv_ (3¥ -123%-4%1%-0 v4 ) + out)
agrees with [Herrmann, Parra

- Martinez
,
Ruf, Zeng

'
21 ] 3PMcalculation

using KMOC "
in - in

' ' formalism

↳ [kosower, Maybee, O'Connell]



SUSYintheshy-CG.is loons, Rietdijh , van Holten
'

93 ]

Dirac theory of a spin - Yz fermion described by an N = 1 theory in b- →0 limit :

5- -mfde [ tzguv + Eta 0¥ ] }F¥=✗:ix^=Éa_ iiwuiixb

where
guv = ein et mas

,
✗
^
= e?✗

a } ✗ace) is a real ,Grassmann - valued spinor

Theory is invariant under JXM = i E✗m
8✗a = - Eeua in - Syncom, as ✗

b

spinor we can think of as
"

square root
" of spin tensor 5-

= E
"

Poppao

5- = - intent } tt-m-zgnviii-zm.Q-x.ir?o ⇒ s~pr=o (Ssc)
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*

= IzXa✗b Ras ,
"

✓

0¥ = o

⇒
0¥: = - Isas Ras

,
:*

Dsm

_pz
= O

l Mathiason - Papapetron
equations @ ocs ) )



Thetr-2theory-EBastianel.li , Benincasa , Giambi ' 05 ]
Generalize to a complex-valued spinor Trace) :

S = - m/de [tzguv + intra + I Rabadñaxrbriyrd] } validuptoOCS2)

We now identify the spin tensor Suv = Emnrpoppao as

sur = -2 : Frayn] } { 5? Xv}p. ,
.

= - in
"

( 1st-order formalism)

⇒ {Sw, Spo }p.o
.

= ÑP50+nY5P - rip50-nio.JP

N=2 SUSY implies four conserved supercharges :

guv = 1- ErasedÑYbÑXd
,

tix"=É~Ñ=o
,
-

5.✗ = const .

-enÉÉts _É seismic const .

Again, classical Eons ⇒ Mathison - Papapetoueq 's @ Ocs)



TheSpinningWQFT_
The partition function now becomes

2 2

2-way
: = const.ir/Dhuv/IDziDXi)expfi(sE+i-cSgf-E.Sci' + SEE)}

We can also include spin - inducedmultipoles :
"

electric
"

componentofWeyltensor
✓

Sese -mfdte G- Easier' I.✗ } Eas -- Ranbir ÑÑ
[
In- = -2 ; EG Iv]

✗
"(e) = bmt-cvm-zn.cz )

,
✗at) = Eat✗

' "(e)
,
5-(e) = $

"

-1 S
' "(e)

eI(×) = Nav (Nuu + K-zhnu-k-fhnpbt.ve OCK } ) ) } Viersen expansion
we compute physical quantities as expectation values , as before :

2

(has {Ziti}>war-ei-z.no#fDhuv(I,DziDv;a)GeiCSEHtsgf-EiS'
"+ SE's:')

Proceed in momentum space with Feynman diagrams, Feynman rules



WQFTFeynmav.ru/eswithspin-
exponential structure

. .
.

Feynman rules now also include $~= -2iÉ"¥] : I c. f. [Guevara, Ochirov, Vines]
- - - • -

-

hunch,
= - i KI-eih-bc-ch.it/VmW-ihp,SMmv~'+1-zhphogm$vo)

( ignoring CEf
corrections )

- - -

i@fZPcw1_KI-eih-bofCh.v+a) (2wv"Ef+vmVkp+ihz§"Yhpv"+wo"p) + tzhphoh>$75")
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Now also include

- -
- -•-É" - - •- - -

I = - imkeihbfch.ve a) heads'j(v" - is"Php)¥b fly -1-0
hunch)

The relevant retarded propagators are
u v

- -•→
-
- = - imca.TT#

a b } note : direction of arrow does not- . -•

2-•
- - -

= - i m(%%→ always follow iE prescription



Bamsstahluag@oc
Integrand similar to the non- spinning case , but with 2 new diagrams :

- -
-
•- -

- -
- - •-•- - - I - -← - - - -
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{→ } 1 : To } I
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-

l
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The integrand also follows a similar pattern :

£!¥÷ = 41T£/e 't
" (g.fi?j.Eitie,--iqiigi-E?g,-)osederirativesw.r.t .I to derive higher -

rank integrals
where We

, ✗ (g) = NI, , ✗ of
:
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,
gift + N1 gift of
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Mt
,
✗ (4) =M ✗ qiqi -1M¥! qiqiqh +M ¥ qiqiqh of

'
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a-

TE TEOcso )

✗
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Radiatedangulavmomentam
Use the same formula as the non - spinning case

:

- - • - - - -

3. Ead =¥/dado (fnc, _%]h - I ✗ad;] fulfil) }
- -
•__•Ñ

-
- -

/ is the only
The two non- zero components @ OCG 2) are diagram

3 Iyad + isEid = ¥/do e- '

[ i-S-Y.se#-oof-i''dfI)-ocqs )
After integration we find that

ziyad + iszid-kcimg-miczi-DICvkb-%bE.EE?---la-ieT-.&Ce, :& ,
-e-5)

Icu) = - 8-3 + ¥ 1- C3V^ orctanhcv)

8 (I.a-a)where
a- ,

-
- a-iegz

,
f--Evie , , ai

-

- (§
,
)
,

ai = ( a-at (I.a-a)1)



Conclusions

• WQFT is a powerful tool for classical 2- body calculations, with a -

natural SUSY extension .

• WQFT path integrals include ZYCT;) , huvcx) , and ✗ice:) when spin is
involved

. Feynman rules on the world line conserve only energy , so
allow " Loop integrals

" from tree- level
.

We've successfully obtained the leading -order (2PM ) waveform produced from
a scattering of 2 non- spinning BHS

, reproducing [Kovacs & Thorne],
radiated angular momentum [Damour] , and radiated energy spectra .

• Now also generalized to 064 , including radiated ang .
momentum

.

• Nextsteps.im
• Investigate spinning WQFT further with other observables : deflection ,
spin hick , eihonal c.f. [Liu, Porto, Yang

'21 ]
,
[ Kosmopoulos , Luna '21 ]

• Further exploration of 10 supergravities, higher spin, connection to
amplitudes ?



Thanks for listening !



Worldlinepropagator
Pay attention to the iE prescription :

Wmvzm•-•É = - I m(wIiE)=w

Different signs give retarded/advanced propagators :

- retarded ⇒ 2-4*5=0 ⇒ identify b? vu with incoming states
- advanced ⇒ 2-4+01--0 ⇒ " % "

"

outgoing states
- time - symmetric⇒ 2-401=0--3

"
" " intermediate states

:

" - -
- - - - - ⇐bit:)

- - -
- - - - -

ma

÷
✗ it:) = b.it-liv.it Z.ie;)

'

1

,
bae bi - bi

i.



Graviton-dressedscalarpropagatormass.ve
complex scalar G) interacting withgravity :

S =/d°✗Fg(g~Q0+2r0 - mi ¢ -820+0)
weak - field

(QP^+m4$R)G( ×, ✗D= F. do > (✗ - ✗
'

) / approximation
h h

Glx
,
✗D=¥ + €,E'

+ ×#×' + - -
-

This gravitationally - dressed Green 's function has a world line path integral form
[dewitt , Behenstein, Parker ]

:

Gsx, ✗
') -

☐
Tds e- ism

' ""

✗ expfiosdo guv + ('s-4) R) ]
✗ Co> =✗

a-
This provides a link :QF_ÉÉ . suppressed into limit



fromthes-matrixtotheworldl.in#Glx.xY--oJdse-ism' ""

DX expf.gs/do(EguvEiN+'s-E) R) ]
✗ to) --✗

How does the dressed propagator help us analyze 5-matrices ? Use the
2- point function :

G ; (x,✗ 1) =/DO ; & ; (X) 0TH
') e 's '

Set, = - ¥fd0xTgR
Insert into a 5- point time - ordered correlation :

CRIT{ hurt)0 , (a) OFCxi )0z (✗a) olztcxi) } In>

=/D[hier, 0,02] hunk)0, (a) 0,1-(4901×2) #(×;) e
:(SE"+ sitsa)

=/DhurhuuG) G. (✗ ,,
X

,

')Gz(✗↳Xi) e
" SEH "

=

"

<hurt )>waft

Neglect virtual scalar loops using classical torso limit . We should also
consider LSZ reduction

,
which gives e'9-

b & cfcqv) factors .


