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¢ higher dimensionality

¢ possibility of having both abelian and nonabelian magnetic fields
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of freedom whose dynamics is described by a WZW-like higher dimensional

chiral action.(KARABALI AND NAIR, 2004)

@ In the presence of gauge fluctuations we found a Chern-Simons-like bulk
effective action and a gauged chiral edge action so that the full theory is

anomaly free.(KARABALI, NAIR, 2006)

@ These reduce to known results in 2 dimensions.

@ Common origin = Universal matrix action




MATRIX FORMULATION OF LLL DYNAMICS

@ QHE on a compact space M = LLL defines an N-dim Hilbert space

In the presence of confining potential => incompressible QH droplet

@ Density matrix for ground state droplet : po

1
po = A

.10
o ‘N—K
0

K filled states

@ Under time evolution: gy — p = u po ut
U = N x N unitary matrix ; “collective” variable describing excitations within

the LLL

3
3



MATRIX FORMULATION OF LLL DYNAMICS (continued)

The action for U is
Sy = / at e [ipo U a0 — polrt V|

which leads to the evolution equation for density matrix

dp o
ZE_[Vap]

So has no explicit dependence on properties of space on which QHE is defined,

abelian or nonabelian nature of fermions, etc.



NONCOMMUTATIVE FIELD THEORY

Sp = action of a noncommutative field theory
S0= [ atTe [inla.0 — pl V]

=N/dudt [i(po*uf*atu) — (po*UT*V*U)]

o, Ha ‘A/ = po(.}?), u(fa t)v V(f)
——— —
(N x N) matrices symbols

® O(F.1) = & 5, Un(®)On (1) 77 (7)
@ Matrix multiplication = * product of symbols

oTr — N /[du

Sp = exact bosonic action describing the dynamics of LLL fermions

Sakita: 2 dim. context
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EFFECTIVE FIELD THEORIES FOR v = 1 HIGHER DIM. QHE

@ Large N limit = WZW-like chiral edge action

@ In the presence of gauge fluctuations one starts with a gauged matrix action. The
corresponding NC field theory, after taking the large N limit splits into :
Chern-Simons-like bulk action + gauged WZW-like edge action

anomaly cancels because gauge invariance is automatically built in.

@ Using the Dolbeault index density we found a general formula for effective bulk
topological actions in higher dimensions that account for the response to both

metric and gauge background fluctuations. (KaraBALI AND NAIR, 2016...)

@ Calculation of entanglement entropy for higher dimensional QHE and how this

compares with the 2D results.(KARABALI, 2020)



ENTANGLEMENT ENTROPY FOR v = 1

@ We divide the system into two regions, D and its complementary D, and define

the reduced density matrix
pp = Trpc |GS) (GS|

where |GS) = [T, ¢k |0).
@ The entanglement entropy is defined as

S = —Trpp log pp

@ We choose D to be the spherically symmetric region of CP* satisfying z - z < R%.
For CP' ~ S, this region is a polar cap around the north pole with R = tan /2

via stereographic projection.



@ The LLL fermion operator can be expanded as
= cnWu(z)

@ Define “local” operators by

1
VAm

1
dp U, by = —— | dp U
/Du P TR Dcu P

Y / VW,
D

@ {au,ah}, {bm,b},} form two independent fermionic algebras and

am =

Cm = )\mam+vl_)\mbm C;fn: )\mu;rn‘f'\/l_)\mbjn



@ The reduced matrix pp is written as a 2" x 2 matrix of a block diagonal form
pp = Qudiag(Am, 1 — An)

@ The entanglement entropy is then given by

N
S=—Trpplogpp = — > _ [Awlog Au + (1 = An)log(1 — Aw)]

m=1



@ The reduced matrix pp is written as a 2" x 2 matrix of a block diagonal form
pp = Qudiag(Am, 1 — An)

@ The entanglement entropy is then given by

N
S=—Trpplogpp = — > _ [Awlog Au + (1 = An)log(1 — Aw)]

m=1

@ \’s are eigenvalues of the two-point correlator (PEscHEL, 2003)

N
C(r,7') = Z\II,’;(Z) U,(z), zZ €D
m=1

/DC(r, U7 (2)du(z") = N Vi (2)

N = / Py
D

where



2D RESULTS

@ For 2d gapped systems

S=cL+~v+0(1/L)

L: length of boundary
c: non-universal constant

~: universal, topological entanglement entropy ; v = 0 for IQHE

@ For integer QHE on S* = CP! RoDRIGUEZ AND SIERRA, 2009

Forv =1: ¢ =0.204



QHE ON CP

CP*:

2k dim space, locally parametrized by z;,i =1,--- ,k

_ SU(k+1)
CW_ATWTf

U(k) ~ U(1) x SU(k) = We can have both U(1) and SU(k) background

magnetic fields

Landau wavefunctions are functions on SU(k + 1) with particular

transformation properties under U (k).
There are distinct Landau levels, separated by energy gap.

Each Landau level forms an irreducible SU(k + 1) representation, whose

degeneracy is easy to calculate.



QHE ON CP*(continued)

Wavefunctions are written in terms of Wigner D functions

U~ Dg}z(g) = < L |g | R > quantum numbers of states in J rep.

~ =
g € SU(k+1)




QHE ON CP*(continued)

Wavefunctions are written in terms of Wigner D functions

U ~ 'Dg ;(g) = < L @9 quantum numbers of states in J rep.

g € SU(k+1)
Left/right transformations: La 3=Tag, Ra §=23Ta
@ iy— magnetic translations (AeSuUk+1))

@ R, sz Lox — gauge transformations ( U(k) )

@ Ry, R_; — covariant derivatives (i =1,--- k) [ﬁ+i,R_j] e Uu(k)



QHE ON CP*(continued)

@ How ¥ transforms under gauge transformations depends on choice of

background fields
@ Choose “uniform” U(1) or U(k) background magnetic fields.
u) : F=da=nQ, Q=Kahler 2 form

SU(k):  F' ~R"~ fPe?



QHE ON CP*(continued)

@ How ¥ transforms under gauge transformations depends on choice of

background fields
@ Choose “uniform” U(1) or U(k) background magnetic fields.
u) : F=di=nQ, Q=XKahler 2 — form

SU(k):  F' ~R"~ fPe?

@ Wavefunction for each Landau level is an SU(k + 1) representation |

Wi ~ (m g1 R )

4
fixed U(1)r charge ~ 1 and some finite SU(k)r repr. |
m =1, --dim] = counts degeneracy of Landau levels

a = internal gauge index=1,--- ,N' = dim]



QHE ON CP*(continued)

Hamiltonian ;

1 A
E R4 iR_; 4 constant
i=1

H =53 -

Lowest Landau level: R_;¥ =0  Holomorphicity condition

(| R) is lowest weight state)
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A. QHE on CP* with U(1) magnetic field

The LLL wavefunctions are essentially the coherent states of CP*.

1 .
n' 2 lezlz ce Zlk
Uiigeip =V [.|.' .| '] 172 kﬂ,
il ikl (n —s)! (1+Z-2)2

s = ii+b+--+i, 0<i;<n, 0<s<mn

They form an SU(k + 1) representation of dimension

(n+k)!

N =dim/ = =

The volume element for CP* is

K dPzp--
dp = ak (1+z-z)H1 zk+1 ’ /du_l



ENTANGLEMENT ENTROPY FOR QHE ON CP* AND ABELIAN MAGNETIC FIELD

@ The eigenvalues ) are given by

R _ (Tl+k)' /to s+k—1 s
M =M= G gie ko f, A0 070

where to = R?/(1 + R?).
@ The entanglement entropy is

degeneracy

n

(s +k—1)!
S — !
5 = ; Sk—1

H; [=Aslog As — (1 — As) log(1 — Xs)]

@ For large n, this is amenable to a semiclassical analytical calculation for all k < n.
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As significantly different from 0 or 1 only for s such that the corresponding

wavefunctions are localized around the boundary of the entangling surface.




SEMICLASSICAL TREATMENT FOR LARGE n
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As significantly dlfferent from 0 or 1 only for s such that the corresponding

wavefunctions are localized around the boundary of the entangling surface.
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UNIVERSAL FORM FOR ENTANGLEMENT ENTROPY FOR v = 1

From semiclassical analysis

e % T (10g2)3/2 RZk—l
2K 1+ RO
N— —

geometric area

S~n ~ cr Area

In agreement with k = 1 result by RobriGuEZ AND SIERRA




UNIVERSAL FORM FOR ENTANGLEMENT ENTROPY FOR v = 1

From semiclassical analysis

e % T (10g2)3/2 RZk—l
24 (1+ R2
N— —

geometric area

S~n ~ cr Area

In agreement with k = 1 result by RobriGuEZ AND SIERRA

@ Formula for entropy becomes universal if expressed in terms of a “phase space”

area instead of a geometric area.
_ n* Qk _ n* d
o Vphase space — 1 f - K f H

n*

Aphase space — TAgeom = T ZkW

[STES
BN
=~
|
Nl=
)
T
—

T
S~ E (log 2)3/2 Aphase space
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B. QHE on CP* with U(1) x SU(k) magnetic field

The LLL single particle states form an SU(k + 1) irreducible representation of the type

(p,1) corresponding to the tensor

1.7
T =T,

p:U(1) indices , [:SU(k)indicesandp=n—jand!/=jk,j=1,---
Consider simplest case : CP? and | = 2 = SU(2) triplet (dim] = 3)
The degeneracy of the LLL is

n(n+3)

N=3 >

There are three distinct types of wavefunctions for the SU(2) triplet and three

corresponding A.

N
o
N
©



CP?> AND NONABELIAN MAGNETIC FIELD

N )

)\s,k:Z - )\s+1,k:3

\® o nE3yan 2

s,k=2 T I’l+1 s+1,k=2 1’l+1 s+1,k=3

A\® 3y 20 +3) yan 2 (Ab)
s,k=2

n+1 s+1,k=1 (Tl+1)(ﬂ+2) s41,k=2 (n+1)(n+2))‘s+1,k:3




CP?> AND NONABELIAN MAGNETIC FIELD

(1) _ (Ab

)\s k=2 - )\s+1)k 3

\® o nE3yan 2
s,k=2 T n-+ 1 s+1,k=2 n-+ 1 s+1,k=3

A® o mESyaw o 2043) jan 2 \(ab)
s,k=2 n+ 1 s+1,k=1 (Tl + 1)(7’1 + 2) s+1,k=2 (1’! + 1)(1’1 + 2) s+1,k=3

P
s = Z [(s—l—l YHO, + (s +2)H, + (s +3)HEL, }
p
large n Ab b
Z [(5 +1 Hs(+1)k s+ (s+2)H, (il)k 2+ (s+ 3)H5(‘1:1)k 1]
=0
Sl (log2)? K 35w
&2 ayry T



CP?> AND NONABELIAN MAGNETIC FIELD

@ In general

large n

N % dim ]

@ The corresponding phase-space volume in this case is Vpphase space = dimj Z—T Jdu
T
S~ E (IOg 2)3/2 Aphase space

for any Abelian or non-Abelian background at large n.




CP?> AND NONABELIAN MAGNETIC FIELD

@ In general
1~

dim ]

large n

N ——
@ The corresponding phase-space volume in this case is Vpphase space = dimJ Z—T Jdu
T
S~ E (IOg 2)3/2 Aphase space
for any Abelian or non-Abelian background at large n.

@ Is this true for higher Landau levels?
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@ Degeneracy of g-th excited level =n + 2 + 1
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1ST EXCITED LANDAU LEVEL

QHE on §? = CP'; 1st excited level

@ Degeneracy of g-th excited level =n + 2 + 1

(‘1:1> (Tl+3 1’1+2) s— l _op\n—s+ly S 2
As sl(n+2—s)! dtt H I n—|—2]

450 500 550 600

@ Step-like pattern around the transition point.

1st excited level wavefunctions have a node.




1ST EXCITED LANDAU LEVEL

@ The step-like plateau of X causes the broadening of the entropy H; around

A = 1/2. H, cannot be approximated with a simple Gaussian.
07}
06
05F
0af
03F
0.2F

01F

i L L n
450 500 550 600

@ Previous semiclassical analysis does not work.

SU=D = 1.65 $="




v =2 CASE

What happens when both g = 0 and g = 1 Landau levels are full, namely v = 2?
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v =2 CASE

What happens when both g = 0 and g = 1 Landau levels are full, namely v = 2?

The two-point correlator now is given by

n+2

Z\I/*O(T)\Ijo + ij*l

There are 21 + 4 eigenvalues: A\) , \f , ALy, s =0,--- ,nand

M 4L [0 = AL 2+ 4002,

3=

where

Shestt = / w0 () WY (1) du

N
3]
N
©



v =2 CASE

A AT

---forv=1




v =2 CASE

AT
---forv=1
600
0.6 /
04 ~ + ~ —
Hy, + H;
0.2
4;0 560 55‘30 660




COMPARISON BETWEEN g =0, g=1, v =2

06

04

0.2

---Hv!
. HIT!
— H'=

600

S= sH,
§w=2) § gl=1 § gv=1)

s@=V - 1655¥V

sv=2 — 1.765*=D
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@ For v = 1 we find a universal formula valid for any k, Abelian or non-Abelian
background (for large n), if area is expressed in terms of phase-space area.

@ For higher Landau levels, simple semiclassical analysis is not valid.

@ In the presence of confining potential there are chiral droplets. When the
boundary of the entangling surface intersects the edge boundary there is
additional log contribution

Setge ~ ¢ Log()
ESTIENNE AND STEPHAN; ROZON, BOLTEAU AND WITZAK-KREMPA, 2019
This was extended to 4d by ESTIENNE, OBLAK AND STEPHAN, 2021

What are the higher dimensional (Abelian and non-Abelian) analogs?
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SUMMARY, COMMENTS

@ Entanglement entropy for higher dim QHE on CP*

@ For v = 1 we find a universal formula valid for any k, Abelian or non-Abelian
background (for large n), if area is expressed in terms of phase-space area.

@ For higher Landau levels, simple semiclassical analysis is not valid.

@ In the presence of confining potential there are chiral droplets. When the
boundary of the entangling surface intersects the edge boundary there is
additional log contribution

Setge ~ ¢ Log()
ESTIENNE AND STEPHAN; ROZON, BOLTEAU AND WITZAK-KREMPA, 2019
This was extended to 4d by ESTIENNE, OBLAK AND STEPHAN, 2021
What are the higher dimensional (Abelian and non-Abelian) analogs?
@ How does entanglement entropy change in presence of gauge and gravitational

fluctuations? Nair, 2020




