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INTRODUCTION

“Nature isn't classical, dammit, and if you want to make a 
simulation of nature, you'd better make it quantum mechanical, 
and by golly it's a wonderful problem,  
because it doesn't look so easy.”            
(Richard Feynman, 1982)
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SECOND QUANTUM REVOLUTION

▸ Quantum theory is (almost) a century old:  
        Heisenberg 1925, Schroedinger 1926 

▸ The most debated and challenged, but also the most confirmed physical theory 

▸ Modern every-day and advanced technology is based on quantum effects 

▸ We are now in the era of a second quantum revolution: 
           fundamentals of quantum theory are used to enhance technology 

EUROPEAN  
QUANTUM  
FLAGSHIP
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Antikythera Mechanism  
(I century bc)

FERMIAC (1946)

WIND GALLERY

ENIAC (1946)

IBM PC (1981)

IBM  
supercomputer (2018)
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QUANTUM SIMULATORS 

    Manipulation of single cold atoms/ions, 
    trapped in an optical potential 
‣     Versatility: 

- different geometries 
- different “hopping”  velocities 
- tunable interactions 
- internal degrees of freedom 
- different statistics (bosonic, fermonic, …)  Wide range of models can be simulated: 

- condensed matter systems 
- fundamental interactions (particles and gravity)
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OUTLINE qubit: what it is and how it is manipulated 7                                    

▸ How we describe the states of one or more qubits 

▸ Basic principles for quantum objects:  

                                                              linear superposition & entanglement 

▸ How we change the state of a qubit: 

    quantum gates and some examples of algorithms 

▸ Open systems: decoherence and channels



 A pure state is a ray in a Hilbert space
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|ψ⟩ ∈ ℋ
probabilistic interpretation:

⟨ψ |ψ⟩ = 1 |ψ⟩ ∼ eiα |ψ⟩[ |ψ⟩]∼

A mixed state is an ensemble  where  represent a set of possible 
states that can occur with probabilities 

{ |ψj⟩, pj}j { |ψj⟩}
pj (0 ≤ pj ≤ 1 ; ∑

j
pj = 1)

A state can be represented in terms of a density matrix

ρ = ∑
j

pj |ψj⟩⟨ψj |

- bounded,  

- self-adjoint,  

- definite positive,  

- unit trace,  

-                                                                                         

∥ρ∥ ≤ 1
ρ† = ρ

ρ > 0
Tr[ρ] = 1

ρ2 = ρ iff ρ pure
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 An  observable  is a self-adjoint operator on A ℋ

A = ∑
n

λnPn A |ψn⟩ = λn |ψn⟩ with { |ψn⟩}n o . n . set , Pn = ρn = |ψn⟩⟨ψn |

Given a state , the expectation value (average) of  on  isρ A ρ ⟨A⟩ = Tr[ρ A]
For a pure state with :ρ = |ψ⟩⟨ψ | |ψ⟩ = ∑

n
cn |ψn⟩ ⟨A⟩ = ∑

n
|cn |2 λn

The measurement of  on a state  is 

-  probabilistic 

-  destructive 

A = ∑
n

λnPn |ψ⟩ = ∑
n

cn |ψn⟩

outcomes : λn probabilities : pn = |cn |2 = ⟨ψ |Pn |ψ⟩

the state has collapsed |ψn⟩ = Pn |ψn⟩/⟨ψ |Pn |ψ⟩1/2



It generates a unitary evolution:

 A (closed) system evolves according to Schroedinger equation
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U(t)† = U(t)−1 = U(−t)

iℏ ∂
∂t

|ψ⟩ = H |ψ⟩

|ψ(t)⟩ = U(t) |ψ(0)⟩

H t − independent ⇒ U(t) = e−itH/ℏ

 The Hilbert space of a composite system is       ℋ = ℋ1 ⊗ ℋ2

ρ(t)⟩ = U(t)ρ(0)U(t)†



▸ Simplest quantum system:  

              two-level system 

▸ Superposition principle:      generic state of a qubit

THE QUBIT /1

C-BIT Q-BIT

0 |0>

1 |1> 

a, b 2 C
|a|2 + |b|2 = 1

<latexit sha1_base64="4oinwa2WWhnPiO6Qjz8L9e+LOsY=">AAACEXicbVDLSgMxFM3UV62vUZdugsVSUMpMFXQjFLtxWcE+oDOWJE3b0ExmSDJCmfYX3Pgrblwo4tadO//GTNuFVg+EHM65l3vvwRFnSjvOl5VZWl5ZXcuu5zY2t7Z37N29hgpjSWidhDyULYwU5UzQumaa01YkKQowp008rKZ+855KxUJxq0cR9QPUF6zHCNJG6tjFAkQn2GMCegHSA4xhFXoeLMAxGt+V4TEc4/S/dDt23ik5U8C/xJ2TPJij1rE/vW5I4oAKTThSqu06kfYTJDUjnE5yXqxohMgQ9WnbUIECqvxketEEHhmlC3uhNE9oOFV/diQoUGoUYFOZrq0WvVT8z2vHunfhJ0xEsaaCzAb1Yg51CNN4YJdJSjQfGYKIZGZXSAZIIqJNiDkTgrt48l/SKJfc01L55ixfuZrHkQUH4BAUgQvOQQVcgxqoAwIewBN4Aa/Wo/VsvVnvs9KMNe/ZB79gfXwDCo+Z/g==</latexit>
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Examples:      - two-levels in an atom 
                         - particle with spin s=½ 
                         - states of polarisation of  photon

|Qi = a|0i+ b|1i = a

✓
1
0

◆
+ b

✓
0
1

◆
=

✓
a
b

◆

<latexit sha1_base64="CAhxJ+SULlwSsNjO1MsgKCQyK9k="></latexit>



▸ In general: 

THE QUBIT /2

✓
<latexit sha1_base64="VRbFNfU2yJrhxTioHNG9u2eQ22g=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSqlW9i2rt/rJSv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/pUWPLA==</latexit>

�
<latexit sha1_base64="XWyjU0+anaF07IlNB7xx8N9rccE=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpF262YTdjVBKf4MXD4p49Qd589+4aXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzf5X77CZXmiXw0kxSDmA4ljzijxkp+Lx3xcr9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTTClynAmcFbuZRpTysZ0iF1LJY1RB9P5sTNybpUBiRJlSxoyV39PTGms9SQObWdMzUgve7n4n9fNTHQTTLlMM4OSLRZFmSAmIfnnZMAVMiMmllCmuL2VsBFVlBmbTx6Ct/zyKmnVa95lrf5wVW3cFnGU4BTO4AI8uIYG3EMTfGDA4Rle4c2Rzovz7nwsWtecYuYE/sD5/AFKhY5X</latexit>

 
Bloch sphere

S2

|Qi
<latexit sha1_base64="qCGbN7DW+47Rfd1YbPdur9HdDkM=">AAAB/nicdVDLSgMxFM3UVx1fo+LKTbAIrkpGO9juim5ctmAf0A4lk6ZtaCYzJBmhjAV/xY0LRdz6He78GzNtFRU9cOFwzr3ce08Qc6Y0Qu9Wbml5ZXUtv25vbG5t7zi7e00VJZLQBol4JNsBVpQzQRuaaU7bsaQ4DDhtBePLzG/dUKlYJK71JKZ+iIeCDRjB2kg95+C23pVYDDmFNvxCzymgIvIqnosgKnrIrZxlpFIplzwPukU0QwEsUOs5b91+RJKQCk04Vqrjolj7KZaaEU6ndjdRNMZkjIe0Y6jAIVV+Ojt/Co+N0oeDSJoSGs7U7xMpDpWahIHpDLEeqd9eJv7ldRI9KPspE3GiqSDzRYOEQx3BLAvYZ5ISzSeGYCKZuRWSEZaYaJOYbUL4/BT+T5qnRdfweqlQvVjEkQeH4AicABecgyq4AjXQAASk4B48gifrznqwnq2XeWvOWszsgx+wXj8A5LWS1w==</latexit><latexit sha1_base64="qCGbN7DW+47Rfd1YbPdur9HdDkM=">AAAB/nicdVDLSgMxFM3UVx1fo+LKTbAIrkpGO9juim5ctmAf0A4lk6ZtaCYzJBmhjAV/xY0LRdz6He78GzNtFRU9cOFwzr3ce08Qc6Y0Qu9Wbml5ZXUtv25vbG5t7zi7e00VJZLQBol4JNsBVpQzQRuaaU7bsaQ4DDhtBePLzG/dUKlYJK71JKZ+iIeCDRjB2kg95+C23pVYDDmFNvxCzymgIvIqnosgKnrIrZxlpFIplzwPukU0QwEsUOs5b91+RJKQCk04Vqrjolj7KZaaEU6ndjdRNMZkjIe0Y6jAIVV+Ojt/Co+N0oeDSJoSGs7U7xMpDpWahIHpDLEeqd9eJv7ldRI9KPspE3GiqSDzRYOEQx3BLAvYZ5ISzSeGYCKZuRWSEZaYaJOYbUL4/BT+T5qnRdfweqlQvVjEkQeH4AicABecgyq4AjXQAASk4B48gifrznqwnq2XeWvOWszsgx+wXj8A5LWS1w==</latexit><latexit sha1_base64="qCGbN7DW+47Rfd1YbPdur9HdDkM=">AAAB/nicdVDLSgMxFM3UVx1fo+LKTbAIrkpGO9juim5ctmAf0A4lk6ZtaCYzJBmhjAV/xY0LRdz6He78GzNtFRU9cOFwzr3ce08Qc6Y0Qu9Wbml5ZXUtv25vbG5t7zi7e00VJZLQBol4JNsBVpQzQRuaaU7bsaQ4DDhtBePLzG/dUKlYJK71JKZ+iIeCDRjB2kg95+C23pVYDDmFNvxCzymgIvIqnosgKnrIrZxlpFIplzwPukU0QwEsUOs5b91+RJKQCk04Vqrjolj7KZaaEU6ndjdRNMZkjIe0Y6jAIVV+Ojt/Co+N0oeDSJoSGs7U7xMpDpWahIHpDLEeqd9eJv7ldRI9KPspE3GiqSDzRYOEQx3BLAvYZ5ISzSeGYCKZuRWSEZaYaJOYbUL4/BT+T5qnRdfweqlQvVjEkQeH4AicABecgyq4AjXQAASk4B48gifrznqwnq2XeWvOWszsgx+wXj8A5LWS1w==</latexit><latexit sha1_base64="qCGbN7DW+47Rfd1YbPdur9HdDkM=">AAAB/nicdVDLSgMxFM3UVx1fo+LKTbAIrkpGO9juim5ctmAf0A4lk6ZtaCYzJBmhjAV/xY0LRdz6He78GzNtFRU9cOFwzr3ce08Qc6Y0Qu9Wbml5ZXUtv25vbG5t7zi7e00VJZLQBol4JNsBVpQzQRuaaU7bsaQ4DDhtBePLzG/dUKlYJK71JKZ+iIeCDRjB2kg95+C23pVYDDmFNvxCzymgIvIqnosgKnrIrZxlpFIplzwPukU0QwEsUOs5b91+RJKQCk04Vqrjolj7KZaaEU6ndjdRNMZkjIe0Y6jAIVV+Ojt/Co+N0oeDSJoSGs7U7xMpDpWahIHpDLEeqd9eJv7ldRI9KPspE3GiqSDzRYOEQx3BLAvYZ5ISzSeGYCKZuRWSEZaYaJOYbUL4/BT+T5qnRdfweqlQvVjEkQeH4AicABecgyq4AjXQAASk4B48gifrznqwnq2XeWvOWszsgx+wXj8A5LWS1w==</latexit>
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θ ∈ [0,π] , ϕ ∈ [0,2π]
|Qi = cos

✓

2
|0i+ ei� sin

✓

2
|1i

=

✓
cos ✓/2

ei� sin ✓/2

◆

<latexit sha1_base64="Zod0hu7joBu5WsQytax2WBNrpa4="></latexit>
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|0⟩

|1⟩ | + ⟩ = 1
2

( |0⟩ + |1⟩)

| − ⟩ = 1
2

( |0⟩ − |1⟩) | − ⟩y = 1
2

( |0⟩ − i |1⟩)

| + ⟩y = 1
2

( |0⟩ + i |1⟩)

Z-basis 

(computational basis)
X-basis Y-basis 
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‣ Pure density matrix of a qubit:   

                                                                                                             |Q⟩ = a |0⟩ + b |1⟩

⇢Q =

✓
|a|2 ab⇤

a⇤b |b|2
◆

<latexit sha1_base64="sRkp3LvjYPlW9L8rY31zMH7ggAM="></latexit>

‣ Mixed density matrix of a qubit:   

                                                                                                             {( |0⟩, |a |2 ), |1⟩, |b |2 )}

⇢Q =

✓
|a|2 0
0 |b|2

◆

<latexit sha1_base64="2nsGezPcKuUjzNlhMG3BSclzgX0="></latexit>

e.g.

quantum mixture

classical mixture
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▸ Pauli matrices

�z =

✓
1 0
0 �1

◆

<latexit sha1_base64="VM9fdP1Auap5Kq+UgGtUcGIMDaQ="></latexit>

�x =

✓
0 1
1 0

◆

<latexit sha1_base64="rOS7Tup3085GoHfuPRWfGw+ttIA="></latexit>

�z|0, 1i = ±|0, 1i
<latexit sha1_base64="g19LaX/aLTYmevB//+eYWkB5gGk=">AAACEHicbVDLSsNAFJ34rPUVdelmsIgupCRV0I1QdOOygn1AE8JkOkmHzkzCzESosZ/gxl9x40IRty7d+TdOH4vaeuDC4Zx7ufeeMGVUacf5sRYWl5ZXVgtrxfWNza1te2e3oZJMYlLHCUtkK0SKMCpIXVPNSCuVBPGQkWbYux76zXsiFU3Ene6nxOcoFjSiGGkjBfaRp2jMUfAA4aNz4noSiZgReAm9lE8rgV1yys4IcJ64E1ICE9QC+9vrJDjjRGjMkFJt10m1nyOpKWZkUPQyRVKEeygmbUMF4kT5+eihATw0SgdGiTQlNByp0xM54kr1eWg6OdJdNesNxf+8dqajCz+nIs00EXi8KMoY1AkcpgM7VBKsWd8QhCU1t0LcRRJhbTIsmhDc2ZfnSaNSdk/LlduzUvVqEkcB7IMDcAxccA6q4AbUQB1g8ARewBt4t56tV+vD+hy3LliTmT3wB9bXL/+Tm00=</latexit>

�x|±i = ±|±i
<latexit sha1_base64="eHk5kB/sM3eik7qE6eNJpOnd9ko=">AAACEHicbVC7TsMwFHXKq5RXgJHFokIwVUlBggWpgoWxSPQhNVHkuE5r1XYi20FUoZ/Awq+wMIAQKyMbf4PbZigtR7rS8Tn3yveeMGFUacf5sQpLyyura8X10sbm1vaOvbvXVHEqMWngmMWyHSJFGBWkoalmpJ1IgnjISCscXI/91j2RisbiTg8T4nPUEzSiGGkjBfaxp2iPo+ABwkcv4Z5EoscIvITmMasEdtmpOBPAReLmpAxy1AP72+vGOOVEaMyQUh3XSbSfIakpZmRU8lJFEoQHqEc6hgrEifKzyUEjeGSULoxiaUpoOFFnJzLElRry0HRypPtq3huL/3mdVEcXfkZFkmoi8PSjKGVQx3CcDuxSSbBmQ0MQltTsCnEfSYS1ybBkQnDnT14kzWrFPa1Ub8/Ktas8jiI4AIfgBLjgHNTADaiDBsDgCbyAN/BuPVuv1of1OW0tWPnMPvgD6+sXHJKcow==</latexit>

�y|±iy = ±|±iy
<latexit sha1_base64="nwhGTnRMx8KHNOXubeah3yuGixg=">AAACFHicbVDLSgMxFM34rPU16tJNsAiCUGaqoBuh6MZlBfuAzjBk0kwbmmSGJCMMYz/Cjb/ixoUibl24829M21nY1gOBc8+5l5t7woRRpR3nx1paXlldWy9tlDe3tnd27b39lopTiUkTxyyWnRApwqggTU01I51EEsRDRtrh8Gbstx+IVDQW9zpLiM9RX9CIYqSNFNinnqJ9joIMwkcv4Z5Eos+IKa+gKWe1wK44VWcCuEjcglRAgUZgf3u9GKecCI0ZUqrrOon2cyQ1xYyMyl6qSILwEPVJ11CBOFF+PjlqBI+N0oNRLM0TGk7UvxM54kplPDSdHOmBmvfG4n9eN9XRpZ9TkaSaCDxdFKUM6hiOE4I9KgnWLDMEYUnNXyEeIImwNjmWTQju/MmLpFWrumfV2t15pX5dxFECh+AInAAXXIA6uAUN0AQYPIEX8AberWfr1fqwPqetS1YxcwBmYH39AoEEnnw=</latexit>

(Together with identity, they form a basis for all self-adjoint matrices (observables).  

In particular any density matrix of a single qubit can be written as

ρ = -
2 + 1

2
⃗n ⋅ ⃗σ

with | ⃗n |2 ≤ 1

�y =

✓
0 �i
i 0

◆

<latexit sha1_base64="zfLqw/TWF74Upcj+MI37RGara1E="></latexit>

⃗n = (nx, ny, nz)

THE QUBIT /5



▸ Bloch Sphere

THE QUBIT /6 16

⃗n = 0, ρ = -
2

maximally mixed
pure state

| ⃗n | = 1

mixed state

| ⃗n | < 1



SINGLE QUBIT MEASUREMENT

▸ The physical meaning of the coefficients  is linked to measurements 

     We can devise a measurement to establish whether a qubit is in the state 0 or 1: 

               the result of this measurement is a classical bit 

▸ If the qubit is in superposition state       
          the outcome is: 
          - probabilistic  
          - destructive

a, b

|Q⟩ = a |0⟩ + b |1⟩

outcome probability state after

0

1

|Q⟩ c-bit

17

p0 = |a |2

p1 = |b |2

|0⟩
|1⟩



▸ Linear and unitary transformation, i.e. a 2x2 rotation matrix  

     that moves one point on the surface if the Bloch sphere to another point on it,   

                                                  

SINGLE QUBIT GATE /1

U

18

Remark: since U is unitary, it is reversible  with .U−1 = U†

with   U U† = U† U = -

|Q⟩ = a |0⟩ + b |1⟩ ⟶ |Q′ ⟩ = a′ |0⟩ + b′ |1⟩

✓
a
b

◆
!

✓
a0

b0

◆
= U

✓
a
b

◆
=

✓
A B
C D

◆✓
a
b

◆

<latexit sha1_base64="12CT39FFxGJThtlcWqv4y45tjgc="></latexit>



▸ (Unitary) Evolution operator 

      which is a rotation of time (angle)  about the axis  

     as it follows from the algebra        

                                                  

t ̂n

(σj)2 = - , [σi, σj] = 2iϵijkσk

SINGLE QUBIT GATE /2 19

U = eit ̂n⋅ ⃗σ = cos t - + sin t ̂n ⋅ ⃗σ

UU
|Q⟩ |Q′ ⟩

U



▸ X GATE  

SINGLE QUBIT GATE /3

X =


0 1
1 0

�

<latexit sha1_base64="jnsgsVI+OeGBNiyAQYvYsepH/qc="></latexit>
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|0⟩ |1⟩

|1⟩ |0⟩

=

✓
1
0

◆

<latexit sha1_base64="3llv3vC0EU316qcUePd4Y8Z3G40=">AAACHXicbVBNS8NAEN34WetX1aOXxSLopSRa0ItQ9OKxglWhCWWznbSLm03YnQgh9I948a948aCIBy/iv3Hb5uDXg4HHezO7My9MpTDoup/OzOzc/MJiZam6vLK6tl7b2LwySaY5dHgiE30TMgNSKOigQAk3qQYWhxKuw9uzsX99B9qIRF1inkIQs4ESkeAMrdSrNU+oLyHCPeqHMBCqYFqzfFTwEfWo77vUB9UvReprMRjiPu3V6m7DnYD+JV5J6qREu1d79/sJz2JQyCUzpuu5KQb2WRRcwqjqZwZSxm/ZALqWKhaDCYrJdSO6a5U+jRJtSyGdqN8nChYbk8eh7YwZDs1vbyz+53UzjI6DQqg0Q1B8+lGUSYoJHUdF+0IDR5lbwrgWdlfKh0wzjjbQqg3B+33yX3J10PAOGwcXzXrrtIyjQrbJDtkjHjkiLXJO2qRDOLknj+SZvDgPzpPz6rxNW2eccmaL/IDz8QX6c6E8</latexit>

=

✓
0
1

◆

<latexit sha1_base64="Co5evVflX+ClwShrsC+RA/pSBRo=">AAACHXicbVBNS8NAEN34WetX1aOXxSLopSRa0ItQ9OKxglWhCWWznbSLm03YnQgh9I948a948aCIBy/iv3Hb5uDXg4HHezO7My9MpTDoup/OzOzc/MJiZam6vLK6tl7b2LwySaY5dHgiE30TMgNSKOigQAk3qQYWhxKuw9uzsX99B9qIRF1inkIQs4ESkeAMrdSrNU+oLyHCPeqHMBCqYFqzfFTwEXWp73vUB9UvReprMRjiPu3V6m7DnYD+JV5J6qREu1d79/sJz2JQyCUzpuu5KQb2WRRcwqjqZwZSxm/ZALqWKhaDCYrJdSO6a5U+jRJtSyGdqN8nChYbk8eh7YwZDs1vbyz+53UzjI6DQqg0Q1B8+lGUSYoJHUdF+0IDR5lbwrgWdlfKh0wzjjbQqg3B+33yX3J10PAOGwcXzXrrtIyjQrbJDtkjHjkiLXJO2qRDOLknj+SZvDgPzpPz6rxNW2eccmaL/IDz8QX6b6E8</latexit>

▸ It gives the NOT gate:  |0⟩ ↔ |1⟩ IN OUT

|0⟩
|1⟩

|1⟩
|0⟩

Geometrically,  
it is a rotation   
of 3 about the x-axis



▸ On a generic qubit:

SINGLE QUBIT GATE /4 21

|Q⟩ = a |0⟩ + b |1⟩ ↦ |Q′ ⟩ = b |0⟩ + a |1⟩

▸ Notice that   .X2 = I



▸ Y and  Z GATES 

Geometrically, they represent a rotation of 3 about the y-axis and z-axis. 
Also notice that:   . 

‣ The Pauli matrices  (and the identity ) generate all possible rotations. 
    An arbitrary rotation can be achieved by the transformation:

Y2 = Z2 = I

X, Y, Z -

SINGLE QUBIT GATE /5 22

Y =

✓
0 �i
i 0

◆

<latexit sha1_base64="g3GUnLgz2x1cMNbVme2DQkydOgk="></latexit>

Z =

✓
1 0
0 �1

◆

<latexit sha1_base64="cO678KB1W0hsHKpJp80nA0RP27c="></latexit>

U(✓,�,�) =

✓
ei� cos ✓/2 �ei� sin ✓/2
ei� sin ✓/2 e�i� cos ✓/2

◆

<latexit sha1_base64="NSnzbHBvgWq6pO3oA8UG89iBs4s="></latexit>

IN OUT

|0⟩
|1⟩

i |1⟩
−i |0⟩

IN OUT

|0⟩
|1⟩

|0⟩
− |1⟩



▸  GATE  

Classically such a gate does not exist.

NOT
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p
NOT =

1

2

✓
1 + i 1� i

1� i 1 + i

◆

<latexit sha1_base64="zDV9QbgAisGtsLjbh6TRCNAcqAk="></latexit>

since (
p
NOT )2 = X

<latexit sha1_base64="lGB13Htl+3yB3E21JhOH645oaVk=">AAACBHicbVDLSsNAFJ34rPUVddnN0CJUhJLUhW6EohtXWqEvaGKZTKft0MkkzkyEEFpw4xf4D25cKOLWj3DXv3H6WGjrgQuHc+7l3nu8kFGpLGtkLC2vrK6tpzbSm1vbO7vm3n5NBpHApIoDFoiGhyRhlJOqooqRRigI8j1G6l7/cuzXH4iQNOAVFYfE9VGX0w7FSGmpZWYk5ZgMhzDvyHuhkuubyuDorgjPIWy0zJxVsCaAi8SekVwp6xw/j0pxuWV+O+0ARz7hCjMkZdO2QuUmSCiKGRmknUiSEOE+6pKmphz5RLrJ5IkBPNRKG3YCoYsrOFF/TyTIlzL2Pd3pI9WT895Y/M9rRqpz5iaUh5EiHE8XdSIGVQDHicA2FQQrFmuCsKD6Voh7SCCsdG5pHYI9//IiqRUL9kmheKvTuABTpEAGZEEe2OAUlMAVKIMqwOARvIA38G48Ga/Gh/E5bV0yZjMH4A+Mrx/NNJnb</latexit>

▸ R(5) GATE: it inserts a phase difference
R� =

✓
1 0
0 ei�

◆

<latexit sha1_base64="9nYnqeDDnau1V5urm/QX4Nud1wk="></latexit>
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| IN⟩ = |0⟩ |OUT⟩ = − eiϕ |1⟩RX Z| IN⟩ = |1⟩ |OUT⟩ = |0⟩

ZRX =

✓
0 1

�ei� 0

◆

<latexit sha1_base64="ZDbbvldbcLSS1Uf6yDuPyPxCwTs="></latexit>

In matrix notation:        

EXAMPLE of simple circuit 



‣ Hadamard GATE: used to create superpositions 
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H =
1p
2

✓
1 1
1 �1

◆

<latexit sha1_base64="BZWEoSxvLe1pPL7s7m0yjPu6oEk="></latexit>

|+i = 1p
2
(|0i+ |1i)

<latexit sha1_base64="BGD1kQvx2Dlw/ivPIgw3GTv1r0g="></latexit>

|�i = 1p
2
(|0i � |1i)

<latexit sha1_base64="bfQX7zOqz4o2bI/ZXuukgVBtI6c="></latexit>

|0⟩

|0⟩
|1⟩

EXERCISE 

|0⟩
1
2 [(1 + eiϕ) |0⟩ + (1 − eiϕ) |1⟩]RH H

(up to a total phase, this is a rotation of )ϕ/2

 Notice that   .H2 = I



‣ EXERCISE: to achieve a given result, the circuit can be written in many ways 

 

 

 
                                                                                                         

…  

HZH = X

ZHZZ = ZH

HZ = XH

SINGLE QUBIT GATE /9 26

PROBLEM. How to optimise the explicit realisation of a given algorithm or protocol?


