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What are fractons

• Quasiparticles with restricted mobility to a subdimensional space of the 
system


• GS degeneracy is extensive in the system size


 This talk: Realization of subdimensional mobility constraints in simple models
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Take-home message
• Fracton conservation laws emerge in hole-doped antiferromagnets


• Quasiparticles reminiscent of fractons and dipoles 

• Fracton = one hole dressed by magnetic background


• Dipole = two holes on neighboring sites dressed by magnetic background


• Robust fracton behavior (relatively stable to certain small perturbations) 

• Approximate in 2D and 3D AFMs


• Exact in “mixed-dimensional” 1D limit


• Lattice geometry enables tunability of conservation laws
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• Rank-2 symmetric tensor gauge theory:  

Dipole is conserved  

• Severe restrictions on charge dynamics 

• Fracton cannot move in isolation


• Dipole = bound state of two oppositely charged fractons can move together

∂i∂jEi,j = ρ

∫ ddx(ρ ⃗x ) = const

Physics of fractons

Objective: Realization of fracton conservation laws 
in realistic systems 
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FIG. 1. Fractons from polarons. Fractons and dipoles are
schematically represented in (a): A fracton of charge Q cannot move,
but a bound state of two fractons (typically of opposite charge)
can, in accordance with dipole conservation. Boson-affected hopping
models, used to study certain polaron systems, are represented in
(b) where a particle (light-blue dot) can only move by creating
a boson (orange square) at its departure site or by absorbing one
at its arrival site. The particle-bath coupling leads to formation of
polarons: a particle dressed by a bosonic cloud (cloudy light-red
oval). A single particle (upper panel), in forming a polaron, becomes
localized by string excitations, while two particles (lower panel) be-
come bound (forming a bipolaron) and can move via boson-mediated
pair-hopping interactions. This behavior is exact in one-dimensional
systems with mutual hard-core repulsion between the particles and
bosons, and is approximate in absence of the constraint. By stagger-
ing charge, see Sec. III C, we identify a single polaron as a fracton,
and a bipolaron as a dipole.

for a review of fractons, and to selected literature [36–54]
for details.

Fractons were first proposed in the context of three-
dimensional quantum spin-liquid models [13,21,27,28], and
were later shown to be realized as topological lattice defects
of ordinary two-dimensional crystals [16]. Fracton models can
in principle be engineered directly using Majorana islands
[45]. But, there is still an important need for concrete, physi-
cally accessible systems realizing fracton physics. It would be
particularly useful to construct models that are realizable in
one dimension, as opposed to previous models that are stable
only in higher dimensions. Such a fracton system could then
be studied using the wide variety of analytic and numerical
techniques available for studying one-dimensional models.

Towards this end, we here show that fracton physics can be
realized in a class of models featuring boson-affected hopping
(depicted in Fig. 1), which can be found in both one- and
higher-dimensional systems, see [55] for a concise demon-
stration. Systems that are described by such models include
hole-doped antiferromagnets in two or three dimensions and

polaronic systems in any dimension. Such systems can exhibit
either exact or approximate fracton behavior, depending on
the specific details. In these models, quasiparticles can only
hop via the creation or absorption of background bosonic
excitations. For example, in a two- or three-dimensional Ising
antiferromagnet, a hole can only move to a neighboring site
at the expense of creating energetically costly spin misalign-
ments (i.e., magnons) [56–60], as illustrated in Fig. 2. As such,
there is no “bare” nearest-neighbor hopping term for the holes.
Rather, a hole can only move through very weak beyond-
nearest-neighbor hopping processes of a perfectly oriented
spin (up arrow in Fig. 2) or through a complicated sequence
of nearest-neighbor boson-mediated hoppings [56].

As such, the hole acquires a finite effective mass only at
sixth and higher orders in perturbation theory in the nearest-
neighbor limit [56]. In contrast, a bound state of two holes
[61–63] is capable of moving through a much simpler second-
order process. As a consequence, a broad parameter regime
exists where the individual holes are effectively immobile [64]
compared to a “dipole” of two holes, which has an enormously
smaller effective mass, thereby providing an approximate re-
alization of fractons. This intuition gained from the Ising
antiferromagnet holds much more generally. In a wide class of
boson-affected hopping models, bound pairs of particles, i.e.,
bipolarons, have significantly enhanced mobility compared to
the individual particles, in close analogy with the physics of
fractons. While this fracton behavior is generically approxi-
mate, we will find a special class of boson-affected hopping
models that exhibit true fracton behavior, valid to all orders in
perturbation theory.

In this work we establish a more precise relationship
between fracton physics and boson-affected hopping mod-
els, such as those encountered in the study of polarons
and hole-doped Ising antiferromagnets [55]. We begin by
briefly reviewing the physics of fractons, such as their higher-
moment conservation laws. We also write a one-dimensional
lattice Hamiltonian governed by such a conservation law.
This Hamiltonian features only pair-wise hopping, without
single-body hopping terms, and manifestly exhibits the frac-
ton phenomenon. In a conventional system of particles on a
lattice, such a Hamiltonian with no single-particle hopping
would be enormously fine tuned and is likely hard to en-
gineer. However, we show that the fractonic properties of
this Hamiltonian can be realized naturally (albeit approxi-
mately) in boson-affected hopping systems. To this end we

FIG. 2. Fractons from hole-doped Ising antiferromagnets. Motion of a hole in an Ising antiferromagnetic background is impeded due to
the creation of energetically costly spin misalignments, i.e., magnons, panel (a). While not perfectly immobile (due to high-order Trugman
loops), a single hole is drastically less mobile than a bound state of two holes, which moves comparatively much easier, panel (b). In the
mixed-dimensional limit of the holes moving along a line in the two-dimensional system, the magnetic polaron (i.e., the hole dressed by
magnons) is perfectly localized, as the bosonic strings restrict the hole to its original site, and Trugman loops are absent.
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• Large external  fields?


• `Intrinsic’ mechanism (e.g. interactions)


• Many: 


• Bond algebraic liquid


• Thin-torus limit of the QHE


•  gauge theory


• Bose-Hubbard + ring-exchange


• This talk:  holes doped into AFMs 

• Single hole = fracton 


• Two holes = dipole

⃗E

Z2

Objective: Realization of fracton conservation laws 
in realistic systems 

Khemani et al., PRB (2020), Guardado-Sanchez et al., PRX (2020)

Moudgalya et al., arXiv (2019)

Xu and Fisher, PRB (2007)

Giergiel et al., arXiv (2021)

Borla et al., arXiv (2020)
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Manifestations of dipole conservation in 

• static thermodynamic quantities


• Phase separation


• in dynamics


• Hilbert space fragmentation

Motivation: Realize fracton phenonemonlogy

Prem et al., PRB (2017)

Pai et al., PRX (2019), Sala et al. PRX (2019), 
Khemani et al. PRB (2019)
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Study one and two hole states in 

• 2D square AFMs


• “Mixed-dimensional”1D AFMs


• Honeycomb collinear AFMs


 Consider Ising spin interactions + treat spin-exchange perturbatively⋆

Physical setup: Hole-doped AFMs
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FIG. 1. Fractons from polarons. Fractons and dipoles are
schematically represented in (a): A fracton of charge Q cannot move,
but a bound state of two fractons (typically of opposite charge)
can, in accordance with dipole conservation. Boson-affected hopping
models, used to study certain polaron systems, are represented in
(b) where a particle (light-blue dot) can only move by creating
a boson (orange square) at its departure site or by absorbing one
at its arrival site. The particle-bath coupling leads to formation of
polarons: a particle dressed by a bosonic cloud (cloudy light-red
oval). A single particle (upper panel), in forming a polaron, becomes
localized by string excitations, while two particles (lower panel) be-
come bound (forming a bipolaron) and can move via boson-mediated
pair-hopping interactions. This behavior is exact in one-dimensional
systems with mutual hard-core repulsion between the particles and
bosons, and is approximate in absence of the constraint. By stagger-
ing charge, see Sec. III C, we identify a single polaron as a fracton,
and a bipolaron as a dipole.

for a review of fractons, and to selected literature [36–54]
for details.

Fractons were first proposed in the context of three-
dimensional quantum spin-liquid models [13,21,27,28], and
were later shown to be realized as topological lattice defects
of ordinary two-dimensional crystals [16]. Fracton models can
in principle be engineered directly using Majorana islands
[45]. But, there is still an important need for concrete, physi-
cally accessible systems realizing fracton physics. It would be
particularly useful to construct models that are realizable in
one dimension, as opposed to previous models that are stable
only in higher dimensions. Such a fracton system could then
be studied using the wide variety of analytic and numerical
techniques available for studying one-dimensional models.

Towards this end, we here show that fracton physics can be
realized in a class of models featuring boson-affected hopping
(depicted in Fig. 1), which can be found in both one- and
higher-dimensional systems, see [55] for a concise demon-
stration. Systems that are described by such models include
hole-doped antiferromagnets in two or three dimensions and

polaronic systems in any dimension. Such systems can exhibit
either exact or approximate fracton behavior, depending on
the specific details. In these models, quasiparticles can only
hop via the creation or absorption of background bosonic
excitations. For example, in a two- or three-dimensional Ising
antiferromagnet, a hole can only move to a neighboring site
at the expense of creating energetically costly spin misalign-
ments (i.e., magnons) [56–60], as illustrated in Fig. 2. As such,
there is no “bare” nearest-neighbor hopping term for the holes.
Rather, a hole can only move through very weak beyond-
nearest-neighbor hopping processes of a perfectly oriented
spin (up arrow in Fig. 2) or through a complicated sequence
of nearest-neighbor boson-mediated hoppings [56].

As such, the hole acquires a finite effective mass only at
sixth and higher orders in perturbation theory in the nearest-
neighbor limit [56]. In contrast, a bound state of two holes
[61–63] is capable of moving through a much simpler second-
order process. As a consequence, a broad parameter regime
exists where the individual holes are effectively immobile [64]
compared to a “dipole” of two holes, which has an enormously
smaller effective mass, thereby providing an approximate re-
alization of fractons. This intuition gained from the Ising
antiferromagnet holds much more generally. In a wide class of
boson-affected hopping models, bound pairs of particles, i.e.,
bipolarons, have significantly enhanced mobility compared to
the individual particles, in close analogy with the physics of
fractons. While this fracton behavior is generically approxi-
mate, we will find a special class of boson-affected hopping
models that exhibit true fracton behavior, valid to all orders in
perturbation theory.

In this work we establish a more precise relationship
between fracton physics and boson-affected hopping mod-
els, such as those encountered in the study of polarons
and hole-doped Ising antiferromagnets [55]. We begin by
briefly reviewing the physics of fractons, such as their higher-
moment conservation laws. We also write a one-dimensional
lattice Hamiltonian governed by such a conservation law.
This Hamiltonian features only pair-wise hopping, without
single-body hopping terms, and manifestly exhibits the frac-
ton phenomenon. In a conventional system of particles on a
lattice, such a Hamiltonian with no single-particle hopping
would be enormously fine tuned and is likely hard to en-
gineer. However, we show that the fractonic properties of
this Hamiltonian can be realized naturally (albeit approxi-
mately) in boson-affected hopping systems. To this end we

FIG. 2. Fractons from hole-doped Ising antiferromagnets. Motion of a hole in an Ising antiferromagnetic background is impeded due to
the creation of energetically costly spin misalignments, i.e., magnons, panel (a). While not perfectly immobile (due to high-order Trugman
loops), a single hole is drastically less mobile than a bound state of two holes, which moves comparatively much easier, panel (b). In the
mixed-dimensional limit of the holes moving along a line in the two-dimensional system, the magnetic polaron (i.e., the hole dressed by
magnons) is perfectly localized, as the bosonic strings restrict the hole to its original site, and Trugman loops are absent.
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FIG. 1. Fractons from polarons. Fractons and dipoles are
schematically represented in (a): A fracton of charge Q cannot move,
but a bound state of two fractons (typically of opposite charge)
can, in accordance with dipole conservation. Boson-affected hopping
models, used to study certain polaron systems, are represented in
(b) where a particle (light-blue dot) can only move by creating
a boson (orange square) at its departure site or by absorbing one
at its arrival site. The particle-bath coupling leads to formation of
polarons: a particle dressed by a bosonic cloud (cloudy light-red
oval). A single particle (upper panel), in forming a polaron, becomes
localized by string excitations, while two particles (lower panel) be-
come bound (forming a bipolaron) and can move via boson-mediated
pair-hopping interactions. This behavior is exact in one-dimensional
systems with mutual hard-core repulsion between the particles and
bosons, and is approximate in absence of the constraint. By stagger-
ing charge, see Sec. III C, we identify a single polaron as a fracton,
and a bipolaron as a dipole.

for a review of fractons, and to selected literature [36–54]
for details.
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dimensional quantum spin-liquid models [13,21,27,28], and
were later shown to be realized as topological lattice defects
of ordinary two-dimensional crystals [16]. Fracton models can
in principle be engineered directly using Majorana islands
[45]. But, there is still an important need for concrete, physi-
cally accessible systems realizing fracton physics. It would be
particularly useful to construct models that are realizable in
one dimension, as opposed to previous models that are stable
only in higher dimensions. Such a fracton system could then
be studied using the wide variety of analytic and numerical
techniques available for studying one-dimensional models.

Towards this end, we here show that fracton physics can be
realized in a class of models featuring boson-affected hopping
(depicted in Fig. 1), which can be found in both one- and
higher-dimensional systems, see [55] for a concise demon-
stration. Systems that are described by such models include
hole-doped antiferromagnets in two or three dimensions and

polaronic systems in any dimension. Such systems can exhibit
either exact or approximate fracton behavior, depending on
the specific details. In these models, quasiparticles can only
hop via the creation or absorption of background bosonic
excitations. For example, in a two- or three-dimensional Ising
antiferromagnet, a hole can only move to a neighboring site
at the expense of creating energetically costly spin misalign-
ments (i.e., magnons) [56–60], as illustrated in Fig. 2. As such,
there is no “bare” nearest-neighbor hopping term for the holes.
Rather, a hole can only move through very weak beyond-
nearest-neighbor hopping processes of a perfectly oriented
spin (up arrow in Fig. 2) or through a complicated sequence
of nearest-neighbor boson-mediated hoppings [56].

As such, the hole acquires a finite effective mass only at
sixth and higher orders in perturbation theory in the nearest-
neighbor limit [56]. In contrast, a bound state of two holes
[61–63] is capable of moving through a much simpler second-
order process. As a consequence, a broad parameter regime
exists where the individual holes are effectively immobile [64]
compared to a “dipole” of two holes, which has an enormously
smaller effective mass, thereby providing an approximate re-
alization of fractons. This intuition gained from the Ising
antiferromagnet holds much more generally. In a wide class of
boson-affected hopping models, bound pairs of particles, i.e.,
bipolarons, have significantly enhanced mobility compared to
the individual particles, in close analogy with the physics of
fractons. While this fracton behavior is generically approxi-
mate, we will find a special class of boson-affected hopping
models that exhibit true fracton behavior, valid to all orders in
perturbation theory.

In this work we establish a more precise relationship
between fracton physics and boson-affected hopping mod-
els, such as those encountered in the study of polarons
and hole-doped Ising antiferromagnets [55]. We begin by
briefly reviewing the physics of fractons, such as their higher-
moment conservation laws. We also write a one-dimensional
lattice Hamiltonian governed by such a conservation law.
This Hamiltonian features only pair-wise hopping, without
single-body hopping terms, and manifestly exhibits the frac-
ton phenomenon. In a conventional system of particles on a
lattice, such a Hamiltonian with no single-particle hopping
would be enormously fine tuned and is likely hard to en-
gineer. However, we show that the fractonic properties of
this Hamiltonian can be realized naturally (albeit approxi-
mately) in boson-affected hopping systems. To this end we

FIG. 2. Fractons from hole-doped Ising antiferromagnets. Motion of a hole in an Ising antiferromagnetic background is impeded due to
the creation of energetically costly spin misalignments, i.e., magnons, panel (a). While not perfectly immobile (due to high-order Trugman
loops), a single hole is drastically less mobile than a bound state of two holes, which moves comparatively much easier, panel (b). In the
mixed-dimensional limit of the holes moving along a line in the two-dimensional system, the magnetic polaron (i.e., the hole dressed by
magnons) is perfectly localized, as the bosonic strings restrict the hole to its original site, and Trugman loops are absent.
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•2D square AFM 

•Mixed-dimensional 1D AFM


•Honeycomb collinear AFM
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Single-particle dynamics restricted to a single sublattice 

Single hole in a 2D square AFM
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FIG. 1. Fractons from polarons. Fractons and dipoles are
schematically represented in (a): A fracton of charge Q cannot move,
but a bound state of two fractons (typically of opposite charge)
can, in accordance with dipole conservation. Boson-affected hopping
models, used to study certain polaron systems, are represented in
(b) where a particle (light-blue dot) can only move by creating
a boson (orange square) at its departure site or by absorbing one
at its arrival site. The particle-bath coupling leads to formation of
polarons: a particle dressed by a bosonic cloud (cloudy light-red
oval). A single particle (upper panel), in forming a polaron, becomes
localized by string excitations, while two particles (lower panel) be-
come bound (forming a bipolaron) and can move via boson-mediated
pair-hopping interactions. This behavior is exact in one-dimensional
systems with mutual hard-core repulsion between the particles and
bosons, and is approximate in absence of the constraint. By stagger-
ing charge, see Sec. III C, we identify a single polaron as a fracton,
and a bipolaron as a dipole.

for a review of fractons, and to selected literature [36–54]
for details.

Fractons were first proposed in the context of three-
dimensional quantum spin-liquid models [13,21,27,28], and
were later shown to be realized as topological lattice defects
of ordinary two-dimensional crystals [16]. Fracton models can
in principle be engineered directly using Majorana islands
[45]. But, there is still an important need for concrete, physi-
cally accessible systems realizing fracton physics. It would be
particularly useful to construct models that are realizable in
one dimension, as opposed to previous models that are stable
only in higher dimensions. Such a fracton system could then
be studied using the wide variety of analytic and numerical
techniques available for studying one-dimensional models.

Towards this end, we here show that fracton physics can be
realized in a class of models featuring boson-affected hopping
(depicted in Fig. 1), which can be found in both one- and
higher-dimensional systems, see [55] for a concise demon-
stration. Systems that are described by such models include
hole-doped antiferromagnets in two or three dimensions and

polaronic systems in any dimension. Such systems can exhibit
either exact or approximate fracton behavior, depending on
the specific details. In these models, quasiparticles can only
hop via the creation or absorption of background bosonic
excitations. For example, in a two- or three-dimensional Ising
antiferromagnet, a hole can only move to a neighboring site
at the expense of creating energetically costly spin misalign-
ments (i.e., magnons) [56–60], as illustrated in Fig. 2. As such,
there is no “bare” nearest-neighbor hopping term for the holes.
Rather, a hole can only move through very weak beyond-
nearest-neighbor hopping processes of a perfectly oriented
spin (up arrow in Fig. 2) or through a complicated sequence
of nearest-neighbor boson-mediated hoppings [56].

As such, the hole acquires a finite effective mass only at
sixth and higher orders in perturbation theory in the nearest-
neighbor limit [56]. In contrast, a bound state of two holes
[61–63] is capable of moving through a much simpler second-
order process. As a consequence, a broad parameter regime
exists where the individual holes are effectively immobile [64]
compared to a “dipole” of two holes, which has an enormously
smaller effective mass, thereby providing an approximate re-
alization of fractons. This intuition gained from the Ising
antiferromagnet holds much more generally. In a wide class of
boson-affected hopping models, bound pairs of particles, i.e.,
bipolarons, have significantly enhanced mobility compared to
the individual particles, in close analogy with the physics of
fractons. While this fracton behavior is generically approxi-
mate, we will find a special class of boson-affected hopping
models that exhibit true fracton behavior, valid to all orders in
perturbation theory.

In this work we establish a more precise relationship
between fracton physics and boson-affected hopping mod-
els, such as those encountered in the study of polarons
and hole-doped Ising antiferromagnets [55]. We begin by
briefly reviewing the physics of fractons, such as their higher-
moment conservation laws. We also write a one-dimensional
lattice Hamiltonian governed by such a conservation law.
This Hamiltonian features only pair-wise hopping, without
single-body hopping terms, and manifestly exhibits the frac-
ton phenomenon. In a conventional system of particles on a
lattice, such a Hamiltonian with no single-particle hopping
would be enormously fine tuned and is likely hard to en-
gineer. However, we show that the fractonic properties of
this Hamiltonian can be realized naturally (albeit approxi-
mately) in boson-affected hopping systems. To this end we

FIG. 2. Fractons from hole-doped Ising antiferromagnets. Motion of a hole in an Ising antiferromagnetic background is impeded due to
the creation of energetically costly spin misalignments, i.e., magnons, panel (a). While not perfectly immobile (due to high-order Trugman
loops), a single hole is drastically less mobile than a bound state of two holes, which moves comparatively much easier, panel (b). In the
mixed-dimensional limit of the holes moving along a line in the two-dimensional system, the magnetic polaron (i.e., the hole dressed by
magnons) is perfectly localized, as the bosonic strings restrict the hole to its original site, and Trugman loops are absent.
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FIG. 1. Fractons from polarons. Fractons and dipoles are
schematically represented in (a): A fracton of charge Q cannot move,
but a bound state of two fractons (typically of opposite charge)
can, in accordance with dipole conservation. Boson-affected hopping
models, used to study certain polaron systems, are represented in
(b) where a particle (light-blue dot) can only move by creating
a boson (orange square) at its departure site or by absorbing one
at its arrival site. The particle-bath coupling leads to formation of
polarons: a particle dressed by a bosonic cloud (cloudy light-red
oval). A single particle (upper panel), in forming a polaron, becomes
localized by string excitations, while two particles (lower panel) be-
come bound (forming a bipolaron) and can move via boson-mediated
pair-hopping interactions. This behavior is exact in one-dimensional
systems with mutual hard-core repulsion between the particles and
bosons, and is approximate in absence of the constraint. By stagger-
ing charge, see Sec. III C, we identify a single polaron as a fracton,
and a bipolaron as a dipole.
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smaller effective mass, thereby providing an approximate re-
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boson-affected hopping models, bound pairs of particles, i.e.,
bipolarons, have significantly enhanced mobility compared to
the individual particles, in close analogy with the physics of
fractons. While this fracton behavior is generically approxi-
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models that exhibit true fracton behavior, valid to all orders in
perturbation theory.
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between fracton physics and boson-affected hopping mod-
els, such as those encountered in the study of polarons
and hole-doped Ising antiferromagnets [55]. We begin by
briefly reviewing the physics of fractons, such as their higher-
moment conservation laws. We also write a one-dimensional
lattice Hamiltonian governed by such a conservation law.
This Hamiltonian features only pair-wise hopping, without
single-body hopping terms, and manifestly exhibits the frac-
ton phenomenon. In a conventional system of particles on a
lattice, such a Hamiltonian with no single-particle hopping
would be enormously fine tuned and is likely hard to en-
gineer. However, we show that the fractonic properties of
this Hamiltonian can be realized naturally (albeit approxi-
mately) in boson-affected hopping systems. To this end we

FIG. 2. Fractons from hole-doped Ising antiferromagnets. Motion of a hole in an Ising antiferromagnetic background is impeded due to
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FIG. 1. Fractons from polarons. Fractons and dipoles are
schematically represented in (a): A fracton of charge Q cannot move,
but a bound state of two fractons (typically of opposite charge)
can, in accordance with dipole conservation. Boson-affected hopping
models, used to study certain polaron systems, are represented in
(b) where a particle (light-blue dot) can only move by creating
a boson (orange square) at its departure site or by absorbing one
at its arrival site. The particle-bath coupling leads to formation of
polarons: a particle dressed by a bosonic cloud (cloudy light-red
oval). A single particle (upper panel), in forming a polaron, becomes
localized by string excitations, while two particles (lower panel) be-
come bound (forming a bipolaron) and can move via boson-mediated
pair-hopping interactions. This behavior is exact in one-dimensional
systems with mutual hard-core repulsion between the particles and
bosons, and is approximate in absence of the constraint. By stagger-
ing charge, see Sec. III C, we identify a single polaron as a fracton,
and a bipolaron as a dipole.
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Fractons were first proposed in the context of three-
dimensional quantum spin-liquid models [13,21,27,28], and
were later shown to be realized as topological lattice defects
of ordinary two-dimensional crystals [16]. Fracton models can
in principle be engineered directly using Majorana islands
[45]. But, there is still an important need for concrete, physi-
cally accessible systems realizing fracton physics. It would be
particularly useful to construct models that are realizable in
one dimension, as opposed to previous models that are stable
only in higher dimensions. Such a fracton system could then
be studied using the wide variety of analytic and numerical
techniques available for studying one-dimensional models.

Towards this end, we here show that fracton physics can be
realized in a class of models featuring boson-affected hopping
(depicted in Fig. 1), which can be found in both one- and
higher-dimensional systems, see [55] for a concise demon-
stration. Systems that are described by such models include
hole-doped antiferromagnets in two or three dimensions and

polaronic systems in any dimension. Such systems can exhibit
either exact or approximate fracton behavior, depending on
the specific details. In these models, quasiparticles can only
hop via the creation or absorption of background bosonic
excitations. For example, in a two- or three-dimensional Ising
antiferromagnet, a hole can only move to a neighboring site
at the expense of creating energetically costly spin misalign-
ments (i.e., magnons) [56–60], as illustrated in Fig. 2. As such,
there is no “bare” nearest-neighbor hopping term for the holes.
Rather, a hole can only move through very weak beyond-
nearest-neighbor hopping processes of a perfectly oriented
spin (up arrow in Fig. 2) or through a complicated sequence
of nearest-neighbor boson-mediated hoppings [56].

As such, the hole acquires a finite effective mass only at
sixth and higher orders in perturbation theory in the nearest-
neighbor limit [56]. In contrast, a bound state of two holes
[61–63] is capable of moving through a much simpler second-
order process. As a consequence, a broad parameter regime
exists where the individual holes are effectively immobile [64]
compared to a “dipole” of two holes, which has an enormously
smaller effective mass, thereby providing an approximate re-
alization of fractons. This intuition gained from the Ising
antiferromagnet holds much more generally. In a wide class of
boson-affected hopping models, bound pairs of particles, i.e.,
bipolarons, have significantly enhanced mobility compared to
the individual particles, in close analogy with the physics of
fractons. While this fracton behavior is generically approxi-
mate, we will find a special class of boson-affected hopping
models that exhibit true fracton behavior, valid to all orders in
perturbation theory.

In this work we establish a more precise relationship
between fracton physics and boson-affected hopping mod-
els, such as those encountered in the study of polarons
and hole-doped Ising antiferromagnets [55]. We begin by
briefly reviewing the physics of fractons, such as their higher-
moment conservation laws. We also write a one-dimensional
lattice Hamiltonian governed by such a conservation law.
This Hamiltonian features only pair-wise hopping, without
single-body hopping terms, and manifestly exhibits the frac-
ton phenomenon. In a conventional system of particles on a
lattice, such a Hamiltonian with no single-particle hopping
would be enormously fine tuned and is likely hard to en-
gineer. However, we show that the fractonic properties of
this Hamiltonian can be realized naturally (albeit approxi-
mately) in boson-affected hopping systems. To this end we

FIG. 2. Fractons from hole-doped Ising antiferromagnets. Motion of a hole in an Ising antiferromagnetic background is impeded due to
the creation of energetically costly spin misalignments, i.e., magnons, panel (a). While not perfectly immobile (due to high-order Trugman
loops), a single hole is drastically less mobile than a bound state of two holes, which moves comparatively much easier, panel (b). In the
mixed-dimensional limit of the holes moving along a line in the two-dimensional system, the magnetic polaron (i.e., the hole dressed by
magnons) is perfectly localized, as the bosonic strings restrict the hole to its original site, and Trugman loops are absent.
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FIG. 1. Fractons from polarons. Fractons and dipoles are
schematically represented in (a): A fracton of charge Q cannot move,
but a bound state of two fractons (typically of opposite charge)
can, in accordance with dipole conservation. Boson-affected hopping
models, used to study certain polaron systems, are represented in
(b) where a particle (light-blue dot) can only move by creating
a boson (orange square) at its departure site or by absorbing one
at its arrival site. The particle-bath coupling leads to formation of
polarons: a particle dressed by a bosonic cloud (cloudy light-red
oval). A single particle (upper panel), in forming a polaron, becomes
localized by string excitations, while two particles (lower panel) be-
come bound (forming a bipolaron) and can move via boson-mediated
pair-hopping interactions. This behavior is exact in one-dimensional
systems with mutual hard-core repulsion between the particles and
bosons, and is approximate in absence of the constraint. By stagger-
ing charge, see Sec. III C, we identify a single polaron as a fracton,
and a bipolaron as a dipole.

for a review of fractons, and to selected literature [36–54]
for details.

Fractons were first proposed in the context of three-
dimensional quantum spin-liquid models [13,21,27,28], and
were later shown to be realized as topological lattice defects
of ordinary two-dimensional crystals [16]. Fracton models can
in principle be engineered directly using Majorana islands
[45]. But, there is still an important need for concrete, physi-
cally accessible systems realizing fracton physics. It would be
particularly useful to construct models that are realizable in
one dimension, as opposed to previous models that are stable
only in higher dimensions. Such a fracton system could then
be studied using the wide variety of analytic and numerical
techniques available for studying one-dimensional models.

Towards this end, we here show that fracton physics can be
realized in a class of models featuring boson-affected hopping
(depicted in Fig. 1), which can be found in both one- and
higher-dimensional systems, see [55] for a concise demon-
stration. Systems that are described by such models include
hole-doped antiferromagnets in two or three dimensions and

polaronic systems in any dimension. Such systems can exhibit
either exact or approximate fracton behavior, depending on
the specific details. In these models, quasiparticles can only
hop via the creation or absorption of background bosonic
excitations. For example, in a two- or three-dimensional Ising
antiferromagnet, a hole can only move to a neighboring site
at the expense of creating energetically costly spin misalign-
ments (i.e., magnons) [56–60], as illustrated in Fig. 2. As such,
there is no “bare” nearest-neighbor hopping term for the holes.
Rather, a hole can only move through very weak beyond-
nearest-neighbor hopping processes of a perfectly oriented
spin (up arrow in Fig. 2) or through a complicated sequence
of nearest-neighbor boson-mediated hoppings [56].

As such, the hole acquires a finite effective mass only at
sixth and higher orders in perturbation theory in the nearest-
neighbor limit [56]. In contrast, a bound state of two holes
[61–63] is capable of moving through a much simpler second-
order process. As a consequence, a broad parameter regime
exists where the individual holes are effectively immobile [64]
compared to a “dipole” of two holes, which has an enormously
smaller effective mass, thereby providing an approximate re-
alization of fractons. This intuition gained from the Ising
antiferromagnet holds much more generally. In a wide class of
boson-affected hopping models, bound pairs of particles, i.e.,
bipolarons, have significantly enhanced mobility compared to
the individual particles, in close analogy with the physics of
fractons. While this fracton behavior is generically approxi-
mate, we will find a special class of boson-affected hopping
models that exhibit true fracton behavior, valid to all orders in
perturbation theory.

In this work we establish a more precise relationship
between fracton physics and boson-affected hopping mod-
els, such as those encountered in the study of polarons
and hole-doped Ising antiferromagnets [55]. We begin by
briefly reviewing the physics of fractons, such as their higher-
moment conservation laws. We also write a one-dimensional
lattice Hamiltonian governed by such a conservation law.
This Hamiltonian features only pair-wise hopping, without
single-body hopping terms, and manifestly exhibits the frac-
ton phenomenon. In a conventional system of particles on a
lattice, such a Hamiltonian with no single-particle hopping
would be enormously fine tuned and is likely hard to en-
gineer. However, we show that the fractonic properties of
this Hamiltonian can be realized naturally (albeit approxi-
mately) in boson-affected hopping systems. To this end we

FIG. 2. Fractons from hole-doped Ising antiferromagnets. Motion of a hole in an Ising antiferromagnetic background is impeded due to
the creation of energetically costly spin misalignments, i.e., magnons, panel (a). While not perfectly immobile (due to high-order Trugman
loops), a single hole is drastically less mobile than a bound state of two holes, which moves comparatively much easier, panel (b). In the
mixed-dimensional limit of the holes moving along a line in the two-dimensional system, the magnetic polaron (i.e., the hole dressed by
magnons) is perfectly localized, as the bosonic strings restrict the hole to its original site, and Trugman loops are absent.
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FIG. 1. Fractons from polarons. Fractons and dipoles are
schematically represented in (a): A fracton of charge Q cannot move,
but a bound state of two fractons (typically of opposite charge)
can, in accordance with dipole conservation. Boson-affected hopping
models, used to study certain polaron systems, are represented in
(b) where a particle (light-blue dot) can only move by creating
a boson (orange square) at its departure site or by absorbing one
at its arrival site. The particle-bath coupling leads to formation of
polarons: a particle dressed by a bosonic cloud (cloudy light-red
oval). A single particle (upper panel), in forming a polaron, becomes
localized by string excitations, while two particles (lower panel) be-
come bound (forming a bipolaron) and can move via boson-mediated
pair-hopping interactions. This behavior is exact in one-dimensional
systems with mutual hard-core repulsion between the particles and
bosons, and is approximate in absence of the constraint. By stagger-
ing charge, see Sec. III C, we identify a single polaron as a fracton,
and a bipolaron as a dipole.

for a review of fractons, and to selected literature [36–54]
for details.

Fractons were first proposed in the context of three-
dimensional quantum spin-liquid models [13,21,27,28], and
were later shown to be realized as topological lattice defects
of ordinary two-dimensional crystals [16]. Fracton models can
in principle be engineered directly using Majorana islands
[45]. But, there is still an important need for concrete, physi-
cally accessible systems realizing fracton physics. It would be
particularly useful to construct models that are realizable in
one dimension, as opposed to previous models that are stable
only in higher dimensions. Such a fracton system could then
be studied using the wide variety of analytic and numerical
techniques available for studying one-dimensional models.

Towards this end, we here show that fracton physics can be
realized in a class of models featuring boson-affected hopping
(depicted in Fig. 1), which can be found in both one- and
higher-dimensional systems, see [55] for a concise demon-
stration. Systems that are described by such models include
hole-doped antiferromagnets in two or three dimensions and

polaronic systems in any dimension. Such systems can exhibit
either exact or approximate fracton behavior, depending on
the specific details. In these models, quasiparticles can only
hop via the creation or absorption of background bosonic
excitations. For example, in a two- or three-dimensional Ising
antiferromagnet, a hole can only move to a neighboring site
at the expense of creating energetically costly spin misalign-
ments (i.e., magnons) [56–60], as illustrated in Fig. 2. As such,
there is no “bare” nearest-neighbor hopping term for the holes.
Rather, a hole can only move through very weak beyond-
nearest-neighbor hopping processes of a perfectly oriented
spin (up arrow in Fig. 2) or through a complicated sequence
of nearest-neighbor boson-mediated hoppings [56].

As such, the hole acquires a finite effective mass only at
sixth and higher orders in perturbation theory in the nearest-
neighbor limit [56]. In contrast, a bound state of two holes
[61–63] is capable of moving through a much simpler second-
order process. As a consequence, a broad parameter regime
exists where the individual holes are effectively immobile [64]
compared to a “dipole” of two holes, which has an enormously
smaller effective mass, thereby providing an approximate re-
alization of fractons. This intuition gained from the Ising
antiferromagnet holds much more generally. In a wide class of
boson-affected hopping models, bound pairs of particles, i.e.,
bipolarons, have significantly enhanced mobility compared to
the individual particles, in close analogy with the physics of
fractons. While this fracton behavior is generically approxi-
mate, we will find a special class of boson-affected hopping
models that exhibit true fracton behavior, valid to all orders in
perturbation theory.

In this work we establish a more precise relationship
between fracton physics and boson-affected hopping mod-
els, such as those encountered in the study of polarons
and hole-doped Ising antiferromagnets [55]. We begin by
briefly reviewing the physics of fractons, such as their higher-
moment conservation laws. We also write a one-dimensional
lattice Hamiltonian governed by such a conservation law.
This Hamiltonian features only pair-wise hopping, without
single-body hopping terms, and manifestly exhibits the frac-
ton phenomenon. In a conventional system of particles on a
lattice, such a Hamiltonian with no single-particle hopping
would be enormously fine tuned and is likely hard to en-
gineer. However, we show that the fractonic properties of
this Hamiltonian can be realized naturally (albeit approxi-
mately) in boson-affected hopping systems. To this end we

FIG. 2. Fractons from hole-doped Ising antiferromagnets. Motion of a hole in an Ising antiferromagnetic background is impeded due to
the creation of energetically costly spin misalignments, i.e., magnons, panel (a). While not perfectly immobile (due to high-order Trugman
loops), a single hole is drastically less mobile than a bound state of two holes, which moves comparatively much easier, panel (b). In the
mixed-dimensional limit of the holes moving along a line in the two-dimensional system, the magnetic polaron (i.e., the hole dressed by
magnons) is perfectly localized, as the bosonic strings restrict the hole to its original site, and Trugman loops are absent.
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FIG. 1. Fractons from polarons. Fractons and dipoles are
schematically represented in (a): A fracton of charge Q cannot move,
but a bound state of two fractons (typically of opposite charge)
can, in accordance with dipole conservation. Boson-affected hopping
models, used to study certain polaron systems, are represented in
(b) where a particle (light-blue dot) can only move by creating
a boson (orange square) at its departure site or by absorbing one
at its arrival site. The particle-bath coupling leads to formation of
polarons: a particle dressed by a bosonic cloud (cloudy light-red
oval). A single particle (upper panel), in forming a polaron, becomes
localized by string excitations, while two particles (lower panel) be-
come bound (forming a bipolaron) and can move via boson-mediated
pair-hopping interactions. This behavior is exact in one-dimensional
systems with mutual hard-core repulsion between the particles and
bosons, and is approximate in absence of the constraint. By stagger-
ing charge, see Sec. III C, we identify a single polaron as a fracton,
and a bipolaron as a dipole.

for a review of fractons, and to selected literature [36–54]
for details.

Fractons were first proposed in the context of three-
dimensional quantum spin-liquid models [13,21,27,28], and
were later shown to be realized as topological lattice defects
of ordinary two-dimensional crystals [16]. Fracton models can
in principle be engineered directly using Majorana islands
[45]. But, there is still an important need for concrete, physi-
cally accessible systems realizing fracton physics. It would be
particularly useful to construct models that are realizable in
one dimension, as opposed to previous models that are stable
only in higher dimensions. Such a fracton system could then
be studied using the wide variety of analytic and numerical
techniques available for studying one-dimensional models.

Towards this end, we here show that fracton physics can be
realized in a class of models featuring boson-affected hopping
(depicted in Fig. 1), which can be found in both one- and
higher-dimensional systems, see [55] for a concise demon-
stration. Systems that are described by such models include
hole-doped antiferromagnets in two or three dimensions and

polaronic systems in any dimension. Such systems can exhibit
either exact or approximate fracton behavior, depending on
the specific details. In these models, quasiparticles can only
hop via the creation or absorption of background bosonic
excitations. For example, in a two- or three-dimensional Ising
antiferromagnet, a hole can only move to a neighboring site
at the expense of creating energetically costly spin misalign-
ments (i.e., magnons) [56–60], as illustrated in Fig. 2. As such,
there is no “bare” nearest-neighbor hopping term for the holes.
Rather, a hole can only move through very weak beyond-
nearest-neighbor hopping processes of a perfectly oriented
spin (up arrow in Fig. 2) or through a complicated sequence
of nearest-neighbor boson-mediated hoppings [56].

As such, the hole acquires a finite effective mass only at
sixth and higher orders in perturbation theory in the nearest-
neighbor limit [56]. In contrast, a bound state of two holes
[61–63] is capable of moving through a much simpler second-
order process. As a consequence, a broad parameter regime
exists where the individual holes are effectively immobile [64]
compared to a “dipole” of two holes, which has an enormously
smaller effective mass, thereby providing an approximate re-
alization of fractons. This intuition gained from the Ising
antiferromagnet holds much more generally. In a wide class of
boson-affected hopping models, bound pairs of particles, i.e.,
bipolarons, have significantly enhanced mobility compared to
the individual particles, in close analogy with the physics of
fractons. While this fracton behavior is generically approxi-
mate, we will find a special class of boson-affected hopping
models that exhibit true fracton behavior, valid to all orders in
perturbation theory.

In this work we establish a more precise relationship
between fracton physics and boson-affected hopping mod-
els, such as those encountered in the study of polarons
and hole-doped Ising antiferromagnets [55]. We begin by
briefly reviewing the physics of fractons, such as their higher-
moment conservation laws. We also write a one-dimensional
lattice Hamiltonian governed by such a conservation law.
This Hamiltonian features only pair-wise hopping, without
single-body hopping terms, and manifestly exhibits the frac-
ton phenomenon. In a conventional system of particles on a
lattice, such a Hamiltonian with no single-particle hopping
would be enormously fine tuned and is likely hard to en-
gineer. However, we show that the fractonic properties of
this Hamiltonian can be realized naturally (albeit approxi-
mately) in boson-affected hopping systems. To this end we

FIG. 2. Fractons from hole-doped Ising antiferromagnets. Motion of a hole in an Ising antiferromagnetic background is impeded due to
the creation of energetically costly spin misalignments, i.e., magnons, panel (a). While not perfectly immobile (due to high-order Trugman
loops), a single hole is drastically less mobile than a bound state of two holes, which moves comparatively much easier, panel (b). In the
mixed-dimensional limit of the holes moving along a line in the two-dimensional system, the magnetic polaron (i.e., the hole dressed by
magnons) is perfectly localized, as the bosonic strings restrict the hole to its original site, and Trugman loops are absent.

214437-2

Fracton-like constraints on single particles up to 6th-order Trugman, PRB (1988)

Burnell, discussions

9



Two holes in a 2D square AFM

• Two nearest-neighbor holes on different sublatttices are connected by a 
`string’  bound state


• Relative separation of holes in bound state is conserved


• Two holes (with opposite spins) = dipole

→

JOHN SOUS AND MICHAEL PRETKO PHYSICAL REVIEW B 102, 214437 (2020)

FIG. 1. Fractons from polarons. Fractons and dipoles are
schematically represented in (a): A fracton of charge Q cannot move,
but a bound state of two fractons (typically of opposite charge)
can, in accordance with dipole conservation. Boson-affected hopping
models, used to study certain polaron systems, are represented in
(b) where a particle (light-blue dot) can only move by creating
a boson (orange square) at its departure site or by absorbing one
at its arrival site. The particle-bath coupling leads to formation of
polarons: a particle dressed by a bosonic cloud (cloudy light-red
oval). A single particle (upper panel), in forming a polaron, becomes
localized by string excitations, while two particles (lower panel) be-
come bound (forming a bipolaron) and can move via boson-mediated
pair-hopping interactions. This behavior is exact in one-dimensional
systems with mutual hard-core repulsion between the particles and
bosons, and is approximate in absence of the constraint. By stagger-
ing charge, see Sec. III C, we identify a single polaron as a fracton,
and a bipolaron as a dipole.

for a review of fractons, and to selected literature [36–54]
for details.

Fractons were first proposed in the context of three-
dimensional quantum spin-liquid models [13,21,27,28], and
were later shown to be realized as topological lattice defects
of ordinary two-dimensional crystals [16]. Fracton models can
in principle be engineered directly using Majorana islands
[45]. But, there is still an important need for concrete, physi-
cally accessible systems realizing fracton physics. It would be
particularly useful to construct models that are realizable in
one dimension, as opposed to previous models that are stable
only in higher dimensions. Such a fracton system could then
be studied using the wide variety of analytic and numerical
techniques available for studying one-dimensional models.

Towards this end, we here show that fracton physics can be
realized in a class of models featuring boson-affected hopping
(depicted in Fig. 1), which can be found in both one- and
higher-dimensional systems, see [55] for a concise demon-
stration. Systems that are described by such models include
hole-doped antiferromagnets in two or three dimensions and

polaronic systems in any dimension. Such systems can exhibit
either exact or approximate fracton behavior, depending on
the specific details. In these models, quasiparticles can only
hop via the creation or absorption of background bosonic
excitations. For example, in a two- or three-dimensional Ising
antiferromagnet, a hole can only move to a neighboring site
at the expense of creating energetically costly spin misalign-
ments (i.e., magnons) [56–60], as illustrated in Fig. 2. As such,
there is no “bare” nearest-neighbor hopping term for the holes.
Rather, a hole can only move through very weak beyond-
nearest-neighbor hopping processes of a perfectly oriented
spin (up arrow in Fig. 2) or through a complicated sequence
of nearest-neighbor boson-mediated hoppings [56].

As such, the hole acquires a finite effective mass only at
sixth and higher orders in perturbation theory in the nearest-
neighbor limit [56]. In contrast, a bound state of two holes
[61–63] is capable of moving through a much simpler second-
order process. As a consequence, a broad parameter regime
exists where the individual holes are effectively immobile [64]
compared to a “dipole” of two holes, which has an enormously
smaller effective mass, thereby providing an approximate re-
alization of fractons. This intuition gained from the Ising
antiferromagnet holds much more generally. In a wide class of
boson-affected hopping models, bound pairs of particles, i.e.,
bipolarons, have significantly enhanced mobility compared to
the individual particles, in close analogy with the physics of
fractons. While this fracton behavior is generically approxi-
mate, we will find a special class of boson-affected hopping
models that exhibit true fracton behavior, valid to all orders in
perturbation theory.

In this work we establish a more precise relationship
between fracton physics and boson-affected hopping mod-
els, such as those encountered in the study of polarons
and hole-doped Ising antiferromagnets [55]. We begin by
briefly reviewing the physics of fractons, such as their higher-
moment conservation laws. We also write a one-dimensional
lattice Hamiltonian governed by such a conservation law.
This Hamiltonian features only pair-wise hopping, without
single-body hopping terms, and manifestly exhibits the frac-
ton phenomenon. In a conventional system of particles on a
lattice, such a Hamiltonian with no single-particle hopping
would be enormously fine tuned and is likely hard to en-
gineer. However, we show that the fractonic properties of
this Hamiltonian can be realized naturally (albeit approxi-
mately) in boson-affected hopping systems. To this end we

FIG. 2. Fractons from hole-doped Ising antiferromagnets. Motion of a hole in an Ising antiferromagnetic background is impeded due to
the creation of energetically costly spin misalignments, i.e., magnons, panel (a). While not perfectly immobile (due to high-order Trugman
loops), a single hole is drastically less mobile than a bound state of two holes, which moves comparatively much easier, panel (b). In the
mixed-dimensional limit of the holes moving along a line in the two-dimensional system, the magnetic polaron (i.e., the hole dressed by
magnons) is perfectly localized, as the bosonic strings restrict the hole to its original site, and Trugman loops are absent.
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FIG. 1. Fractons from polarons. Fractons and dipoles are
schematically represented in (a): A fracton of charge Q cannot move,
but a bound state of two fractons (typically of opposite charge)
can, in accordance with dipole conservation. Boson-affected hopping
models, used to study certain polaron systems, are represented in
(b) where a particle (light-blue dot) can only move by creating
a boson (orange square) at its departure site or by absorbing one
at its arrival site. The particle-bath coupling leads to formation of
polarons: a particle dressed by a bosonic cloud (cloudy light-red
oval). A single particle (upper panel), in forming a polaron, becomes
localized by string excitations, while two particles (lower panel) be-
come bound (forming a bipolaron) and can move via boson-mediated
pair-hopping interactions. This behavior is exact in one-dimensional
systems with mutual hard-core repulsion between the particles and
bosons, and is approximate in absence of the constraint. By stagger-
ing charge, see Sec. III C, we identify a single polaron as a fracton,
and a bipolaron as a dipole.

for a review of fractons, and to selected literature [36–54]
for details.

Fractons were first proposed in the context of three-
dimensional quantum spin-liquid models [13,21,27,28], and
were later shown to be realized as topological lattice defects
of ordinary two-dimensional crystals [16]. Fracton models can
in principle be engineered directly using Majorana islands
[45]. But, there is still an important need for concrete, physi-
cally accessible systems realizing fracton physics. It would be
particularly useful to construct models that are realizable in
one dimension, as opposed to previous models that are stable
only in higher dimensions. Such a fracton system could then
be studied using the wide variety of analytic and numerical
techniques available for studying one-dimensional models.

Towards this end, we here show that fracton physics can be
realized in a class of models featuring boson-affected hopping
(depicted in Fig. 1), which can be found in both one- and
higher-dimensional systems, see [55] for a concise demon-
stration. Systems that are described by such models include
hole-doped antiferromagnets in two or three dimensions and

polaronic systems in any dimension. Such systems can exhibit
either exact or approximate fracton behavior, depending on
the specific details. In these models, quasiparticles can only
hop via the creation or absorption of background bosonic
excitations. For example, in a two- or three-dimensional Ising
antiferromagnet, a hole can only move to a neighboring site
at the expense of creating energetically costly spin misalign-
ments (i.e., magnons) [56–60], as illustrated in Fig. 2. As such,
there is no “bare” nearest-neighbor hopping term for the holes.
Rather, a hole can only move through very weak beyond-
nearest-neighbor hopping processes of a perfectly oriented
spin (up arrow in Fig. 2) or through a complicated sequence
of nearest-neighbor boson-mediated hoppings [56].

As such, the hole acquires a finite effective mass only at
sixth and higher orders in perturbation theory in the nearest-
neighbor limit [56]. In contrast, a bound state of two holes
[61–63] is capable of moving through a much simpler second-
order process. As a consequence, a broad parameter regime
exists where the individual holes are effectively immobile [64]
compared to a “dipole” of two holes, which has an enormously
smaller effective mass, thereby providing an approximate re-
alization of fractons. This intuition gained from the Ising
antiferromagnet holds much more generally. In a wide class of
boson-affected hopping models, bound pairs of particles, i.e.,
bipolarons, have significantly enhanced mobility compared to
the individual particles, in close analogy with the physics of
fractons. While this fracton behavior is generically approxi-
mate, we will find a special class of boson-affected hopping
models that exhibit true fracton behavior, valid to all orders in
perturbation theory.

In this work we establish a more precise relationship
between fracton physics and boson-affected hopping mod-
els, such as those encountered in the study of polarons
and hole-doped Ising antiferromagnets [55]. We begin by
briefly reviewing the physics of fractons, such as their higher-
moment conservation laws. We also write a one-dimensional
lattice Hamiltonian governed by such a conservation law.
This Hamiltonian features only pair-wise hopping, without
single-body hopping terms, and manifestly exhibits the frac-
ton phenomenon. In a conventional system of particles on a
lattice, such a Hamiltonian with no single-particle hopping
would be enormously fine tuned and is likely hard to en-
gineer. However, we show that the fractonic properties of
this Hamiltonian can be realized naturally (albeit approxi-
mately) in boson-affected hopping systems. To this end we

FIG. 2. Fractons from hole-doped Ising antiferromagnets. Motion of a hole in an Ising antiferromagnetic background is impeded due to
the creation of energetically costly spin misalignments, i.e., magnons, panel (a). While not perfectly immobile (due to high-order Trugman
loops), a single hole is drastically less mobile than a bound state of two holes, which moves comparatively much easier, panel (b). In the
mixed-dimensional limit of the holes moving along a line in the two-dimensional system, the magnetic polaron (i.e., the hole dressed by
magnons) is perfectly localized, as the bosonic strings restrict the hole to its original site, and Trugman loops are absent.
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FIG. 1. Fractons from polarons. Fractons and dipoles are
schematically represented in (a): A fracton of charge Q cannot move,
but a bound state of two fractons (typically of opposite charge)
can, in accordance with dipole conservation. Boson-affected hopping
models, used to study certain polaron systems, are represented in
(b) where a particle (light-blue dot) can only move by creating
a boson (orange square) at its departure site or by absorbing one
at its arrival site. The particle-bath coupling leads to formation of
polarons: a particle dressed by a bosonic cloud (cloudy light-red
oval). A single particle (upper panel), in forming a polaron, becomes
localized by string excitations, while two particles (lower panel) be-
come bound (forming a bipolaron) and can move via boson-mediated
pair-hopping interactions. This behavior is exact in one-dimensional
systems with mutual hard-core repulsion between the particles and
bosons, and is approximate in absence of the constraint. By stagger-
ing charge, see Sec. III C, we identify a single polaron as a fracton,
and a bipolaron as a dipole.

for a review of fractons, and to selected literature [36–54]
for details.

Fractons were first proposed in the context of three-
dimensional quantum spin-liquid models [13,21,27,28], and
were later shown to be realized as topological lattice defects
of ordinary two-dimensional crystals [16]. Fracton models can
in principle be engineered directly using Majorana islands
[45]. But, there is still an important need for concrete, physi-
cally accessible systems realizing fracton physics. It would be
particularly useful to construct models that are realizable in
one dimension, as opposed to previous models that are stable
only in higher dimensions. Such a fracton system could then
be studied using the wide variety of analytic and numerical
techniques available for studying one-dimensional models.

Towards this end, we here show that fracton physics can be
realized in a class of models featuring boson-affected hopping
(depicted in Fig. 1), which can be found in both one- and
higher-dimensional systems, see [55] for a concise demon-
stration. Systems that are described by such models include
hole-doped antiferromagnets in two or three dimensions and

polaronic systems in any dimension. Such systems can exhibit
either exact or approximate fracton behavior, depending on
the specific details. In these models, quasiparticles can only
hop via the creation or absorption of background bosonic
excitations. For example, in a two- or three-dimensional Ising
antiferromagnet, a hole can only move to a neighboring site
at the expense of creating energetically costly spin misalign-
ments (i.e., magnons) [56–60], as illustrated in Fig. 2. As such,
there is no “bare” nearest-neighbor hopping term for the holes.
Rather, a hole can only move through very weak beyond-
nearest-neighbor hopping processes of a perfectly oriented
spin (up arrow in Fig. 2) or through a complicated sequence
of nearest-neighbor boson-mediated hoppings [56].

As such, the hole acquires a finite effective mass only at
sixth and higher orders in perturbation theory in the nearest-
neighbor limit [56]. In contrast, a bound state of two holes
[61–63] is capable of moving through a much simpler second-
order process. As a consequence, a broad parameter regime
exists where the individual holes are effectively immobile [64]
compared to a “dipole” of two holes, which has an enormously
smaller effective mass, thereby providing an approximate re-
alization of fractons. This intuition gained from the Ising
antiferromagnet holds much more generally. In a wide class of
boson-affected hopping models, bound pairs of particles, i.e.,
bipolarons, have significantly enhanced mobility compared to
the individual particles, in close analogy with the physics of
fractons. While this fracton behavior is generically approxi-
mate, we will find a special class of boson-affected hopping
models that exhibit true fracton behavior, valid to all orders in
perturbation theory.

In this work we establish a more precise relationship
between fracton physics and boson-affected hopping mod-
els, such as those encountered in the study of polarons
and hole-doped Ising antiferromagnets [55]. We begin by
briefly reviewing the physics of fractons, such as their higher-
moment conservation laws. We also write a one-dimensional
lattice Hamiltonian governed by such a conservation law.
This Hamiltonian features only pair-wise hopping, without
single-body hopping terms, and manifestly exhibits the frac-
ton phenomenon. In a conventional system of particles on a
lattice, such a Hamiltonian with no single-particle hopping
would be enormously fine tuned and is likely hard to en-
gineer. However, we show that the fractonic properties of
this Hamiltonian can be realized naturally (albeit approxi-
mately) in boson-affected hopping systems. To this end we

FIG. 2. Fractons from hole-doped Ising antiferromagnets. Motion of a hole in an Ising antiferromagnetic background is impeded due to
the creation of energetically costly spin misalignments, i.e., magnons, panel (a). While not perfectly immobile (due to high-order Trugman
loops), a single hole is drastically less mobile than a bound state of two holes, which moves comparatively much easier, panel (b). In the
mixed-dimensional limit of the holes moving along a line in the two-dimensional system, the magnetic polaron (i.e., the hole dressed by
magnons) is perfectly localized, as the bosonic strings restrict the hole to its original site, and Trugman loops are absent.
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FIG. 1. Fractons from polarons. Fractons and dipoles are
schematically represented in (a): A fracton of charge Q cannot move,
but a bound state of two fractons (typically of opposite charge)
can, in accordance with dipole conservation. Boson-affected hopping
models, used to study certain polaron systems, are represented in
(b) where a particle (light-blue dot) can only move by creating
a boson (orange square) at its departure site or by absorbing one
at its arrival site. The particle-bath coupling leads to formation of
polarons: a particle dressed by a bosonic cloud (cloudy light-red
oval). A single particle (upper panel), in forming a polaron, becomes
localized by string excitations, while two particles (lower panel) be-
come bound (forming a bipolaron) and can move via boson-mediated
pair-hopping interactions. This behavior is exact in one-dimensional
systems with mutual hard-core repulsion between the particles and
bosons, and is approximate in absence of the constraint. By stagger-
ing charge, see Sec. III C, we identify a single polaron as a fracton,
and a bipolaron as a dipole.

for a review of fractons, and to selected literature [36–54]
for details.

Fractons were first proposed in the context of three-
dimensional quantum spin-liquid models [13,21,27,28], and
were later shown to be realized as topological lattice defects
of ordinary two-dimensional crystals [16]. Fracton models can
in principle be engineered directly using Majorana islands
[45]. But, there is still an important need for concrete, physi-
cally accessible systems realizing fracton physics. It would be
particularly useful to construct models that are realizable in
one dimension, as opposed to previous models that are stable
only in higher dimensions. Such a fracton system could then
be studied using the wide variety of analytic and numerical
techniques available for studying one-dimensional models.

Towards this end, we here show that fracton physics can be
realized in a class of models featuring boson-affected hopping
(depicted in Fig. 1), which can be found in both one- and
higher-dimensional systems, see [55] for a concise demon-
stration. Systems that are described by such models include
hole-doped antiferromagnets in two or three dimensions and

polaronic systems in any dimension. Such systems can exhibit
either exact or approximate fracton behavior, depending on
the specific details. In these models, quasiparticles can only
hop via the creation or absorption of background bosonic
excitations. For example, in a two- or three-dimensional Ising
antiferromagnet, a hole can only move to a neighboring site
at the expense of creating energetically costly spin misalign-
ments (i.e., magnons) [56–60], as illustrated in Fig. 2. As such,
there is no “bare” nearest-neighbor hopping term for the holes.
Rather, a hole can only move through very weak beyond-
nearest-neighbor hopping processes of a perfectly oriented
spin (up arrow in Fig. 2) or through a complicated sequence
of nearest-neighbor boson-mediated hoppings [56].

As such, the hole acquires a finite effective mass only at
sixth and higher orders in perturbation theory in the nearest-
neighbor limit [56]. In contrast, a bound state of two holes
[61–63] is capable of moving through a much simpler second-
order process. As a consequence, a broad parameter regime
exists where the individual holes are effectively immobile [64]
compared to a “dipole” of two holes, which has an enormously
smaller effective mass, thereby providing an approximate re-
alization of fractons. This intuition gained from the Ising
antiferromagnet holds much more generally. In a wide class of
boson-affected hopping models, bound pairs of particles, i.e.,
bipolarons, have significantly enhanced mobility compared to
the individual particles, in close analogy with the physics of
fractons. While this fracton behavior is generically approxi-
mate, we will find a special class of boson-affected hopping
models that exhibit true fracton behavior, valid to all orders in
perturbation theory.

In this work we establish a more precise relationship
between fracton physics and boson-affected hopping mod-
els, such as those encountered in the study of polarons
and hole-doped Ising antiferromagnets [55]. We begin by
briefly reviewing the physics of fractons, such as their higher-
moment conservation laws. We also write a one-dimensional
lattice Hamiltonian governed by such a conservation law.
This Hamiltonian features only pair-wise hopping, without
single-body hopping terms, and manifestly exhibits the frac-
ton phenomenon. In a conventional system of particles on a
lattice, such a Hamiltonian with no single-particle hopping
would be enormously fine tuned and is likely hard to en-
gineer. However, we show that the fractonic properties of
this Hamiltonian can be realized naturally (albeit approxi-
mately) in boson-affected hopping systems. To this end we

FIG. 2. Fractons from hole-doped Ising antiferromagnets. Motion of a hole in an Ising antiferromagnetic background is impeded due to
the creation of energetically costly spin misalignments, i.e., magnons, panel (a). While not perfectly immobile (due to high-order Trugman
loops), a single hole is drastically less mobile than a bound state of two holes, which moves comparatively much easier, panel (b). In the
mixed-dimensional limit of the holes moving along a line in the two-dimensional system, the magnetic polaron (i.e., the hole dressed by
magnons) is perfectly localized, as the bosonic strings restrict the hole to its original site, and Trugman loops are absent.
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FIG. 1. Fractons from polarons. Fractons and dipoles are
schematically represented in (a): A fracton of charge Q cannot move,
but a bound state of two fractons (typically of opposite charge)
can, in accordance with dipole conservation. Boson-affected hopping
models, used to study certain polaron systems, are represented in
(b) where a particle (light-blue dot) can only move by creating
a boson (orange square) at its departure site or by absorbing one
at its arrival site. The particle-bath coupling leads to formation of
polarons: a particle dressed by a bosonic cloud (cloudy light-red
oval). A single particle (upper panel), in forming a polaron, becomes
localized by string excitations, while two particles (lower panel) be-
come bound (forming a bipolaron) and can move via boson-mediated
pair-hopping interactions. This behavior is exact in one-dimensional
systems with mutual hard-core repulsion between the particles and
bosons, and is approximate in absence of the constraint. By stagger-
ing charge, see Sec. III C, we identify a single polaron as a fracton,
and a bipolaron as a dipole.

for a review of fractons, and to selected literature [36–54]
for details.

Fractons were first proposed in the context of three-
dimensional quantum spin-liquid models [13,21,27,28], and
were later shown to be realized as topological lattice defects
of ordinary two-dimensional crystals [16]. Fracton models can
in principle be engineered directly using Majorana islands
[45]. But, there is still an important need for concrete, physi-
cally accessible systems realizing fracton physics. It would be
particularly useful to construct models that are realizable in
one dimension, as opposed to previous models that are stable
only in higher dimensions. Such a fracton system could then
be studied using the wide variety of analytic and numerical
techniques available for studying one-dimensional models.

Towards this end, we here show that fracton physics can be
realized in a class of models featuring boson-affected hopping
(depicted in Fig. 1), which can be found in both one- and
higher-dimensional systems, see [55] for a concise demon-
stration. Systems that are described by such models include
hole-doped antiferromagnets in two or three dimensions and

polaronic systems in any dimension. Such systems can exhibit
either exact or approximate fracton behavior, depending on
the specific details. In these models, quasiparticles can only
hop via the creation or absorption of background bosonic
excitations. For example, in a two- or three-dimensional Ising
antiferromagnet, a hole can only move to a neighboring site
at the expense of creating energetically costly spin misalign-
ments (i.e., magnons) [56–60], as illustrated in Fig. 2. As such,
there is no “bare” nearest-neighbor hopping term for the holes.
Rather, a hole can only move through very weak beyond-
nearest-neighbor hopping processes of a perfectly oriented
spin (up arrow in Fig. 2) or through a complicated sequence
of nearest-neighbor boson-mediated hoppings [56].

As such, the hole acquires a finite effective mass only at
sixth and higher orders in perturbation theory in the nearest-
neighbor limit [56]. In contrast, a bound state of two holes
[61–63] is capable of moving through a much simpler second-
order process. As a consequence, a broad parameter regime
exists where the individual holes are effectively immobile [64]
compared to a “dipole” of two holes, which has an enormously
smaller effective mass, thereby providing an approximate re-
alization of fractons. This intuition gained from the Ising
antiferromagnet holds much more generally. In a wide class of
boson-affected hopping models, bound pairs of particles, i.e.,
bipolarons, have significantly enhanced mobility compared to
the individual particles, in close analogy with the physics of
fractons. While this fracton behavior is generically approxi-
mate, we will find a special class of boson-affected hopping
models that exhibit true fracton behavior, valid to all orders in
perturbation theory.

In this work we establish a more precise relationship
between fracton physics and boson-affected hopping mod-
els, such as those encountered in the study of polarons
and hole-doped Ising antiferromagnets [55]. We begin by
briefly reviewing the physics of fractons, such as their higher-
moment conservation laws. We also write a one-dimensional
lattice Hamiltonian governed by such a conservation law.
This Hamiltonian features only pair-wise hopping, without
single-body hopping terms, and manifestly exhibits the frac-
ton phenomenon. In a conventional system of particles on a
lattice, such a Hamiltonian with no single-particle hopping
would be enormously fine tuned and is likely hard to en-
gineer. However, we show that the fractonic properties of
this Hamiltonian can be realized naturally (albeit approxi-
mately) in boson-affected hopping systems. To this end we

FIG. 2. Fractons from hole-doped Ising antiferromagnets. Motion of a hole in an Ising antiferromagnetic background is impeded due to
the creation of energetically costly spin misalignments, i.e., magnons, panel (a). While not perfectly immobile (due to high-order Trugman
loops), a single hole is drastically less mobile than a bound state of two holes, which moves comparatively much easier, panel (b). In the
mixed-dimensional limit of the holes moving along a line in the two-dimensional system, the magnetic polaron (i.e., the hole dressed by
magnons) is perfectly localized, as the bosonic strings restrict the hole to its original site, and Trugman loops are absent.
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FIG. 1. Fractons from polarons. Fractons and dipoles are
schematically represented in (a): A fracton of charge Q cannot move,
but a bound state of two fractons (typically of opposite charge)
can, in accordance with dipole conservation. Boson-affected hopping
models, used to study certain polaron systems, are represented in
(b) where a particle (light-blue dot) can only move by creating
a boson (orange square) at its departure site or by absorbing one
at its arrival site. The particle-bath coupling leads to formation of
polarons: a particle dressed by a bosonic cloud (cloudy light-red
oval). A single particle (upper panel), in forming a polaron, becomes
localized by string excitations, while two particles (lower panel) be-
come bound (forming a bipolaron) and can move via boson-mediated
pair-hopping interactions. This behavior is exact in one-dimensional
systems with mutual hard-core repulsion between the particles and
bosons, and is approximate in absence of the constraint. By stagger-
ing charge, see Sec. III C, we identify a single polaron as a fracton,
and a bipolaron as a dipole.

for a review of fractons, and to selected literature [36–54]
for details.

Fractons were first proposed in the context of three-
dimensional quantum spin-liquid models [13,21,27,28], and
were later shown to be realized as topological lattice defects
of ordinary two-dimensional crystals [16]. Fracton models can
in principle be engineered directly using Majorana islands
[45]. But, there is still an important need for concrete, physi-
cally accessible systems realizing fracton physics. It would be
particularly useful to construct models that are realizable in
one dimension, as opposed to previous models that are stable
only in higher dimensions. Such a fracton system could then
be studied using the wide variety of analytic and numerical
techniques available for studying one-dimensional models.

Towards this end, we here show that fracton physics can be
realized in a class of models featuring boson-affected hopping
(depicted in Fig. 1), which can be found in both one- and
higher-dimensional systems, see [55] for a concise demon-
stration. Systems that are described by such models include
hole-doped antiferromagnets in two or three dimensions and

polaronic systems in any dimension. Such systems can exhibit
either exact or approximate fracton behavior, depending on
the specific details. In these models, quasiparticles can only
hop via the creation or absorption of background bosonic
excitations. For example, in a two- or three-dimensional Ising
antiferromagnet, a hole can only move to a neighboring site
at the expense of creating energetically costly spin misalign-
ments (i.e., magnons) [56–60], as illustrated in Fig. 2. As such,
there is no “bare” nearest-neighbor hopping term for the holes.
Rather, a hole can only move through very weak beyond-
nearest-neighbor hopping processes of a perfectly oriented
spin (up arrow in Fig. 2) or through a complicated sequence
of nearest-neighbor boson-mediated hoppings [56].

As such, the hole acquires a finite effective mass only at
sixth and higher orders in perturbation theory in the nearest-
neighbor limit [56]. In contrast, a bound state of two holes
[61–63] is capable of moving through a much simpler second-
order process. As a consequence, a broad parameter regime
exists where the individual holes are effectively immobile [64]
compared to a “dipole” of two holes, which has an enormously
smaller effective mass, thereby providing an approximate re-
alization of fractons. This intuition gained from the Ising
antiferromagnet holds much more generally. In a wide class of
boson-affected hopping models, bound pairs of particles, i.e.,
bipolarons, have significantly enhanced mobility compared to
the individual particles, in close analogy with the physics of
fractons. While this fracton behavior is generically approxi-
mate, we will find a special class of boson-affected hopping
models that exhibit true fracton behavior, valid to all orders in
perturbation theory.

In this work we establish a more precise relationship
between fracton physics and boson-affected hopping mod-
els, such as those encountered in the study of polarons
and hole-doped Ising antiferromagnets [55]. We begin by
briefly reviewing the physics of fractons, such as their higher-
moment conservation laws. We also write a one-dimensional
lattice Hamiltonian governed by such a conservation law.
This Hamiltonian features only pair-wise hopping, without
single-body hopping terms, and manifestly exhibits the frac-
ton phenomenon. In a conventional system of particles on a
lattice, such a Hamiltonian with no single-particle hopping
would be enormously fine tuned and is likely hard to en-
gineer. However, we show that the fractonic properties of
this Hamiltonian can be realized naturally (albeit approxi-
mately) in boson-affected hopping systems. To this end we

FIG. 2. Fractons from hole-doped Ising antiferromagnets. Motion of a hole in an Ising antiferromagnetic background is impeded due to
the creation of energetically costly spin misalignments, i.e., magnons, panel (a). While not perfectly immobile (due to high-order Trugman
loops), a single hole is drastically less mobile than a bound state of two holes, which moves comparatively much easier, panel (b). In the
mixed-dimensional limit of the holes moving along a line in the two-dimensional system, the magnetic polaron (i.e., the hole dressed by
magnons) is perfectly localized, as the bosonic strings restrict the hole to its original site, and Trugman loops are absent.
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FIG. 1. Fractons from polarons. Fractons and dipoles are
schematically represented in (a): A fracton of charge Q cannot move,
but a bound state of two fractons (typically of opposite charge)
can, in accordance with dipole conservation. Boson-affected hopping
models, used to study certain polaron systems, are represented in
(b) where a particle (light-blue dot) can only move by creating
a boson (orange square) at its departure site or by absorbing one
at its arrival site. The particle-bath coupling leads to formation of
polarons: a particle dressed by a bosonic cloud (cloudy light-red
oval). A single particle (upper panel), in forming a polaron, becomes
localized by string excitations, while two particles (lower panel) be-
come bound (forming a bipolaron) and can move via boson-mediated
pair-hopping interactions. This behavior is exact in one-dimensional
systems with mutual hard-core repulsion between the particles and
bosons, and is approximate in absence of the constraint. By stagger-
ing charge, see Sec. III C, we identify a single polaron as a fracton,
and a bipolaron as a dipole.

for a review of fractons, and to selected literature [36–54]
for details.

Fractons were first proposed in the context of three-
dimensional quantum spin-liquid models [13,21,27,28], and
were later shown to be realized as topological lattice defects
of ordinary two-dimensional crystals [16]. Fracton models can
in principle be engineered directly using Majorana islands
[45]. But, there is still an important need for concrete, physi-
cally accessible systems realizing fracton physics. It would be
particularly useful to construct models that are realizable in
one dimension, as opposed to previous models that are stable
only in higher dimensions. Such a fracton system could then
be studied using the wide variety of analytic and numerical
techniques available for studying one-dimensional models.

Towards this end, we here show that fracton physics can be
realized in a class of models featuring boson-affected hopping
(depicted in Fig. 1), which can be found in both one- and
higher-dimensional systems, see [55] for a concise demon-
stration. Systems that are described by such models include
hole-doped antiferromagnets in two or three dimensions and

polaronic systems in any dimension. Such systems can exhibit
either exact or approximate fracton behavior, depending on
the specific details. In these models, quasiparticles can only
hop via the creation or absorption of background bosonic
excitations. For example, in a two- or three-dimensional Ising
antiferromagnet, a hole can only move to a neighboring site
at the expense of creating energetically costly spin misalign-
ments (i.e., magnons) [56–60], as illustrated in Fig. 2. As such,
there is no “bare” nearest-neighbor hopping term for the holes.
Rather, a hole can only move through very weak beyond-
nearest-neighbor hopping processes of a perfectly oriented
spin (up arrow in Fig. 2) or through a complicated sequence
of nearest-neighbor boson-mediated hoppings [56].

As such, the hole acquires a finite effective mass only at
sixth and higher orders in perturbation theory in the nearest-
neighbor limit [56]. In contrast, a bound state of two holes
[61–63] is capable of moving through a much simpler second-
order process. As a consequence, a broad parameter regime
exists where the individual holes are effectively immobile [64]
compared to a “dipole” of two holes, which has an enormously
smaller effective mass, thereby providing an approximate re-
alization of fractons. This intuition gained from the Ising
antiferromagnet holds much more generally. In a wide class of
boson-affected hopping models, bound pairs of particles, i.e.,
bipolarons, have significantly enhanced mobility compared to
the individual particles, in close analogy with the physics of
fractons. While this fracton behavior is generically approxi-
mate, we will find a special class of boson-affected hopping
models that exhibit true fracton behavior, valid to all orders in
perturbation theory.

In this work we establish a more precise relationship
between fracton physics and boson-affected hopping mod-
els, such as those encountered in the study of polarons
and hole-doped Ising antiferromagnets [55]. We begin by
briefly reviewing the physics of fractons, such as their higher-
moment conservation laws. We also write a one-dimensional
lattice Hamiltonian governed by such a conservation law.
This Hamiltonian features only pair-wise hopping, without
single-body hopping terms, and manifestly exhibits the frac-
ton phenomenon. In a conventional system of particles on a
lattice, such a Hamiltonian with no single-particle hopping
would be enormously fine tuned and is likely hard to en-
gineer. However, we show that the fractonic properties of
this Hamiltonian can be realized naturally (albeit approxi-
mately) in boson-affected hopping systems. To this end we

FIG. 2. Fractons from hole-doped Ising antiferromagnets. Motion of a hole in an Ising antiferromagnetic background is impeded due to
the creation of energetically costly spin misalignments, i.e., magnons, panel (a). While not perfectly immobile (due to high-order Trugman
loops), a single hole is drastically less mobile than a bound state of two holes, which moves comparatively much easier, panel (b). In the
mixed-dimensional limit of the holes moving along a line in the two-dimensional system, the magnetic polaron (i.e., the hole dressed by
magnons) is perfectly localized, as the bosonic strings restrict the hole to its original site, and Trugman loops are absent.
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Two holes in a honeycomb collinear AFM

Pairs can move in the AFM -direction (as before)


Pairs now cannot move in the FM -direction
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Original position of spin

Position of spin after hole moves
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FIG. 1. Fractons from polarons. Fractons and dipoles are
schematically represented in (a): A fracton of charge Q cannot move,
but a bound state of two fractons (typically of opposite charge)
can, in accordance with dipole conservation. Boson-affected hopping
models, used to study certain polaron systems, are represented in
(b) where a particle (light-blue dot) can only move by creating
a boson (orange square) at its departure site or by absorbing one
at its arrival site. The particle-bath coupling leads to formation of
polarons: a particle dressed by a bosonic cloud (cloudy light-red
oval). A single particle (upper panel), in forming a polaron, becomes
localized by string excitations, while two particles (lower panel) be-
come bound (forming a bipolaron) and can move via boson-mediated
pair-hopping interactions. This behavior is exact in one-dimensional
systems with mutual hard-core repulsion between the particles and
bosons, and is approximate in absence of the constraint. By stagger-
ing charge, see Sec. III C, we identify a single polaron as a fracton,
and a bipolaron as a dipole.

for a review of fractons, and to selected literature [36–54]
for details.

Fractons were first proposed in the context of three-
dimensional quantum spin-liquid models [13,21,27,28], and
were later shown to be realized as topological lattice defects
of ordinary two-dimensional crystals [16]. Fracton models can
in principle be engineered directly using Majorana islands
[45]. But, there is still an important need for concrete, physi-
cally accessible systems realizing fracton physics. It would be
particularly useful to construct models that are realizable in
one dimension, as opposed to previous models that are stable
only in higher dimensions. Such a fracton system could then
be studied using the wide variety of analytic and numerical
techniques available for studying one-dimensional models.

Towards this end, we here show that fracton physics can be
realized in a class of models featuring boson-affected hopping
(depicted in Fig. 1), which can be found in both one- and
higher-dimensional systems, see [55] for a concise demon-
stration. Systems that are described by such models include
hole-doped antiferromagnets in two or three dimensions and

polaronic systems in any dimension. Such systems can exhibit
either exact or approximate fracton behavior, depending on
the specific details. In these models, quasiparticles can only
hop via the creation or absorption of background bosonic
excitations. For example, in a two- or three-dimensional Ising
antiferromagnet, a hole can only move to a neighboring site
at the expense of creating energetically costly spin misalign-
ments (i.e., magnons) [56–60], as illustrated in Fig. 2. As such,
there is no “bare” nearest-neighbor hopping term for the holes.
Rather, a hole can only move through very weak beyond-
nearest-neighbor hopping processes of a perfectly oriented
spin (up arrow in Fig. 2) or through a complicated sequence
of nearest-neighbor boson-mediated hoppings [56].

As such, the hole acquires a finite effective mass only at
sixth and higher orders in perturbation theory in the nearest-
neighbor limit [56]. In contrast, a bound state of two holes
[61–63] is capable of moving through a much simpler second-
order process. As a consequence, a broad parameter regime
exists where the individual holes are effectively immobile [64]
compared to a “dipole” of two holes, which has an enormously
smaller effective mass, thereby providing an approximate re-
alization of fractons. This intuition gained from the Ising
antiferromagnet holds much more generally. In a wide class of
boson-affected hopping models, bound pairs of particles, i.e.,
bipolarons, have significantly enhanced mobility compared to
the individual particles, in close analogy with the physics of
fractons. While this fracton behavior is generically approxi-
mate, we will find a special class of boson-affected hopping
models that exhibit true fracton behavior, valid to all orders in
perturbation theory.

In this work we establish a more precise relationship
between fracton physics and boson-affected hopping mod-
els, such as those encountered in the study of polarons
and hole-doped Ising antiferromagnets [55]. We begin by
briefly reviewing the physics of fractons, such as their higher-
moment conservation laws. We also write a one-dimensional
lattice Hamiltonian governed by such a conservation law.
This Hamiltonian features only pair-wise hopping, without
single-body hopping terms, and manifestly exhibits the frac-
ton phenomenon. In a conventional system of particles on a
lattice, such a Hamiltonian with no single-particle hopping
would be enormously fine tuned and is likely hard to en-
gineer. However, we show that the fractonic properties of
this Hamiltonian can be realized naturally (albeit approxi-
mately) in boson-affected hopping systems. To this end we

FIG. 2. Fractons from hole-doped Ising antiferromagnets. Motion of a hole in an Ising antiferromagnetic background is impeded due to
the creation of energetically costly spin misalignments, i.e., magnons, panel (a). While not perfectly immobile (due to high-order Trugman
loops), a single hole is drastically less mobile than a bound state of two holes, which moves comparatively much easier, panel (b). In the
mixed-dimensional limit of the holes moving along a line in the two-dimensional system, the magnetic polaron (i.e., the hole dressed by
magnons) is perfectly localized, as the bosonic strings restrict the hole to its original site, and Trugman loops are absent.
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Dipolar lineons in honeycomb collinear 
AFMs

• Single holes are localized  = fractons


• Pairs of holes move only along the AFM direction = dipoles restricted to 
a subdimensional manifold (line)

S. Sanyal, A. Wietek & JS, in preparation
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Fast recap
• Square AFM:


• Single hole = fracton (approximate)


• Two holes = dipole


• Mixed-dimensional AFM:


• Single hole = fracton


• Two holes = dipole


• Honeycomb collinear AFM:


• Single hole = fracton


• Two holes = dipolar lineon
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Fracton physics in AFM
• Stable against  leading order in 


• Readily realizable in materials


• May be possible to probe fracton phenomenology in experiment


• Emulsion at finite densities


• Slow thermalization

J⊥ t/Jz

Prem et al., PRB (2018)

Pai et al., PRX (2019), Sala et al. PRX (2019), 
Khemani et al. PRB (2019)

JOHN SOUS AND MICHAEL PRETKO PHYSICAL REVIEW B 102, 214437 (2020)

FIG. 1. Fractons from polarons. Fractons and dipoles are
schematically represented in (a): A fracton of charge Q cannot move,
but a bound state of two fractons (typically of opposite charge)
can, in accordance with dipole conservation. Boson-affected hopping
models, used to study certain polaron systems, are represented in
(b) where a particle (light-blue dot) can only move by creating
a boson (orange square) at its departure site or by absorbing one
at its arrival site. The particle-bath coupling leads to formation of
polarons: a particle dressed by a bosonic cloud (cloudy light-red
oval). A single particle (upper panel), in forming a polaron, becomes
localized by string excitations, while two particles (lower panel) be-
come bound (forming a bipolaron) and can move via boson-mediated
pair-hopping interactions. This behavior is exact in one-dimensional
systems with mutual hard-core repulsion between the particles and
bosons, and is approximate in absence of the constraint. By stagger-
ing charge, see Sec. III C, we identify a single polaron as a fracton,
and a bipolaron as a dipole.

for a review of fractons, and to selected literature [36–54]
for details.

Fractons were first proposed in the context of three-
dimensional quantum spin-liquid models [13,21,27,28], and
were later shown to be realized as topological lattice defects
of ordinary two-dimensional crystals [16]. Fracton models can
in principle be engineered directly using Majorana islands
[45]. But, there is still an important need for concrete, physi-
cally accessible systems realizing fracton physics. It would be
particularly useful to construct models that are realizable in
one dimension, as opposed to previous models that are stable
only in higher dimensions. Such a fracton system could then
be studied using the wide variety of analytic and numerical
techniques available for studying one-dimensional models.

Towards this end, we here show that fracton physics can be
realized in a class of models featuring boson-affected hopping
(depicted in Fig. 1), which can be found in both one- and
higher-dimensional systems, see [55] for a concise demon-
stration. Systems that are described by such models include
hole-doped antiferromagnets in two or three dimensions and

polaronic systems in any dimension. Such systems can exhibit
either exact or approximate fracton behavior, depending on
the specific details. In these models, quasiparticles can only
hop via the creation or absorption of background bosonic
excitations. For example, in a two- or three-dimensional Ising
antiferromagnet, a hole can only move to a neighboring site
at the expense of creating energetically costly spin misalign-
ments (i.e., magnons) [56–60], as illustrated in Fig. 2. As such,
there is no “bare” nearest-neighbor hopping term for the holes.
Rather, a hole can only move through very weak beyond-
nearest-neighbor hopping processes of a perfectly oriented
spin (up arrow in Fig. 2) or through a complicated sequence
of nearest-neighbor boson-mediated hoppings [56].

As such, the hole acquires a finite effective mass only at
sixth and higher orders in perturbation theory in the nearest-
neighbor limit [56]. In contrast, a bound state of two holes
[61–63] is capable of moving through a much simpler second-
order process. As a consequence, a broad parameter regime
exists where the individual holes are effectively immobile [64]
compared to a “dipole” of two holes, which has an enormously
smaller effective mass, thereby providing an approximate re-
alization of fractons. This intuition gained from the Ising
antiferromagnet holds much more generally. In a wide class of
boson-affected hopping models, bound pairs of particles, i.e.,
bipolarons, have significantly enhanced mobility compared to
the individual particles, in close analogy with the physics of
fractons. While this fracton behavior is generically approxi-
mate, we will find a special class of boson-affected hopping
models that exhibit true fracton behavior, valid to all orders in
perturbation theory.

In this work we establish a more precise relationship
between fracton physics and boson-affected hopping mod-
els, such as those encountered in the study of polarons
and hole-doped Ising antiferromagnets [55]. We begin by
briefly reviewing the physics of fractons, such as their higher-
moment conservation laws. We also write a one-dimensional
lattice Hamiltonian governed by such a conservation law.
This Hamiltonian features only pair-wise hopping, without
single-body hopping terms, and manifestly exhibits the frac-
ton phenomenon. In a conventional system of particles on a
lattice, such a Hamiltonian with no single-particle hopping
would be enormously fine tuned and is likely hard to en-
gineer. However, we show that the fractonic properties of
this Hamiltonian can be realized naturally (albeit approxi-
mately) in boson-affected hopping systems. To this end we

FIG. 2. Fractons from hole-doped Ising antiferromagnets. Motion of a hole in an Ising antiferromagnetic background is impeded due to
the creation of energetically costly spin misalignments, i.e., magnons, panel (a). While not perfectly immobile (due to high-order Trugman
loops), a single hole is drastically less mobile than a bound state of two holes, which moves comparatively much easier, panel (b). In the
mixed-dimensional limit of the holes moving along a line in the two-dimensional system, the magnetic polaron (i.e., the hole dressed by
magnons) is perfectly localized, as the bosonic strings restrict the hole to its original site, and Trugman loops are absent.
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Summary
• Quasiparticles reminiscent of fractons and dipoles 

• Fracton = one hole dressed by magnetic background


• Dipole = two holes on neighboring sites coupled to magnetic background


• Robust fracton behavior 

• Exact in mixed-dimensional 1D limit + Approximate in 2D square lattice + Extra mobility 
constraints from collinear order on different geometries


• relatively stable to small 


• Future directions?


• Symmetry-based theory 

J⊥

Discussions with Burnell and Prem
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