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“Scientist is the one who knows how to get a solution out of an enigma”
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Theories and Theorems
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Theories and Theorems
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A paradigmatic example



Square-free numbers
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fn = p1 · p2 · · · pk

What is the density of square-free numbers among the integers?

• assuming no correlation between numbers, 1/p is the probability that a number x     
is divisible by the prime p    

• hence (1-1/p2) is the probability that a number x is NOT divisible by the prime p 
more than one time   
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Topics of the seminar

• Randomness vs Determinism  

• Riemann’s Hypothesis

• The  Generalised Riemann Hypothesis 

• For Whom the Bell Tolls

• Dirichlet characters, L - functions and all that



Randomness vs Determinism  



Number Theory is usually considered as a field rigidily 

ruled by the “military” deterministic laws of arithmetic, 

where randomness seems to play no role.



But, is it really so??



I would like to undermine this certainty of yours



Two examples

• Arithmetic tales from the world of 𝜋

• The strange realm of large numbers



Law and (dis)order in 𝜋
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Fk is the k-th Fibonacci number



Order and disorder in 𝜋
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The strange realm of large numbers

What is the average of 𝜔(n) and how 𝜔(n) is distributed?
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• Number of distict prime divisors



The strange realm of large numbers
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So, the factorization of integer numbers 

of order 101000 

have in average, only 7 different primes!!

The strange realm of large numbers
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The strange realm of large numbers
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Dr. Riemann 







“It is very probable that they are all along this line. Of course,  

it would be desirable to have a rigorous proof of this …



Innumerable consequences of the Riemann Hypothesis 

• Distribution of the primes (large gap, etc.)

• Growth of some arithmetic functions 

• Zoo of zeta functions 

• Random Matrices and Quantum Chaos

• General Theory of Phase Transitions (Fisher’s zeros, etc.)





The Riemann zeta Function
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Analytic continuation
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Number of zeros in the critical strip
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Number of zeros in the critical strip
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A Glimpse on “Randomness” 

of the Riemann Zeta Function
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Square-free numbers
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µ̂(n) = (�1)k

Inverse of the Riemann zeta function
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M̂(x) =

[x]X

n=1

µ̂(n)

The beauty of the Mellin transform
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Brownian motion
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⇣(s)
has its first singularities at Re(s) = ½!!

Location of the first singularity
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M̂(x) ' x1/2, the integral diverges at Re(s) = ½If



The Dirichlet’s L - functions    





Arithmetic Progressions

Sn = q n+ h
q, h 2 N

Dirichlet question: Under which conditions on q and h, the sequence 
contains infinite number of primes?

Dirichlet theorem: q and h must be coprime! Necessary but also
sufficient condition

q = modulus         h = residue



Examples

Sn = {7, 12, 17, 22, 27, 32, 37, 42, 47,52, 57, 62, 67, 72, 77,
82, 87, 92, 97, 102, 107, 117, 122, 127, 132,…}

Sn = 5n+ 3

Sn = {8, 13, 18, 23, 28, 33, 38, 43, 48, 53, 58, 63, 68, 73, 78, 83, 
88, 93, 98, 103,…}

Sn = 5n+ 2



2 3 4 5 6 7 8

10

20

30

40

y = 5n+ 1

y = 5n+ 2

y = 5n+ 3
y = 5n+ 4



Lattices on integers

q q q q q



Modular Arithmetic



Modular Arithmetic



5⇥ 5 = 25 = 24 + 1

5⇥ 7 = 35 = 24 + 11

2⇥ 2 = 4
2⇥ 8 = 16 = 12 + 4

5⇥ 11 = 55 = 48 + 7

1 5 7 11

5 1 11 7
7 11 1 5
11 7 5 1

Group Multiplication Table



The abelian group of prime residue classes modulo q

(Z/qZ) : =   { a mod q : gcd(a,q) = 1 }

#elements = '(q) = q
Y

p|q

✓
1� 1

p

◆

Examples

q=7 (Z/7Z) = {1, 2, 3, 4, 5, 6}
(Z/20Z) = {1, 3, 7, 9, 11, 13, 17, 19}q=20

(q-1)

*

*

*



Characters

• These are 1-d representation of the residue class group

• There are as many characters as many elements, i.e. ϕ(q)

• These arithmetic functions satisfy a series of properties 

a = 1, 2, . . .'(q)�a(n) = ei✓a(n)



Characters

1. �(n+ q) = �(n).

2. �(1) = 1 and �(0) = 0.

3. �(nm) = �(n)�(m).

4. �(n) = 0 if (n, q) > 1 and �(n) 6= 0 if (n, q) = 1.

5. If (n, q) = 1 then (�(n))'(q) = 1 ,
namely �(n) have to be '(q)-roots of unity.

6. If � is a Dirichlet character so
is the complex conjugate �.

1. �(n+ q) = �(n).

2. �(1) = 1 and �(0) = 0.

3. �(nm) = �(n)�(m).

4. �(n) = 0 if (n, q) > 1 and �(n) 6= 0 if (n, q) = 1.

5. If (n, q) = 1 then (�(n))'(q) = 1 ,
namely �(n) have to be '(q)-roots of unity.

6. If � is a Dirichlet character so
is the complex conjugate �.

1. �(n+ q) = �(n).

2. �(1) = 1 and �(0) = 0.

3. �(nm) = �(n)�(m).

4. �(n) = 0 if (n, q) > 1 and �(n) 6= 0 if (n, q) = 1.

5. If (n, q) = 1 then (�(n))'(q) = 1 ,
namely �(n) have to be '(q)-roots of unity.

6. If � is a Dirichlet character so
is the complex conjugate �.

1. �(n+ q) = �(n).

2. �(1) = 1 and �(0) = 0.

3. �(nm) = �(n)�(m).

4. �(n) = 0 if (n, q) > 1 and �(n) 6= 0 if (n, q) = 1.

5. If (n, q) = 1 then (�(n))'(q) = 1 ,
namely �(n) have to be '(q)-roots of unity.

6. If � is a Dirichlet character so
is the complex conjugate �.

.

1. �(n+ q) = �(n).

2. �(1) = 1 and �(0) = 0.

3. �(nm) = �(n)�(m).

4. �(n) = 0 if (n, q) > 1 and �(n) 6= 0 if (n, q) = 1.

5. If (n, q) = 1 then (�(n))'(q) = 1 ,
namely �(n) have to be '(q)-roots of unity.

6. If � is a Dirichlet character so
is the complex conjugate �.

.



q=7

! = ei2⇡/6
'(7) = 6

= ei⇡/3



n 1 2 3 4 5 6 7

�1(n) 1 1 1 1 1 1 0
�2(n) 1 !2 ! �! �!2 -1 0
�3(n) 1 �! !2 !2 �! 1 0
�4(n) 1 1 -1 1 -1 -1 0
�5(n) 1 !2 �! �! !2 1 0
�6(n) 1 �! �!2 !2 ! -1 0

Principal character

Character Table for q=7



Dirichlet L-functions

L(s,�) =
1X

n=1

�(n)

ns
=

1Y

n=1

✓
1� �(pn)

psn

◆�1

.L(s,�) =
1X

n=1

�(n)

ns
=

1Y

n=1

✓
1� �(pn)

psn

◆�1

.

Partition functions of free bosons with an extra 
Z𝜑(q)  abelian charge

a = 1, 2, . . .'(q)�a(n) = ei✓a(n)



Dirichlet L-functions

L(s,�) =
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The Riemann function is a very special case 

of a Dirichlet function (q=1)



Dirichlet L-functions

L(s,�) =
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Functional equation 
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L(1� s,�) = A L(s,�)
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A =
qs�1�(s)

(2⇡)s
cos(⇡s/2)



Dirichlet L-functions

L(s,�) =
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Residue at the pole s = 1

ResL(s,�) =
1

q

qX

r=0

�(r) =

(
'(q)
q if � = �1

0 if � 6= �1 .







Generalised Riemann Hypothesis

Re s = 1

2

The non-trivial zeros of ALL Dirichlet functions

(i.e. for any modulus q and any character) 

are ALL along the critical line placed at  

(Piltz 1884)



Today, in this talk, we discuss the

Generalised Riemann Hypothesis 

for non-principal characters 





The main idea

S=1

• We will look at enlarging the domain of convergence of the  
Mellin transform of the L-functions 



The main idea

• We will look at enlarging the domain of convergence of the  
Mellin transform of the L-functions 

S=1S*



• The singularities of this quantity depend ONLY on the zeros
of the L-functions of non-principal characters

s = � + it

P (s,�) =
1Y

n=1

✓
1� �(pn)

psn

◆�1

logP (s,�)

• We will look at enlarging the domain of convergence of the  
Mellin transform of the L-functions 

The main idea



logP (s) =
1X

n=1

cos(t log pn � ✓(pn))

p�n
= �

Z 1

2

B(u)

u�+1
dulog P (�) =

X

n=1

cos ✓(pn)

p�n
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B(x) =

[x]X

n=1

cos ✓(pn)
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The main idea

The angles 𝜃(pn) are computed along the sequence of the primes pn



If α=1/2, i.e. 

B '
p
N

then all zeros are on the critical line! 

' N↵B(N) =
NX

n=1

cos(t log pn � ✓(pn))

log P (�) =
X

n=1

cos ✓(pn)

p�n
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logP (s) =
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cos(t log pn � ✓(pn))
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B(u)

u�+1
du

The main idea of our argument



Corrections by logarithms to this scaling law 
do not spoil the conclusion

B(N) '
p
N loga N

logP (s) =

Z 1

2

B(u)

u�+1

=
�(a+ 1)

(� � 1/2)a+1

=

Z 1

2

p
u loga u

u�+1



The large asymptotic behaviour of the series B(N) 

is an ideal diagnosis for the real part of the zeros 

B(N) ' N↵



2 4 6 35 2 15

q = 7

33



4, 6, 3, 5, 2, 1, 3, 2, 6, 1, 5, 4, 3, 5, 4, 1, 3, 2, 6, 5, 6, 3, 5, 2, 4, 1, 1, 5, 4, 6, 2, 4, 3, 2, 6, 5, 4, 6, 2, 4, 1, 3, 



Properties of the series B(N)

B(N) =
NX

n=1

cn

������� ��	
���
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cn = cos ✓(pn) = bn(0)

cos ✓(pn)
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P (y) ⇠ 1

⇡

1p
1� y2



q(N) =
B(N)p
2N
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Properties of the series B(N)

• All the angles are equiprobable (Dirichlet theorem)

0

50000

100000

150000

• All terms are of the same order (order 1)
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Properties of the series B(N)

• As consequence, the mean of the series B(N) vanishes 

hB(N)i = lim
N!1

1

N

NX

n=1

cn = 0

• All terms are of the same order (order 1)

• All the angles are equiprobable (Dirichlet theorem)
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• The variable cn are very weakly correlated 

• As consequence, the mean of the series B(N) vanishes 

hB(N)i = lim
N!1

1

N

NX

n=1

cn = 0

• All terms are of the same order (order 1)

• All the angles are equiprobable (Dirichlet theorem)

Properties of the series B(N)
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Correlation Function of lag j

G(j) =

PN�1
n=1 (cn � µ)(cn+j � µ)

PN
n=1(cn � µ)2
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Correlation Function of lag j
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As a matter of fact, at finite size we have a very clear idea of
all their correlations!
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As a matter of fact, at finite size we have a very clear idea of
all their correlations!
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As a matter of fact, at finite size we have a very clear idea of
all their correlations!



fab(N, q, k) =
#{pn  pN : pn ⌘ ha (mod q) , pn+k ⌘ hb (mod q)}
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(Lemke Oliver-Soundararajan)

As a matter of fact, at finite size we have a very clear idea of
all their correlations!
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(Lemke Oliver-Soundararajan)

N ! 1

FOR LARGE N, 
THE RESIDUES ARE UNCORRELATED !!!

As a matter of fact, at finite size we have a very clear idea of
all their correlations!



Time Series

B(N) =
NX

n=1

cn cn = cos ✓pn

B(N) grows as a brownian motion !

hB(N)i = 0

hB2(N)i = b2 N

hB2k(N)i = b2k Nk
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Law of iterated logarithms

B(N) =
NX

n=1

cn

For a brownian motion we have to control the tails

(Khinchin –Kolmogorov)

lim
N!1

sup
|B(N)|p

2N log logN
= 1
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All previous considerations lead to conclude
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B(N) ⇠ N1/2+✏

But, can we actually check or disprove it ?

Experimental Mathematics

Can we falsify such a conclusion ?



Problem of single Brownian trajectory



Problem of single Brownian trajectory

Very common problem in Data Analysis which
arises when we cannot turn back time… 

• Prediction of the meteo

• Evolution of the stock market 

• Single particle tracking in living cell



Jean Perrin (1908)

Ivar Nordlund (1914)



Problem of single Brownian trajectory

We can use parts of the infinite time series to generate
the statistical ensembles!

With an abuse of language, the time series gives rise to
its own “thermal bath”













Block Variables

Xa(L) =
LX

n=1

ca+n



If the original series goes as 

BN '
p
N

the same should happen for any of its subsets! 

B0
L '

p
L





Huge battery of highly sophisticate statistical tests

• Longest run of positive values

• Matrix rank test

• Discrete Fourier Transform distribution

• Entropy test

• Cumulative sum test

• Random excursion test

• Min-max time distribution

• … … …
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FIG. 23: (a) Squared magnitudes of the Discrete Fourier transform of L = 8 ⇥ 104 consecutive values of {bµn}.
The red dashed line is the peak height threshold value. (b) Distribution of the P -values for this test. All the
obtained P -values pass the statistical test P -value > 0.01.

6. We count Ne, i.e. the actual observed number of peaks in |F| that are less than T and compute
the statistical test

v =
(Ne � N0)p

L(0.95)(0.05)/4
. (194)

7. Then we compute the P -value of this test, given by

P � value = erfc

✓
|v|
p
2

◆
. (195)

8. If the computed P -value is < 0.01, then the sequence is not random.

A typical output of this test is shown in Figure 23.a, where we also show (the red dashed line) the
threshold value T . We perform our tests on sequences made of L = 8 ⇥ 104 consecutive numbers chosen
randomly among some stroboscopic large intervals of the overall sequence {bµn} (with initial point of our
analysis L1 = 1014, see Section XIVE), always obtaining P -values larger than the decisional value 0.01.
Hence the sequence {Sn} passes successfully also this test. A histogram of the P -values we obtain is
shown in Figure 23.b.

B. Correlation with random vectors

As stated in [12, 114], the randomness of the Möbius coe�cients would imply that they do not correlate
with any reasonable sequence r(n). In our case we can reformulate this statement as follows: (a) first of
all we focus our attention to the restricted values of the Möbius function to square-free numbers only,
i.e. the sequence {bµ(n)}; (b) secondly, we extract a random consecutive sequence of N values from this
sequence; (c) thirdly, we compute the correlation of this sequence with another sequence r(n) made of N
values. This ends up in the formula

bµ · r =
NX

k=1

bµ(k) r(k) ' o(N) (196)

where o(N) means that, for N ! 1, µ · r/N ! 0. In Figure 24 we present the correlation of {bµn} versus
N with six random sequences r(n) made of {±1}: all these correlations seem not to grow faster than

p
N ,

so that the asymptotic behaviour dictated by (196) seems to be indeed ”experimentally” well verified.
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Block 1 Block 2

Bit Positions Bits W1 Bits W2

1-3 100 0 010 0

2-4 001 (hit) 1 010 0

3-5 Not examinet 000 0

4-6 Not examined 001 (hit) 1

5-7 000 1 Not examined

6-8 001 (hit) 2 Not examined

7-9 Not examined 100 1

8-10 Not examined 001 (hit) 2

Total 2 2

TABLE 13: Non-overlapping Matching Test Example for a sequence made of N = 2 blocks of length M = 10 and
target bit B = 001 made of m = 3 bits.

XX. RANK OF MATRICES

Among the di↵erent tests we can make to verify the randomness of our sequence {Sn}, one of them
concerns the distribution of the rank of binary matrices that can be built up in terms of the elements
Sn. The test goes as follows [48]: given an integer length H (in our case 10  H  32) and a segment of
length L � H2 of our sequence {Sn}, we have N = [L/H2] disjoint blocks of {Sn}: each of them can be
rearranged in such a way to form a H ⇥ H binary matrix M . Each row of these matrices is filled with
successive H terms of the original sequence (see Figure 29). Once we have organized our original segment
of {Sn} of length L in this way, we can enquire about the probability distribution of the ranks of these
matrices on the binary field F = {0, 1}: this means that, denoting by vi either the i-th binary row or
column of these matrices, we can make linear combinations of these vectors but only using as coe�cients
the two elements of F

a1 v1 + a2 v2 + · · · an vn , ai 2 F (224)

FIG. 29: The way of extracting matrices of dimensions H ⇥H from the original sequence Sn.
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• Let’s now compute the variance of cM(n) using the standard result for a binomial variable

lim
n!1

h(cM(n) � M)2i = lim
n!1

4
⇣
n+ �

n

2

⌘2
=

= 4n P+ P� = n
�
1 � e�4�

�
! n (157)

• By the same token, in the limit n ! 1 we can compute all higher moments mk = (cM(n) � M)k.
The odd moments vanish, m2n+1 = 0 while for the even ones we have

m2 = n

m4 = (3n � 2)n (158)

m6 = (15n2
� 30n + 16)n

m8 = (105n3
� 420n2 + 588n � 272)n

. . . . . .

The leading order in n, for n ! 1, gives m2k ' nk(k � 1)!!, which are precisely the moments of a
normal distribution N0,n.

Hence, using the Poisson distribution of the variables Nk we can conclude that, for n ! 1

h(cM(n))2k+1
i = 0 ; h(cM(n))2ki = nk (k � 1)!! (159)

FIG. 14: (a) Plot of n� = N1+N3+N5+N7 (black dots) and n+ = N2+N4+N6+N8 (red dots) in the interval
107  fa  108. (b) Plot of �n = n� � n+ in the interval 107  fa  108; (c) Zoom on the behaviour of �n in
the interval 15.000.000  fa  15.010.000.
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Min-max distribution
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P (x|T ) = T

⇡

1p
x(1� x)

(E.T. Jaynes, The Theory of Probability)



• Pearson 𝜒2  = 33.35            with d = 35 degrees of freedom

P-value = 0.66

• Kolmogorov-Smirnov test     è 99.99%
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(Mori, Majumdar, Schehr, 2019)
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• Pearson 𝜒2  = 31.12            with d = 35 degrees of freedom

P-value = 0.77

• Kolmogorov-Smirnov test     è 99.99%



Variance of the block variables

�2
L = L�(L)

b2 ⌘ 1

r

rX

k=1

cos2 �k =

⇢
1 , if � = �⇤

1/2 , if � 6= �⇤

�(L) = b2

1� 1

logN
(logL� �E � 1)+

�
log logN

logN
+O

✓
1

log7/4 N

◆�
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length L  
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L• Pearson 𝜒2  = 19.73            with d = 21 degrees of freedom

P-value = 0.65

• Kolmogorov-Smirnov test     è 99.99%



Huge battery of highly sophisticate statistical tests

• Longest run of positive values

• Matrix rank test

• Discrete Fourier Transform distribution

• Entropy test

• Cumulative sum test

• Random excursion test

• Min-max time distribution

• … … …
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FIG. 23: (a) Squared magnitudes of the Discrete Fourier transform of L = 8 ⇥ 104 consecutive values of {bµn}.
The red dashed line is the peak height threshold value. (b) Distribution of the P -values for this test. All the
obtained P -values pass the statistical test P -value > 0.01.

6. We count Ne, i.e. the actual observed number of peaks in |F| that are less than T and compute
the statistical test

v =
(Ne � N0)p

L(0.95)(0.05)/4
. (194)

7. Then we compute the P -value of this test, given by

P � value = erfc

✓
|v|
p
2

◆
. (195)

8. If the computed P -value is < 0.01, then the sequence is not random.

A typical output of this test is shown in Figure 23.a, where we also show (the red dashed line) the
threshold value T . We perform our tests on sequences made of L = 8 ⇥ 104 consecutive numbers chosen
randomly among some stroboscopic large intervals of the overall sequence {bµn} (with initial point of our
analysis L1 = 1014, see Section XIVE), always obtaining P -values larger than the decisional value 0.01.
Hence the sequence {Sn} passes successfully also this test. A histogram of the P -values we obtain is
shown in Figure 23.b.

B. Correlation with random vectors

As stated in [12, 114], the randomness of the Möbius coe�cients would imply that they do not correlate
with any reasonable sequence r(n). In our case we can reformulate this statement as follows: (a) first of
all we focus our attention to the restricted values of the Möbius function to square-free numbers only,
i.e. the sequence {bµ(n)}; (b) secondly, we extract a random consecutive sequence of N values from this
sequence; (c) thirdly, we compute the correlation of this sequence with another sequence r(n) made of N
values. This ends up in the formula

bµ · r =
NX

k=1

bµ(k) r(k) ' o(N) (196)

where o(N) means that, for N ! 1, µ · r/N ! 0. In Figure 24 we present the correlation of {bµn} versus
N with six random sequences r(n) made of {±1}: all these correlations seem not to grow faster than

p
N ,

so that the asymptotic behaviour dictated by (196) seems to be indeed ”experimentally” well verified.
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Block 1 Block 2

Bit Positions Bits W1 Bits W2

1-3 100 0 010 0

2-4 001 (hit) 1 010 0

3-5 Not examinet 000 0

4-6 Not examined 001 (hit) 1

5-7 000 1 Not examined

6-8 001 (hit) 2 Not examined

7-9 Not examined 100 1

8-10 Not examined 001 (hit) 2

Total 2 2

TABLE 13: Non-overlapping Matching Test Example for a sequence made of N = 2 blocks of length M = 10 and
target bit B = 001 made of m = 3 bits.

XX. RANK OF MATRICES

Among the di↵erent tests we can make to verify the randomness of our sequence {Sn}, one of them
concerns the distribution of the rank of binary matrices that can be built up in terms of the elements
Sn. The test goes as follows [48]: given an integer length H (in our case 10  H  32) and a segment of
length L � H2 of our sequence {Sn}, we have N = [L/H2] disjoint blocks of {Sn}: each of them can be
rearranged in such a way to form a H ⇥ H binary matrix M . Each row of these matrices is filled with
successive H terms of the original sequence (see Figure 29). Once we have organized our original segment
of {Sn} of length L in this way, we can enquire about the probability distribution of the ranks of these
matrices on the binary field F = {0, 1}: this means that, denoting by vi either the i-th binary row or
column of these matrices, we can make linear combinations of these vectors but only using as coe�cients
the two elements of F

a1 v1 + a2 v2 + · · · an vn , ai 2 F (224)

FIG. 29: The way of extracting matrices of dimensions H ⇥H from the original sequence Sn.
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• Let’s now compute the variance of cM(n) using the standard result for a binomial variable

lim
n!1

h(cM(n) � M)2i = lim
n!1

4
⇣
n+ �

n

2

⌘2
=

= 4n P+ P� = n
�
1 � e�4�

�
! n (157)

• By the same token, in the limit n ! 1 we can compute all higher moments mk = (cM(n) � M)k.
The odd moments vanish, m2n+1 = 0 while for the even ones we have

m2 = n

m4 = (3n � 2)n (158)

m6 = (15n2
� 30n + 16)n

m8 = (105n3
� 420n2 + 588n � 272)n

. . . . . .

The leading order in n, for n ! 1, gives m2k ' nk(k � 1)!!, which are precisely the moments of a
normal distribution N0,n.

Hence, using the Poisson distribution of the variables Nk we can conclude that, for n ! 1

h(cM(n))2k+1
i = 0 ; h(cM(n))2ki = nk (k � 1)!! (159)

FIG. 14: (a) Plot of n� = N1+N3+N5+N7 (black dots) and n+ = N2+N4+N6+N8 (red dots) in the interval
107  fa  108. (b) Plot of �n = n� � n+ in the interval 107  fa  108; (c) Zoom on the behaviour of �n in
the interval 15.000.000  fa  15.010.000.
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To Whom the Bell Tolls: Universal distribution of the B(N) Function
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Singularity of the Mellin Transform of L-functions

logP (s) =
1X

n=1

cos(t log pn � ✓(pn))

p�n
= �

Z 1

2

B(u)

u�+1
dulogP (s) =

1X

n=1

cos(t log pn � ✓(pn))

p�n
= �

Z 1

2

B(u)

u�+1
du

The integral is then singular at σ =1/2

Namely, all zeros are on the critical line! 

B(N) =
NX

n=1

cos ✓pn ' N1/2+✏



Conclusions

• There are infinitely many functions which, as the Riemann
zeta function, has all their zeros along Re(s) = 1/2

• This properties can be traced back to some 
random properties of the primes

• The validity of the GRH relies on probability theorems 
involving the residues and the absence of their correlations

• Hence, the (Generalised) Riemann Hypothesis is just 

“Random Walk theorem” !!! 


