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▸ Compositions of two bits 

▸ Superposition principle: 

TWO QUBITS /1

bit 1 \ bit 2 0 1

0 00 01 

1 10 11

|a00|2 + |a01|2 + |a10|2 + |a11|2 = 1
<latexit sha1_base64="WT369FYUs/0VqBYIB6gNquQVeek=">AAACHXicbVDLSgMxFM3UV62vUZdugkUQhDKpBd0IRTcuK9gHtOOQSdM2NJMZkoxQpv0RN/6KGxeKuHAj/o3pdBa19UDg3HPu5eYeP+JMacf5sXIrq2vrG/nNwtb2zu6evX/QUGEsCa2TkIey5WNFORO0rpnmtBVJigOf06Y/vJn6zUcqFQvFvR5F1A1wX7AeI1gbybMrY+wljjMZP5ThGUwLNFegeQfNnCvk2UWn5KSAywRlpAgy1Dz7q9MNSRxQoQnHSrWRE2k3wVIzwumk0IkVjTAZ4j5tGypwQJWbpNdN4IlRurAXSvOEhqk6P5HgQKlR4JvOAOuBWvSm4n9eO9a9SzdhIoo1FWS2qBdzqEM4jQp2maRE85EhmEhm/grJAEtMtAm0YEJAiycvk0a5hM5L5btKsXqdxZEHR+AYnAIELkAV3IIaqAMCnsALeAPv1rP1an1Yn7PWnJXNHII/sL5/AX9Qnwo=</latexit>

classical: all 4 possibilities 
quantum: computational basis
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|Q1Q2i = a00|00i+ a01|01i+ a10|10i+ a11|11i =

0

BB@

a00
a01
a10
a11

1

CCA

<latexit sha1_base64="Du4nCTDCTlLvGXJcUq9K+NynM+U="></latexit>



2-QUBIT MEASUREMENT

▸ The physical meaning of the coefficients is linked to measurements 

    

▸   The outcome is: 
          - not deterministic  
          - destructive
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|Q1i
<latexit sha1_base64="6a/bmhkyR4d9X8Yk4GWxrmvbtPs=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rEF+wFNKJvtpF262YTdjVBq/4YXD4p49c9489+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmGnuLu3f3BYOjpu6SRTDJssEYnqhFSj4BKbhhuBnVQhjUOB7XB0N/Pbj6g0T+SDGacYxHQgecQZNVbynxo9z1dUDgSSXqnsVtw5yCrxclKGHPVe6cvvJyyLURomqNZdz01NMKHKcCZwWvQzjSllIzrArqWSxqiDyfzmKTm3Sp9EibIlDZmrvycmNNZ6HIe2M6ZmqJe9mfif181MdBNMuEwzg5ItFkWZICYhswBInytkRowtoUxxeythQ6ooMzamog3BW355lbSqFe+yUm1clWu3eRwFOIUzuAAPrqEG91CHJjBI4Rle4c3JnBfn3flYtK45+cwJ/IHz+QNtPZFI</latexit>

|Q2i
<latexit sha1_base64="3hQ8Cd/u35nrLH7eNmN85MC/AOo=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rEF+wFNKJvttF262YTdjVBi/4YXD4p49c9489+4bXPQ1gcDj/dmmJkXJoJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqhFSj4BKbhhuBnUQhjUKB7XB8N/Pbj6g0j+WDmSQYRHQo+YAzaqzkPzV6VV9RORRIeqWyW3HnIKvEy0kZctR7pS+/H7M0QmmYoFp3PTcxQUaV4UzgtOinGhPKxnSIXUsljVAH2fzmKTm3Sp8MYmVLGjJXf09kNNJ6EoW2M6JmpJe9mfif103N4CbIuExSg5ItFg1SQUxMZgGQPlfIjJhYQpni9lbCRlRRZmxMRRuCt/zyKmlVK95lpdq4Ktdu8zgKcApncAEeXEMN7qEOTWCQwDO8wpuTOi/Ou/OxaF1z8pkT+APn8wduyZFJ</latexit>

|Q1Q2i
<latexit sha1_base64="qoC1PkoJVghW5L617TyoDOFGzuQ=">AAAB+HicbVDLTgJBEOz1ifgA9ehlIjHxRHbRRI9ELx4hkUcCm83s0MCE2dnNzKwJIl/ixYPGePVTvPk3DrAHBSvppFLVne6uMBFcG9f9dtbWNza3tnM7+d29/YNC8fCoqeNUMWywWMSqHVKNgktsGG4EthOFNAoFtsLR7cxvPaDSPJb3ZpygH9GB5H3OqLFSUCw81QOvHlS6isqBQBIUS27ZnYOsEi8jJchQC4pf3V7M0gilYYJq3fHcxPgTqgxnAqf5bqoxoWxEB9ixVNIItT+ZHz4lZ1bpkX6sbElD5urviQmNtB5Hoe2MqBnqZW8m/ud1UtO/9idcJqlByRaL+qkgJiazFEiPK2RGjC2hTHF7K2FDqigzNqu8DcFbfnmVNCtl76JcqV+WqjdZHDk4gVM4Bw+uoAp3UIMGMEjhGV7hzXl0Xpx352PRuuZkM8fwB87nD7a0knk=</latexit> {

0,1

0,1

{
00,01,10,11

outcome probability state after

p00 = |a00 |2 |00⟩

|11⟩

00
01
10
11

p01 = |a01 |2

p10 = |a10 |2

p11 = |a11 |2

|01⟩
|10⟩



▸ Linear (and unitary) transformation 

     

which  is represented by a unitary 4x4 matrix U,

TWO-QUBIT GATES /1

|Q1Q2i
<latexit sha1_base64="qoC1PkoJVghW5L617TyoDOFGzuQ=">AAAB+HicbVDLTgJBEOz1ifgA9ehlIjHxRHbRRI9ELx4hkUcCm83s0MCE2dnNzKwJIl/ixYPGePVTvPk3DrAHBSvppFLVne6uMBFcG9f9dtbWNza3tnM7+d29/YNC8fCoqeNUMWywWMSqHVKNgktsGG4EthOFNAoFtsLR7cxvPaDSPJb3ZpygH9GB5H3OqLFSUCw81QOvHlS6isqBQBIUS27ZnYOsEi8jJchQC4pf3V7M0gilYYJq3fHcxPgTqgxnAqf5bqoxoWxEB9ixVNIItT+ZHz4lZ1bpkX6sbElD5urviQmNtB5Hoe2MqBnqZW8m/ud1UtO/9idcJqlByRaL+qkgJiazFEiPK2RGjC2hTHF7K2FDqigzNqu8DcFbfnmVNCtl76JcqV+WqjdZHDk4gVM4Bw+uoAp3UIMGMEjhGV7hzXl0Xpx352PRuuZkM8fwB87nD7a0knk=</latexit>

U |Q0
1Q

0
2i

<latexit sha1_base64="leOkH1cXW2euyf45khqk+PllVe0=">AAAB+nicbVBNT8JAEJ3iF+JX0aOXjcTgibRookeiF4+QyEcCTbNdFtiw3Ta7Ww0p/BQvHjTGq7/Em//GBXpQ8CWTvLw3k5l5QcyZ0o7zbeU2Nre2d/K7hb39g8Mju3jcUlEiCW2SiEeyE2BFORO0qZnmtBNLisOA03Ywvpv77UcqFYvEg57E1AvxULABI1gbybeL04bvlht+tdyTWAw5Rb5dcirOAmiduBkpQYa6b3/1+hFJQio04VipruvE2kux1IxwOiv0EkVjTMZ4SLuGChxS5aWL02fo3Ch9NIikKaHRQv09keJQqUkYmM4Q65Fa9ebif1430YMbL2UiTjQVZLlokHCkIzTPAfWZpETziSGYSGZuRWSEJSbapFUwIbirL6+TVrXiXlaqjatS7TaLIw+ncAYX4MI11OAe6tAEAk/wDK/wZk2tF+vd+li25qxs5gT+wPr8AX3jkts=</latexit>
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|Q1Q2⟩ = a00 |00⟩ + a01 |01⟩ + a10 |10⟩ + a11 |11⟩

|Q′ 1Q′ 2⟩ = a′ 00 |00⟩ + a′ 01 |01⟩ + a′ 10 |10⟩ + a′ 11 |11⟩

U

0

BB@

a00

a01

a10

a11

1

CCA
U�!

0

BB@

a
0
00

a
0
01

a
0
10

a
0
11

1

CCA =

0

BB@

A B C D

E F G H

I J K L

M L N P

1

CCA

0

BB@

a00

a01

a10

a11

1

CCA

<latexit sha1_base64="jCqcR/ioww9P3AJly0n2vV5fkHY="></latexit>

with   U U† = U† U = #
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0

BB@

a00
a01
a10
a11

1

CCA !

0

BB@

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 �1

1

CCA

0

BB@

a00
a01
a10
a11

1

CCA =

0

BB@

a00
a01
a11
a10

1

CCA

<latexit sha1_base64="8vpuzGT/I34dwuv9WjU+Ssk2xhc="></latexit>

CZ
(controlled Z)

control bit
target bit, on which Z acts iff the control bit is 1

IN OUT

|00⟩

|10⟩
|01⟩

− |11⟩
|10⟩
|01⟩
|00⟩

|11⟩

_

_

_

_

NB. It is symmetric: it is not necessary to distinguish between control and target

| IN⟩ |OUT⟩
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CNOT
(controlled NOT)

control bit
target bit, on which NOT acts iff the control bit is 1

IN OUT

|00⟩

|10⟩
|01⟩

|10⟩
|11⟩
|01⟩
|00⟩

|11⟩

_

_

_

_| IN⟩ |OUT⟩

0

BB@

a00
a01
a10
a11

1

CCA !

0

BB@

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

1

CCA

0

BB@

a00
a01
a10
a11

1

CCA =

0

BB@

a00
a01
a11
a10

1

CCA

<latexit sha1_base64="25/ewgo8yEMVQm8M543wwlVuRgo="></latexit>

| t⟩

|c⟩ |c⟩

| t ⊕ c⟩
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SWAP

Example: .| IN⟩ = |01⟩

|Qin⟩ = |00⟩, |10⟩, |11⟩

| IN⟩ = |Q1Q2⟩
‘

= | IN⟩ = |Q2Q1⟩

EXERCISE: .| IN⟩ = |00⟩, |10⟩, |11⟩



▸ A set S is said to be universal if we can approximate any unitary transformation 
on an arbitrary number of qubits, with any desired precision, by composing gates  
from S only. There are many such sets. 
    Example:       CNOT 
                            

UNIVERSAL SET

P =


1 0
0 i

�

<latexit sha1_base64="6l/YJzix60fi/Q82hlGDXE7Jb0s="></latexit>

R⇡/8 =


cos⇡/8 � sin⇡/8
sin⇡/8 cos⇡/8

�

<latexit sha1_base64="BiHhpcOYh/WcY3HxQSDGzi0EeWI="></latexit>

Solovay-Kitaev theorem. If S is closed under inversion, we can approximate any gate for n qubits 

with precision & using a number of gates of order O(4n polylog 1/&). 

Therefore complexity scales as log(1/&). 
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                        Can we do classical computation on a quantum computer?    

Recall that NAND+COPY are sufficient to implement any classical algorithm. 

  

This is not a trivial question since: 

- quantum computation is reversible - but NAND is not     

- in QM  we have the “no cloning theorem” = it is impossible to have a unitary  
transformation whose (only) effect is to copy a state.              

CLASSICAL COMPUTATION 35

COPY :            x ↦ (x, x)NAND:        (x, y) ↦ 1 − xy
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|x⟩

|y⟩

|z⟩

|x⟩

|y⟩

|z ⊕ xy⟩

C-C-NOT

reversible classical computation

|zIN⟩ |zOUT⟩



TOFFOLI GATE /2 37

|x⟩

|y⟩

|1⟩

|x⟩

|y⟩

|1 ⊕ xy⟩ = |c (xy)⟩

NAND
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|1⟩

|y⟩

|0⟩

|x⟩

|y⟩

|0 ⊕ 1y⟩ = |y⟩

COPY (fanout)

QUESTION. Is this violating the “no cloning theorem”?



ENTANGLEMENT /1

▸ Product state:   |Q1Q2⟩ = |Q1⟩ |Q2⟩

initial 2-qubit state final state measure on Q1   measure on Q2 Q1= Q2

0  
0

0  
1

YES 
NO

|Q1Q2⟩ = ( |00⟩ + |01⟩/ 2

no correlation between Q1 and Q2 
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|Q1Q2⟩

Q1 = 0/1 Q2 = 0/1

= |0⟩(0⟩ + |1⟩/ 2
|00⟩ , p00 = 1/2
|01⟩ , p01 = 1/2

ALICE BOB



ENTANGLEMENT /1

▸ Entangled state:   |Q1Q2⟩ ≠ |Q1⟩ |Q2⟩
initial 2-qubit state final state measure on Q1   measure on Q2 Q1= Q2

0  
1

0  
1

YES 
YES

|Q1Q2⟩ = ( |00⟩ + |11⟩/ 2

perfect correlation between Q1 and Q2 
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≠ |Q1⟩ |Q2⟩
|00⟩ , p00 = 1/2
|11⟩ , p11 = 1/2

 both measurements cannot be predicted with certainty 

“spooky action at a distance”

EPR paradox, hidden variables, Bell’s inequalities …EPR paradox, hidden variables, Bell’s inequalities …

no matter how far away the two qubits are 

and instantaneously

EXERCISE: what happens with the state . Is it entangled?|Q1Q2⟩ = ( |00⟩ + |01⟩ + |11⟩/ 3



▸ Examples of maximally entangled states 

BASIS OF BELL’S STATES

|�+i = 1p
2
(|00i+ |11i)

|��i = 1p
2
(|00i � |11i)

| +i = 1p
2
(|01i+ |10i)

| �i = 1p
2
(|01i � |10i)

<latexit sha1_base64="OwQp1JBFNct4KASAM/RpbXOH2L0="></latexit><latexit sha1_base64="OwQp1JBFNct4KASAM/RpbXOH2L0="></latexit><latexit sha1_base64="OwQp1JBFNct4KASAM/RpbXOH2L0="></latexit><latexit sha1_base64="OwQp1JBFNct4KASAM/RpbXOH2L0="></latexit>

|Q1Q2i = |00i
<latexit sha1_base64="Dt2enq+eBREukEEU77VeyqOqxRw=">AAACB3icdVDLSgMxFM3UV62vUZeCBIvgqmRqB9uFUHTjsgX7gLYMmTRtQzOZIckIpe3Ojb/ixoUibv0Fd/6NmT5ARQ9cODnnXnLv8SPOlEbo00qtrK6tb6Q3M1vbO7t79v5BXYWxJLRGQh7Kpo8V5UzQmmaa02YkKQ58Thv+8DrxG3dUKhaKWz2KaCfAfcF6jGBtJM8+nlQ9p+rl2xKLPqfwEk4QWj4yGc/OohxyS66DIMq5yCmdJ6RUKhZcFzo5NEMWLFDx7I92NyRxQIUmHCvVclCkO2MsNSOcTjPtWNEIkyHu05ahAgdUdcazO6bw1Chd2AulKaHhTP0+McaBUqPAN50B1gP120vEv7xWrHvFzpiJKNZUkPlHvZhDHcIkFNhlkhLNR4ZgIpnZFZIBlphoE10SwvJS+D+p53OO4dVCtny1iCMNjsAJOAMOuABlcAMqoAYIuAeP4Bm8WA/Wk/Vqvc1bU9Zi5hD8gPX+BTXrl5s=</latexit><latexit sha1_base64="Dt2enq+eBREukEEU77VeyqOqxRw=">AAACB3icdVDLSgMxFM3UV62vUZeCBIvgqmRqB9uFUHTjsgX7gLYMmTRtQzOZIckIpe3Ojb/ixoUibv0Fd/6NmT5ARQ9cODnnXnLv8SPOlEbo00qtrK6tb6Q3M1vbO7t79v5BXYWxJLRGQh7Kpo8V5UzQmmaa02YkKQ58Thv+8DrxG3dUKhaKWz2KaCfAfcF6jGBtJM8+nlQ9p+rl2xKLPqfwEk4QWj4yGc/OohxyS66DIMq5yCmdJ6RUKhZcFzo5NEMWLFDx7I92NyRxQIUmHCvVclCkO2MsNSOcTjPtWNEIkyHu05ahAgdUdcazO6bw1Chd2AulKaHhTP0+McaBUqPAN50B1gP120vEv7xWrHvFzpiJKNZUkPlHvZhDHcIkFNhlkhLNR4ZgIpnZFZIBlphoE10SwvJS+D+p53OO4dVCtny1iCMNjsAJOAMOuABlcAMqoAYIuAeP4Bm8WA/Wk/Vqvc1bU9Zi5hD8gPX+BTXrl5s=</latexit><latexit sha1_base64="Dt2enq+eBREukEEU77VeyqOqxRw=">AAACB3icdVDLSgMxFM3UV62vUZeCBIvgqmRqB9uFUHTjsgX7gLYMmTRtQzOZIckIpe3Ojb/ixoUibv0Fd/6NmT5ARQ9cODnnXnLv8SPOlEbo00qtrK6tb6Q3M1vbO7t79v5BXYWxJLRGQh7Kpo8V5UzQmmaa02YkKQ58Thv+8DrxG3dUKhaKWz2KaCfAfcF6jGBtJM8+nlQ9p+rl2xKLPqfwEk4QWj4yGc/OohxyS66DIMq5yCmdJ6RUKhZcFzo5NEMWLFDx7I92NyRxQIUmHCvVclCkO2MsNSOcTjPtWNEIkyHu05ahAgdUdcazO6bw1Chd2AulKaHhTP0+McaBUqPAN50B1gP120vEv7xWrHvFzpiJKNZUkPlHvZhDHcIkFNhlkhLNR4ZgIpnZFZIBlphoE10SwvJS+D+p53OO4dVCtny1iCMNjsAJOAMOuABlcAMqoAYIuAeP4Bm8WA/Wk/Vqvc1bU9Zi5hD8gPX+BTXrl5s=</latexit><latexit sha1_base64="Dt2enq+eBREukEEU77VeyqOqxRw=">AAACB3icdVDLSgMxFM3UV62vUZeCBIvgqmRqB9uFUHTjsgX7gLYMmTRtQzOZIckIpe3Ojb/ixoUibv0Fd/6NmT5ARQ9cODnnXnLv8SPOlEbo00qtrK6tb6Q3M1vbO7t79v5BXYWxJLRGQh7Kpo8V5UzQmmaa02YkKQ58Thv+8DrxG3dUKhaKWz2KaCfAfcF6jGBtJM8+nlQ9p+rl2xKLPqfwEk4QWj4yGc/OohxyS66DIMq5yCmdJ6RUKhZcFzo5NEMWLFDx7I92NyRxQIUmHCvVclCkO2MsNSOcTjPtWNEIkyHu05ahAgdUdcazO6bw1Chd2AulKaHhTP0+McaBUqPAN50B1gP120vEv7xWrHvFzpiJKNZUkPlHvZhDHcIkFNhlkhLNR4ZgIpnZFZIBlphoE10SwvJS+D+p53OO4dVCtny1iCMNjsAJOAMOuABlcAMqoAYIuAeP4Bm8WA/Wk/Vqvc1bU9Zi5hD8gPX+BTXrl5s=</latexit>

|0> H

|0>
|0>

1p
2
|0i+ 1p

2
|1i

<latexit sha1_base64="lx0SvJ7VzQaY9hscRXfzI1gCFoM="></latexit><latexit sha1_base64="lx0SvJ7VzQaY9hscRXfzI1gCFoM="></latexit><latexit sha1_base64="lx0SvJ7VzQaY9hscRXfzI1gCFoM="></latexit><latexit sha1_base64="lx0SvJ7VzQaY9hscRXfzI1gCFoM="></latexit>

|Q0
1Q

0
2i =

1p
2
|00i+ 1p

2
|11i

<latexit sha1_base64="vI6/wegN8IzmwyIw4JvIIxNUHQ0="></latexit><latexit sha1_base64="vI6/wegN8IzmwyIw4JvIIxNUHQ0="></latexit><latexit sha1_base64="vI6/wegN8IzmwyIw4JvIIxNUHQ0="></latexit><latexit sha1_base64="vI6/wegN8IzmwyIw4JvIIxNUHQ0="></latexit>{ {{
1p
2
|00i+ 1p

2
|10i

<latexit sha1_base64="elvUwx8EYq6PJ83CjVfXW0HJ5f4="></latexit><latexit sha1_base64="elvUwx8EYq6PJ83CjVfXW0HJ5f4="></latexit><latexit sha1_base64="elvUwx8EYq6PJ83CjVfXW0HJ5f4="></latexit><latexit sha1_base64="elvUwx8EYq6PJ83CjVfXW0HJ5f4="></latexit>
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EXERCISE: .|Q1Q2⟩ = |01⟩, |10⟩, |11⟩
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‣ Protocol to teleport an unknown quantum state (not a qubit!) from Alice to Bob

|Q1Q2⟩ = |β00⟩ = |00⟩ + |11⟩
2

|ψ⟩ ⊗ |Q1⟩ |Q2⟩

Alice

Bob

classical 
communication  
channel
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|ψ0⟩ = |ψ⟩ ⊗ |β00⟩ |ψ⟩ = a |0⟩ + b |1⟩

|β00⟩ = |00⟩ + |11⟩
2

= 1
2

[a |0⟩ ( |00⟩ + |11⟩) + b |1⟩ ( |00⟩ + |11⟩)]
ψ BA

|ψ1⟩ = 1
2

[a |0⟩ ( |00⟩ + |11⟩) + b |1⟩ ( |10⟩ + |01⟩)]

c t t c t t

CN
O

T
H

|ψ2⟩ = 1
2 [ |00⟩ (a |0⟩ + b |1⟩) + |01⟩ (b |0⟩ + a |1⟩) + |10⟩ (a |0⟩ − b |1⟩) + |11⟩ (−b |0⟩ + a |1⟩)]

ψ BA
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Now Alice makes a measurements on the computational basis on its two qubits, getting the results : (M1, M2) |ψ3⟩ = |ψ A
3 ⟩ ⊗ |ψB

3 ⟩

|ψ2⟩ = 1
2 [ |00⟩ (a |0⟩ + b |1⟩) + |01⟩ (b |0⟩ + a |1⟩) + |10⟩ (a |0⟩ − b |1⟩) + |11⟩ (−b |0⟩ + a |1⟩)]

ψ BA

(M1, M2) |ψ B
3 ⟩|ψ A

3 ⟩
(0,0) a |0⟩ + b |1⟩
(0,1)
(1,0)
(1,1)

|00⟩
|01⟩
|10⟩
|11⟩

b |0⟩ + a |1⟩
a |0⟩ − b |1⟩

−b |0⟩ + a |1⟩

|ψ⟩ =
#( a |0⟩ + b |1⟩ )

X( b |0⟩ + a |1⟩ )
Z( a |0⟩ − b |1⟩ )

ZX( −b |0⟩ + a |1⟩ )

|ψ4⟩ = ZM1 XM2 |ψB
3 ⟩ = |ψ⟩

Finally Alice uses a classical communication channel to tell Bob the values of  and Bob makes the transformation:(M1, M2)
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Thus: entanglement is not a “spooky” characteristics of quantum mechanics. 
It is actually a resource to build protocols that are more efficient or even do not exist in classical computation.

QUESTIONS. 

Are we violating relativity because we can teleport faster than light? 

Is this protocol violating the no-cloning theorem?



▸ Two c-bits , and a Boolean function  which can be  
      either constant     
      or balanced      for half of the possible inputs 

‣ Classically, to determine whether  is constant or balanced, we have to try 3  
     of the 4 possibilities  

‣ A quantum algorithm can do it just in one shot (quantum parallelism)  

(x1, x2) f(x1, x2) → 0,1
f(x1, x2) ≡ 0,1

f(x1, x2) = 0(1)
f

(x1, x2) = (0,0), (0,1), (1,0), (1,1)

DEUTSCH-JOSZA  ALGORITHM /1

(x1, x2) → f(x1, x2)for each Boolean function
|x1⟩

Uf

|y⟩

|x2⟩
|x1⟩

|y ⊕ f(x1, x2)⟩

|x2⟩
we can construct the quantum gate “controlled-f” 

46

EXERCISE: do the calculations that are outlined in the following.



H|x1⟩ = |0⟩

H

H

H

HUf|x2⟩ = |0⟩

|y⟩ = |1⟩

|s0⟩ = |0⟩ |0⟩ |1⟩ |s1⟩ |s2⟩ |s3⟩

|s1⟩ = 1
23/2 ( |0⟩ + |1⟩) ( |0⟩ + |1⟩) ( |0⟩ − |1⟩) = 1

23/2 ( |00⟩ + |01⟩ + |10⟩ + |11⟩) ( |0⟩ − |1⟩)

|s2⟩ = 1
23/2 [ |00⟩ |0 ⊕ f(0,0)⟩ + |01⟩ |0 ⊕ f(0,1)⟩ + |10⟩ |0 ⊕ f(1,0)⟩ + |11⟩ |0 ⊕ f(0,0)⟩]

− 1
23/2 [ |00⟩ |1 ⊕ f(0,0)⟩ + |01⟩ |1 ⊕ f(0,1)⟩ + |10⟩ |1 ⊕ f(1,0)⟩ + |11⟩ |1 ⊕ f(0,0)⟩]

= 1
23/2 ∑

x1,x2=0,1
(−1) f(x1,x2) |x1x2⟩ ( |0⟩ − |1⟩)

= 1
23/2 ∑

x1,x2=0,1
|x1x2⟩ ( |0⟩ − |1⟩)
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H|x1⟩ = |0⟩

H

H

H

HUf|x2⟩ = |0⟩

|y⟩ = |1⟩

|s3⟩|s2⟩

∙ f = f0 = 0/1 const .

|s2⟩ = (−1) f0

23/2 ∑
x1,x2=0,1

|x1x2⟩ ( |0⟩ − |1⟩)

|s3⟩ = (−1) f0 |x1 = 0,x2 = 0⟩ ( |0⟩ − |1⟩)/ 2
since H2 = I

∙ f balanced

(−1) f(x1,x2) = ± 1 twice each

measure of Q1, Q2 on |s3⟩ yields 00 with probability 1

|s3⟩ = ∑
x1,x2=0,1(x1,x2)≠(0,0)

(⋯) |x1, x2⟩ ( |0⟩ − |1⟩)/ 2

measure of Q1, Q2 on |s3⟩ yields 00 with probability 0
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1
23/2 ∑

x1,x2=0,1
(−1) f(x1,x2) |x1x2⟩ ( |0⟩ − |1⟩) =


