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SOME CONTEXT…

• Effects of correlations and interaction enhanced and lead to dramatic effects                   
(ex: Fermi liquid replaced by Luttinger Liquid theory) 

• Many available tools, both analytical (ex: CFT 1+1D, lattice/field theory integrability) and 
numerical (ex: tensor-networks based algorithms, as DMRG)

ULTRACOLD ATOMS EXPERIMENTS [ Weiss, Bloch, Schmiedmayer, Dalibard, Bouchoule …]

Rev. Mod. Phys. 83, 1405 Nature 440 900 Science 348, 6231 

Interacting 1D Quantum Many-Body systems : WHY INTERESTING?
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THERMALIZATION OF 1-D SYSTEMS?
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THERMALIZATION OF 1-D SYSTEMS?

lim
t→∞

⟨ψt |Oloc |ψt⟩ = Tr (Olocρstat), ρstat = ?EQUILIBRIUM :
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Gibbs ensemble
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THERMALIZATION OF 1-D SYSTEMS?

THERMAL

ρGibbs = e−βH

Gibbs ensemble

GENERALIZED

ρGGE = e−∑i βiQi

Generalized Gibbs ensemble (GGE)

lim
t→∞

⟨ψt |Oloc |ψt⟩ = Tr (Olocρstat), ρstat = ?EQUILIBRIUM :
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HYDRODYNAMICS: THE EULER SCALE

[Picture from: Dubail, Physics 9, 153]

SEPARATION OF LENGTH SCALES

d ≪ ℓ ≪ L

• Macroscopic scale : 

• Microscopic scale : 

• MESOSCOPIC scale:

L = ρ/∂xρ

d

SEPARATION OF TIME SCALES

τrelax

τrelax ≪ t ≪ T

• Macroscopic time : 

• Microscopic time : 

• MESOSCOPIC time:

T = ρ/∂tρ

H. Spohn, Large Scale Dynamics of Interacting Particles (1991)
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CONTINUITY EQUATIONS:

We thus end up with a simple hydrodynamic equation which governs the
evolution of the density ⇢(x), by combining the continuity equation with the
equation of state,

@t⇢+ @xF (⇢) = 0. (1.4)

That description is coarse-grained: we have obviously lost a huge amount of
information from the microscopic model. Nevertheless it becomes an exact
description at large scales (i.e. in the limit a ! 0 with our notations).

These equations are the hydrodynamic equations at the Euler scale for
the ASEP. The name Euler scale refers to the largest length- and time-scale,
at which there is no dissipation. It corresponds precisely to the regime of
separation of scales that we described in paragraph 1.1.2, with the conclusion
that the current j is a function of the density ⇢ only (as opposed to a function
of ⇢ and its derivatives @x⇢, @2

x⇢, . . . which would lead to dissipative terms
that would be beyond the Euler scale).

At the Euler scale, two di↵erent microscopic models look exactly the
same if and only if they have the same equation of state.1 When they do,
they can di↵er only by microscopic fluctuations.

1.2 Hydrodynamics of galilean invariant systems

The ASEP has a single conserved quantity: the number of particles. That
is why its hydrodynamic description involves only the particle density ⇢(x).
In these notes I will focus on 1d gases with more conserved quantities such
as the momentum or the energy; let me briefly sketch the Euler-scale hydro-
dynamics of these systems.

1.2.1 Systems with conservation of mass, momentum and

energy

In a continuous translation-invariant system, the momentum is a conserved
quantity with a local density. If the energy is also conserved, then there are
three continuity equations expressing conservation of mass, momentum and
energy:

@t⇢+ @xj = 0

@t⇢P + @xjP = 0 (1.5)

@t⇢E + @xjE = 0.
1This is true as long as no shock appears in the solution of the equations (1.4). If

a shock develops (i.e. a singularity of ⇢(x)), then one needs additional input from the
microscopic model in order to properly regularize the shock.

8

• Mass 

• Momentum 

• Energy

CONSERVATION LAWS:

(CONVENTIONAL) HYDRODYNAMICS

⟨O(x)⟩t = ⟨O(x)⟩ρGibbs
, ρGibbs = ρGibbs(x, t)
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CONSERVATION LAWS: CONTINUITY EQUATIONS:

∂tqi + ∂x ji = 0 i = 1,2,⋯

GENERALIZED HYDRODYNAMICS (GHD)  

Qi = ∫ qi(x) dx i = 1,2,⋯

Castro-Alvaredo, Doyon, Yoshimura, PRX 6, 041065 (2016) 
Bertini, Collura, De Nardis, Fagotti, PRL 117, 207201 (2016)
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“Occupation function” “Rapidities” 
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CONSERVATION LAWS: CONTINUITY EQUATIONS:

∂tqi + ∂x ji = 0 i = 1,2,⋯

f dr(θ) = f(θ) + ∫
dθ′ 

2π
dϕ(θ − θ′ )

dθ
n(θ′ )f dr(θ′ )

GENERALIZED HYDRODYNAMICS (GHD)  

veff(θ) =
(E′ )dr(θ)
(p′ )dr(θ)

∂tn(θ) + veff(θ)∂xn(θ) = 0 +

⟨O(x)⟩t = ⟨O(x)⟩ρGGE
, ρGGE = ρGGE(x, t)

|θ1, ⋯, θN⟩ TDL

“Occupation function” “Rapidities” 

n(θ)EIGENSTATES:

Qi = ∫ qi(x) dx i = 1,2,⋯
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“FREE” GHD
θ → p,

n(x, θ; t) → n(x, p; t)

\

veff → p,

Evolution Wigner function≡GHD
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ZERO-ENTROPY STATES

Doyon, Dubail, Konik, Yoshimura, PRL119, 195301 (2017)



QUA N T U M GE N E R A L I Z E D  HY D RO DY N A M I C SPAOL A RUGGIERO 7

x
<latexit sha1_base64="6CHQZZ5vhXu5c7MjdlJAUaULUk0="></latexit><latexit sha1_base64="6CHQZZ5vhXu5c7MjdlJAUaULUk0="></latexit><latexit sha1_base64="6CHQZZ5vhXu5c7MjdlJAUaULUk0="></latexit><latexit sha1_base64="6CHQZZ5vhXu5c7MjdlJAUaULUk0="></latexit>

✓
<latexit sha1_base64="6fm6vKIG+k77utx5OwcqRXqeAqM="></latexit><latexit sha1_base64="6fm6vKIG+k77utx5OwcqRXqeAqM="></latexit><latexit sha1_base64="6fm6vKIG+k77utx5OwcqRXqeAqM="></latexit><latexit sha1_base64="6fm6vKIG+k77utx5OwcqRXqeAqM="></latexit>

�t
<latexit sha1_base64="SizGX757Eam59KB/s6A2Dw1aaYg="></latexit><latexit sha1_base64="SizGX757Eam59KB/s6A2Dw1aaYg="></latexit><latexit sha1_base64="SizGX757Eam59KB/s6A2Dw1aaYg="></latexit><latexit sha1_base64="SizGX757Eam59KB/s6A2Dw1aaYg="></latexit>

(xt(s), ✓t(s))
<latexit sha1_base64="AFXJE+ly5s2ugUXUcNGujjS4Yss="></latexit><latexit sha1_base64="AFXJE+ly5s2ugUXUcNGujjS4Yss="></latexit><latexit sha1_base64="AFXJE+ly5s2ugUXUcNGujjS4Yss="></latexit><latexit sha1_base64="AFXJE+ly5s2ugUXUcNGujjS4Yss="></latexit>

s
<latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit><latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit><latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit><latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit>

x
<latexit sha1_base64="6CHQZZ5vhXu5c7MjdlJAUaULUk0="></latexit><latexit sha1_base64="6CHQZZ5vhXu5c7MjdlJAUaULUk0="></latexit><latexit sha1_base64="6CHQZZ5vhXu5c7MjdlJAUaULUk0="></latexit><latexit sha1_base64="6CHQZZ5vhXu5c7MjdlJAUaULUk0="></latexit>

✓
<latexit sha1_base64="6fm6vKIG+k77utx5OwcqRXqeAqM="></latexit><latexit sha1_base64="6fm6vKIG+k77utx5OwcqRXqeAqM="></latexit><latexit sha1_base64="6fm6vKIG+k77utx5OwcqRXqeAqM="></latexit><latexit sha1_base64="6fm6vKIG+k77utx5OwcqRXqeAqM="></latexit>

�t
<latexit sha1_base64="SizGX757Eam59KB/s6A2Dw1aaYg="></latexit><latexit sha1_base64="SizGX757Eam59KB/s6A2Dw1aaYg="></latexit><latexit sha1_base64="SizGX757Eam59KB/s6A2Dw1aaYg="></latexit><latexit sha1_base64="SizGX757Eam59KB/s6A2Dw1aaYg="></latexit>

s
<latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit><latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit><latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit><latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit>

x
<latexit sha1_base64="DYAcnbDwieM+34SWpiDUISXKSPA="></latexit><latexit sha1_base64="DYAcnbDwieM+34SWpiDUISXKSPA="></latexit><latexit sha1_base64="DYAcnbDwieM+34SWpiDUISXKSPA="></latexit><latexit sha1_base64="DYAcnbDwieM+34SWpiDUISXKSPA="></latexit>

x+ dx
<latexit sha1_base64="sgj5+SF98RyRZRBciep5TqvmINg="></latexit><latexit sha1_base64="sgj5+SF98RyRZRBciep5TqvmINg="></latexit><latexit sha1_base64="sgj5+SF98RyRZRBciep5TqvmINg="></latexit><latexit sha1_base64="sgj5+SF98RyRZRBciep5TqvmINg="></latexit>

✓1
<latexit sha1_base64="OzSaw+9e+wajcomwXB0mjiptewA="></latexit><latexit sha1_base64="OzSaw+9e+wajcomwXB0mjiptewA="></latexit><latexit sha1_base64="OzSaw+9e+wajcomwXB0mjiptewA="></latexit><latexit sha1_base64="OzSaw+9e+wajcomwXB0mjiptewA="></latexit>

✓2
<latexit sha1_base64="5FeuDvHsxeJbbG+FbhwBG6bCoCk="></latexit><latexit sha1_base64="5FeuDvHsxeJbbG+FbhwBG6bCoCk="></latexit><latexit sha1_base64="5FeuDvHsxeJbbG+FbhwBG6bCoCk="></latexit><latexit sha1_base64="5FeuDvHsxeJbbG+FbhwBG6bCoCk="></latexit>

✓3
<latexit sha1_base64="mJXW6kH1I94ybZX8R2WZZIs1yh0="></latexit><latexit sha1_base64="mJXW6kH1I94ybZX8R2WZZIs1yh0="></latexit><latexit sha1_base64="mJXW6kH1I94ybZX8R2WZZIs1yh0="></latexit><latexit sha1_base64="mJXW6kH1I94ybZX8R2WZZIs1yh0="></latexit>

✓4
<latexit sha1_base64="HiPwEPNVMBmOJ40sl/OwlbgwcWs="></latexit><latexit sha1_base64="HiPwEPNVMBmOJ40sl/OwlbgwcWs="></latexit><latexit sha1_base64="HiPwEPNVMBmOJ40sl/OwlbgwcWs="></latexit><latexit sha1_base64="HiPwEPNVMBmOJ40sl/OwlbgwcWs="></latexit>

�⇢̂(s)
<latexit sha1_base64="os50qgYPa+nF/bSgRWRKewVvnn8="></latexit><latexit sha1_base64="os50qgYPa+nF/bSgRWRKewVvnn8="></latexit><latexit sha1_base64="os50qgYPa+nF/bSgRWRKewVvnn8="></latexit><latexit sha1_base64="os50qgYPa+nF/bSgRWRKewVvnn8="></latexit>

n(x, θ) = {1 if (x, θ) in Γt

0 otherwise .

ZERO-ENTROPY STATES

Doyon, Dubail, Konik, Yoshimura, PRL119, 195301 (2017)



QUA N T U M GE N E R A L I Z E D  HY D RO DY N A M I C SPAOL A RUGGIERO 7

x
<latexit sha1_base64="6CHQZZ5vhXu5c7MjdlJAUaULUk0="></latexit><latexit sha1_base64="6CHQZZ5vhXu5c7MjdlJAUaULUk0="></latexit><latexit sha1_base64="6CHQZZ5vhXu5c7MjdlJAUaULUk0="></latexit><latexit sha1_base64="6CHQZZ5vhXu5c7MjdlJAUaULUk0="></latexit>

✓
<latexit sha1_base64="6fm6vKIG+k77utx5OwcqRXqeAqM="></latexit><latexit sha1_base64="6fm6vKIG+k77utx5OwcqRXqeAqM="></latexit><latexit sha1_base64="6fm6vKIG+k77utx5OwcqRXqeAqM="></latexit><latexit sha1_base64="6fm6vKIG+k77utx5OwcqRXqeAqM="></latexit>

�t
<latexit sha1_base64="SizGX757Eam59KB/s6A2Dw1aaYg="></latexit><latexit sha1_base64="SizGX757Eam59KB/s6A2Dw1aaYg="></latexit><latexit sha1_base64="SizGX757Eam59KB/s6A2Dw1aaYg="></latexit><latexit sha1_base64="SizGX757Eam59KB/s6A2Dw1aaYg="></latexit>

(xt(s), ✓t(s))
<latexit sha1_base64="AFXJE+ly5s2ugUXUcNGujjS4Yss="></latexit><latexit sha1_base64="AFXJE+ly5s2ugUXUcNGujjS4Yss="></latexit><latexit sha1_base64="AFXJE+ly5s2ugUXUcNGujjS4Yss="></latexit><latexit sha1_base64="AFXJE+ly5s2ugUXUcNGujjS4Yss="></latexit>

s
<latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit><latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit><latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit><latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit>

x
<latexit sha1_base64="6CHQZZ5vhXu5c7MjdlJAUaULUk0="></latexit><latexit sha1_base64="6CHQZZ5vhXu5c7MjdlJAUaULUk0="></latexit><latexit sha1_base64="6CHQZZ5vhXu5c7MjdlJAUaULUk0="></latexit><latexit sha1_base64="6CHQZZ5vhXu5c7MjdlJAUaULUk0="></latexit>

✓
<latexit sha1_base64="6fm6vKIG+k77utx5OwcqRXqeAqM="></latexit><latexit sha1_base64="6fm6vKIG+k77utx5OwcqRXqeAqM="></latexit><latexit sha1_base64="6fm6vKIG+k77utx5OwcqRXqeAqM="></latexit><latexit sha1_base64="6fm6vKIG+k77utx5OwcqRXqeAqM="></latexit>

�t
<latexit sha1_base64="SizGX757Eam59KB/s6A2Dw1aaYg="></latexit><latexit sha1_base64="SizGX757Eam59KB/s6A2Dw1aaYg="></latexit><latexit sha1_base64="SizGX757Eam59KB/s6A2Dw1aaYg="></latexit><latexit sha1_base64="SizGX757Eam59KB/s6A2Dw1aaYg="></latexit>

s
<latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit><latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit><latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit><latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit>

x
<latexit sha1_base64="DYAcnbDwieM+34SWpiDUISXKSPA="></latexit><latexit sha1_base64="DYAcnbDwieM+34SWpiDUISXKSPA="></latexit><latexit sha1_base64="DYAcnbDwieM+34SWpiDUISXKSPA="></latexit><latexit sha1_base64="DYAcnbDwieM+34SWpiDUISXKSPA="></latexit>

x+ dx
<latexit sha1_base64="sgj5+SF98RyRZRBciep5TqvmINg="></latexit><latexit sha1_base64="sgj5+SF98RyRZRBciep5TqvmINg="></latexit><latexit sha1_base64="sgj5+SF98RyRZRBciep5TqvmINg="></latexit><latexit sha1_base64="sgj5+SF98RyRZRBciep5TqvmINg="></latexit>

✓1
<latexit sha1_base64="OzSaw+9e+wajcomwXB0mjiptewA="></latexit><latexit sha1_base64="OzSaw+9e+wajcomwXB0mjiptewA="></latexit><latexit sha1_base64="OzSaw+9e+wajcomwXB0mjiptewA="></latexit><latexit sha1_base64="OzSaw+9e+wajcomwXB0mjiptewA="></latexit>

✓2
<latexit sha1_base64="5FeuDvHsxeJbbG+FbhwBG6bCoCk="></latexit><latexit sha1_base64="5FeuDvHsxeJbbG+FbhwBG6bCoCk="></latexit><latexit sha1_base64="5FeuDvHsxeJbbG+FbhwBG6bCoCk="></latexit><latexit sha1_base64="5FeuDvHsxeJbbG+FbhwBG6bCoCk="></latexit>

✓3
<latexit sha1_base64="mJXW6kH1I94ybZX8R2WZZIs1yh0="></latexit><latexit sha1_base64="mJXW6kH1I94ybZX8R2WZZIs1yh0="></latexit><latexit sha1_base64="mJXW6kH1I94ybZX8R2WZZIs1yh0="></latexit><latexit sha1_base64="mJXW6kH1I94ybZX8R2WZZIs1yh0="></latexit>

✓4
<latexit sha1_base64="HiPwEPNVMBmOJ40sl/OwlbgwcWs="></latexit><latexit sha1_base64="HiPwEPNVMBmOJ40sl/OwlbgwcWs="></latexit><latexit sha1_base64="HiPwEPNVMBmOJ40sl/OwlbgwcWs="></latexit><latexit sha1_base64="HiPwEPNVMBmOJ40sl/OwlbgwcWs="></latexit>

�⇢̂(s)
<latexit sha1_base64="os50qgYPa+nF/bSgRWRKewVvnn8="></latexit><latexit sha1_base64="os50qgYPa+nF/bSgRWRKewVvnn8="></latexit><latexit sha1_base64="os50qgYPa+nF/bSgRWRKewVvnn8="></latexit><latexit sha1_base64="os50qgYPa+nF/bSgRWRKewVvnn8="></latexit>

n(x, θ) = {1 if (x, θ) in Γt

0 otherwise .

ZERO-ENTROPY STATES

Doyon, Dubail, Konik, Yoshimura, PRL119, 195301 (2017)

EXAMPLES:  
Ground states within  

inhomogeneous potentials
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∂tθj + veff
{θ}(θj) ∂xθj = 0

FINITE-DIMENSIONAL GHD
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Generalized Hydrodynamics on an Atom Chip
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The emergence of a special type of fluidlike behavior at large scales in one-dimensional (1D) quantum
integrable systems, theoretically predicted in O. A. Castro-Alvaredo et al., Emergent Hydrodynamics in
Integrable Quantum Systems Out of Equilibrium, Phys. Rev. X 6, 041065 (2016) and B. Bertini et al.,
Transport in Out-of-Equilibrium XXZ Chains: Exact Profiles of Charges and Currents, Phys. Rev. Lett.
117, 207201 (2016), is established experimentally, by monitoring the time evolution of the in situ density
profile of a single 1D cloud of 87Rb atoms trapped on an atom chip after a quench of the longitudinal
trapping potential. The theory can be viewed as a dynamical extension of the thermodynamics of Yang and
Yang, and applies to the whole range of repulsive interaction strength and temperature of the gas. The
measurements, performed on weakly interacting atomic clouds that lie at the crossover between the
quasicondensate and the ideal Bose gas regimes, are in very good agreement with the theory. This contrasts
with the previously existing “conventional” hydrodynamic approach—that relies on the assumption of
local thermal equilibrium—which is unable to reproduce the experimental data.

DOI: 10.1103/PhysRevLett.122.090601

The emergent hydrodynamic behavior of many interact-
ing particles is a fascinating phenomenon: at the atomic
level, all quantum (classical) systems are described by the
Schrödinger (Newton) equation, yet these unique micro-
scopic descriptions give rise to a wealth of different liquid
and gas phases at larger scales, from the ideal gas to liquid
water to plasmas to superfluid helium to Bose-Einstein
condensates, to name but a few. Inferring the correct
hydrodynamic behavior directly from the microscopic
constituents of a many-body system is, in general, a very
ambitious task that typically involves extensive numerical
simulations and a hierarchy of different modelings on
intermediate scales [1,2].
However, there exist a few simpler systems where the

emergence of a special kind of hydrodynamics can be
linked directly to the underlying microscopic rules [3]. One
such system is the one-dimensional (1D) classical billiard,
or hard-rod gas [3–5], whose hydrodynamic behavior, as
seen below, is similar to that of the quantum system studied
in this Letter. The hard-rod gas consists of N identical
impenetrable rods of fixed diameter Δ that move along a
line, and exchange their momenta upon colliding elasti-
cally. At large N, the 1D billiard admits a hydrodynamic
description: in the limit of density variations of very long
wavelength, the billiard can be described by a continuous
distribution ρðx; vÞ of rods moving at velocity v around a
position x and this distribution satisfies an exact evolution
equation which resembles the Liouville equation for phase
space densities, up to a renormalization of the bare velocity

v [see Eq. (2)]. The latter renormalization encodes the
following microscopic mechanism: when one rod with
velocity v hits another one with velocity w < v from the
left, they exchange their momenta. Equivalently, because
all the rods are identical, one can think of the collision as an
instantaneous exchange of their positions, as if the rod with
bare velocity v jumped instantaneously by a distance Δ to
the right. Thus, the time needed by that rod to travel a
distance l is not l=v, but rather ðl − ΔÞ=v. For a finite
density of rods, this results in each rod with bare velocity v
moving at an effective velocity veffðvÞ, that depends on the
distribution ρðx; vÞ [3–5]. In distributions of long wave-
lengths, the evolution equation for ρðx; vÞ becomes a
hydrodynamic flow controlled by the local effective veloc-
ity veff. The 1D billiard thus exhibits an interesting hydro-
dynamic behavior that is straightforwardly related to its
microscopics. Slight generalizations of that model exist,
where the jumping distance Δ depends on the relative
velocity v − w, which possess a similar hydrodynamic
description [6].
Remarkably, the same emergent hydrodynamics was

rediscovered in 2016 in the context of 1D quantum
integrable models [7,8]—the resulting theoretical frame-
work is now dubbed generalized hydrodynamics (GHD).
Cold atom experiments offer a unique platform to test the
validity of this theoretical breakthrough. Indeed 1D clouds
are well described by the 1D Bose gas with contact
repulsion [9–11], a paradigmatic integrable system known
as the Lieb-Liniger model [12] whose large-scale dynamics
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Such a situation occurs during the expansion of a cloud
that initially has two well separated density peaks (Fig. 3).
The reason can be captured by the following argument. The
fluid cells ½x; xþ δx# that are around either of the two peaks
contain more quasiparticles, including quasiparticles of
large rapidities, than the fluid cells near the center at
x ¼ 0. Under time evolution, the quasiparticles from the
left peak that have a large positive rapidityþu soonmeet the
ones coming from the right peak that have a large negative
rapidity −u, around x ¼ 0. Then, the distribution of rap-
idities near x ¼ 0 is double peaked, with maxima at v ≃%u,
so it is clearly very far from a thermal equilibrium distri-
bution, which would be single peaked. This phenomenon is
obvious for noninteracting particles, Eq. (2) reducing to the
standard Liouville equation, and GHD calculations indicate
that this is true also for interacting particles [17,57].
Expansion from a double well.—To realize the above

scenario, we prepare a cloud of N ¼ 6300% 200 atoms,
with ω⊥ ¼ 2π × ð8.1% 0.03Þ kHz, at thermal equilibrium
in a longitudinal double-well potential VðxÞ, such that the
atomic density presents two well separated peaks, the peak
density corresponding to γ ¼ ð2.45% 0.07Þ × 10−2. Then at
t ¼ 0we suddenly switch off the potentialVðxÞ andmeasure
the in situ profiles at time t ¼ 10, 25, 40, 55 ms (Fig. 3).
To comparewith theoretical predictions, we need to know

the initial temperature T of the cloud. However, we cannot
estimate T from fitting the initial density profile n0ðxÞ with
theYang-Yang equation of state and LDAbecausewe do not
have a good knowledge of the initial potential VðxÞ that we
create on the chip. Instead, we proceed as follows. First we
postulate an initial temperature T and construct the initial
rapidity distribution ρTðx; vÞ such that, for a given x,
ρTðx; vÞ is the Yang-Yang thermal equilibrium rapidity
distribution [46] at temperature T and density n0ðxÞ. We

then evolve ρTðx; vÞ using GHD and compute nTðx; tÞ.
While, by construction, nTðx; 0Þ ¼ n0ðxÞ, nTðx; tÞ may
differ from the data at later times. We repeat this procedure
for several initial temperatures and we select the value of T
whose time evolution is in best agreement with the data [58].
We obtain T ≃ 0.3 μK, corresponding to θ ≃ 2 × 102, see
Fig. 2(b).
The comparison between the expansion data and GHD is

shown in Fig. 3(a); the agreement is excellent. We also
simulate the time evolution of the cloud with CHD, for the
exact same initial state. As we expected, expanding from a
double-well potential reveals a clear difference between
CHD and GHD, see Fig. 3(b). Two large density waves
emerge in CHD and large gradients develop, eventually
leading to shocks [14], features which are not seen in
GHD [57].
Quench from double-well to harmonic potential.—

Finally, we trap N ¼ 3500% 140 atoms, with ω⊥¼2π×
ð5.4%0.02ÞkHz, in a double-well potential, and we study
the evolution of the cloud after suddenly switching off the
double well and replacing it by a harmonic potential of fre-
quency ωk ¼ 2π × ð6.5% 0.03Þ Hz. We measure the in situ
profiles at time t ¼ 0; 20; 40;…; 180 ms; see Fig. 4. The
initial peak density corresponds to γ¼ð2.13%0.07Þ×10−2.
To estimate the temperature of the cloud, we proceed as in
the previous case [58]; we find T ≃ 0.15 μK, corresponding
to θ ≃ 2.2 × 102 [Fig. 2(b)].
This quench protocol mimics the famous quantum

Newton’s Cradle experiment [59]—see also Refs. [60,61]
for recent realizations—which is realized here in a weakly
interacting gas. Exactly like in the previous paragraph, this is
a situation where GHD predicts the appearance of non-
thermal rapidity distributions [17,62], and must therefore
differ strongly from CHD. In fact, we have observed that
CHD develops a shock at short times (around t ≃ 30 ms), so
it is simply unable to give any prediction for the whole
evolution time investigated experimentally [63].

FIG. 4. Quench from double-well to harmonic potential,
compared to the GHD prediction, with an atomic cloud that
contains N ¼ 3500% 140 atoms initially. The main features of
the experimental data are well reproduced by GHD. One
experimental effect, not modeled in GHD, that appears to be
particularly important, are the three-body losses: after 180 ms, the
number of atoms drops by approximately 15%.

(a) (b)

FIG. 3. (i) Longitudinal expansion of a cloud of N ¼ 6300%
200 atoms initially trapped in a double-well potential, compared
with GHD. (ii) Even though the initial state is the same for GHD
and CHD, both theories clearly differ at later times. CHD
wrongly predicts the formation of two large density waves.
The error bar shown at the center at t ¼ 40 ms corresponds to a
68% confidence interval, and is representative for all data sets.
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The dynamics of strongly interacting many-

body quantum systems are notoriously complex

and di�cult to simulate. A new theory, gen-

eralized hydrodynamics (GHD), promises to ef-

ficiently accomplish such simulations for nearly-

integrable systems [1, 2]. It predicts the evolu-

tion of the distribution of rapidities, which are the

momenta of the quasiparticles in integrable sys-

tems. GHD was recently tested experimentally

for weakly interacting atoms [3], but its applica-

bility to strongly interacting systems has not been

experimentally established. Here we test GHD

with bundles of one-dimensional (1D) Bose gases

by performing large trap quenches in both the

strong and intermediate coupling regimes. We

measure the evolving distribution of rapidities [4],

and find that theory and experiment agree well

over dozens of trap oscillations, for average di-

mensionless coupling strengths that range from

0.3 to 9.3. By also measuring momentum distri-

butions, we gain experimental access to the in-

teraction energy and thus to how the quasipar-

ticles themselves evolve. The accuracy of GHD

demonstrated here confirms its wide applicabil-

ity to the simulation of nearly-integrable quantum

dynamical systems. Future experimental studies

are needed to explore GHD in spin chains [5], as

well as the crossover between GHD and regular

hydrodynamics in the presence of stronger inte-

grability breaking perturbations [6, 7].

In interacting many-body quantum systems, like elec-
trons in a metal, the low-energy properties can often be
described to a good approximation in terms of quasipar-
ticles that travel almost freely and have a finite lifetime.
In integrable systems, quasiparticles are not an approx-
imation and they live forever. They allow one to e�-
ciently compute the entire energy spectrum [8, 9] and to
study quantum dynamics [10, 11]. When there is weak
integrability breaking, the quasiparticle picture remains
useful at all energies. In many situations, GHD [1, 2]
dramatically simplifies the study of dynamics by focus-
ing on the evolution of the momenta of the quasiparti-
cles, the rapidities. Specifically, GHD consists of cou-
pled hydrodynamic equations that are based on two as-
sumptions [1, 12–14]. First, the system is viewed as a
continuum of fluid cells, each of which is spatially homo-
geneous, can be described by an integrable model, and
contains many particles. Second, the time variation is
slow enough that each fluid cell is locally equilibrated

FIG. 1. GHD theory after a 100-times trap quench. a,
Spatial evolution of the initially strongly coupled central 1D
gas. At t=0, the trap depth, U , is increased by a factor of 100
(from the dashed to the solid red lines). The colored curves
show the atomic density as a function of time as the cloud
collapses and expands twice. b, The evolution in position(z)-
rapidity(✓) space. The colors correspond to the curves in a,
with the solid lines showing the first cycle and the dotted lines
the second cycle. c, A spatially magnified view of the half-
period curve in b. The two segments of the dashed line inside
the contour depict two Fermi seas, the second one of which
(the small one) develops during the time evolution. Once a
second Fermi sea forms, no existing theory other than GHD
can model the evolution.

to a generalized Gibbs ensemble (GGE) parameterized
by its distribution of rapidities [15–18]. Experimentally
testing GHD is tantamount to determining how robust
these two assumptions are in real quantum dynamical
systems.
In our experiments and GHD simulations, we suddenly

ramp up the axial trapping potential around a bundle
of ultracold 1D Bose gases and follow the evolution of
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the rapidity distribution as the gases successively col-
lapse into the trap center and rebound (see Fig. 1a). Our
study challenges the expectation that hydrodynamic de-
scriptions only work for very large numbers of particles,
since experiment and theory agree for weighted average
numbers of atoms per 1D system as small as 11. The
local equilibration condition is guaranteed to be initially
satisfied since these are trap quenches; changes to the
rapidity distribution only follow subsequent changes in
the local density. However, we put the local equilibra-
tion condition to the test in our strongest trap quench.
As the gases reach their maximum compression point we
observe rapid (on the scale of the oscillation period) vari-
ations in the interaction energy that are associated with
rapid changes in the nature of the quasiparticles.

In a 1D harmonic trap with no heating or loss, the dy-
namics of interacting bosons is approximately periodic;
after one period the cloud returns to a configuration close
to the initial one, slightly deformed by interactions dur-
ing compression [19]. Assuming that the gas is initially in
its ground state, analogous to a Fermi sea for quasiparti-
cles [20], it remains locally in a zero-temperature Fermi-
sea state for some time. Such a situation could be de-
scribed before the advent of GHD [21, 22]. The Gaussian-
shaped axial trap we use induces additional dephasing
at the single-particle level, which enhances the di↵er-
ences between successive collapses. Eventually, GHD
predicts [19, 23] the local formation of states with mul-
tiple Fermi seas [24], illustrated in Fig. 1b and c, which
show an example of phase space evolution in the first two
cycles of one of our trap quenches. Such local states can-
not be modeled with the methods that preceded GHD.

To create a bundle of ultracold 1D gases from a 87Rb
Bose-Einstein condensate confined by a 55 µm beam
waist red-detuned crossed dipole trap, we slowly turn
on a 2D blue-detuned optical lattice until it is 40Er

deep, where Er = ~2k2/(2m) = 2.55 ⇥ 10�30
J is the

recoil energy defined by the lattice light wavevector,
k = 2⇡/(772 nm) [25]. We use two di↵erent initial con-
ditions to study gases that are initially either interme-
diately or strongly 1D coupled, as characterized by the
dimensionless parameter � = 4.44/n1D, where n1D is the
local 1D density in µm�1 (see Methods). To start with an
intermediate (strong) weighted average �, i.e. �̄0 equals
1.4 (9.3), we use between 250,000 and 330,000 (83,000
and 119,000) atoms in a 9.4Er (0.56Er) crossed dipole
trap, so that the 2D distribution of 1D gases extends
across a 17 µm (22 µm) radius. These radii are much
smaller than the 2D lattice beam waists of 420 µm, so
that the transverse confinement for each 1D gas is ap-
proximately the same. The axial trap depths, however,
vary across the 1D gases, by up to 14% (27%).

We measure rapidity distributions by first shutting o↵
the axial trapping only and letting the atoms expand
in 1D in a nearly flat axial potential until the momen-
tum distributions have evolved into the rapidity distri-
butions [4] (see Methods). Then we turn o↵ the 2D lat-
tice and measure the rapidity distributions via time of

FIG. 2. Intermediate coupling (10-times) trap quench.
a, Time evolution of the rapidity distribution after the trap
is suddenly made ten times deeper for 1D gases with �̄0=1.4.
The red and orange curves show the experimental rapidity
distributions over the course of the first two collapse cycles.
The dark blue and light blue curves are the associated GHD
theory, taking into account the measured atom number at
each point (see Extended Data Fig. 1a and b). The color
change denotes a 2.7% change in the trap depth associated
with the slow experimental drift (see Methods). b, Time evo-
lution of the rapidity energy, E, after the quench. The red
and orange squares are extracted from experimental distribu-
tions like those in a (see Methods). The dark and light blue
circles are for the associated GHD theory. The dashed line
is the GHD theory for the average atom number. The two
insets show the rescaled experimental rapidity distributions
(f̃ vs ✓̃, with arbitrary units) for points throughout the first
and second cycle respectively (0, ⇡/4, ⇡/2, 3⇡/4, and ⇡ phase
points are black, orange, blue, green, and red, respectively).
The curves are shape invariant.

flight. Our previous dynamical fermionization measure-
ment validated this momentum-to-rapidity mapping with
parameters very close to our �̄0=9.3 initial condition [4].
Because all the other initial cloud lengths are smaller,
which allows for relatively more expansion in the flat po-
tential, the mappings here are at least as good. We also
measure momentum distributions by first suddenly turn-
ing o↵ all the light traps. As the atoms rapidly expand
transversely, atom interactions decrease rapidly and sub-
stantially [4]. The integrated axial spatial distributions
after a time of flight reflect the 1D momentum distribu-
tion at the shut-o↵ time. We adjust the times of flight
for di↵erent measurements to maximize sensitivity, and
simply rescale the spatial distributions to momentum.

GHD IN EXPERIMENTS…
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HERE:  
Look at propagation of linear  
sound waves on top of GHD  

and quantise them: 

! We talk about "quantum fluids"  
in the same sense in which  

a Luttinger Liquid is a quantum fluid !

≠
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1. Look at fluctuations around a (zero-entropy) GHD background 
2. Quantize them in a semiclassical fashion.PLAN:

PR, Calabrese, Doyon, Dubail, PRL 124, 140603 (2020) 

1. θa → θa + δθa
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PR, Calabrese, Doyon, Dubail, PRL 124, 140603 (2020) 

x
<latexit sha1_base64="6CHQZZ5vhXu5c7MjdlJAUaULUk0="></latexit><latexit sha1_base64="6CHQZZ5vhXu5c7MjdlJAUaULUk0="></latexit><latexit sha1_base64="6CHQZZ5vhXu5c7MjdlJAUaULUk0="></latexit><latexit sha1_base64="6CHQZZ5vhXu5c7MjdlJAUaULUk0="></latexit>

✓
<latexit sha1_base64="6fm6vKIG+k77utx5OwcqRXqeAqM="></latexit><latexit sha1_base64="6fm6vKIG+k77utx5OwcqRXqeAqM="></latexit><latexit sha1_base64="6fm6vKIG+k77utx5OwcqRXqeAqM="></latexit><latexit sha1_base64="6fm6vKIG+k77utx5OwcqRXqeAqM="></latexit>

�t
<latexit sha1_base64="SizGX757Eam59KB/s6A2Dw1aaYg="></latexit><latexit sha1_base64="SizGX757Eam59KB/s6A2Dw1aaYg="></latexit><latexit sha1_base64="SizGX757Eam59KB/s6A2Dw1aaYg="></latexit><latexit sha1_base64="SizGX757Eam59KB/s6A2Dw1aaYg="></latexit>

(xt(s), ✓t(s))
<latexit sha1_base64="AFXJE+ly5s2ugUXUcNGujjS4Yss="></latexit><latexit sha1_base64="AFXJE+ly5s2ugUXUcNGujjS4Yss="></latexit><latexit sha1_base64="AFXJE+ly5s2ugUXUcNGujjS4Yss="></latexit><latexit sha1_base64="AFXJE+ly5s2ugUXUcNGujjS4Yss="></latexit>

s
<latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit><latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit><latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit><latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit>

x
<latexit sha1_base64="6CHQZZ5vhXu5c7MjdlJAUaULUk0="></latexit><latexit sha1_base64="6CHQZZ5vhXu5c7MjdlJAUaULUk0="></latexit><latexit sha1_base64="6CHQZZ5vhXu5c7MjdlJAUaULUk0="></latexit><latexit sha1_base64="6CHQZZ5vhXu5c7MjdlJAUaULUk0="></latexit>

✓
<latexit sha1_base64="6fm6vKIG+k77utx5OwcqRXqeAqM="></latexit><latexit sha1_base64="6fm6vKIG+k77utx5OwcqRXqeAqM="></latexit><latexit sha1_base64="6fm6vKIG+k77utx5OwcqRXqeAqM="></latexit><latexit sha1_base64="6fm6vKIG+k77utx5OwcqRXqeAqM="></latexit>

�t
<latexit sha1_base64="SizGX757Eam59KB/s6A2Dw1aaYg="></latexit><latexit sha1_base64="SizGX757Eam59KB/s6A2Dw1aaYg="></latexit><latexit sha1_base64="SizGX757Eam59KB/s6A2Dw1aaYg="></latexit><latexit sha1_base64="SizGX757Eam59KB/s6A2Dw1aaYg="></latexit>

s
<latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit><latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit><latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit><latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw="></latexit>

x
<latexit sha1_base64="DYAcnbDwieM+34SWpiDUISXKSPA="></latexit><latexit sha1_base64="DYAcnbDwieM+34SWpiDUISXKSPA="></latexit><latexit sha1_base64="DYAcnbDwieM+34SWpiDUISXKSPA="></latexit><latexit sha1_base64="DYAcnbDwieM+34SWpiDUISXKSPA="></latexit>

x+ dx
<latexit sha1_base64="sgj5+SF98RyRZRBciep5TqvmINg="></latexit><latexit sha1_base64="sgj5+SF98RyRZRBciep5TqvmINg="></latexit><latexit sha1_base64="sgj5+SF98RyRZRBciep5TqvmINg="></latexit><latexit sha1_base64="sgj5+SF98RyRZRBciep5TqvmINg="></latexit>

✓1
<latexit sha1_base64="OzSaw+9e+wajcomwXB0mjiptewA="></latexit><latexit sha1_base64="OzSaw+9e+wajcomwXB0mjiptewA="></latexit><latexit sha1_base64="OzSaw+9e+wajcomwXB0mjiptewA="></latexit><latexit sha1_base64="OzSaw+9e+wajcomwXB0mjiptewA="></latexit>

✓2
<latexit sha1_base64="5FeuDvHsxeJbbG+FbhwBG6bCoCk="></latexit><latexit sha1_base64="5FeuDvHsxeJbbG+FbhwBG6bCoCk="></latexit><latexit sha1_base64="5FeuDvHsxeJbbG+FbhwBG6bCoCk="></latexit><latexit sha1_base64="5FeuDvHsxeJbbG+FbhwBG6bCoCk="></latexit>

✓3
<latexit sha1_base64="mJXW6kH1I94ybZX8R2WZZIs1yh0="></latexit><latexit sha1_base64="mJXW6kH1I94ybZX8R2WZZIs1yh0="></latexit><latexit sha1_base64="mJXW6kH1I94ybZX8R2WZZIs1yh0="></latexit><latexit sha1_base64="mJXW6kH1I94ybZX8R2WZZIs1yh0="></latexit>

✓4
<latexit sha1_base64="HiPwEPNVMBmOJ40sl/OwlbgwcWs="></latexit><latexit sha1_base64="HiPwEPNVMBmOJ40sl/OwlbgwcWs="></latexit><latexit sha1_base64="HiPwEPNVMBmOJ40sl/OwlbgwcWs="></latexit><latexit sha1_base64="HiPwEPNVMBmOJ40sl/OwlbgwcWs="></latexit>

�⇢̂(s)
<latexit sha1_base64="os50qgYPa+nF/bSgRWRKewVvnn8="></latexit><latexit sha1_base64="os50qgYPa+nF/bSgRWRKewVvnn8="></latexit><latexit sha1_base64="os50qgYPa+nF/bSgRWRKewVvnn8="></latexit><latexit sha1_base64="os50qgYPa+nF/bSgRWRKewVvnn8="></latexit>

Ĥ[Γt] =
1

4πℏ ∫ dx∑
a,b

δ ̂pa(x) 𝖠ab(x, t) δ ̂pb(x)

[δ ̂pa(x), δ ̂pb(y)] = − iσa2πℏ2δab δ′ (x − y)

“Quantum GHD HAMILTONIAN"

QUANTUM GENERALIZED HYDRODYNAMICS

Multicomponent time-dependent and spatially inhomogeneous 
CHIRAL LUTTINGER LIQUID or, (eq.) FREE CHIRAL BOSON:  

δ ̂pa(x) = ∂ϕa(x)
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QGHD: Numerical check in the Lieb-Liniger model

V0(x) = a4x4 − a2x2

PR, Calabrese, Doyon, Dubail, PRL 124, 140603 (2020) 

Nature 440 900  
(2006)

V(x) = ω2x2/2
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FREE QGHD: checks in the Tonks-Girardeau limit

x

〈ρ
(x
,t
)〉

<latexit sha1_base64="GJ1y66npnzvTnlPmt8rAaQf8PqE=">AAACA3icbZDLSsNAFIZP6q3WW9SdbgaLUEFKIgVdFty4rGAv0IQymU7boZNJmJmIJRTc+CpuXCji1pdw59s4TbPQ1h8GPv5zDmfOH8ScKe0431ZhZXVtfaO4Wdra3tnds/cPWipKJKFNEvFIdgKsKGeCNjXTnHZiSXEYcNoOxtezevueSsUicacnMfVDPBRswAjWxurZRx7HYsgp8uQoqjycI31mMLN6dtmpOpnQMrg5lCFXo2d/ef2IJCEVmnCsVNd1Yu2nWGpGOJ2WvETRGJMxHtKuQYFDqvw0u2GKTo3TR4NImic0ytzfEykOlZqEgekMsR6pxdrM/K/WTfTgyk+ZiBNNBZkvGiQc6QjNAkF9JinRfGIAE8nMXxEZYYmJNrGVTAju4snL0Lqouk7Vva2V67U8jiIcwwlUwIVLqMMNNKAJBB7hGV7hzXqyXqx362PeWrDymUP4I+vzB3TglrM=</latexit><latexit sha1_base64="GJ1y66npnzvTnlPmt8rAaQf8PqE=">AAACA3icbZDLSsNAFIZP6q3WW9SdbgaLUEFKIgVdFty4rGAv0IQymU7boZNJmJmIJRTc+CpuXCji1pdw59s4TbPQ1h8GPv5zDmfOH8ScKe0431ZhZXVtfaO4Wdra3tnds/cPWipKJKFNEvFIdgKsKGeCNjXTnHZiSXEYcNoOxtezevueSsUicacnMfVDPBRswAjWxurZRx7HYsgp8uQoqjycI31mMLN6dtmpOpnQMrg5lCFXo2d/ef2IJCEVmnCsVNd1Yu2nWGpGOJ2WvETRGJMxHtKuQYFDqvw0u2GKTo3TR4NImic0ytzfEykOlZqEgekMsR6pxdrM/K/WTfTgyk+ZiBNNBZkvGiQc6QjNAkF9JinRfGIAE8nMXxEZYYmJNrGVTAju4snL0Lqouk7Vva2V67U8jiIcwwlUwIVLqMMNNKAJBB7hGV7hzXqyXqx362PeWrDymUP4I+vzB3TglrM=</latexit><latexit sha1_base64="GJ1y66npnzvTnlPmt8rAaQf8PqE=">AAACA3icbZDLSsNAFIZP6q3WW9SdbgaLUEFKIgVdFty4rGAv0IQymU7boZNJmJmIJRTc+CpuXCji1pdw59s4TbPQ1h8GPv5zDmfOH8ScKe0431ZhZXVtfaO4Wdra3tnds/cPWipKJKFNEvFIdgKsKGeCNjXTnHZiSXEYcNoOxtezevueSsUicacnMfVDPBRswAjWxurZRx7HYsgp8uQoqjycI31mMLN6dtmpOpnQMrg5lCFXo2d/ef2IJCEVmnCsVNd1Yu2nWGpGOJ2WvETRGJMxHtKuQYFDqvw0u2GKTo3TR4NImic0ytzfEykOlZqEgekMsR6pxdrM/K/WTfTgyk+ZiBNNBZkvGiQc6QjNAkF9JinRfGIAE8nMXxEZYYmJNrGVTAju4snL0Lqouk7Vva2V67U8jiIcwwlUwIVLqMMNNKAJBB7hGV7hzXqyXqx362PeWrDymUP4I+vzB3TglrM=</latexit><latexit sha1_base64="GJ1y66npnzvTnlPmt8rAaQf8PqE=">AAACA3icbZDLSsNAFIZP6q3WW9SdbgaLUEFKIgVdFty4rGAv0IQymU7boZNJmJmIJRTc+CpuXCji1pdw59s4TbPQ1h8GPv5zDmfOH8ScKe0431ZhZXVtfaO4Wdra3tnds/cPWipKJKFNEvFIdgKsKGeCNjXTnHZiSXEYcNoOxtezevueSsUicacnMfVDPBRswAjWxurZRx7HYsgp8uQoqjycI31mMLN6dtmpOpnQMrg5lCFXo2d/ef2IJCEVmnCsVNd1Yu2nWGpGOJ2WvETRGJMxHtKuQYFDqvw0u2GKTo3TR4NImic0ytzfEykOlZqEgekMsR6pxdrM/K/WTfTgyk+ZiBNNBZkvGiQc6QjNAkF9JinRfGIAE8nMXxEZYYmJNrGVTAju4snL0Lqouk7Vva2V67U8jiIcwwlUwIVLqMMNNKAJBB7hGV7hzXqyXqx362PeWrDymUP4I+vzB3TglrM=</latexit>

S
(x
,t
)

<latexit sha1_base64="ZmmeLoSOxz1/nJXEVoXijZGhXpk=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBAiSNiVgB4DXjxGNA9IljA7mU2GzM6uM71iCPkJLx4U8ervePNvnCR70MSChqKqm+6uIJHCoOt+Oyura+sbm7mt/PbO7t5+4eCwYeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMYXk/95iPXRsTqHkcJ9yPaVyIUjKKVWuSu9HRO8KxbKLpldwayTLyMFCFDrVv46vRilkZcIZPUmLbnJuiPqUbBJJ/kO6nhCWVD2udtSxWNuPHHs3sn5NQqPRLG2pZCMlN/T4xpZMwoCmxnRHFgFr2p+J/XTjG88sdCJSlyxeaLwlQSjMn0edITmjOUI0so08LeStiAasrQRpS3IXiLLy+TxkXZc8vebaVYrWRx5OAYTqAEHlxCFW6gBnVgIOEZXuHNeXBenHfnY9664mQzR/AHzucPN2eOuA==</latexit><latexit sha1_base64="ZmmeLoSOxz1/nJXEVoXijZGhXpk=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBAiSNiVgB4DXjxGNA9IljA7mU2GzM6uM71iCPkJLx4U8ervePNvnCR70MSChqKqm+6uIJHCoOt+Oyura+sbm7mt/PbO7t5+4eCwYeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMYXk/95iPXRsTqHkcJ9yPaVyIUjKKVWuSu9HRO8KxbKLpldwayTLyMFCFDrVv46vRilkZcIZPUmLbnJuiPqUbBJJ/kO6nhCWVD2udtSxWNuPHHs3sn5NQqPRLG2pZCMlN/T4xpZMwoCmxnRHFgFr2p+J/XTjG88sdCJSlyxeaLwlQSjMn0edITmjOUI0so08LeStiAasrQRpS3IXiLLy+TxkXZc8vebaVYrWRx5OAYTqAEHlxCFW6gBnVgIOEZXuHNeXBenHfnY9664mQzR/AHzucPN2eOuA==</latexit><latexit sha1_base64="ZmmeLoSOxz1/nJXEVoXijZGhXpk=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBAiSNiVgB4DXjxGNA9IljA7mU2GzM6uM71iCPkJLx4U8ervePNvnCR70MSChqKqm+6uIJHCoOt+Oyura+sbm7mt/PbO7t5+4eCwYeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMYXk/95iPXRsTqHkcJ9yPaVyIUjKKVWuSu9HRO8KxbKLpldwayTLyMFCFDrVv46vRilkZcIZPUmLbnJuiPqUbBJJ/kO6nhCWVD2udtSxWNuPHHs3sn5NQqPRLG2pZCMlN/T4xpZMwoCmxnRHFgFr2p+J/XTjG88sdCJSlyxeaLwlQSjMn0edITmjOUI0so08LeStiAasrQRpS3IXiLLy+TxkXZc8vebaVYrWRx5OAYTqAEHlxCFW6gBnVgIOEZXuHNeXBenHfnY9664mQzR/AHzucPN2eOuA==</latexit><latexit sha1_base64="ZmmeLoSOxz1/nJXEVoXijZGhXpk=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBAiSNiVgB4DXjxGNA9IljA7mU2GzM6uM71iCPkJLx4U8ervePNvnCR70MSChqKqm+6uIJHCoOt+Oyura+sbm7mt/PbO7t5+4eCwYeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMYXk/95iPXRsTqHkcJ9yPaVyIUjKKVWuSu9HRO8KxbKLpldwayTLyMFCFDrVv46vRilkZcIZPUmLbnJuiPqUbBJJ/kO6nhCWVD2udtSxWNuPHHs3sn5NQqPRLG2pZCMlN/T4xpZMwoCmxnRHFgFr2p+J/XTjG88sdCJSlyxeaLwlQSjMn0edITmjOUI0so08LeStiAasrQRpS3IXiLLy+TxkXZc8vebaVYrWRx5OAYTqAEHlxCFW6gBnVgIOEZXuHNeXBenHfnY9664mQzR/AHzucPN2eOuA==</latexit>

k

x

t = 0
<latexit sha1_base64="5kx6ZnBLju8OEsF/NlYQVIpoAdw=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU8lKQS9CwYvHCvYD2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvTLd70NYHA4/3ZpiZFyaCG4vxt1fa2Nza3invVvb2Dw6PqscnHROnmrI2jUWseyExTHDF2pZbwXqJZkSGgnXD6d3C7z4xbXisHu0sYYEkY8UjTonNpVuEh9UaruMcaJ34BalBgdaw+jUYxTSVTFkqiDF9Hyc2yIi2nAo2rwxSwxJCp2TM+o4qIpkJsvzWObpwyghFsXalLMrV3xMZkcbMZOg6JbETs+otxP+8fmqjmyDjKkktU3S5KEoFsjFaPI5GXDNqxcwRQjV3tyI6IZpQ6+KpuBD81ZfXSeeq7uO6/9CoNRtFHGU4g3O4BB+uoQn30II2UJjAM7zCmye9F+/d+1i2lrxi5hT+wPv8ASJtjZU=</latexit><latexit sha1_base64="5kx6ZnBLju8OEsF/NlYQVIpoAdw=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU8lKQS9CwYvHCvYD2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvTLd70NYHA4/3ZpiZFyaCG4vxt1fa2Nza3invVvb2Dw6PqscnHROnmrI2jUWseyExTHDF2pZbwXqJZkSGgnXD6d3C7z4xbXisHu0sYYEkY8UjTonNpVuEh9UaruMcaJ34BalBgdaw+jUYxTSVTFkqiDF9Hyc2yIi2nAo2rwxSwxJCp2TM+o4qIpkJsvzWObpwyghFsXalLMrV3xMZkcbMZOg6JbETs+otxP+8fmqjmyDjKkktU3S5KEoFsjFaPI5GXDNqxcwRQjV3tyI6IZpQ6+KpuBD81ZfXSeeq7uO6/9CoNRtFHGU4g3O4BB+uoQn30II2UJjAM7zCmye9F+/d+1i2lrxi5hT+wPv8ASJtjZU=</latexit><latexit sha1_base64="5kx6ZnBLju8OEsF/NlYQVIpoAdw=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU8lKQS9CwYvHCvYD2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvTLd70NYHA4/3ZpiZFyaCG4vxt1fa2Nza3invVvb2Dw6PqscnHROnmrI2jUWseyExTHDF2pZbwXqJZkSGgnXD6d3C7z4xbXisHu0sYYEkY8UjTonNpVuEh9UaruMcaJ34BalBgdaw+jUYxTSVTFkqiDF9Hyc2yIi2nAo2rwxSwxJCp2TM+o4qIpkJsvzWObpwyghFsXalLMrV3xMZkcbMZOg6JbETs+otxP+8fmqjmyDjKkktU3S5KEoFsjFaPI5GXDNqxcwRQjV3tyI6IZpQ6+KpuBD81ZfXSeeq7uO6/9CoNRtFHGU4g3O4BB+uoQn30II2UJjAM7zCmye9F+/d+1i2lrxi5hT+wPv8ASJtjZU=</latexit><latexit sha1_base64="5kx6ZnBLju8OEsF/NlYQVIpoAdw=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU8lKQS9CwYvHCvYD2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvTLd70NYHA4/3ZpiZFyaCG4vxt1fa2Nza3invVvb2Dw6PqscnHROnmrI2jUWseyExTHDF2pZbwXqJZkSGgnXD6d3C7z4xbXisHu0sYYEkY8UjTonNpVuEh9UaruMcaJ34BalBgdaw+jUYxTSVTFkqiDF9Hyc2yIi2nAo2rwxSwxJCp2TM+o4qIpkJsvzWObpwyghFsXalLMrV3xMZkcbMZOg6JbETs+otxP+8fmqjmyDjKkktU3S5KEoFsjFaPI5GXDNqxcwRQjV3tyI6IZpQ6+KpuBD81ZfXSeeq7uO6/9CoNRtFHGU4g3O4BB+uoQn30II2UJjAM7zCmye9F+/d+1i2lrxi5hT+wPv8ASJtjZU=</latexit>
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k

t = 0.15τ
<latexit sha1_base64="dHc5Xkdou+jkcoy8TJI+VSilg5w=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKohch4MVjBPOA7BJmJ7PJkNkHMz1CWPIbXjwo4tWf8ebfOEn2oIkFDUVVN91dYSaFRtf9dkpr6xubW+Xtys7u3v5B9fCorVOjGG+xVKaqG1LNpUh4CwVK3s0Up3EoeScc3838zhNXWqTJI04yHsR0mIhIMIpW8vGWuHXvivhITb9ac+vuHGSVeAWpQYFmv/rlD1JmYp4gk1TrnudmGORUoWCSTyu+0TyjbEyHvGdpQmOug3x+85ScWWVAolTZSpDM1d8TOY21nsSh7YwpjvSyNxP/83oGo5sgF0lmkCdssSgykmBKZgGQgVCcoZxYQpkS9lbCRlRRhjamig3BW355lbQv6p7N7eGy1rgs4ijDCZzCOXhwDQ24hya0gEEGz/AKb45xXpx352PRWnKKmWP4A+fzB+jvkD8=</latexit><latexit sha1_base64="dHc5Xkdou+jkcoy8TJI+VSilg5w=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKohch4MVjBPOA7BJmJ7PJkNkHMz1CWPIbXjwo4tWf8ebfOEn2oIkFDUVVN91dYSaFRtf9dkpr6xubW+Xtys7u3v5B9fCorVOjGG+xVKaqG1LNpUh4CwVK3s0Up3EoeScc3838zhNXWqTJI04yHsR0mIhIMIpW8vGWuHXvivhITb9ac+vuHGSVeAWpQYFmv/rlD1JmYp4gk1TrnudmGORUoWCSTyu+0TyjbEyHvGdpQmOug3x+85ScWWVAolTZSpDM1d8TOY21nsSh7YwpjvSyNxP/83oGo5sgF0lmkCdssSgykmBKZgGQgVCcoZxYQpkS9lbCRlRRhjamig3BW355lbQv6p7N7eGy1rgs4ijDCZzCOXhwDQ24hya0gEEGz/AKb45xXpx352PRWnKKmWP4A+fzB+jvkD8=</latexit><latexit sha1_base64="dHc5Xkdou+jkcoy8TJI+VSilg5w=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKohch4MVjBPOA7BJmJ7PJkNkHMz1CWPIbXjwo4tWf8ebfOEn2oIkFDUVVN91dYSaFRtf9dkpr6xubW+Xtys7u3v5B9fCorVOjGG+xVKaqG1LNpUh4CwVK3s0Up3EoeScc3838zhNXWqTJI04yHsR0mIhIMIpW8vGWuHXvivhITb9ac+vuHGSVeAWpQYFmv/rlD1JmYp4gk1TrnudmGORUoWCSTyu+0TyjbEyHvGdpQmOug3x+85ScWWVAolTZSpDM1d8TOY21nsSh7YwpjvSyNxP/83oGo5sgF0lmkCdssSgykmBKZgGQgVCcoZxYQpkS9lbCRlRRhjamig3BW355lbQv6p7N7eGy1rgs4ijDCZzCOXhwDQ24hya0gEEGz/AKb45xXpx352PRWnKKmWP4A+fzB+jvkD8=</latexit><latexit sha1_base64="dHc5Xkdou+jkcoy8TJI+VSilg5w=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKohch4MVjBPOA7BJmJ7PJkNkHMz1CWPIbXjwo4tWf8ebfOEn2oIkFDUVVN91dYSaFRtf9dkpr6xubW+Xtys7u3v5B9fCorVOjGG+xVKaqG1LNpUh4CwVK3s0Up3EoeScc3838zhNXWqTJI04yHsR0mIhIMIpW8vGWuHXvivhITb9ac+vuHGSVeAWpQYFmv/rlD1JmYp4gk1TrnudmGORUoWCSTyu+0TyjbEyHvGdpQmOug3x+85ScWWVAolTZSpDM1d8TOY21nsSh7YwpjvSyNxP/83oGo5sgF0lmkCdssSgykmBKZgGQgVCcoZxYQpkS9lbCRlRRhjamig3BW355lbQv6p7N7eGy1rgs4ijDCZzCOXhwDQ24hya0gEEGz/AKb45xXpx352PRWnKKmWP4A+fzB+jvkD8=</latexit>
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k

x

t = 0.30τ
<latexit sha1_base64="tnDYxrI4lIjWPfYGSZ3X+3a/sSk=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgaclqQS9CwYvHCvYDukvJptk2NJtdkolQSv+GFw+KePXPePPfmLZ70OqDgcd7M8zMi3MpDBDy5ZXW1jc2t8rblZ3dvf2D6uFR22RWM95imcx0N6aGS6F4CwRI3s01p2kseSce3879ziPXRmTqASY5j1I6VCIRjIKTQrjBxL8kOARq+9Ua8ckC+C8JClJDBZr96mc4yJhNuQImqTG9gOQQTakGwSSfVUJreE7ZmA55z1FFU26i6eLmGT5zygAnmXalAC/UnxNTmhozSWPXmVIYmVVvLv7n9Swk19FUqNwCV2y5KLESQ4bnAeCB0JyBnDhCmRbuVsxGVFMGLqaKCyFYffkvaV/4AfGD+3qtUS/iKKMTdIrOUYCuUAPdoSZqIYZy9IRe0KtnvWfvzXtftpa8YuYY/YL38Q3kVpA8</latexit><latexit sha1_base64="tnDYxrI4lIjWPfYGSZ3X+3a/sSk=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgaclqQS9CwYvHCvYDukvJptk2NJtdkolQSv+GFw+KePXPePPfmLZ70OqDgcd7M8zMi3MpDBDy5ZXW1jc2t8rblZ3dvf2D6uFR22RWM95imcx0N6aGS6F4CwRI3s01p2kseSce3879ziPXRmTqASY5j1I6VCIRjIKTQrjBxL8kOARq+9Ua8ckC+C8JClJDBZr96mc4yJhNuQImqTG9gOQQTakGwSSfVUJreE7ZmA55z1FFU26i6eLmGT5zygAnmXalAC/UnxNTmhozSWPXmVIYmVVvLv7n9Swk19FUqNwCV2y5KLESQ4bnAeCB0JyBnDhCmRbuVsxGVFMGLqaKCyFYffkvaV/4AfGD+3qtUS/iKKMTdIrOUYCuUAPdoSZqIYZy9IRe0KtnvWfvzXtftpa8YuYY/YL38Q3kVpA8</latexit><latexit sha1_base64="tnDYxrI4lIjWPfYGSZ3X+3a/sSk=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgaclqQS9CwYvHCvYDukvJptk2NJtdkolQSv+GFw+KePXPePPfmLZ70OqDgcd7M8zMi3MpDBDy5ZXW1jc2t8rblZ3dvf2D6uFR22RWM95imcx0N6aGS6F4CwRI3s01p2kseSce3879ziPXRmTqASY5j1I6VCIRjIKTQrjBxL8kOARq+9Ua8ckC+C8JClJDBZr96mc4yJhNuQImqTG9gOQQTakGwSSfVUJreE7ZmA55z1FFU26i6eLmGT5zygAnmXalAC/UnxNTmhozSWPXmVIYmVVvLv7n9Swk19FUqNwCV2y5KLESQ4bnAeCB0JyBnDhCmRbuVsxGVFMGLqaKCyFYffkvaV/4AfGD+3qtUS/iKKMTdIrOUYCuUAPdoSZqIYZy9IRe0KtnvWfvzXtftpa8YuYY/YL38Q3kVpA8</latexit><latexit sha1_base64="tnDYxrI4lIjWPfYGSZ3X+3a/sSk=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgaclqQS9CwYvHCvYDukvJptk2NJtdkolQSv+GFw+KePXPePPfmLZ70OqDgcd7M8zMi3MpDBDy5ZXW1jc2t8rblZ3dvf2D6uFR22RWM95imcx0N6aGS6F4CwRI3s01p2kseSce3879ziPXRmTqASY5j1I6VCIRjIKTQrjBxL8kOARq+9Ua8ckC+C8JClJDBZr96mc4yJhNuQImqTG9gOQQTakGwSSfVUJreE7ZmA55z1FFU26i6eLmGT5zygAnmXalAC/UnxNTmhozSWPXmVIYmVVvLv7n9Swk19FUqNwCV2y5KLESQ4bnAeCB0JyBnDhCmRbuVsxGVFMGLqaKCyFYffkvaV/4AfGD+3qtUS/iKKMTdIrOUYCuUAPdoSZqIYZy9IRe0KtnvWfvzXtftpa8YuYY/YL38Q3kVpA8</latexit>

x
<latexit sha1_base64="PK3cAHOZGgsmdqHHPryva0NH28c=">AAACOHicbZDLSsNAFIYn9VbjLerSzWApVJCSiKDuCm7cWdFeoAlhMp22QyeTMDORltDHcuNjuBM3LhRx6xM4TbPQtgcGPv7/HM6cP4gZlcq2X43Cyura+kZx09za3tnds/YPmjJKBCYNHLFItAMkCaOcNBRVjLRjQVAYMNIKhtdTv/VIhKQRf1DjmHgh6nPaoxgpLfnWbdlliPcZga4YRJXRKVQnrsgUc4mVIazYOWe2j83y/cw2R75Vsqt2VnARnBxKIK+6b7243QgnIeEKMyRlx7Fj5aVIKIoZmZhuIkmM8BD1SUcjRyGRXpodPoFlrXRhLxL6cQUz9e9EikIpx2GgO0OkBnLem4rLvE6iepdeSnmcKMLxbFEvYVBFcJoi7FJBsGJjDQgLqv8K8QAJhJXO2tQhOPMnL0LzrOrYVefuvFS7yuMogiNwDCrAARegBm5AHTQABk/gDXyAT+PZeDe+jO9Za8HIZw7BvzJ+fgGRQ6iF</latexit><latexit sha1_base64="PK3cAHOZGgsmdqHHPryva0NH28c=">AAACOHicbZDLSsNAFIYn9VbjLerSzWApVJCSiKDuCm7cWdFeoAlhMp22QyeTMDORltDHcuNjuBM3LhRx6xM4TbPQtgcGPv7/HM6cP4gZlcq2X43Cyura+kZx09za3tnds/YPmjJKBCYNHLFItAMkCaOcNBRVjLRjQVAYMNIKhtdTv/VIhKQRf1DjmHgh6nPaoxgpLfnWbdlliPcZga4YRJXRKVQnrsgUc4mVIazYOWe2j83y/cw2R75Vsqt2VnARnBxKIK+6b7243QgnIeEKMyRlx7Fj5aVIKIoZmZhuIkmM8BD1SUcjRyGRXpodPoFlrXRhLxL6cQUz9e9EikIpx2GgO0OkBnLem4rLvE6iepdeSnmcKMLxbFEvYVBFcJoi7FJBsGJjDQgLqv8K8QAJhJXO2tQhOPMnL0LzrOrYVefuvFS7yuMogiNwDCrAARegBm5AHTQABk/gDXyAT+PZeDe+jO9Za8HIZw7BvzJ+fgGRQ6iF</latexit><latexit sha1_base64="PK3cAHOZGgsmdqHHPryva0NH28c=">AAACOHicbZDLSsNAFIYn9VbjLerSzWApVJCSiKDuCm7cWdFeoAlhMp22QyeTMDORltDHcuNjuBM3LhRx6xM4TbPQtgcGPv7/HM6cP4gZlcq2X43Cyura+kZx09za3tnds/YPmjJKBCYNHLFItAMkCaOcNBRVjLRjQVAYMNIKhtdTv/VIhKQRf1DjmHgh6nPaoxgpLfnWbdlliPcZga4YRJXRKVQnrsgUc4mVIazYOWe2j83y/cw2R75Vsqt2VnARnBxKIK+6b7243QgnIeEKMyRlx7Fj5aVIKIoZmZhuIkmM8BD1SUcjRyGRXpodPoFlrXRhLxL6cQUz9e9EikIpx2GgO0OkBnLem4rLvE6iepdeSnmcKMLxbFEvYVBFcJoi7FJBsGJjDQgLqv8K8QAJhJXO2tQhOPMnL0LzrOrYVefuvFS7yuMogiNwDCrAARegBm5AHTQABk/gDXyAT+PZeDe+jO9Za8HIZw7BvzJ+fgGRQ6iF</latexit><latexit sha1_base64="PK3cAHOZGgsmdqHHPryva0NH28c=">AAACOHicbZDLSsNAFIYn9VbjLerSzWApVJCSiKDuCm7cWdFeoAlhMp22QyeTMDORltDHcuNjuBM3LhRx6xM4TbPQtgcGPv7/HM6cP4gZlcq2X43Cyura+kZx09za3tnds/YPmjJKBCYNHLFItAMkCaOcNBRVjLRjQVAYMNIKhtdTv/VIhKQRf1DjmHgh6nPaoxgpLfnWbdlliPcZga4YRJXRKVQnrsgUc4mVIazYOWe2j83y/cw2R75Vsqt2VnARnBxKIK+6b7243QgnIeEKMyRlx7Fj5aVIKIoZmZhuIkmM8BD1SUcjRyGRXpodPoFlrXRhLxL6cQUz9e9EikIpx2GgO0OkBnLem4rLvE6iepdeSnmcKMLxbFEvYVBFcJoi7FJBsGJjDQgLqv8K8QAJhJXO2tQhOPMnL0LzrOrYVefuvFS7yuMogiNwDCrAARegBm5AHTQABk/gDXyAT+PZeDe+jO9Za8HIZw7BvzJ+fgGRQ6iF</latexit>
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k

x

t = 0.45τ
<latexit sha1_base64="ve5+r/IoI8TNP5dKi/KZ/aRfPLI=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4ColU9CIUvHisYD+gCWWz3bRLN5uwOxFK6d/w4kERr/4Zb/4bt20O2vpg4PHeDDPzokwKg5737aytb2xubZd2yrt7+weHlaPjlklzzXiTpTLVnYgaLoXiTRQoeSfTnCaR5O1odDfz209cG5GqRxxnPEzoQIlYMIpWCvCWeG7tigRI816l6rneHGSV+AWpQoFGr/IV9FOWJ1whk9SYru9lGE6oRsEkn5aD3PCMshEd8K6liibchJP5zVNybpU+iVNtSyGZq78nJjQxZpxEtjOhODTL3kz8z+vmGN+EE6GyHLlii0VxLgmmZBYA6QvNGcqxJZRpYW8lbEg1ZWhjKtsQ/OWXV0nr0vU913+oVeu1Io4SnMIZXIAP11CHe2hAExhk8Ayv8Obkzovz7nwsWtecYuYE/sD5/AHtjZBC</latexit><latexit sha1_base64="ve5+r/IoI8TNP5dKi/KZ/aRfPLI=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4ColU9CIUvHisYD+gCWWz3bRLN5uwOxFK6d/w4kERr/4Zb/4bt20O2vpg4PHeDDPzokwKg5737aytb2xubZd2yrt7+weHlaPjlklzzXiTpTLVnYgaLoXiTRQoeSfTnCaR5O1odDfz209cG5GqRxxnPEzoQIlYMIpWCvCWeG7tigRI816l6rneHGSV+AWpQoFGr/IV9FOWJ1whk9SYru9lGE6oRsEkn5aD3PCMshEd8K6liibchJP5zVNybpU+iVNtSyGZq78nJjQxZpxEtjOhODTL3kz8z+vmGN+EE6GyHLlii0VxLgmmZBYA6QvNGcqxJZRpYW8lbEg1ZWhjKtsQ/OWXV0nr0vU913+oVeu1Io4SnMIZXIAP11CHe2hAExhk8Ayv8Obkzovz7nwsWtecYuYE/sD5/AHtjZBC</latexit><latexit sha1_base64="ve5+r/IoI8TNP5dKi/KZ/aRfPLI=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4ColU9CIUvHisYD+gCWWz3bRLN5uwOxFK6d/w4kERr/4Zb/4bt20O2vpg4PHeDDPzokwKg5737aytb2xubZd2yrt7+weHlaPjlklzzXiTpTLVnYgaLoXiTRQoeSfTnCaR5O1odDfz209cG5GqRxxnPEzoQIlYMIpWCvCWeG7tigRI816l6rneHGSV+AWpQoFGr/IV9FOWJ1whk9SYru9lGE6oRsEkn5aD3PCMshEd8K6liibchJP5zVNybpU+iVNtSyGZq78nJjQxZpxEtjOhODTL3kz8z+vmGN+EE6GyHLlii0VxLgmmZBYA6QvNGcqxJZRpYW8lbEg1ZWhjKtsQ/OWXV0nr0vU913+oVeu1Io4SnMIZXIAP11CHe2hAExhk8Ayv8Obkzovz7nwsWtecYuYE/sD5/AHtjZBC</latexit><latexit sha1_base64="ve5+r/IoI8TNP5dKi/KZ/aRfPLI=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4ColU9CIUvHisYD+gCWWz3bRLN5uwOxFK6d/w4kERr/4Zb/4bt20O2vpg4PHeDDPzokwKg5737aytb2xubZd2yrt7+weHlaPjlklzzXiTpTLVnYgaLoXiTRQoeSfTnCaR5O1odDfz209cG5GqRxxnPEzoQIlYMIpWCvCWeG7tigRI816l6rneHGSV+AWpQoFGr/IV9FOWJ1whk9SYru9lGE6oRsEkn5aD3PCMshEd8K6liibchJP5zVNybpU+iVNtSyGZq78nJjQxZpxEtjOhODTL3kz8z+vmGN+EE6GyHLlii0VxLgmmZBYA6QvNGcqxJZRpYW8lbEg1ZWhjKtsQ/OWXV0nr0vU913+oVeu1Io4SnMIZXIAP11CHe2hAExhk8Ayv8Obkzovz7nwsWtecYuYE/sD5/AHtjZBC</latexit>
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k

x

t = 0.60τ
<latexit sha1_base64="nA/gSOq0e3ZyTEZvig1l4eSoQ0w=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgacmKqBeh4MVjBfsB3aVk02wbms0uyUQopX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMi3MpDBDy7ZXW1jc2t8rblZ3dvf2D6uFRy2RWM95kmcx0J6aGS6F4EwRI3sk1p2kseTse3c389hPXRmTqEcY5j1I6UCIRjIKTQrjFxL8iOARqe9Ua8ckceJUEBamhAo1e9SvsZ8ymXAGT1JhuQHKIJlSDYJJPK6E1PKdsRAe866iiKTfRZH7zFJ85pY+TTLtSgOfq74kJTY0Zp7HrTCkMzbI3E//zuhaSm2giVG6BK7ZYlFiJIcOzAHBfaM5Ajh2hTAt3K2ZDqikDF1PFhRAsv7xKWhd+QPzg4bJWvyziKKMTdIrOUYCuUR3dowZqIoZy9Ixe0ZtnvRfv3ftYtJa8YuYY/YH3+QPo9JA/</latexit><latexit sha1_base64="nA/gSOq0e3ZyTEZvig1l4eSoQ0w=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgacmKqBeh4MVjBfsB3aVk02wbms0uyUQopX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMi3MpDBDy7ZXW1jc2t8rblZ3dvf2D6uFRy2RWM95kmcx0J6aGS6F4EwRI3sk1p2kseTse3c389hPXRmTqEcY5j1I6UCIRjIKTQrjFxL8iOARqe9Ua8ckceJUEBamhAo1e9SvsZ8ymXAGT1JhuQHKIJlSDYJJPK6E1PKdsRAe866iiKTfRZH7zFJ85pY+TTLtSgOfq74kJTY0Zp7HrTCkMzbI3E//zuhaSm2giVG6BK7ZYlFiJIcOzAHBfaM5Ajh2hTAt3K2ZDqikDF1PFhRAsv7xKWhd+QPzg4bJWvyziKKMTdIrOUYCuUR3dowZqIoZy9Ixe0ZtnvRfv3ftYtJa8YuYY/YH3+QPo9JA/</latexit><latexit sha1_base64="nA/gSOq0e3ZyTEZvig1l4eSoQ0w=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgacmKqBeh4MVjBfsB3aVk02wbms0uyUQopX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMi3MpDBDy7ZXW1jc2t8rblZ3dvf2D6uFRy2RWM95kmcx0J6aGS6F4EwRI3sk1p2kseTse3c389hPXRmTqEcY5j1I6UCIRjIKTQrjFxL8iOARqe9Ua8ckceJUEBamhAo1e9SvsZ8ymXAGT1JhuQHKIJlSDYJJPK6E1PKdsRAe866iiKTfRZH7zFJ85pY+TTLtSgOfq74kJTY0Zp7HrTCkMzbI3E//zuhaSm2giVG6BK7ZYlFiJIcOzAHBfaM5Ajh2hTAt3K2ZDqikDF1PFhRAsv7xKWhd+QPzg4bJWvyziKKMTdIrOUYCuUR3dowZqIoZy9Ixe0ZtnvRfv3ftYtJa8YuYY/YH3+QPo9JA/</latexit><latexit sha1_base64="nA/gSOq0e3ZyTEZvig1l4eSoQ0w=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgacmKqBeh4MVjBfsB3aVk02wbms0uyUQopX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMi3MpDBDy7ZXW1jc2t8rblZ3dvf2D6uFRy2RWM95kmcx0J6aGS6F4EwRI3sk1p2kseTse3c389hPXRmTqEcY5j1I6UCIRjIKTQrjFxL8iOARqe9Ua8ckceJUEBamhAo1e9SvsZ8ymXAGT1JhuQHKIJlSDYJJPK6E1PKdsRAe866iiKTfRZH7zFJ85pY+TTLtSgOfq74kJTY0Zp7HrTCkMzbI3E//zuhaSm2giVG6BK7ZYlFiJIcOzAHBfaM5Ajh2hTAt3K2ZDqikDF1PFhRAsv7xKWhd+QPzg4bJWvyziKKMTdIrOUYCuUR3dowZqIoZy9Ixe0ZtnvRfv3ftYtJa8YuYY/YH3+QPo9JA/</latexit>
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<latexit sha1_base64="ZhX/ZGCskoOzhW2KyuYjsK0pxqg="></latexit><latexit sha1_base64="ZhX/ZGCskoOzhW2KyuYjsK0pxqg="></latexit><latexit sha1_base64="ZhX/ZGCskoOzhW2KyuYjsK0pxqg="></latexit><latexit sha1_base64="ZhX/ZGCskoOzhW2KyuYjsK0pxqg="></latexit>

PR, Calabrese, Doyon, Dubail, In Preparation



THANK YOU.

1. GHD provides an efficient way to describe 
interacting quantum particles in 1D 

2. Still, it misses important quantum effects 

3. Quantum GHD gives a way to construct quantum 
fluctuations around GHD 

4. This is not the end of the story…

SUMMARY


