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Tidal Deformation

Astrophysical objects would deform when they are perturbed by external tidal 
fields.

Love (1912)
Poisson, Will (Gravity Textbook)

The tidal deformability of an object is quantified by its Love numbers, whose 
values depend on the internal structure of the object.



Tidal Dissipation

The viscosity of the object would result in a transfer of energy and angular 
momentum between the external tidal field and the object.

This tidal effect leads to tidal heating/torquing/acceleration of two-body systems. 
E.g. the gradual spin down of Earth along with the recession of the Moon. 

Poisson, Will (Gravity Textbook)



Tidal Effects in Waveforms

These responses leave distinct imprints in the phase of the gravitational 
waves emitted by binary systems.

A precise measurement of these phase imprints would allow us to probe the 
nature of the binary constituents.

Poisson, Sasaki [9412027]
Tagoshi, Mano, Takasugi [9711072] 

Flanagan, Hinderer [0709.1915]

Tidal dissipation
(2.5PN order onwards) 

Love numbers
(5PN order onwards)



Raithel, Özel, Psaltis [1803.07687], Chatziioannou [2006.03168]
Figures adapted from Aarts [1512.05145] & Baumann, HSC, Porto, Stout [1912.04932]

Measurements of these tidal effects could also provide hints for the existence of 
new types of compact objects, e.g. superradiant clouds, boson stars, etc.

For binary neutron stars, these tidal effects probe the high-density and low-
temperature regime of the QCD phase diagram.

Probing Binary Constituents with Tidal Effects 



Tidal Response of Black Holes

Black holes are the simplest and most abundant compact objects that are 
detected by the LIGO and Virgo observatories.

A detailed understanding of their tidal deformation and dissipation is a key goal 
in gravitational astrophysics and fundamental physics.

Kerr (1963)
Carter (1971)

Robinson (1975)



Black Holes do not Fall in Love

Black holes do not deform when they are perturbed by a static tidal field.

This conclusion holds for all values of black hole spin, ranging from 
Schwarzschild black holes to extremal Kerr black holes.

HSC [2010.07300]
Charalambous, Dubovsky, Ivanov [2102.08917]



Black Hole Dissipation

In general, energy and angular momentum are absorbed into the black hole. 

For highly-rotating black holes, the dissipative response would trigger mode 
amplification, which is a phenomenon known as superradiance.

HSC [2010.07300]
Charalambous, Dubovsky, Ivanov [2102.08917]

Highly-rotating 
black hole
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For a static external field, the material polarizes instantaneously.

P = �EE ,
<latexit sha1_base64="N5cYYy3ZBUuOLNdazDDqRbeiZNU="></latexit>

In electromagnetism, a dielectric medium would respond to its external 
electrostatic field      by acquiring an induced polarization:

Electrostatic Response

Jackson (Classical Electrodynamics textbook)

E
<latexit sha1_base64="g28oMpmxILEIqZOxxz9GrNLzKsQ="></latexit>

where       is the electric susceptibility of the medium.�E
<latexit sha1_base64="VtE0hx9S0eGZfRN/gBPCXUuHZXc="></latexit>

Applied: Measured:



where overdot denotes time derivative, and      is the typical time lag.
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<latexit sha1_base64="hGPOASArOvd8BGCCeOSj/PW1TiI="></latexit>

In general, the external electric field varies with time and the material does 
not polarize instantaneously. For a slowly-varying external field,

Electrodynamic Response

Jackson (Classical Electrodynamics textbook)

⌧0
<latexit sha1_base64="IyXL5UqK6NzANDPAQjk6LaLgChk="></latexit>
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Applied: Measured:



�E(!) = �(0)
E + i!⌧0�

(1)
E + · · ·

<latexit sha1_base64="REFuz0Fm4Q3UU2v0mzNXOeR5JSQ="></latexit>

where     is the frequency of the external electric field, and

In Fourier space, the electrodynamic response reads

P(!) = �E(!)E(!)
<latexit sha1_base64="YsUYMEku5q0R1XbW+c4yNz7p/MA="></latexit>

Conservative and Dissipative Effects

Jackson (Classical Electrodynamics textbook)

imaginary part = 
dissipative effect

real part = 
conservative effect

!
<latexit sha1_base64="cD7TttGyxo5B88sax7MkFTz+dNs="></latexit>



⇥

Static Tidal Response

In Newtonian gravity, a non-rotating body would respond to a static external 
tidal field by acquiring induced mass-type moments:

�Q`m / 2k`mE`m
<latexit sha1_base64="gjh7SaJCWgpuxbqMadAlX1PZdkY="></latexit>

Love (1912)
Poisson, Will (Gravity textbook)

where the proportionality constants        are called the Love numbers.k`m
<latexit sha1_base64="3lgD3NLAB00I/M5skgqvPbgJ0MA="></latexit>



⇥⇥

Time-Dependent Tidal Response

Poisson, Will (Gravity textbook)

Viscosity-induced  
     time lag,   ⌧0

<latexit sha1_base64="0ABMyVX4FB8AWOSaRi6cq3Fy2n4="></latexit>

where         are the dissipation numbers associated to the object’s viscosity.

For a slowly-varying external tidal field, the induced response is

�Q`m(t) / 2k`mE`m(t)� ⌧0⌫`mĖ`m(t) + · · · ,
<latexit sha1_base64="0vNFLi8CUhSFjhc7ZDp9wGV9/EY="></latexit>

static tides tidal dissipation dynamical tides
(subleading)

⌫`m
<latexit sha1_base64="2dKIU6Bul/u9kuXh53r3uD2G1tY="></latexit>



real part = 
conservative effect

imaginary part = 
dissipative effect

where     is the frequency of the external tidal field, and

F`m(!) = 2k`m + i!⌧0⌫`m + · · ·
<latexit sha1_base64="G+xErxU5c+YxBnyQDhIyO9u8Vdo="></latexit>

In Fourier space, the tidal response of a non-rotating body is

�Q`m(!) = F`m(!)E`m(!) ,
<latexit sha1_base64="gfY/D2yepDg7qBR+POgSvGWigpA="></latexit>

Tidal Response of a Non-rotating Body

Goldberger, Rothstein [0409156, 0511133]
Chakrabarti, Delsate, Steinhoff [1306.5820]

!
<latexit sha1_base64="cD7TttGyxo5B88sax7MkFTz+dNs="></latexit>



holds in the co-rotating frame, in which case      and               are tidal field’s 
frequency and angular momentum numbers as perceived in this frame.

For a rotating body, the functional form

F`0m0(!0) = 2k`0m0 + i!0⌧0⌫`0m0 + · · ·
<latexit sha1_base64="eBHJ0NBvUoVyeCeXRkUX38AT2Lk="></latexit>

E`m

For a rotating body, tidal dissipation can still occur in a static tidal field,             , 
due to the presence of relative motion between the body and the external field.

! = 0
<latexit sha1_base64="qr3horZM2VCSr1rS1n2OcuLFQ/g="></latexit>

Tidal Response of a Rotating Body

Co-rotating frame Observer’s frame

!0 = ! �m⌦
<latexit sha1_base64="EKWvIxCM74o2bTdcWEUebSnytCY="></latexit>

     = body’s angular frequency⌦
<latexit sha1_base64="XawF/IPAgtLEaDzjyNWxEdYcCM8="></latexit>

!
<latexit sha1_base64="VoMC3Fw7pfLPhL7I9TkiXCuGDA4="></latexit>

!0
<latexit sha1_base64="kVJS8DnEj9BjCntwdydLRBhVlTw="></latexit>

{`0,m0}
<latexit sha1_base64="w9oLRdyhwaB9pdb248tjDjaXpp8="></latexit>



⇥⇥r0
<latexit sha1_base64="seLMOzisYkCkfh6E7dgCkURRW48="></latexit>

R
<latexit sha1_base64="zgT7QkCpUn1jrJBKL3Tz53SsSS8="></latexit>

           “growing term” 
(applied external tidal field)

⇠ r�`�1
<latexit sha1_base64="VAfgIJabu/5fjoyMPYy3/tFwgzs="></latexit>

⇠ r`
<latexit sha1_base64="hUvlw/HdUk+ynjiCcbgebA/KZSE="></latexit>

In Fourier space, the total potential of the perturbed non-rotating body is

Measuring the Response Function

                “decaying term”
(object’s response)



In addition to the electric-type tides        , tidal perturbations in General 
Relativity are also described by the magnetic-type tides B`m

<latexit sha1_base64="MZIUClaah8ov8sZoxnroGifSNJo="></latexit>

Relativistic Tides

Zhang (1986)
Binnington Poisson [0906.1366], Damour Nagar [0906.0096]

E`m
<latexit sha1_base64="vpaxukJuuBLprwKVz5A0TTrgYE0="></latexit>

These magnetic-type tides source induced current-type moments, and the tidal 
response is analogous to magnetic susceptibilities in electromagnetism.



Weyl Scalars

For various practical reasons, it is convenient to decompose the Weyl tensor 
into five complex Weyl scalars in the Newman-Penrose formalism:

{ 0,  1,  2,  3,  4}
<latexit sha1_base64="+yKoM9VaLV49POlgtMZCwu4oWwU="></latexit>

⇥⇥

Newman and Penrose (1962)

The “peeling theorem” states that                               at               . n ⇠ O(r�5+n)
<latexit sha1_base64="kHtal/OBWHJAsWoPKUTqO9Cmfb4="></latexit>

r ! 1
<latexit sha1_base64="U1/Dj6P57PvnDAsPyRv4zFSc3Xc="></latexit>

 4 / ḧ+ � iḧ⇥
<latexit sha1_base64="HhvkYcD8nDDsnbonGbD+UX3QbKY="></latexit>

Measured:



For Kerr black holes, the linear perturbations of       (and      ) can be solved 
relatively easily through the Teukolsky equation.

Black Hole Perturbation Theory

Teukolsky (1972, 1973)
Press and Teukolsky (1973, 1974)

Sasaki, Tagoshi (Living Review)

Using this method, the gravitational wave fluxes emitted by extreme mass ratio 
inspirals have been computed to high perturbative orders.

 4
<latexit sha1_base64="W9T/TCX/blE4/Rfw4l4k6xdes+U="></latexit>

 0
<latexit sha1_base64="VW06Hy+PX82en/h616UVwcrxHSU="></latexit>



Re (M`m) / E`m , Im (M`m) / B`m
<latexit sha1_base64="lSMCpMzMQfErXJkKNswWJIPx3I4="></latexit>

where                    are the spacetime coordinates,           is the spin-weighted 
spheroidal harmonic, and           are amplitude constants.

One can show that the tidal moments modulate the amplitudes via

The Teukolsky equation separates       into a set of coupled ordinary differential 
equations. This is achieved through the separable form

{v, r, ✓,�}
<latexit sha1_base64="j60yLzLG85l2LWfabIafMXAkoLg="></latexit>

M`m
<latexit sha1_base64="hCYUy7+AB9CPGUolBv0H5AYjJ08="></latexit>

sS`m
<latexit sha1_base64="fkL3YJhmmXVs4zm3jA3OwXQFH00="></latexit>

Tidal Moments as Amplitude Modulations

Teukolsky (1972, 1973)
Chatziioannou, Poisson, Yunes [1211.1686]

HSC [2010.07300]

 4
<latexit sha1_base64="W9T/TCX/blE4/Rfw4l4k6xdes+U="></latexit>

⇢4 4 =
X

`m

e�i!v+im�R`m(r)�2S`m(✓)⇥M`m ,
<latexit sha1_base64="I3+hxURQaZvwOHJjr2cjh2PmhL8="></latexit>



The       “superradiance factor” captures all of the physics of the event horizon. 

where we have organised the radial equation in terms of its poles at            , andr±,1
<latexit sha1_base64="KHgD38vZSbTZdZJ3V1KqX85DhdQ="></latexit>

The Radial Teukolsky Equation

*In the the ingoing-Kerr coordinates and the Kinnersley null tetrad
Press and Teukolsky (1974)

HSC [2010.07300]

d2R

dr2
+
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r � r+
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◆
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✓
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(r � r�)2

� 4iP+

(r � r+)2
+

A� + iB�
(r � r�)(r+ � r�)

� A+ + iB+

(r � r+)(r+ � r�)

◆
R =

T

�
,

<latexit sha1_base64="2nycZLgTGKhtNnzJlFnVvXxE1/g="></latexit>

Dominates 
as r ! r+

<latexit sha1_base64="1zZwGc/kf7ACjHiX2wLK+qXq4FQ="></latexit>

P+ =
am� 2r+M!

r+ � r�
/ m⌦H � !

<latexit sha1_base64="qKh1bhdpU+WF6tj5HxgX3dtRlhs="></latexit>

The radial Teukolsky equation is*

P+
<latexit sha1_base64="UeNk/nhlxOi9UQRRh2hyJaF+az4="></latexit>



The Teukolsky equation allows for the easy incorporation of the boundary 
conditions at  the outer horizon,              , and at asymptotic infinity,              .

Boundary Conditions

near intermediate far

 4 :

Nr+ R

ingoing outgoingsource

0 r� r+ 1

 4 ⇠ Yin(r � r+)
2 + Yout(r � r+)

�2iP+ , r ! r+ ,

 4 ⇠ Zin/r
5 + Zoute

2i!(r+2M log r)/r , r ! 1 ,
<latexit sha1_base64="Oe5S1vFBWFRAu2IBAJOOQPURpFM="></latexit>

Press and Teukolsky (1974)
Figure from HSC [2010.07300]

The asymptotic radial behaviours at these locations are

r = r+
<latexit sha1_base64="QZiWoAeOgMWY+2CtCkijNNREIQ8="></latexit>

r ! 1
<latexit sha1_base64="rFbBPc721lHLrWxi9RS3pqNj3cs="></latexit>
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The metric of a perturbed relativistic spherical star has been computed in the 
literature for the static limit,             (no information about dissipation). E.g. ! = 0

<latexit sha1_base64="5HNneToTUqT6qZif3HOmY2mUIgw="></latexit>

Perturbed Spherical Star: Metric

Binnington, Poisson [0906.1366]
Damour, Nagar [0906.0096]

where         are the electric-type Love numbers. Other metric components 
depend on the magnetic-type Love numbers,         , as well.kB`m

<latexit sha1_base64="CsLh2/9UstTsjZ5e1CT/JAALkAU="></latexit>

kE`m
<latexit sha1_base64="Lt5GWsZ8DHovkYL0QO/duftSC78="></latexit>

E`m, B`m

(! = 0) kI`m 6= 0
<latexit sha1_base64="D4mKoR5C5cfnIvEAXNzfdPwmm8E="></latexit>



             “growing term” 
(applied external tidal field)
⇠ r`�2

<latexit sha1_base64="O1CoOmID3/FLdQUUtBaZ6SrzKhk="></latexit>

                 “decaying term”
(object’s response)

⇠ r�`�3
<latexit sha1_base64="9lEaoaJqX5G3kuJJohmZZP0RzLY="></latexit>

HSC [2010.07300]
*Recall the analogous          and                scalings in the Newtonian potential⇠ r�`�1

<latexit sha1_base64="lMX7waczPPxMpaZ5RWhaECVkSI4="></latexit>

⇠ r`
<latexit sha1_base64="sgEaIgNA2oJCVQauJcfCGnp8dHY="></latexit>

 Sph
4 (! = 0) =

X

I

X

`m

MI
`m �2Y`m(✓,�)

⇥

r`�2G`(r) + 2kI`mr`�2

⇣r0
r

⌘2`+1
D`(r)

�
,

<latexit sha1_base64="ImFgdudsMUAhGTn28vs+M2QMuKg="></latexit>

We can condense all information of the perturbed metric into the Weyl scalar:*

Perturbed Spherical Star: Weyl Scalar

where                       label quantities of electric- and magnetic-type characters:I = {E,B}
<latexit sha1_base64="QBsVxXyXfKVaebDiNx1lHPHV9Xs="></latexit>

ME
`m / E`m , MB

`m / iB`m ,
<latexit sha1_base64="nJ+/IOKRt2dymSketqKALcYGefM="></latexit>



The Love numbers are determined by matching the exterior metric with the 
boundary condition at the star’s surface,             .

Binnington, Poisson [0906.1366]
Damour, Nagar [0906.0096]

Spherical Star: Love Numbers

r = r0
<latexit sha1_base64="zXQiHamKyfYrHHo9OJvvYhw8nJw="></latexit>

E`m, B`m

(! = 0)

 Sph
4 (! = 0) / r`�2G`(r) + 2kI`mr`�2

⇣r0
r

⌘2`+1
D`(r) .

<latexit sha1_base64="lMcEW7AZO80Zhrjuj9scpsT9nTU="></latexit>

For a general star,                  . In addition, one would need to specify an 
equation of state for the star’s interior region to obtain boundary condition.

r0 > 2M
<latexit sha1_base64="ei0Ujez1oEpPuWhtll+hISL0DFM="></latexit>

kI`m 6= 0
<latexit sha1_base64="D4mKoR5C5cfnIvEAXNzfdPwmm8E="></latexit>



while       diverges logarithmically. The boundary condition at the event horizon* 
forces the decaying terms to vanish identically, which is only possible if                .

D`
<latexit sha1_base64="MSgX08ck6S5olXmcwT+IEVZE97Y="></latexit>

kI`m = 0
<latexit sha1_base64="mYWRawn2Iv1OVuQSKUNwsqT++Uo="></latexit>

For a Schwarzschild black hole,                 .

Schwarzschild Black Hole: Love Numbers

 Sph
4 (! = 0) / r`�2G`(r) + 2kI`mr`�2

⇣r0
r

⌘2`+1
D`(r) .

<latexit sha1_base64="lMcEW7AZO80Zhrjuj9scpsT9nTU="></latexit>

E`m, B`m

(! = 0)

Binnington, Poisson [0906.1366], Damour, Nagar [0906.0096], Kol, Smolkin [1110.3764]
*Recall that the purely ingoing wave scales as                          .        4 ⇠ (r � r+)

2
<latexit sha1_base64="Ksc6xRumliFzB1/rodnzhbsY0PI="></latexit>

Furthermore, as we approach the event horizon,

r0 = 2M
<latexit sha1_base64="UgscXapQfNIlur9oTs3uC768xXc="></latexit>

r`�2G`(r) ⇠ (r � 2M)2 , r ! 2M ,
<latexit sha1_base64="0DOTHsgTUO6Ftapglaoy052EgVU="></latexit>

kI`m = 0
<latexit sha1_base64="mYWRawn2Iv1OVuQSKUNwsqT++Uo="></latexit>

No deformation



where                                 is the zero-spin limit of the superradiance factor.iP̃+ = �i!(2M)
<latexit sha1_base64="PkSWtykvF8mSxoSP0Pa+Hh35Vuw="></latexit>

To derive the dissipative response of the Schwarzschild black hole, we solve 
the Teukolsky equation perturbatively in                 . At leading order, we findM! ⌧ 1

<latexit sha1_base64="53ED8U+Dyv81IMDP95Ct57xPdSU="></latexit>

 Schw
4 (! = 0) / 2F1(2� `, `+ 3; 3; 1� r/2M) .

<latexit sha1_base64="QYDS/ip8ikzzPsb4bzhMam4Mlv8="></latexit>

HSC [2010.07300]

The discussion above was restricted to the static limit. 

Schwarzschild Black Hole: Solution

E`m, B`m

(! 6= 0) ⌫I`m 6= 0
<latexit sha1_base64="hwJjHfYu1HSxY0C0Qh1TmR3FiCo="></latexit>

kI`m = 0
<latexit sha1_base64="mYWRawn2Iv1OVuQSKUNwsqT++Uo="></latexit>

Absorption of energy and 
angular momentum fluxes

 Schw
4 (M! ⌧ 1) / 2F1(2� `, `+ 3; 3 + 2iP̃+; 1� r/2M) .

<latexit sha1_base64="LPTi3/2B6g1+cbM/PL2dv3FbBfM="></latexit>



The tidal response is obtained by expanding the Weyl scalar at large distances:

We obtain the general expression for the dissipation numbers           , which 
recovers known results for the first few orders of    in the literature.     

F I,Schw
`m (!) = 0 + i!(2M)⌫Schw`m + · · ·

<latexit sha1_base64="Xbp+JNnRKN6HFD0+yq4C1PQf/I8="></latexit>

⌫Schw`m
<latexit sha1_base64="dpAZl6xzmNEQMIKKktvywLGyL20="></latexit>

Well-known result in the literature

 Schw
4 / r`�2

"
(1 + · · · ) + F I,Schw

`m

✓
2M

r

◆2`+1

(1 + · · · )
#
, r � 2M

<latexit sha1_base64="Os1MSbUVME4XL10l4JSqbq67wWI="></latexit>

`
<latexit sha1_base64="6AnImVLIpIJvwsCzVK0NsXWqva8="></latexit>

HSC [2010.07300]
Binnington, Poisson [0906.1366], Damour, Nagar [0906.0096], Kol, Smolkin [1110.3764]

Goldberger, Rothstein [0511133]

Schwarzschild Black Hole: Total Response



where                  is the black hole light crossing time.

Schwarzschild black hole:

F I,Schw
`m (!) = 0 + i!(2M)⌫Schw`m + · · ·

<latexit sha1_base64="Xbp+JNnRKN6HFD0+yq4C1PQf/I8="></latexit>

At             , tidal dissipation and all higher order terms of the Schwarzschild 
response function vanish identically.

⌧0 = 2M
<latexit sha1_base64="m7l2PsZxJU/7QWln4dmxi26qTeY="></latexit>

Non-rotating body in Newtonian gravity:

Newtonian vs Schwarzschild Response

F`m(!) = 2k`m + i!⌧0⌫`m + · · ·
<latexit sha1_base64="G+xErxU5c+YxBnyQDhIyO9u8Vdo="></latexit>

HSC [2010.07300]
Poisson [2012.10184]

! = 0
<latexit sha1_base64="4q78ji5zNig/Agn6+PSwHGLeOjY="></latexit>

E`m, B`m

(! = 0)

Schwarzschild black 
holes do not respond to 

static tides
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Easy to check that this reduces to the Schwarzschild solution at            .

Repeating the same exercise as above, we can derive the tidal response of 
Kerr black hole’s tidal response through the Teukolsky equation:

Kerr Black Hole: Solution

HSC [2010.07300]

E`m, B`m

(! 6= 0)

 Kerr
4 (M! ⌧ 1) / 2F1

�
2� `, `+ 3; 3 + 2iP+; (r+ � r)/(r+ � r�)

�
.

<latexit sha1_base64="HFh0lESwvlZ8yNYkUsdX5BZr3PI="></latexit>

⌫I`m 6= 0
<latexit sha1_base64="hwJjHfYu1HSxY0C0Qh1TmR3FiCo="></latexit>

kI`m = 0
<latexit sha1_base64="mYWRawn2Iv1OVuQSKUNwsqT++Uo="></latexit>

⌦H
<latexit sha1_base64="pbJjw0byuzRZiSG7UyOpt4RRMgw="></latexit>

Deformation is spin-induced, 
not tidally-induced!



• Rotating black holes do not fall in Love

- true for all spins, all           , and both electric-type and magnetic-type tides
- generalizes partial results known in the literature

• Tidal dissipation is proportional to the so-called superradiance factor

   which can either be negative (energy loss) or positive (energy extraction) 

HSC [2010.07300]
Poisson [1411.4711], Pani, Gualtieri, Maselli, Ferrari [1503.07365]

 Goldberger, Li, Rothstein [2012.14869], Charalambous, Dubovsky, Ivanov [2102.08917, 2103.01234]
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+ · · ·
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We also solve for the response function of the Kerr black hole:

Kerr Black Hole: Tidal Response

{`,m}
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Kerr black hole:

Schwarzschild vs Kerr Response

Schwarzschild black hole:

Unlike the Schwarzschild black hole, the Kerr black hole still experiences 
dissipation at              due to the relative motion between the black hole’s rotation 
and the static tidal field.

! = 0
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E`m, B`m

(! = 0)

⌦H
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The Kerr black hole does 
respond to static tides 

through dissipation
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Kerr
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+ · · ·
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HSC [2010.07300]
 Goldberger, Li, Rothstein [2012.14869]

Charalambous, Dubovsky, Ivanov [2102.08917]

F I,Schw
`m (!) = 0 + i!(2M)⌫Schw`m + · · ·
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Claims of “Spinning Black Holes Fall in Love”

HSC [2010.07300]
Poisson [1411.4711], Pani, Gualtieri, Maselli, Ferrari [1503.07365]

 Goldberger, Li, Rothstein [2012.14869], Charalambous, Dubovsky, Ivanov [2102.08917, 2103.01234]

In the first version of the arXiv paper, the authors claimed that the non-vanishing 
term is the conservative tidal Love numbers. Instead, those are dissipation 
numbers at the static limit, which are non-vanishing due to frame dragging.

Le Tiec, Casals [2007.00214] (PRL) + Franzin [2010.15795]:
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(!,⌦H) = 0� i(m⌦H � !) [2Mr+/(r+ � r�)] ⌫
Kerr
`m

+ · · ·
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In the revised version of the draft, the authors 
redefined what they mean by “Love numbers”. 
They also added:

! = 0
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Black Holes do not Fall in Love

Regardless of difference in definitions/nomenclatures, the physical imprints 
of those tidal effects on waveforms are unambiguous.

• Tidal deformation (first appears at 5PN in waveform phase): 

• Tidal dissipation (first appears at 2.5PN in waveform phase): / m⌦H � !
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HSC [2010.07300]
Poisson [1411.4711], Pani, Gualtieri, Maselli, Ferrari [1503.07365]

 Goldberger, Li, Rothstein [2012.14869], Charalambous, Dubovsky, Ivanov [2102.08917, 2103.01234]

The GW community commonly refers to        , not        , as Love numbersk`m
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Tidal dissipation
(2.5PN order onwards) 

Love numbers
(5PN order onwards)

In the PN expansion,                  , where    is the typical binary velocity. For a 
Schwarzschild black hole, where                , tidal dissipation is suppressed by 
an additional factor of      and therefore first appears at 4PN order.

P+ / m⌦H � !
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Tidal Dissipation in Schwarzschild vs Kerr BHs

The superradiance factor is responsible for an enhancement of tidal 
dissipation in rotating black holes, compared to Schwarzschild black holes. 

Poisson, Sasaki [9412027]
Tagoshi, Mano, Takasugi [9711072] 

Flanagan, Hinderer [0709.1915]
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However, this is a red-herring and can be resolved by performing a matched 
asymptotic expansion between the solutions in the regions of spacetime.

There are also claims in the literature that Love numbers are “ambiguous” in 
General Relativity (related to coordinate transformation arguments)

Love is Unambiguous

near intermediate far

 4 :

Nr+ R

ingoing outgoingsource

0 r� r+ 1

Gralla [1710.11096]
HSC [2010.07300]

Charalambous, Dubovsky, Ivanov [2102.08917]



Recent work has found a remarkable hidden                 symmetry and a 
ladder symmetry associated to the black hole horizon, which is responsible 
for vanishing Love only at D=4.

It is known for some time that Love numbers of (Schwarzschild black holes) 
are only zero at four spacetime dimensions, but not at higher dimensions.

Why is Love only Vanishing at D=4?

Kol, Smolkin [1110.3764]
Hui, Joyce, Penco, Santoni, Solomon [2010.00593, 2105.01069 ] 

Charalambous, Dubovsky, Ivanov [2103.01234]

From a field theory perspective:

Symmetry?

SL(2,R)
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$
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Vanishing Love number



Thank you for your attention!

HSC [2010.07300]

Tidal deformation Tidal dissipation

Highly-rotating 
black hole

Rotating black holes  
do not fall in Love Black hole dissipation can induce 

mode absorption and amplification



Supplementary Slides



In General Relativity, the tidal perturbations are characterised by both the 
electric-type and magnetic-type tidal moments

Relativistic Tides

The tidal moments in the STF representation can be rewritten in terms of the 
spherical harmonic representation:

where          is the Weyl tensor, and     is the time-like unit vector of a Fermi  
comoving observer.

Zhang (1986)



 0 = Cµ⌫⇢� l
µm⌫ l⇢m� ,

 1 = Cµ⌫⇢� l
µn⌫ l⇢m� ,

 2 = Cµ⌫⇢� l
µm⌫m̄⇢n� ,

 3 = Cµ⌫⇢� l
µn⌫m̄⇢n� ,

 4 = Cµ⌫⇢�n
µm̄⌫n⇢m̄� ,
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where        are real,      is the complex conjugate of     , and they obey                                                                                             
.                                        , with all other inner products vanish.

In the Newman-Penrose formalism, the Weyl tensor can be decomposed into 
five complex Weyl scalars through a set of null tetrad:

Newman-Penrose Weyl Scalars

Newman and Penrose (1962)
Szekeres (1965)

Ingoing transverse wave

Ingoing longitudinal wave

“Coulomb” field

Outgoing longitudinal wave

Outgoing transverse wave

l, n
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m̄
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m
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lµnµ = �mµm̄µ = �1
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For a “star”, such as the Kerr black hole, only       is non-vanishing.
For gravitational waves, only             are non-vanishing.

 2
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 1, 3
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 0, 4
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Each of the Weyl scalars represents different “shearing” forces:

“Shearing” Forces of the Weyl Scalars

Newman and Penrose (1962)
Szekeres (1965)
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and C!bed is the dual of the Weyl tensor, 
C* - 1.(_ 1 ;; abed - 2 g) EabiiC cd, 

where Eobed is the Levi-Civita alternating symbol. 
The different Petrov types can be distinguished by 

the possibility of setting various combinations of 
the coefficients C(p.) (Ji. = 1, ... , 5) equal to zero 
in a suitable frame. 5 Thus Petrov type N is char-
acterized by the fact that there exists a null vector 
kG satisfying 

and by adapting the tetrad (5) to this null vector 
we have that C(2) = C(3) = C(4) = C(5) = O. By 
a spacelike rotation ta ei8ta it is furthermore 
possible to make C(I) real. Any observer moving 
in a timelike direction uG can set up a frame in 
which these conditions are satisfied, and the devia-
tion of free test particles about him will be given by 
substituting into (3) and making use of (5): 

oxa = !C(I)(eaee - eaee) oxe. (8) 
1 1 2 2 

This exhibits the well known transverse character 
of Petrov type N fields 6

; ea and ea are a pair of polar-
1 2 

ization axes lying in the plane orthogonal to sa 
[Fig. 2(a)]. As this character is completely independ-
ent of the observer uG

, we call these fields pure 
transverse gravitational waves; sG is the wave direction 
relative to the observer uG

• 

In Petrov type-III fields there exists a null vector 
satisfying 

and by choosing kG in (5) along this direction we 
have C(3) = C(4) = C(5) = O. A spacelike rotation 
can again be used to make C(2) real. The second 
term on the right-hand side of (7) will then con-
tribute a deviation 

oxa = !C(2,(SGee + ease) oxe • (9) 
1 1 

Thus the force distribution has a planar character 
similar to that in (8) but this time the plane contains 
the wave direction Sa; thus we may term this a 
longitudinal wave component. The polarization axes 
are tilted at 45° to ea and sa [Fig. 2(b)]. In general 

1 

there will be a transverse C(O term such as (8) super-
imposed on the longitudinal component, but there 
is a special class of observers who can make C(1) = O. 
This is the class of observers for which u a lies in 

6 F. A. E. Pirani, Phys. Rev. 105, 1089 (1957). 

(bl 

(el 

FIG. 2. The forces on the gravitational compass arising 
(a) from a transverse gravitational (b) from the longi-
tudinal component, and (c) from the voulomb component. 

the timelike 2-space spanned by the two Debever 
vectors ka and mao 

The C(3) term of Eq. (7) gives rise to a contribution 

oxa = ci 3
) [sase - Heaee + eaee)] oxe , (10) 

1 1 2 2 

where 

This force distribution has the effect of distorting a 
sphere of particles about the observer into an ellipsoid 
which has sa as principal axis and is degenerate in 
the plane perpendicular to sa [Fig. 2(c)]. This is 
typical of the behavior of particles falling in towards 
a central attracting body with the inverse square 
law (e.g., in the Schwarzschild solution, or in New-
tonian theory). Hence, we call this term the Coulomb 
part of the field; the strength of the Coulomb field 
is given by the real part of C(3). In a field of Petro v 
type D it is always possible to find a frame in which 
C(I) = C(2) = e(4) = C(5) = 0, and hence, an ob-
server for whom the force distribution will take on 
the appearance of Fig. 2(c). 

In a Petrov type-II field the best we can do is 
to make C(2) = C(4) = C(5) = 0, so that it can be 
viewed as a Coulomb field with an outgoing wave 
component superimposed. In the algebraically gen-
eral case (Petrov type I) we must always get some 
contributions from C(4) and C(5) as well; at best 
it is possible to find a frame in which C(2) = C(4) = O. 
To an observer in this frame the field will appear 
as a Coulomb field with incoming and outgoing 
transverse waves superimposed along the principal 
axis of the Coulomb field. This setting up of pre-
ferred frames with which to look at the gravitational 
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transverse longitudial “Coulomb”
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where dot denotes time derivative.

For an outgoing plane wave,                                             , while       encodes 
the two independent GW polarizations that we measure at large distances

The “peeling theorem” states that each of these Weyl scalars decays as

The Peeling Theorem

Newman and Penrose (1962)

 n ⇠ O
�
r�5+n

�
, r ! 1
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For example:

• the                           scaling of the “Coulomb” field represents the dominant 
tidal force that are sourced by stars;

• the                            scaling implies that the outgoing transverse waves                          
dominate the gravitational field at large distances. 
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