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Introduction
» This workshop:
amazing results for classical binaries using ampl. methods
» This talk: classical scattering of spinning black holes

» Focus: connect 3pt amplitude to 1PM scattering  Guevara, AO, Vines '19

Arkani-Hamed, Huang, Huang '17 Vines '17
Apt = GmampRZ"
M) = —E—<12>®28x2 Gmy
3 2 m2s5—2 ACL’; = — - [pg(aa-%Z) + EMUPU(%ZV)papa/aJ]

a

w 20 v . yv (DF w*ag)y
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» Aim: elucidate spin aspects of classical limit  Kosower, Maybee, O'Connell '18
Maybee, O'Connell, Vines '19
Bern, Luna, Roiban, Shen, Zeng '20

de la Cruz, Maybee, O'Connell, Ross '20 2/41



Outline

Building blocks: amplitudes
Recognizing spin operators: spin exponentiation
Classical limit: spin coherent states

1PM for general spins

A N

2PM for aligned spins

6. Summary & outlook
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Building blocks: amplitudes



3-pt gravitational vertices"

G = Nuv + Khyw = g =0 + k" + O(/{Q)

Spin 0: hgu
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Disclaimer: all momenta incoming
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3-pt gravitational amplitudes

Spin 0:
3:|:
. 1K
b et
where z =2 %
<o (aq o ag)
Spin 1: using 5}{921@2} _up Jﬁ;ﬁp ]
3—0-
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= — a2 [1m 212
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Why does spinor helicity help?

Consider QFT amplitude A(1%,37,47,...,n%,2")

_|_
Feynman rules give function of 4
3~ nt

> momenta pk’

> pol. tensors - (p;), €/ (p;) — gauge-dep.!

> external spinors 7%(py), u®(p2) 1¢ 2b
But all vector, spinor indices must be contracted
Remaining indices & physical quantum numbers:

> helicities & spins {£1/2},, {£1},, etc.

» SU(2) labels a,b < spins {+1/2},, {£1,0},, etc.

Crucial on-shell notion — LITTLE GROUP
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Little groups

» Quantum fields < reps of SO(1, 3)

» Quantum states < reps of LITTLE GROUP

> massless states < SO(2)
> massive states < SO(3)
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Little groups

» Quantum fields < reps of SO(1,3) <C  SL(2,C)

» Quantum states < reps of LITTLE GROUP's dbl cover

> massless states < SO(2) C U(1)
> massive states < SO(3) C SU(2)

Minor complication: spinorial reps use groups' double covers

U(1) and SU(2) arise naturally in spinor helicity
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Massless vs massive spinor helicity
Arkani-Hamed, Huang, Huang '17

Spinor map: Pop = puo’ "

MASSLESS MASSIVE
det{p,z} =0 det{p,z} = m?
Dog = Apoz;\pg' = |p>a[p‘5' = A, Eab>‘ b |pa>a[pa|3
det{)\ al = det{)\ 2t=m
pt = %@"7“‘]9] pHt = —< a]a“|pa]
p 55\5 =0 aﬁ)‘gﬁ —m)\ 3
(pg) = —(gp) = (pp)=0] (p°¢") = —(¢"p*) eg. (P*P") = —me®
gl = —lap] = [pp]=0| [p*¢°] = —[¢°p?] eg [p*p’] = me®®
(pa)lap] = 2p-q (p"q")avpa) = 2p-q

Sv( 1) a=1q sy(ug (a\.,,,alg\
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Wavefunctions from helicity spinors

Massless:
. _ talo”p) (erp=cr-q=
P V2(gp) w v PP
plorlg T ) e = T T
noo_
g = —
T V2[pd] & rep? = —oM(he)
Xu, Zhang, Chang '85
Massive:
( ' ( D - egb =0
1{p\? Pup
e e g = 5(a5b)
\ P pcd (c7d)

Guevara, AO, Vines '18
Chung, Huang, Kim, Lee '18

and (symmetrized) tensor products thereof
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3-pt gravitational amplitudes

Spin 0:
3:|:
: K
é = —ir(py - €3)% = —?m%ft
Spin 1:
3+
= T (1l gy (192
a-
(T

= —Sa 1 2(b1][192)3"))

double-copy aspects in Johansson, AO '19
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Minimal 3-pt amplitudes

Arkani-Hamed, Huang, Huang '17
(a,
LAY L @ g hdy

a ®2s
k(172 ) 72
2 m28—2 +

(a} , B K [1a2b]®28

M(T,219,37) = 0=
_ sDPLEs _ (r[1]3] _ ) 1
r=V2 m x+_m<r3>’ - mlr3]  z,

NB! Independent of ref. momentum r

ps—m?=2p;-p3 = (3]1|3] =0 = dx € C: |1]3) = —mx|3]

13 /41



Recognizing spin operators:
spin exponentiation
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Minimal-coupling 3-pt amplitudes
Arkani-Hamed, Huang, Huang '17

k
D2 s+ <12>®28
Mg = "9 m2s—2 w7 z=—Y(p )
1
(s,) K [12]9% _[v2
pl - B [

e.g. M:(),O’i) = —r(py - e7)?

Angular-momentum structure inside:

©2s (0,+) + FHY
Mg(),s +) M(O +) <12> M3 [2’®286Xp( k,ug < ) ’1](923

m25 m25 Py -
s (0,—) my
(s,—) _ (0,—-) [12]®2 _ M ©2s kw€ o 1)©2s
M) = M = = (e (i )

Guevara, AO, Vines '18

inspired by soft theorems, e.g. Cachazo, Strominger '14
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Angular-momentum exponential of Kerr

Vines '17

Stress-energy tensor (eff. source) for lin. Kerr BH:"

1
TE(z) = E/dTp(“ exp(a * 5’)”)ppp5(4) (x — ut), = mut

TL (k) = 8(p - k)p™¥ exp(—ia * k)Y, p?, S* = ma*

Couple to on-shell graviton h,, (k) — 5(/@2)6“6,,:

b RVTER () = 530 1) -2 exp (~ 57 ).

where St = e"Pp,as

“Hat notation absorbs straightforward powers of 2.
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Kerr <= minimal coupling to gravity

Guevara, AO, Vines '18
v N 2 ke, SHY
iy (K) Ty (—k) = 0(K*)o(p - k) (p - €)” exp (—z”—)

p-€
RESHI SIITE

Compare to
0.+) +FhHv k
(s,+) _ M3 ©2s ko 525 P
M3 = W[2‘ eXp (—ZF> ’1] [ E—
(o) MPT o gy o | s
M3 = — (2] exp(—z - )|1> .

Matching spin-induced multipole structure!

complementary picture: 1-body EFT of Kerr by Levi, Steinhoff '15
match to Wilson coeffs by Chung, Huang, Kim, Lee '18
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Spin exponentiation in covariant form

Covariant formulation: Bautista, Guevara '19
0 k g,
M = MP¢ey - exp (zL - €1
P1-€

Lorentz generators:

HV\O1...0g _ nv,o1 g2 Os
(E ) T1---Ts =2 7'157'2"'57'3 SHV,O :i[n,ua(sl/_nva(s,u]

+ L _|_ 5:11 L 5?_’85_—11 ELLV,USTS, T T T
POIarization tensors: Guevara, AO, Vines '18, Chung, Huang, Kim, Lee '18
. a b
gal...ags :€(a1a2 8(125_1(128) 5ab — Z<p( ‘U/L‘p )]
e o ; :
PR P i jqn \/§m
Spinor-helicity formulation: Guevara, AO, Vines '19
+ G (0)

(s,+) _ M ®2s -k,U»EV o ®2s M ®2s ®2s

M7 = i [2|%“®exp —i——— 11]9° = TR 2|9“®exp(—2k - a)|1]
P1-€
o iatd (0)

(s,—) _ Méo) ®2s _kueya ®2s _ My ®2s ©2s

My = 5 (2] exp | —i—F— | [1) P = 5 (2|¥exp(2k - a)[1)
P1-€

0% - 2m2 pau po,o ) B - 2m2 pay po, /3

ot = %a[“ﬁ”], oh? = %5[“0”] (and tensor generalizations)
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Spin quantization

: : : 1
Define Pauli-Lubanski vector operator X, = %EAWpEWpP
Its 1-particle matrix elements are
b} __ a b
S];{Z}{ b — (_1)852 by 5;; }
= o (P ol 4 [P ) e e
m
Spin quantized explicitly:
( ssh, a1 =...=ag =1,
2s
) - {a} (s =1)sp, > 5 ja; =2s+1,
ple} {a} =9 (s —2)st, ZZS 105 =25+ 2,
Ep{a}- Ep
\ —88p, a1 =...=dags = 2,
in terms of unit spin vector
1 _
= =5 { o] + 10" 1)} pes, =0
1 5,1 1 5,2 s2=—1
:%Upvvu——%upVWU P
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Spin asymmetry of chiral reps

Puzzle: e o
two reps of M(S ) — T8 (21)0%5 = %[216256—%@‘1]@23
seem to depend d|fFerentIy on a*

Fix: Guevara, AO, Vines '18
“divide” by

lim &9 - £1 = <2‘®2s k- a‘1>®2s [2|®2s —k- a‘1]®23
S— 00

Hint: Levi, Steinhoff '15

“spin-induced higher multipoles should naturally be considered in
the body-fixed frame”

SOIUtion: Bautista, Guevara '19
Guevara, AO, Vines '19

also in Arkani-Hamed, Huang, O’Connell '19

Aoude’s talk on Aoude, Haddad, Helset '20

must only compare states of same momentum!
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Lorentz-boost exponentials

Bautista, Guevara '19
Guevara, AO, Vines '19

] also in Arkani-Hamed, Huang, O’Connell '19
Consider p; — po boost:

Py =e p(,ﬁzplk”E v)’ T , ,
) = Uy exp(ahho)1ty ¢ 2=
peTmEn s Uiy € SU(2)
2 ]:U12 anP( ik U;w)|1 ]
Self-duality of o#¥, ¥ implies
. Vo B_ I} . V5 o Q
2p1k v =Fk-ay, 2p1k M%B——k-aﬁ-

in terms of left- and right-handed reps of Pauli-Lubanski vector

1 ; 1 :
a,lu’a /6 f— el‘l’ypo-payo- /8 aI,U/,OC p— eluypo-paya' a.

@ 2m>2 po,x 2 B 2m2 po, [3
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Spin exponentials from Lorentz boosts

Arbirary-spin reps boost as

‘2>@28 — ek-a{U12‘1> }@28’ ’2]6)28 _ G_k'a{Ulﬂl] }@28
<2|@2s _ {U12<1|}®236_k.a’ [2’623 _ {U12[1|}®256k.a

Back to spin dependence of 3-pt amplitude:”

(0) (0)
ME = 2221 = 1] e

(0) (0)
— M3 [2|®23€—2k-a’1]®23 _ MB

m2$

—{ ULy 1\}®28 —hajq)©2s

— ./\/l( Je=ka lim (U12)®%*  unambigiously!

S§—00 S— 00

at is now classical (C-number) spin of Kerr BH

"m?* cancels due to (p®p®) = —[p?p°] = —me?.
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Classical limit:
spin coherent states

Want: extract classical spin dependence (S* € R%)
from quantum spin amplitudes (s € Z)

Kosower, Maybee, O'Connell '18
Maybee, O'Connell, Vines '19

Bern, Luna, Roiban, Shen, Zeng '20

de la Cruz, Maybee, O'Connell, Ross '20

23 /41



Impulse formulae

Kosower, Maybee, O'Connell '18

LO impulses: \uap - fou -

\, Maybee, O'Connell, Vines '19

Aph = << / d*k6(2pa- k)d(2py- k)kuei’f’b/hz’M4(k)>>
LG wwdiees
Ny oA N . o
ASQ‘ — <</d4k5(2pa° k)5(2pb' k)e—zk';‘b/h a‘_%c[:, ok S (,,bw* - g,,..a..ﬁ
Sb(.,\oﬁ °‘@ )i‘ A

x (‘ migpgs;mm(k) + 5%, W‘*(k”»

P2 P4
1 1
Pa = 5(191 + p2) Db = 5(]03 + pa)
b1 b3
Net effect of << ... >>
kK = hk" — 0, Py, ph — maut, Py, Py — mpuy,

T QM B Qi %
S1, 55 — muak, S5,8) — mpay, 2441



Wavepackets ﬂ1/
U
Momentum wavepacket in LX(’ (QW‘ v
Kosower, Maybee, O'Connell '18
. A 2 62
o) ~wew(-LL) » LB o, =0

Classical limit for momentum vs spin:
» amplitudes are functions of continously changing momenta

> vs little-group index dependence on spin

To model classical spin S* = ma*,
need spinning wavefunctions such that

2

(p") = mut, (pHp”)y = m utu” + negligible, etc.

(S*)Y = mat, (SHSY) = m*ata” + negligible, etc.
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Canonical coherent states

Harmonic oscillator: W

o N
En:ﬁfu(nr+1/2), Anp —\/mw( + /2)

App = \/mwh(n + 1/2)

T
HENH
S
x
Yo

laat]=24 . VO usn
D > = e_"“‘“"" @0‘”(507 _ S 5 o
=, e = Al =D, Xed
e T = 04,9 =) <& INLOIlo>=£(«, )
T e -
LK = &’W;‘N(of +L) <, = Io(\

Lx= '___(f(_—_,of\ <E>o<=t""([‘“t+jz)
A X= & 7-:%: ,DO(E = V—J\%E Vo
@aﬂs”\c& . “t‘—ao(\ , ‘DL\-’-O(F"’\‘_%‘»’aoQ

<Oy, = L, ) => 0,00, = LK, o2 s ) =<1 3%
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_ : dov
Spin coherent states BC“W e :r—\nﬂ' @%‘5“‘*’3‘3

{a“, OLT,] =$: 1 (aa )'f: a-‘!: QI‘I=[/Z — SU(2) s?&w indices
%S‘%O‘i &, a’ 16',651= il 6"
U(»

= Ly . vh Lk &W"’ NP‘?'S
2 ):‘j ,'33.13 kel a =) awb.-spin VP &) V()
% SU(’L)'COWI:»«* :)-5@5»\ shke Z ggaﬂwyemﬂ

\ 1S5 =2 —— qF #

\Joloy - ayl> = P 43, - Aaylod

“avrj-w) ¥ @) (J/U" A, 22N
) (3+w@\(}»V4\ 3+va ),v,
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~L it <<= X 0(13’,0( ~
>=c 2 2. : 1), Loy >
-‘ZAL‘L 4. -0y (23)

<iBier= £ & calalalios = B (42 & o) <
QQ.Q(W\L&--, “-k-—‘)ou %o(tor;[o(ll‘-. O(_ﬁk)__;m ¢XUZ:§"“‘Q
<G V> = <2+ 'Ej):%;) Lad s 1€ ( S'Lol)j
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1PM for general spins
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Holomorphic Classical Limit (HCL)

Cachazo, Guevara '17
Guevara '17

D2 D4

P1 P3

Idea: Replace k* = hk* — 0 by non-zero on-shell t = k? — 0
Indeed, k2 =0 = p;-k=0()=0

Mz(Lsa,Sb)(pl7_p2ap37_p4)
1 . s
= TZMé )(pla_p27 ki)Mi(), b)(p37_p47_k:‘:) + O(to)
+
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4-pt “classical amplitude” from HCL
Guevara, AO, Vines '19

D2 y2

—(Kk/2 22 28, _ L. Sy L.
M4: — (_2/ )2;/_2 ((1—1))2{U12<1’}® e k aa’1>®23a{U34[3’}@2 be k-ay ‘3]@2310
ma™® “my t

+(1+v)2{U12[1‘}®28a6k~aa‘1]®283{U34<3‘}®28b6k;.ab ‘3>®28b>

Remove parity-oddness using
v PO
Cpvpoy HLPa Dy,

k.aja’b :ik~w*aa,b, [w*aa,b]u =
MaMp YU
K\2m2m? ,
(Ma(k)) = (5 ) 2529? Do(1 £ 0)? expli(h-w ao)l,  aff = ok +al;
+
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4-pt scattering function

Guevara, AO, Vines '19
from momentum transfer/mismatch k*

K\2 mgm%

(My(k)) = — (—) 12 v Z(l + v)? exp[Ei(k - w * ag)]
+

2

to impact parameter b*
(My (b)) = / d*k6(2pa- k)6 (2pp- k)e M 4(k))

= _Gmambl 2(1 + U)Q log\/—(b F w *xap)?
v

b, =—PpP
Apb: b2<0
b b°pa:O
| } Ap, b-p, =20
b.=D

eikonal Fourier transform e.g. in Bjerrum-Bohr, Damgaard, Festuccia, Planté, Vanhove '18 /
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Linear and angular impulses from scattering function
Guevara, AO, Vines '19

(My (b)) = —Gmamb% Z(l + v)? logy/—(b T w * ap)?
+

Apt = << / d*k6(2pa- k)6 (2py - k)kuei’f'b/ﬁiM4(k)>> = —8—1)”</\/l4(b))

Aalt = mi<< /624165(2])&- K)o (2py,- k)e *b/h
(-t Ma) + 52 iMu()] ) )
1 9, 0
pav 2 uvpo i
[paaa obv ¢ PavQap aag] <M4(b)>

| *

2
my

Complete match to 1PM classical solution! Vines '17

"Relied on little-group so(3) algebra of S¥ in rest frame of p,, i.e.
14 ) vVpo ' Vpo aM
[Sg, Sa] = LGM p papSao' = [Sg, M4] == LCM P payS 4

a . .
Ma Ma P 087
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1PM classical solution for general spin orientations
Vines '17
Linear and angular impulses
Aptl = GmampRZ*

Aag“ _ _Gmb [pa (aa %Z) + Elwpo( 7 )papaaa}

My
in terms of an auxiliary complex vector

(bF w*ag),
(bF w * ag)?

2= T3 (1 0) [ F i)

Z* automatic from scattering function (My(b))

0 0

o Ma0)) = ~CmamRZ,, e Ma(b) = Gmami,SZ,
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2PM for aligned spins



Classical contributions from loops

» 1 loop triangles with massive propagators

> 1 loop boxes contribute to Ap"' | Kosower, Maybee, O'Connell '18

but not to scattering angle 6

Bjerrum-Bohr, Damgaard, Festuccia, Planté, Vanhove '18

Bern, Luna, Roiban, Shen, Zeng '20

> hlgher IOOpS discussed in talks by Bern, Cheung, Roiban, Shen, Solon, Zeng '19, '20

Bern, Parra-Martinez, Roiban, Ruf, Shen, Solon, Zeng '21
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2PM aligned-spin scattering angle from 1 loop

Guevara, AO, Vines '18

» Incoming spins L to scattering plane
= outgoing spins stay aligned, Aa,, = 0, scattering within plane
= scattering angle 6 implies Ap, 1,

» Use known non-spinning formula from eikonal

0 —F 0 d*k :
9gin - — v —ikb (8a,8b) 3
Y (2mgmyyv)? Ob /(2%)2 c sa,slggoo<M4 )+O(G)

Kabat, Ortiz '92; Akhoury, Saotome '13

Bjerrum-Bohr, Damgaard, Festuccia, Planté, Vanhove '18

> Triangle contributions encode 6

» Compute triangle coeffs in HCL

Cachazo, Guevara '17; Guevara '17

» Extract angular-momentum dependence from spin exponentials
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2PM aligned-spin scattering angle result

Guevara, AO, Vines '18

) dz (1—wvz)? z—v
0. — G2E@_% b — - a
=7 201 0b Jps1yy 2mi (22 — 1)3/2 T T
0
el-loop — 94 + 9[> — —7TG2E % [mbf(aa, CLb) + maf(a’b7 aa)] )
where
E = \/m§ + m% + 2ma”¢bﬂ?
1 — 2a)°
f(o-’ a) S b (] + CL) 7 + 0(0_5)’
2a dvse[(y+ )% — (2va)?]
g=vb+o +a, % =\/3? = dva(b + vo)

true at least through O(a?), possibly wrong beyond O(a*)

Bini, Damour '18
Vines, Steinhoff, Buonanno '18
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2PM aligned-spin scattering angle vs PN theory

GE (1£v)? 5., 0 ;
=" B E o as a y Wa
Y ey OB Gy S ) e, 0] +O(G

(taken through O(G?5%))
> agrees with older PN results through NNLO S2

Porto, Rothstein '06, '08; Levi '08, '10; Perrodin '10; Porto '10
Levi '11; Levi, Steinhoff '14 '15 '16

> agrees with newer PM results through S? g Luna, Roiban, Shen, Zeng '20

Liu, Porto, Yang '21
Kosmopoulos, Luna '21

> conjectures new results at 4.5PN (NLO S3) and 5PN (NLO S$%)

PN order | 1.5 25 3.5 4.5 5.5 6.5
0 1 2 3 4 5 6 need up to
N 1PN 2PN 3PN 4PN 1PM / tree
LO SO | NLO SO | NNLO SO 2PM / 1-loop
LO SA2 [ NLO S”*2 | NNLO S*2 3PM / 2-loop
LO SA3 NLO S~3 4PM / 3-loop
LO S*4 NLO S*4 5PM / 4-loop
LO SA5 6PM / 5-loop
LO S*6
table by Vines as of '19 39 /41




Gravitational Compton amplitude

£
—
=

)_l

|

=

v

=
«“+
RA
Ll

I

|

/’-N\
N | =X
~
~
®
N
V)
D

"

o)
/T\
~

= _(gf[z\@?s exp (—z’ oo >y1]®2s
- (5)2 (4]1]32 ([13](42) + (14)[32)) ™
; (2p1 - ka)(2p2 - ka)(2k3 - k4)

2
» first appeared in Arkani-Hamed, Huang, Huang '17
> problematic at s 2 2 double-copy aspects in Johansson, AO '19
> alternatives proposed in Chung, Huang, Kim, Lee '18; Falkowski, Machado 20
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Summary & outlook

» Spin exponentiation pattern inherent to Kerr BH
Guevara, AO, Vines
Bautista, Guevara
Guevara, AO, Vines
Arkani-Hamed, Huang, O'Connell

» 1PM match for general spin (to all orders in spin) Vines
» 2PM results for aligned spins:

» match at presently known orders in spins
» conjectured results for higher orders in spins

» Used HCL and KMOC formalism,
interplay between classical-limit approaches Cucvars

Bjerrum-Bohr, Damgaard, Festuccia, Planté, Vanhove
Cheung, Rothstein, Solon

Kosower, Maybee, O'Connell

Koemans Collado, Di Vecchia, Russo
Bjerrum-Bohr, Cristofoli, Damgaard, Vanhove
Maybee, O'Connell, Vines

Damgaard, Haddad, Helset

Kalin, Porto

Aoude, Hadded, Helset

Jakobsen, Mogull, Plefka, Steinhoff

Di Vecchia, Heissenberg, Russo, Veneziano
Bjerrum-Bohr, Damgaard, Planté, Vanhove

» Open questions at higher orders in G and spin

"18
19
'19
19

17

17
'18
18
"18
'19
19
'19
19
19
20
21
21
21
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