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• Part 1: Chirality, the axial anomaly, and a higher-rank 
analog


• Part 2: Quadrupolar responses of semi-metals



Part 1: Chirality, the axial anomaly, 
and a higher-rank analog



Recall: the axial anomaly 
and band theory
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1
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<latexit sha1_base64="4c12+J1KAhv3AQdGBawWsTVRAjw="></latexit>

Right-moversleft-movers

Visualisation, as bosonized representation of 
1D fermionic band structure:



Recall: the axial anomaly 
and band theory
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<latexit sha1_base64="4c12+J1KAhv3AQdGBawWsTVRAjw="></latexit>

Right-moversleft-movers

Clasically, two conserved densities:

nL

<latexit sha1_base64="gjNCY8QtXuwpWRXvvQtPtRZ40TM=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiFw8eKtgPaEPZbDft0t1N2N0IJfQvePGgiFf/kDf/jZs0B219MPB4b4aZeUHMmTau++2U1tY3NrfK25Wd3b39g+rhUUdHiSK0TSIeqV6ANeVM0rZhhtNerCgWAafdYHqb+d0nqjSL5KOZxdQXeCxZyAg2mSSH92hYrbl1NwdaJV5BalCgNax+DUYRSQSVhnCsdd9zY+OnWBlGOJ1XBommMSZTPKZ9SyUWVPtpfuscnVllhMJI2ZIG5erviRQLrWcisJ0Cm4le9jLxP6+fmPDaT5mME0MlWSwKE45MhLLH0YgpSgyfWYKJYvZWRCZYYWJsPBUbgrf88irpXNS9Rv3yoVFr3hRxlOEETuEcPLiCJtxBC9pAYALP8ApvjnBenHfnY9FacoqZY/gD5/MHfnmN4w==</latexit>

nR

<latexit sha1_base64="mgtKHbFy4Mxbw4ZRbCay0Lyl1QY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF4/xkQckS5idzCZDZmeXmV4hLPkELx4U8eoXefNvnCR70MSChqKqm+6uIJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2L1iOOE+xEdKBEKRtFKD6p33ytX3Ko7A1kmXk4qkKPeK391+zFLI66QSWpMx3MT9DOqUTDJJ6VuanhC2YgOeMdSRSNu/Gx26oScWKVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uwys/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadkg3BW3x5mTTPqt559eLuvFK7zuMowhEcwyl4cAk1uIU6NIDBAJ7hFd4c6bw4787HvLXg5DOH8AfO5w8xEI2/</latexit>

Charge: ⇢ = nR + nL

<latexit sha1_base64="cghgDTrwx5iVLEC0OWwcBppTvFY=">AAAB+XicbVDLSsNAFL2pr1pfUZduBosgCCWRim6EohsXLqrYB7QhTKaTduhkEmYmhRL6J25cKOLWP3Hn3zhts9DWA/dyOOde5s4JEs6Udpxvq7Cyura+UdwsbW3v7O7Z+wdNFaeS0AaJeSzbAVaUM0EbmmlO24mkOAo4bQXD26nfGlGpWCye9DihXoT7goWMYG0k37a7chCjayT8R3Rm+r1vl52KMwNaJm5OypCj7ttf3V5M0ogKTThWquM6ifYyLDUjnE5K3VTRBJMh7tOOoQJHVHnZ7PIJOjFKD4WxNCU0mqm/NzIcKTWOAjMZYT1Qi95U/M/rpDq88jImklRTQeYPhSlHOkbTGFCPSUo0HxuCiWTmVkQGWGKiTVglE4K7+OVl0jyvuNXKxUO1XLvJ4yjCERzDKbhwCTW4gzo0gMAInuEV3qzMerHerY/5aMHKdw7hD6zPHzX3khg=</latexit>

Momentum: ⇢k = kF (nR � nL)

<latexit sha1_base64="3nOhk1P/OudcBA1PozqJc04AYOU=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEurDMSEU3QlEQFy6q2Ae0w5BJ0zZMJhmSjFCG4sZfceNCEbd+hTv/xrSdhVYP3MvhnHtJ7gliRpV2nC8rNze/sLiUXy6srK6tb9ibWw0lEolJHQsmZCtAijDKSV1TzUgrlgRFASPNILwY+817IhUV/E4PY+JFqM9pj2KkjeTbOx05EH4Iz2DoX8IS5P4tPDT9+sC3i07ZmQD+JW5GiiBDzbc/O12Bk4hwjRlSqu06sfZSJDXFjIwKnUSRGOEQ9UnbUI4iorx0csII7hulC3tCmuIaTtSfGymKlBpGgZmMkB6oWW8s/ue1E9079VLK40QTjqcP9RIGtYDjPGCXSoI1GxqCsKTmrxAPkERYm9QKJgR39uS/pHFUdivl45tKsXqexZEHu2APlIALTkAVXIEaqAMMHsATeAGv1qP1bL1Z79PRnJXtbINfsD6+AWmmlN8=</latexit>



Two classically conserved 
currents:

• Conserved!

• Conserved due to equations of motion.

EM current: J0 =
1p
⇡
@x� , Jx =

1p
⇡
@t�

<latexit sha1_base64="rx8h7bOC3Hp9FKFzJNSI7pNwtjY="></latexit>

Axial current: J̃0 =
1p
⇡
@t� , J̃x =

1p
⇡
@x�

<latexit sha1_base64="hutwCAjeV8PXUScgbFzQzgi7qL0="></latexit>

@2
t �� @2

x� = 0

<latexit sha1_base64="kX+MAUJ0dhd0nDAKHWJP2wuL5pA=">AAACEnicbZBNS8MwGMdTX+d8q3r0EhyCHhztmOhFGHrxOMG9wFpLmqVbWNqGJBVH2Wfw4lfx4kERr568+W1Mtyq6+YfAn9/zPEmev88ZlcqyPo25+YXFpeXCSnF1bX1j09zabso4EZg0cMxi0faRJIxGpKGoYqTNBUGhz0jLH1xk9dYtEZLG0bUacuKGqBfRgGKkNPLMQ4cjoShinrqpQIf3KTyCP+zum51ByzNLVtkaC84aOzclkKvumR9ON8ZJSCKFGZKyY1tcuWl2NWZkVHQSSTjCA9QjHW0jFBLppuOVRnBfky4MYqFPpOCY/p5IUSjlMPR1Z4hUX07XMvhfrZOo4NRNacQTRSI8eShIGFQxzPKBXSoIVmyoDcKC6r9C3EcCYaVTLOoQ7OmVZ02zUrar5eOraql2nsdRALtgDxwAG5yAGrgEddAAGNyDR/AMXowH48l4Nd4mrXNGPrMD/sh4/wLBJpw9</latexit>
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<latexit sha1_base64="4c12+J1KAhv3AQdGBawWsTVRAjw="></latexit>



… but not in the presence 
of external fields!

• Modified equations of motion:

• Apply a (classical) electric field 

@µJ̃
µ =

1

⇡
Ex

<latexit sha1_base64="UCRDK/nNyUSrNsRdTsM2yT/v32o=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VwFRKp6EYoiiCuKtgHNDFMJpN26OTBzEQsIX/hxl9x40IRt7rzb5y0WWjrgYFzz7mXO/d4CaNCmua3VllYXFpeqa7W1tY3Nrf07Z2OiFOOSRvHLOY9DwnCaETakkpGegknKPQY6Xqji8Lv3hMuaBzdynFCnBANIhpQjKSSXN2wE8QlRcy1wxTakjKfZNf5XVGdQTvgCGdWntkJzeGl++DqddMwJ4DzxCpJHZRoufqX7cc4DUkkMUNC9C0zkU5W7MSM5DU7FSRBeIQGpK9ohEIinGxyVw4PlOLDIObqRRJO1N8TGQqFGIee6gyRHIpZrxD/8/qpDE6djEZJKkmEp4uClEEZwyIk6FNOsGRjRRDmVP0V4iFSWUgVZU2FYM2ePE86R4bVMI5vGvXmeRlHFeyBfXAILHACmuAKtEAbYPAInsEreNOetBftXfuYtla0cmYX/IH2+QMMVZ/Y</latexit>

@2
t �� @2

x�� 1p
⇡
(@tAx � @xA0) = 0

<latexit sha1_base64="hl8hFG28Si6YxP98V5qAkZhw6Rs="></latexit>
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2
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+ JµA

µ

<latexit sha1_base64="lqYgQBBl8gGFhOUdDjx8g6iD9so="></latexit>

(Argument due to Fradkin)

Image credit: Burkov ‘15



… but not in the presence 
of external fields!

• Modified equations of motion:

• Apply a (classical) electric field 

@µJ̃
µ =

1
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Ex

<latexit sha1_base64="UCRDK/nNyUSrNsRdTsM2yT/v32o=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VwFRKp6EYoiiCuKtgHNDFMJpN26OTBzEQsIX/hxl9x40IRt7rzb5y0WWjrgYFzz7mXO/d4CaNCmua3VllYXFpeqa7W1tY3Nrf07Z2OiFOOSRvHLOY9DwnCaETakkpGegknKPQY6Xqji8Lv3hMuaBzdynFCnBANIhpQjKSSXN2wE8QlRcy1wxTakjKfZNf5XVGdQTvgCGdWntkJzeGl++DqddMwJ4DzxCpJHZRoufqX7cc4DUkkMUNC9C0zkU5W7MSM5DU7FSRBeIQGpK9ohEIinGxyVw4PlOLDIObqRRJO1N8TGQqFGIee6gyRHIpZrxD/8/qpDE6djEZJKkmEp4uClEEZwyIk6FNOsGRjRRDmVP0V4iFSWUgVZU2FYM2ePE86R4bVMI5vGvXmeRlHFeyBfXAILHACmuAKtEAbYPAInsEreNOetBftXfuYtla0cmYX/IH2+QMMVZ/Y</latexit>
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<latexit sha1_base64="hl8hFG28Si6YxP98V5qAkZhw6Rs="></latexit>
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<latexit sha1_base64="lqYgQBBl8gGFhOUdDjx8g6iD9so="></latexit>

• Interpretation: momentum is not conserved in an applied 
electric field!

(Argument due to Fradkin)

Image credit: Burkov ‘15



A similar anomaly, inspired 
by fractonic models

L =
1

2

⇥
(@t�)

2 � (@x@y�)
2
⇤

<latexit sha1_base64="rn8ez+n1rwisYV2goMcLYYvjJDk="></latexit>

You, Burnell, Hughes (’19); 

Gorantla, Lam, Seiberg, Shao (’21)

!2 = (kxky)
2 = 0

<latexit sha1_base64="fYd8z0HnnIuj2Eyk3rV3f00gMjw=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYVUliqpimBBqmBhLBJ9SG2IHNdprThxZDuIKurAwq+wMIAQKx/Bxt/gphmg5UhXOj7nXvne48WMSmVZ30ZhZXVtfaO4Wdra3tndM/cPOpInApM25oyLnockYTQibUUVI71YEBR6jHS94Grmd++JkJRHt2oSEydEo4j6FCOlJdcsD3hIRuiuDi9gNXAfYOBOTrKXBV2zYtWsDHCZ2DmpgBwt1/waDDlOQhIpzJCUfduKlZMioShmZFoaJJLECAdoRPqaRigk0kmzI6bwWCtD6HOhK1IwU39PpCiUchJ6ujNEaiwXvZn4n9dPlH/upDSKE0UiPP/ITxhUHM4SgUMqCFZsognCgupdIR4jgbDSuZV0CPbiycukU6/ZjdrpTaPSvMzjKIIyOAJVYIMz0ATXoAXaAINH8AxewZvxZLwY78bHvLVg5DOH4A+Mzx+mOpWG</latexit>

Free boson!


Unusual dispersion with lines of zeroes:

Subsystem symmetry: 

invariant under

� ! �+ f(x) + g(y)

<latexit sha1_base64="A5zm7fWtlPNR34naf5td/jwdsMM=">AAACDHicbVBPS8MwHE39O+e/qUcvwSFsCKOViR6HXjxOcH9gLSPN0jYsTUuSqqXsA3jxq3jxoIhXP4A3v41Z14NuPgh5vPd+JL/nxoxKZZrfxtLyyuraemmjvLm1vbNb2dvvyigRmHRwxCLRd5EkjHLSUVQx0o8FQaHLSM8dX0393h0Rkkb8VqUxcULkc+pRjJSWhpWqHQcU2oL6gUJCRPcwF06gV3uo68uvpXWdMhtmDrhIrIJUQYH2sPJljyKchIQrzJCUA8uMlZMhoShmZFK2E0lihMfIJwNNOQqJdLJ8mQk81soIepHQhyuYq78nMhRKmYauToZIBXLem4r/eYNEeRdORnmcKMLx7CEvYVBFcNoMHFFBsGKpJggLqv8KcYAEwkr3V9YlWPMrL5LuacNqNs5umtXWZVFHCRyCI1ADFjgHLXAN2qADMHgEz+AVvBlPxovxbnzMoktGMXMA/sD4/AGbaZlm</latexit>



A similar anomaly, inspired 
by fractonic models
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You, Burnell, Hughes (’19); 

Gorantla, Lam, Seiberg, Shao (’21)

!2 = (kxky)
2 = 0

<latexit sha1_base64="fYd8z0HnnIuj2Eyk3rV3f00gMjw=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYVUliqpimBBqmBhLBJ9SG2IHNdprThxZDuIKurAwq+wMIAQKx/Bxt/gphmg5UhXOj7nXvne48WMSmVZ30ZhZXVtfaO4Wdra3tndM/cPOpInApM25oyLnockYTQibUUVI71YEBR6jHS94Grmd++JkJRHt2oSEydEo4j6FCOlJdcsD3hIRuiuDi9gNXAfYOBOTrKXBV2zYtWsDHCZ2DmpgBwt1/waDDlOQhIpzJCUfduKlZMioShmZFoaJJLECAdoRPqaRigk0kmzI6bwWCtD6HOhK1IwU39PpCiUchJ6ujNEaiwXvZn4n9dPlH/upDSKE0UiPP/ITxhUHM4SgUMqCFZsognCgupdIR4jgbDSuZV0CPbiycukU6/ZjdrpTaPSvMzjKIIyOAJVYIMz0ATXoAXaAINH8AxewZvxZLwY78bHvLVg5DOH4A+Mzx+mOpWG</latexit>

Free boson!


Unusual dispersion with lines of zeroes:

Subsystem symmetry: 

invariant under

� ! �+ f(x) + g(y)

<latexit sha1_base64="A5zm7fWtlPNR34naf5td/jwdsMM=">AAACDHicbVBPS8MwHE39O+e/qUcvwSFsCKOViR6HXjxOcH9gLSPN0jYsTUuSqqXsA3jxq3jxoIhXP4A3v41Z14NuPgh5vPd+JL/nxoxKZZrfxtLyyuraemmjvLm1vbNb2dvvyigRmHRwxCLRd5EkjHLSUVQx0o8FQaHLSM8dX0393h0Rkkb8VqUxcULkc+pRjJSWhpWqHQcU2oL6gUJCRPcwF06gV3uo68uvpXWdMhtmDrhIrIJUQYH2sPJljyKchIQrzJCUA8uMlZMhoShmZFK2E0lihMfIJwNNOQqJdLJ8mQk81soIepHQhyuYq78nMhRKmYauToZIBXLem4r/eYNEeRdORnmcKMLx7CEvYVBFcNoMHFFBsGKpJggLqv8KcYAEwkr3V9YlWPMrL5LuacNqNs5umtXWZVFHCRyCI1ADFjgHLXAN2qADMHgEz+AVvBlPxovxbnzMoktGMXMA/sD4/AGbaZlm</latexit>

Caution: energy cutoff is not the 
same as momentum cutoff!



Two classically conserved 
currents:

L =
1

2

⇥
(@t�)

2 � (@x@y�)
2
⇤

<latexit sha1_base64="rn8ez+n1rwisYV2goMcLYYvjJDk="></latexit>

J0 =
1p
⇡
@x@y� , Jxy =

1p
⇡
@t�

<latexit sha1_base64="ruNsdHNn8NJ+xCDKV9Gx2dPZoNU="></latexit>

J̃0 =
1p
⇡
@t� , J̃xy = � 1p

⇡
@x@y�

<latexit sha1_base64="LlqOG/CUoNf+ceXtXIRWsoYIEek="></latexit>

• Conserved due to equations of motion.

• Conserved! @tJ0 � @x@yJxy = 0

<latexit sha1_base64="2ApZS+ahUdMhMYb7ITLTXDOUSYo=">AAACGnicbZBNS8MwGMfT+TbnW9Wjl+AQvDhamehFGHoRTxPcC2ylpFm6haVpSVJZKfscXvwqXjwo4k28+G1Mt+LL5gOBH///8yR5/l7EqFSW9WkUFhaXlleKq6W19Y3NLXN7pynDWGDSwCELRdtDkjDKSUNRxUg7EgQFHiMtb3iZ+a07IiQN+a1KIuIEqM+pTzFSWnJNuxshoShiroLXrgWP4Lcw+sFEe+koGcNzaLlm2apYk4LzYOdQBnnVXfO92wtxHBCuMENSdmwrUk6aXY0ZGZe6sSQRwkPUJx2NHAVEOulktTE80EoP+qHQhys4UX9PpCiQMgk83RkgNZCzXib+53Vi5Z85KeVRrAjH04f8mEEVwiwn2KOCYMUSDQgLqv8K8QAJhJVOs6RDsGdXnofmccWuVk5uquXaRR5HEeyBfXAIbHAKauAK1EEDYHAPHsEzeDEejCfj1XibthaMfGYX/Cnj4wtyIJ/f</latexit>

You, Burnell, Hughes (’19); 

Gorantla, Lam, Seiberg, Shao (’21)



… but not in the presence 
of external applied fields!

• Modified equations of motion:

L =
1

2

⇥
(@t�)

2 � (@x@y�)
2
⇤
+A0J0 +AxyJxy

<latexit sha1_base64="cx4X4EvDHW05aei4o83i3bJw1CM="></latexit>

@2
t �� (@x@y)

2�� (@tAxy � @x@yA0) = 0

<latexit sha1_base64="ipTpygk8XSCPCUwtL12IpFpRz9A="></latexit>

@tJ̃0 � @x@yJ̃xy =
1

⇡
Exy

<latexit sha1_base64="LXXSVXx6yFzhiDuy2OUWuQDyM4o="></latexit>

You, Burnell, Hughes (’19); 

Gorantla, Lam, Seiberg, Shao (’21)



Can this anomaly tell us 
anything about band theory?
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H =  
†
@x@y 

<latexit sha1_base64="MwoL6NrQgkmNpP4gXFx28VgMD9A=">AAACEXicbZDLSsNAFIYn9VbrLerSzWARuiqJKLoRim66rGAv0MQwmUzaoZMLMxMxhL6CG1/FjQtF3Lpz59s4SQNq64GBj/8/Z2bO78aMCmkYX1plaXllda26XtvY3Nre0Xf3eiJKOCZdHLGID1wkCKMh6UoqGRnEnKDAZaTvTq5yv39HuKBReCPTmNgBGoXUpxhJJTl6ow0voBULemt5aKQIcUkRc+5/MC18R68bTaMouAhmCXVQVsfRPy0vwklAQokZEmJoGrG0s/xSzMi0ZiWCxAhP0IgMFYYoIMLOio2m8EgpHvQjrk4oYaH+nshQIEQauKozQHIs5r1c/M8bJtI/tzMaxokkIZ495CcMygjm8UCPcoIlSxUgzKn6K8RjxBGWKsSaCsGcX3kResdN86R5en1Sb12WcVTBATgEDWCCM9ACbdABXYDBA3gCL+BVe9SetTftfdZa0cqZffCntI9vhwuc3w==</latexit>

• A Hamiltonian with the same “Fermi surface”



Can this anomaly tell us 
anything about band theory?
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H =  
†
@x@y 

<latexit sha1_base64="MwoL6NrQgkmNpP4gXFx28VgMD9A=">AAACEXicbZDLSsNAFIYn9VbrLerSzWARuiqJKLoRim66rGAv0MQwmUzaoZMLMxMxhL6CG1/FjQtF3Lpz59s4SQNq64GBj/8/Z2bO78aMCmkYX1plaXllda26XtvY3Nre0Xf3eiJKOCZdHLGID1wkCKMh6UoqGRnEnKDAZaTvTq5yv39HuKBReCPTmNgBGoXUpxhJJTl6ow0voBULemt5aKQIcUkRc+5/MC18R68bTaMouAhmCXVQVsfRPy0vwklAQokZEmJoGrG0s/xSzMi0ZiWCxAhP0IgMFYYoIMLOio2m8EgpHvQjrk4oYaH+nshQIEQauKozQHIs5r1c/M8bJtI/tzMaxokkIZ495CcMygjm8UCPcoIlSxUgzKn6K8RjxBGWKsSaCsGcX3kResdN86R5en1Sb12WcVTBATgEDWCCM9ACbdABXYDBA3gCL+BVe9SetTftfdZa0cqZffCntI9vhwuc3w==</latexit>

• A Hamiltonian with the same “Fermi surface”

• Conserved quantities: 

• Charge

• Momentum in x

• Momentum in y



Can this anomaly tell us 
anything about band theory?
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H =  
†
@x@y 

<latexit sha1_base64="MwoL6NrQgkmNpP4gXFx28VgMD9A=">AAACEXicbZDLSsNAFIYn9VbrLerSzWARuiqJKLoRim66rGAv0MQwmUzaoZMLMxMxhL6CG1/FjQtF3Lpz59s4SQNq64GBj/8/Z2bO78aMCmkYX1plaXllda26XtvY3Nre0Xf3eiJKOCZdHLGID1wkCKMh6UoqGRnEnKDAZaTvTq5yv39HuKBReCPTmNgBGoXUpxhJJTl6ow0voBULemt5aKQIcUkRc+5/MC18R68bTaMouAhmCXVQVsfRPy0vwklAQokZEmJoGrG0s/xSzMi0ZiWCxAhP0IgMFYYoIMLOio2m8EgpHvQjrk4oYaH+nshQIEQauKozQHIs5r1c/M8bJtI/tzMaxokkIZ495CcMygjm8UCPcoIlSxUgzKn6K8RjxBGWKsSaCsGcX3kResdN86R5en1Sb12WcVTBATgEDWCCM9ACbdABXYDBA3gCL+BVe9SetTftfdZa0cqZffCntI9vhwuc3w==</latexit>

• A Hamiltonian with the same “Fermi surface”

• Conserved quantities: 

• Charge

• Momentum in x

• Momentum in y

(If we impose a reflection symmetry about y=x, 
we could think of these as a single additional 

conserved current)



0

kx

ky

kx

ky

E E

E

ky

0

0 0 0 0

00

kx

ky
kx1

kx2
kx3kx4-kx4-kx3

-kx2

-kx1

(a) (b)

(c) (d)

Left-movers in y Right-movers in y
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<latexit sha1_base64="HK6tln4WyTK1GnD2lrXvjaN5dNA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNRBI8V7Ae0oWy2k3bpZhN2N4US+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvjVFpHssnM0nQj+hA8pAzaqzU6o6RZffTXrniVt05yCrxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwWuqmGhPKRnSAHUsljVD72fzcKTmzSp+EsbIlDZmrvycyGmk9iQLbGVEz1MveTPzP66QmvPEzLpPUoGSLRWEqiInJ7HfS5wqZERNLKFPc3krYkCrKjE2oZEPwll9eJc2LqndZvXq8rNRu8ziKcAKncA4eXEMNHqAODWAwgmd4hTcncV6cd+dj0Vpw8plj+APn8wdm/I+f</latexit>

Conserved currents vs. 
external applied fields
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• Apply an electric field in y-direction


• Creates particles at kx and 
destroys them at -kx

Image credit: Burkov ‘15

~E

<latexit sha1_base64="HK6tln4WyTK1GnD2lrXvjaN5dNA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNRBI8V7Ae0oWy2k3bpZhN2N4US+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvjVFpHssnM0nQj+hA8pAzaqzU6o6RZffTXrniVt05yCrxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwWuqmGhPKRnSAHUsljVD72fzcKTmzSp+EsbIlDZmrvycyGmk9iQLbGVEz1MveTPzP66QmvPEzLpPUoGSLRWEqiInJ7HfS5wqZERNLKFPc3krYkCrKjE2oZEPwll9eJc2LqndZvXq8rNRu8ziKcAKncA4eXEMNHqAODWAwgmd4hTcncV6cd+dj0Vpw8plj+APn8wdm/I+f</latexit>

Momentum anomaly: electric fields 
in y violate conservation of kx



Momentum anomaly: electric fields 
in y violate conservation of kx
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• Total charge is conserved!  But … 


• Total momentum in x is not conserved!

~E

<latexit sha1_base64="HK6tln4WyTK1GnD2lrXvjaN5dNA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNRBI8V7Ae0oWy2k3bpZhN2N4US+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvjVFpHssnM0nQj+hA8pAzaqzU6o6RZffTXrniVt05yCrxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwWuqmGhPKRnSAHUsljVD72fzcKTmzSp+EsbIlDZmrvycyGmk9iQLbGVEz1MveTPzP66QmvPEzLpPUoGSLRWEqiInJ7HfS5wqZERNLKFPc3krYkCrKjE2oZEPwll9eJc2LqndZvXq8rNRu8ziKcAKncA4eXEMNHqAODWAwgmd4hTcncV6cd+dj0Vpw8plj+APn8wdm/I+f</latexit>

• Apply an electric field in y-direction


• Creates particles at kx and 
destroys them at -kx



Charge anomaly: certain (unphysical) 
lattice defects violate charge conservation

ei(kxL+ky�) = 1 , eikyL = 1

<latexit sha1_base64="omjmaYhlMy/aMRiy4mNMDznddUA=">AAACIHicbVDLSgNBEJyN7/iKevTSGARFCbsS0YsQ9OIhhwhGhWxcZicdM+zsg5lZMSz5FC/+ihcPiuhNv8bJJgdfBQ1FVTUzXX4iuNK2/WEVJianpmdm54rzC4tLy6WV1QsVp5Jhk8Uillc+VSh4hE3NtcCrRCINfYGXfnAy9C9vUSoeR+e6n2A7pDcR73JGtZG80gFeZxy2Au8O6rADgdcHt4NC020YwBE44MKuGRfy3NCu57pXKtsVOwf8Jc6YlMkYDa/07nZiloYYaSaoUi3HTnQ7o1JzJnBQdFOFCWUBvcGWoRENUbWz/MABbBqlA91Ymok05Or3jYyGSvVD3yRDqnvqtzcU//Naqe4etjMeJanGiI0e6qYCdAzDtqDDJTIt+oZQJrn5K7AelZRp02nRlOD8PvkvudirONXK/lm1XDse1zFL1skG2SIOOSA1ckoapEkYuSeP5Jm8WA/Wk/VqvY2iBWu8s0Z+wPr8AiaPnp8=</latexit>

• Twisted boundary conditions on the torus: 

ky =
2⇡ny

L

kx =
2⇡nx

L
� 2⇡ny

L

�

L

<latexit sha1_base64="jaU3nENSDP4nlvocD6dHkwadk/4="></latexit>

• Twisting by L takes 
kx !kx � ky

<latexit sha1_base64="LGT7npJNvDTEKtVN0+30sJhZFn0=">AAACBHicbVC7TsMwFHXKq4RXgLGLRQVioUpQEYwVLIxFog+pjSLHdVqrjhPZDhBFHVj4FRYGEGLlI9j4G5w2A7Qc6UpH59yre+/xY0alsu1vo7S0vLK6Vl43Nza3tnes3b22jBKBSQtHLBJdH0nCKCctRRUj3VgQFPqMdPzxVe537oiQNOK3Ko2JG6IhpwHFSGnJsyrm2HuAfUGHI4WEiO7hUS6cwLGXelbVrtlTwEXiFKQKCjQ966s/iHASEq4wQ1L2HDtWboaEopiRidlPJIkRHqMh6WnKUUikm02fmMBDrQxgEAldXMGp+nsiQ6GUaejrzhCpkZz3cvE/r5eo4MLNKI8TRTieLQoSBlUE80TggAqCFUs1QVhQfSvEIyQQVjo3U4fgzL+8SNqnNadeO7upVxuXRRxlUAEH4Bg44Bw0wDVoghbA4BE8g1fwZjwZL8a78TFrLRnFzD74A+PzB/tQlwo=</latexit>



Twist and violation of 
charge conservation!

• Kx of each (left-moving) 
state decreases: more 
fermions!

• Kx of each (right-
moving) state increases: 
even more fermions!



Higher-rank chiral anomaly: 
a comparison

• 2 U(1) currents.

• Applied electric field violates momentum current conservation

• Applied flux of “momentum gauge field” violates electric current conservation

L =
1

2

⇥
(@t�)

2 � (@x@y�)
2
⇤
+A0J0 +AxyJxy

<latexit sha1_base64="cx4X4EvDHW05aei4o83i3bJw1CM="></latexit>
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• 3 U(1) currents (charge, momenta in x and y).

• Applied electric field in x violates y- momentum current conservation

• Applied flux of “momentum gauge field” (twist in x or y) violates electric 

current conservation

(If we impose a reflection symmetry about 
y=x, we could think of these as a single 

additional conserved current)



Cancelling the anomaly via 
the bulk

• This cannot possibly be a 2D lattice system; the Fermi surface is not 
closed!


• What can it be? 
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Cancelling the anomaly via 
the bulk

• This cannot possibly be a 2D lattice system; the Fermi surface is not closed!


• What can it be?  The surface of a (quadrupolar) Weyl semi-metal!
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Bulk: Weyl quadrupole. 

Anomalous surface



Part 2: Quadrupolar 
responses of semi-metals



Review: dipolar response of 
Weyl semi-metals

• Fermi surface dipole moment: 

P� =
X

↵

�(↵)k�↵

<latexit sha1_base64="we6z6Q0SXSbUC6s1FmeukXubyyA=">AAACIHicbVDLSgMxFM3UV62vUZdugkWomzIjlboRim5cVrAP6LTlTibThmYeJBmhDP0UN/6KGxeK6E6/xrQdQVsPBE7OOZfkHjfmTCrL+jRyK6tr6xv5zcLW9s7unrl/0JRRIghtkIhHou2CpJyFtKGY4rQdCwqBy2nLHV1P/dY9FZJF4Z0ax7QbwCBkPiOgtNQ3q/Wew3XcA3yJHZkEfQd4PATskCHrpaX57XQy+ollft8sWmVrBrxM7IwUUYZ63/xwvIgkAQ0V4SBlx7Zi1U1BKEY4nRScRNIYyAgGtKNpCAGV3XS24ASfaMXDfiT0CRWeqb8nUgikHAeuTgaghnLRm4r/eZ1E+RfdlIVxomhI5g/5CccqwtO2sMcEJYqPNQEimP4rJkMQQJTutKBLsBdXXibNs7JdKZ/fVoq1q6yOPDpCx6iEbFRFNXSD6qiBCHpAT+gFvRqPxrPxZrzPozkjmzlEf2B8fQN1+aMz</latexit>

� = �1

<latexit sha1_base64="LcJf8AC+ekX2Gm+yU0VFa7rvwEA=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgxbArEb0IQS8eI5gHJkuYnXSSIbOzy8ysEJb8hRcPinj1b7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6HbqN59QaR7JBzOO0Q/pQPI+Z9RY6bHDhpxckzOPdIslt+zOQJaJl5ESZKh1i1+dXsSSEKVhgmrd9tzY+ClVhjOBk0In0RhTNqIDbFsqaYjaT2cXT8iJVXqkHylb0pCZ+nsipaHW4zCwnSE1Q73oTcX/vHZi+ld+ymWcGJRsvqifCGIiMn2f9LhCZsTYEsoUt7cSNqSKMmNDKtgQvMWXl0njvOxVyhf3lVL1JosjD0dwDKfgwSVU4Q5qUAcGEp7hFd4c7bw4787HvDXnZDOH8AfO5w9oVY9x</latexit>

� = +1

<latexit sha1_base64="bzFFUQ7FQ3LnlwrX1eyB0/ULQDA=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMgCGFXInoRgl48RjAPTJYwO+kkQ2Znl5lZISz5Cy8eFPHq33jzb5wke9DEgoaiqpvuriAWXBvX/XZyK6tr6xv5zcLW9s7uXnH/oKGjRDGss0hEqhVQjYJLrBtuBLZihTQMBDaD0e3Ubz6h0jySD2Ycox/SgeR9zqix0mOHDTm5Jmce6RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n84unpATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9K/8lMs4MSjZfFE/EcREZPo+6XGFzIixJZQpbm8lbEgVZcaGVLAheIsvL5PGedmrlC/uK6XqTRZHHo7gGE7Bg0uowh3UoA4MJDzDK7w52nlx3p2PeWvOyWYO4Q+czx9lSY9v</latexit>



• Fermi surface dipole moment determines EM response: 

P� =
X

↵

�(↵)k�↵

<latexit sha1_base64="we6z6Q0SXSbUC6s1FmeukXubyyA=">AAACIHicbVDLSgMxFM3UV62vUZdugkWomzIjlboRim5cVrAP6LTlTibThmYeJBmhDP0UN/6KGxeK6E6/xrQdQVsPBE7OOZfkHjfmTCrL+jRyK6tr6xv5zcLW9s7unrl/0JRRIghtkIhHou2CpJyFtKGY4rQdCwqBy2nLHV1P/dY9FZJF4Z0ax7QbwCBkPiOgtNQ3q/Wew3XcA3yJHZkEfQd4PATskCHrpaX57XQy+ollft8sWmVrBrxM7IwUUYZ63/xwvIgkAQ0V4SBlx7Zi1U1BKEY4nRScRNIYyAgGtKNpCAGV3XS24ASfaMXDfiT0CRWeqb8nUgikHAeuTgaghnLRm4r/eZ1E+RfdlIVxomhI5g/5CccqwtO2sMcEJYqPNQEimP4rJkMQQJTutKBLsBdXXibNs7JdKZ/fVoq1q6yOPDpCx6iEbFRFNXSD6qiBCHpAT+gFvRqPxrPxZrzPozkjmzlEf2B8fQN1+aMz</latexit>

Current density:

Charge density: ⇢ =
e2

⇡h
~P · ~B

~j =
e2

⇡h

⇣
~P ⇥ ~E � b0 ~B

⌘

<latexit sha1_base64="CqtHhUrqrWbIib6tmGeCgthpfHY="></latexit>

Zyuzin & Burkov ’12 

Review: dipolar response of 
Weyl semi-metals



⇢ =
e2

⇡h
~P · ~B

~j =
e2

⇡h

⇣
~P ⇥ ~E � b0 ~B

⌘

<latexit sha1_base64="CqtHhUrqrWbIib6tmGeCgthpfHY="></latexit>

Zyuzin & Burkov ’12 

L = � e2

2⇡h
✏µ⌫⇢�Pµ(A⌫@⇢A�)

<latexit sha1_base64="TCj8N9aw2+nB8MSesvwXI68cyMY="></latexit>

Topological 
response theory:

Review: dipolar response of 
Weyl semi-metals

L� JµA
µ

<latexit sha1_base64="Wcpe3fQmd7i/6Fm3GCjut/kaAh4=">AAACA3icbVDLSgMxFM34rPU16k43wSK4scxIRZdVNyIuKtgHdMYhk6ZtaJIZkoxQhoIbf8WNC0Xc+hPu/Bsz7Sy09UDC4Zx7ufeeMGZUacf5tubmFxaXlgsrxdW19Y1Ne2u7oaJEYlLHEYtkK0SKMCpIXVPNSCuWBPGQkWY4uMz85gORikbiTg9j4nPUE7RLMdJGCuxdjyPdx4ilNyN4BK8Djyfw/D77A7vklJ0x4Cxxc1ICOWqB/eV1IpxwIjRmSKm268TaT5HUFDMyKnqJIjHCA9QjbUMF4kT56fiGETwwSgd2I2me0HCs/u5IEVdqyENTmW2spr1M/M9rJ7p75qdUxIkmAk8GdRMGdQSzQGCHSoI1GxqCsKRmV4j7SCKsTWxFE4I7ffIsaRyX3Ur55LZSql7kcRTAHtgHh8AFp6AKrkAN1AEGj+AZvII368l6sd6tj0npnJX37IA/sD5/AEMllqI=</latexit>

has equations of motion: 



• Fermi surface dipole moment

P� =
X

↵

�(↵)k�↵

<latexit sha1_base64="we6z6Q0SXSbUC6s1FmeukXubyyA=">AAACIHicbVDLSgMxFM3UV62vUZdugkWomzIjlboRim5cVrAP6LTlTibThmYeJBmhDP0UN/6KGxeK6E6/xrQdQVsPBE7OOZfkHjfmTCrL+jRyK6tr6xv5zcLW9s7unrl/0JRRIghtkIhHou2CpJyFtKGY4rQdCwqBy2nLHV1P/dY9FZJF4Z0ax7QbwCBkPiOgtNQ3q/Wew3XcA3yJHZkEfQd4PATskCHrpaX57XQy+ollft8sWmVrBrxM7IwUUYZ63/xwvIgkAQ0V4SBlx7Zi1U1BKEY4nRScRNIYyAgGtKNpCAGV3XS24ASfaMXDfiT0CRWeqb8nUgikHAeuTgaghnLRm4r/eZ1E+RfdlIVxomhI5g/5CccqwtO2sMcEJYqPNQEimP4rJkMQQJTutKBLsBdXXibNs7JdKZ/fVoq1q6yOPDpCx6iEbFRFNXSD6qiBCHpAT+gFvRqPxrPxZrzPozkjmzlEf2B8fQN1+aMz</latexit>

Zyuzin & Burkov ’12 

L = � e2

2⇡h
✏µ⌫⇢�Pµ(A⌫@⇢A�)

<latexit sha1_base64="TCj8N9aw2+nB8MSesvwXI68cyMY="></latexit>

• Note: not gauge invariant in the presence of a boundary. 

• Must add surface Fermi arc to ensure gauge invariance! 

Summary: dipolar response 
of Weyl semi-metals

• determines EM response via:



Quardupolar response

P� =
X

↵

�(↵)k�↵

<latexit sha1_base64="we6z6Q0SXSbUC6s1FmeukXubyyA=">AAACIHicbVDLSgMxFM3UV62vUZdugkWomzIjlboRim5cVrAP6LTlTibThmYeJBmhDP0UN/6KGxeK6E6/xrQdQVsPBE7OOZfkHjfmTCrL+jRyK6tr6xv5zcLW9s7unrl/0JRRIghtkIhHou2CpJyFtKGY4rQdCwqBy2nLHV1P/dY9FZJF4Z0ax7QbwCBkPiOgtNQ3q/Wew3XcA3yJHZkEfQd4PATskCHrpaX57XQy+ollft8sWmVrBrxM7IwUUYZ63/xwvIgkAQ0V4SBlx7Zi1U1BKEY4nRScRNIYyAgGtKNpCAGV3XS24ASfaMXDfiT0CRWeqb8nUgikHAeuTgaghnLRm4r/eZ1E+RfdlIVxomhI5g/5CccqwtO2sMcEJYqPNQEimP4rJkMQQJTutKBLsBdXXibNs7JdKZ/fVoq1q6yOPDpCx6iEbFRFNXSD6qiBCHpAT+gFvRqPxrPxZrzPozkjmzlEf2B8fQN1+aMz</latexit>

� = +1

<latexit sha1_base64="j+noPpKdhXRNfUa7RrmRbcqLtQI=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBZBEEoiFd0IRTcuK9gHNKFMJpN26GQSZiZCCQV/xY0LRdz6He78G6dtFtp64MLhnHvnzj1BypnSjvNtLS2vrK6tlzbKm1vbO7v23n5LJZkktEkSnshOgBXlTNCmZprTTiopjgNO28HwduK3H6lULBEPepRSP8Z9wSJGsDZSzz70pm/kkoZj5JEBQ9fozO3ZFafqTIEWiVuQChRo9OwvL0xIFlOhCcdKdV0n1X6OpWaE03HZyxRNMRniPu0aKnBMlZ9PV4/RiVFCFCXSlNBoqv6eyHGs1CgOTGeM9UDNexPxP6+b6ejKz5lIM00FmS2KMo50giZZoJBJSjQfGYKJZOaviAywxESbxMomBHf+5EXSOq+6terFfa1SvyniKMERHMMpuHAJdbiDBjSBQA7P8Apv1pP1Yr1bH7PWJauYOYA/sD5/ANE9lLw=</latexit>

� = �1

<latexit sha1_base64="kt92/9TdwZQRMc+ZNajdi8a+trg=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR3FgSqehGKLpxWcE+oAllMr1th04mYWYilNiFv+LGhSJu/Q13/o3TNAttPXDhcM69c+eeIOZMacf5tgpLyyura8X10sbm1vaOvbvXVFEiKTRoxCPZDogCzgQ0NNMc2rEEEgYcWsHoZuq3HkAqFol7PY7BD8lAsD6jRBupax942RtpwBOYYI8OGb7Cp27XLjsVJwNeJG5OyihHvWt/eb2IJiEITTlRquM6sfZTIjWjHCYlL1EQEzoiA+gYKkgIyk+z3RN8bJQe7kfSlNA4U39PpCRUahwGpjMkeqjmvan4n9dJdP/ST5mIEw2Czhb1E451hKdh4B6TQDUfG0KoZOavmA6JJFSbyEomBHf+5EXSPKu41cr5XbVcu87jKKJDdIROkIsuUA3dojpqIIoe0TN6RW/Wk/VivVsfs9aClc/soz+wPn8Ap4SVNQ==</latexit>

• Time-reversal invariant 
Weyl semi-metal: 
dipolar response 
vanishes!

= 0
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• No net charge response to external fields.  Contribution of time-
reversed pairs of Weyl nodes cancels!

Dubinkin, FJB, Hughes ’21 (and forthcoming) 
Gaoia, Wang, Burkov ‘21 



Quadrupolar response 
(via Kubo formula)

Current-current response 
vanishes (in clean system):

hJµJ⌫i = 0
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lim
!!0

h⌧⌫a jµi = tµ⌫a
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Momentum current: 

⌧⌫a (k) =
h

e
kaj

⌫(k)
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• Electromagnetic currents:

Mixed current - momentum current 
response is non-vanishing:

Dubinkin, FJB, Hughes ’21 



Quadrupolar response 
(via Kubo formula)

Chirality of Weyl node

Quadrupole moment of Weyl nodes

Qi↵ =
X

↵=Weyl Nodes

�(↵)Ki(↵)Ka(↵)
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jµ =
1

8⇡2
✏µ⌫⇢�Q⌫a@⇢e

a
�
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• Electromagnetic currents:
Dubinkin, FJB, Hughes ’21 



Quadrupolar response 
(via Kubo formula)

Gauge field for momentum current (gauged translational symmetry) 

jµ =
1

8⇡2
✏µ⌫⇢�Q⌫a@⇢e

a
�
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• Electromagnetic currents:
Dubinkin, FJB, Hughes ’21 



• No net electromagnetic response to E-M fields.  


• But there are EM responses to lattice defects.  


• E.g. charge bound to screw dislocations

jµ =
1

8⇡2
✏µ⌫⇢�Q⌫a@⇢e

a
�
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Quadrupolar response 
(via Kubo formula)

Dubinkin, FJB, Hughes ’21 



Quadrupolar response 
(via Kubo formula)

EM gauge field

• Momentum currents:

⌧µa =
1

8⇡2
✏µ⌫⇢�Q⌫a@⇢A�

<latexit sha1_base64="8QCoL9/pcNR4M3DpmGhA80YDnXc="></latexit>

Dubinkin, FJB, Hughes ’21 



• No net electromagnetic response to E-M fields.  Instead, we see 
a momentum current response!


• E.g.  momentum density bound to magnetic flux tubes!

Quadrupolar response 
(via Kubo formula)

⌧µa =
1

8⇡2
✏µ⌫⇢�Q⌫a@⇢A�

<latexit sha1_base64="8QCoL9/pcNR4M3DpmGhA80YDnXc="></latexit>

Dubinkin, FJB, Hughes ’21 



Topological Response 
theory

L =
e

8⇡2
✏aµ⌫⇢QabAµ@⌫e

b
⇢
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has equations of motion: 

⌧µa =
1

8⇡2
✏µ⌫⇢�Q⌫a@⇢A�
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a
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Topological Response theory: 
connection to higher-rank case
• Include a mirror symmetry that enforces 

Qyy = �Qxx ⌘ Q , Qxy = 0

<latexit sha1_base64="4ujvMYE8Rb7qT5jigBzJG6UGABs=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0VwYUsiFd0IRTcuW7APaEKYTKft0MnDmUlpCPkKN/6KGxeKuBV3/o3TNAttPXDhcM65zNzjhowKaRjfWmFldW19o7hZ2tre2d3T9w/aIog4Ji0csIB3XSQIoz5pSSoZ6YacIM9lpOOOb2d+Z0K4oIF/L+OQ2B4a+nRAMZJKcvRK00niOIXXsAIVnU5TaJGHiE5gE1rwTI2V6VnEcPSyUTUywGVi5qQMcjQc/cvqBzjyiC8xQ0L0TCOUdoK4pJiRtGRFgoQIj9GQ9BT1kUeEnWRnpfBEKX04CLgaX8JM/b2RIE+I2HNV0kNyJBa9mfif14vk4MpOqB9Gkvh4/tAgYlAGcNYR7FNOsGSxIghzqv4K8QhxhKVqsqRKMBdPXibt86pZq140a+X6TV5HERyBY3AKTHAJ6uAONEALYPAInsEreNOetBftXfuYRwtavnMI/kD7/AHlmJyu</latexit>

"ai =@ie
a
0 � @0e

a
i

Ba
i =✏ijk@je

a
k

<latexit sha1_base64="fVq/lnmC67f0MfnBc/US+DZ5NDU="></latexit>

L = � Q

8⇡2

⇥
Az

�
"yx + "xy

�
�Ay"

x
z �Ax"

y
z +A0(By

y � Bx
x)
⇤

<latexit sha1_base64="IzGmo5uqZ5LYH6ZmX6gTUg1/+Ww="></latexit>

• Obtain:



L = � Q
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Exy ! "xy + "yx
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Topological Response theory: 
connection to higher-rank case

• Partial re-writing in terms of symmetric tensor gauge 
fields:

Symmetric tensor gauge theory 
coupled to rank 1 gauge field 

L =� Q

8⇡2
[Az"xy �A0@zexy

�Ay"
x
z �Ax"

y
z +A0(@ye

x
z + @xe

y
z)]

<latexit sha1_base64="fido9R8rgwOlaf/Ov6sYn5bgmrs="></latexit>

The remaining terms



Topological Response theory: 
connection to higher-rank case

Symmetric tensor gauge theory 
coupled to rank 1 gauge field 

L =� Q

8⇡2
[Az"xy �A0@zexy
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• Gauge-invariant up to a boundary term

• For a boundary orthogonal to z, only the first line 

contributes to this anomaly 



Topological Response theory: 
connection to higher-rank case

Symmetric tensor gauge theory 
coupled to rank 1 gauge field 

L =
1

2

⇥
(@t�)
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2
⇤
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• Anomaly inflow to the boundary is exactly what is needed 
to cancel the mixed ’t Hooft anomaly of our subsystem-
symmetric scalar field theory

L =� Q

8⇡2
[Az"xy �A0@zexy]
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Quadrupolar response in 3D 
Weyl semi-metals: some morals

• Leading order linear EM response of semi-metals= Fermi 
surface dipole moment


• When this vanishes, we instead obtain mixed momentum- 
charge responses, proportional to the Fermi surface 
quadrupole moment


• These responses can have boundary anomalies, 
indicating surface states that resemble those encountered 
in the study of higher-rank gauge theories



Quadrupolar responses in 
other systems

• 2D Dirac semi-metals: Recall Berry 
curvature dipole

L =
e

8⇡
✏µ⌫⇢PµF⌫⇢
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• Equations of motion predict 
boundary flat bands, along edges 
orthogonal to the dipole moment

Ramamurthy, Hughes ‘15



Quadrupolar responses in 
other systems

• 2D gapped systems: Berry curvature quadrupole



Quadrupolar responses in 
other systems

• 2D gapped systems: Berry curvature quadrupole

L =
~

16⇡
✏µ⌫⇢Qµ�@⌫e

�
⇢
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• Boundary flat bands, with no net 
charge response, but a net 
momentum response

Dubinkin, FJB, Hughes



Summary
• Part 1: Chirality, the axial anomaly, and a higher-rank analog

• A new kind of “chiral anomaly” associated with lack of 

momentum conservation in 2D

• Realization in band theory, after imposing reflection symmetry


• Part 2: Quadrupolar responses of semi-metals

• With extra symmetry, leading-order (dipolar) terms in EM 

response may vanish.  

• Next leading terms are quadrupolar, and describe a mixed 

response between EM and lattice effects

• With appropriate symmetry, 3D response theory has the same 

anomalies as a symmetric tensor gauge theory, which cancels 
the anomaly of a subsystem-symmetric surface state.  


• Quadrupolar responses not only interesting for Weyl semi-
metals


