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Takeaways/Outline

1. Flavor structure may be a hint for new physics

2. Modular symmetry is a predictive framework for describing
flavor

3. Hierarchical mass patterns arise naturally within this framework
[Penedo, Petcov, PN, 2102.07488]



Flavor structure:
hint for new physics



Flavor structure of the Standard Model

flavors ∼ families, generations: q
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dc





ec


The family problem occurs when three generations
have to live together

[A. Zee, ”Group theory in a nutshell for physicists”]
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Three generations living together
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Flavor symmetry approach

Flavor symmetry group G mixing different generations:

ϕ → Uj ϕj

Froggatt-Nielsen:

M ∼





ε4 ε3 ε2

ε3 ε2 ε1

ε2 ε1 1





hierarchies
predictivity

Discrete symmetries:

U '
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mixing
symmetry breaking
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Modular symmetry
as a flavor symmetry



Modular group

e1

e2 e′1e′2

Modulus: τ =
e2

e1
∈ C

τ′ =
e′2
e′1
=
τ + b

cτ + d

Modular group:  =

¨

�

 b
c d

�

,
, b, c, d ∈ Z ,
d − bc = 1

«

Flavors mix and rescale: ϕ′

= (cτ + d)−k ρ
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Modular invariance
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: τ→
τ + b

cτ + d
ϕ → (cτ + d)−k ρ
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 b
c d
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j

ϕj

Y(τ) ϕ1 ϕ2 . . . ϕn

(cτ + d)−(k1+k2+...+kn)ρ1 ⊗ ρ2 ⊗ ... ⊗ ρn × itself(cτ + d)kρ

k = k1 + k2 + .. + kn
ρ ⊗ ρ1 ⊗ ρ2 ⊗ . . . ⊗ ρn ⊃ 1

Y

�

τ + b

cτ + d

�

= (cτ + d)kρ
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Yj(τ)
couplings are
modular forms
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Modular invariance: example

• Two neutrinos ν ,  = 1,2 : k = −1, ρ = 2

• Mass term ννj : k = −2 , ρ = 2 ⊗ 2 = 1 ⊕ 1′ ⊕ 2

(νν)1 = ν1ν1 + ν2ν2

(νν)1′ = ν1ν2 − ν2ν1 = 0
(νν)2 =
�

ν2ν2 − ν1ν1
ν1ν2 + ν2ν1

�

• Modular forms Y(τ) : k = 2 , ρ = 2 ⊕ 3′
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�
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�
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Modular invariant model of lepton flavor

Choose field representations and weights → mass matrices:

Mν = g1







2Y1(τ) 0 0
0
p

3Y2(τ) −Y1(τ)
0 −Y1(τ)

p
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+ g2





0 −Y4(τ) Y5(τ)
−Y4(τ) −Y3(τ) 0
Y5(τ) 0 Y3(τ)



 χ2 (τ, g1, g2, α)→min

Me = α





0 Y5(τ) −Y4(τ)
−Y5(τ) 0 Y3(τ)
Y4(τ) −Y3(τ) 0





Flavor patterns are unexplained
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Flavor patterns from
residual modular symmetries



Residual symmetries

τ ∼
τ + b

cτ + d
⇒ τ ∈ fundamental domain D

Symmetric points:

τsym inv. under group

 τ→ − 1
τ Z2

e2π/3 τ→ − 1
τ+1 Z3

∞ τ→ τ + 1 Z
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Key idea: some flavor observables may vanish as τ→ τsym
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Hierarchical mass matrices

ε ≡ |τ − τsym| ϕc

M
j
(τ)ϕ

j

ϕ

∼ 3

ϕc

∼ 3′

  10 ⊕ 12 ⊕ 13
  10 ⊕ 11 ⊕ 14

)

⇒ M(τ) ∼





1 ε4 ε

ε3 ε2 ε4

ε2 ε ε3



⇒
m1 ∼ ε4

m2 ∼ ε
m3 ∼ 1

Key results:

• Hierarchical masses are possible
• List of field representations which yield them
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Large mixing in the symmetric limit

ν1 ν2 ν3

e

μ

τ

τ→τsym
−−−−→





∗ ∗ 0
∗ ∗ ∗
∗ ∗ ∗



 or





∗ ∗ ∗
∗ ∗ ∗
∗ ∗ ∗





[Reyimuaji, Romanino, 1801.10530]

1.
�

   1 ⊕ 1 ⊕ 1
ec  1 ⊕ . . .

2.
�

   1 ⊕ 1 ⊕ 1∗

ec  1∗ ⊕ . . .

Other options:
3. me,mμ,mτ → 0

4. mν
1 ,m

ν
2 ,m

ν
3 → 0
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Example model

• hierarchical masses
• large mixing
• predictivity

ec ∼
�
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me = O(ε2)
mμ = O(ε)
mτ = O(1)

Mν ∝ ε
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ε' 0.02 α = 2.45 ± 0.44
= 1.5 ± 0.15 β= 2.14 ± 0.32
b= 2.22 ± 0.17 γ= 0.91 ± 0.05

mν ≈ 0.059 eV δ = π + O(10−6) |〈m〉| = (1.44 ± 0.33) meV
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Takeaways/Summary

1. Flavor structure may be a hint for new physics

2. Modular symmetry is a predictive framework for describing
flavor

3. Hierarchical mass patterns arise naturally within this framework

Thank you!
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