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Electromagnetic Duality ( 1931 ) ②

B. É
= g ,

Ñ
. -5=0

✗ B- ÷3¥-=I , Ñ×É+
; }¥-=o

* EM Duality :
É ←> Ñ ( if f=o

and I __ 0 )

* Same as the duality of forms

* electric charge e <→ magnetic monopole
m

* Dirac quantization : em =
21T



Duality in statistical Mechanics ①

* 2D : the Ising model is 119417 p p T T T

self - dual ( Kramers - Wannier
)

Tt t t T
* Low T : Z is an expansion

in closed domain wall I& p

loops T f b T T

* night : 2- is an expansion p p T T T hight

expansionin closed loom domain walls diagrams
* maps high T →

low T
( low T)

disorder 8)
order

Z [e-
¥ ]=Z,oops[ tanh ,±]

* 3D : I tiny Model s⇒ II , gauge Dw
theory

( Wegner) ( 19717

2- = E e
'T 2- or

* loops are dual
to

n.in

closed surfaces
[0 ]

* order c→ confinement



3D : Particle - Vortex duality

( Peskin
,
Dasgupta

,
Halperin ) ( v 1978

- 1981 ) ÷* Global U (1) symmetry
* 3D ✗ Y model ( superfluid ) time I ①* Hisht : gas of closed

loops with short-range
interactions ( i. e. particle

world lines )

* Low T : closed vortex loops spacey
w/ Biot- savant interactions

* Particle
- vortex duality



Field Theory Picture of Particle - Vortex Duality ⑤

* T#. background
8 field
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p
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2° at ( particle -

vortex)

dynamical
field

Duality maps the
unbroken phase of①

to the Higgs phase of@

broken phase of ④
to the unbroken phase of@

* Wilson
- Fisher Fixed Posts are mapped into each other



web of Dualities ⑥

& Particle - Vortex duality ( Peskin ,

1978 ; Dasgupta & Halperin ,
1981)
,
dynamical

→ I Da Et! m2 1¥12- ul Il
"
←> ID , 412 + m

' 141
"

- u 141
"
-1 E- Adb + Maxwell

T
external 9

-m→¥Eµ#F ;
vortices e→ particles

-

② Bosomization ( Fradkin & fchaposmik , 1994 ; seiblrg ,
Senthil

,Wang & Witten ,
2016)

4- Cida - M ) Y - ¥,
ADA ⇒ /Daft- milli- allot

"

+ ¥ ada + ¥
ad A

→

Dirac fermi÷→ monopole ;
4- 8^4 ←> ÷

,

Emt 2. a>

③ Fermion Particle -Vortex duality (son ,
2015 ;

Metlitski & Vishwanath
,
2016)

4- iDa - M ) Y - ¥ ADA ⇒ I Cida + MIX
+ Inada - Igad

b + 2- bdb - ÷- bd A
-

_

41T

"

QED 'j



⑦
*
In general dimension duality often maps theories

with =/ character and symmetry
* In D= 4 ⇒ gauge theory← gauge theory

*
There are many other

dualities

*
Ads / CFT ←> gauge / gravity duality

*
S and T duality is string Theory

(S duality is related to particle -
vortex duality )

* web of dualities
in 21-1 dimensions

conjectured

*
Fermin s→ Boson duality

☒ Can we
"
derive

" these conjectures ?



⑧strategy for a derivation

* We will use generalized loop models near

criticality but still in the sapped phases

* Generalization of the particle - vortex duality

*
We consider loop models

in 2+1 dimensions

*
A same thet

the loops
cannot intersect

*
Include phaser factors

for linking numbers

*
Frame the loops and

include self - linkage

and Berry phase factors ⇒ fractional spin



Loop Models in 2+1 Dimensions ⑨

2- [ A ] =
[

'

8 (zen ) e-
Sce ] + ii.Tell]

T
T

T { lay weight per
unit lengthbackground p + interactions

field loop configurations
( " conserved currents

"

B- [l ] = linkig number + self - linking
number + Berry phase of

the frame

linking # of
two loops l ,

and lz

☒ = 2 ✗ linking # of l ,
with lztfranÉ→ +W[l , ] + W [la]

W fl ] = SLEET -
TH] =

" writhe
"

p IT worldhim self - linking twist



I ⑧
Twist T fl ] = 1-

zit /
"

as / du é
. dsé ✗ 2ue^

0 I°

tangent
T [b] in general is not quantized and } Berry those
depends on the metric of the

frame

Linking # of
£

,

and lz

i §dZ~ .

any ± e.

i

In Ny ← topological

f
invariant

( e e. uh
Chern linking 1--1

1 Simms

Wilson

loop in S = by Sd
>
✗ ad a

churn - Simons

Theory (Witten 89) K E K



④Example ( ~ Polyakov 89
'

)

*
-2
fermion

=
Det (X - M ) ± f Djm 8( § jm ) e-

IMI LEI] - iitsgncm)§[j]

I tp
linking #loop

representation g
k=1 + spin factor

* L↳sn= I Da 01
"

- m
'
1011
"

-
u 1101

"

+ ¥,
a da t 1- ad A

21T
-

-2 (A) = f Dik @ a 8 [znj
,
, e-

1m11 [ I ] + is [ 8 ,
a
,
A ]
←

n

s [ 8 ,
a
,
A ] = f dbx [ f. (an - An ) + ÷,

ada - ¥ Ad
A t - - - ] ←

Integrating over ay ⇒ -
it É[j ] + Jdk An - ¥ Ad A)



④
⇒ Lgermim ' 4- ( BA - M ) 4- ¥, ADA

with Mao

T

anomaly ( y invariant )

=/ Dj fc2.gg e-
lmllsj ]

Zfermim ( A ,
Mao] e-

÷ Scs CA]

eisferm.IT , A ,M<0J

e-¥ { set
]

Sfermion [ JIA ,

Mo]= fd
>

✗ [ 8. A - ¥AdA ] - * § [jj
1-

* To get the botmizatim identity for M > o me
uses bosonic

particle - vortex duality
I

*
In the fermionic theory Mao ⇒ M > 0 ⇒ Oxy

= 0 →
et

*
I
-
the boric theory this is th trait ,- frm

broke to the

unbroken phase



Fermion Particle - Vortex Duality
④

* Duality frm a free Dirac fermion c→
QED

,

with a

quantized Cs term

4- ( Ba + M ) 4- ¥AdAs→ÑCi$a-MIX + ↳ ada
a-- ¥ adb + ÷,bdb - ¥ bdA

I t
loop model

→ foie jnA^+ñEfjj
C - FILI ]+JÑ×( t.ee - ¥adb+§gbdb
integrate

- ztzbdlit]out b-and an

T
2- fe.m.nl A ,

M] = Z [ A
,

- M]
;
2-
g-
( A

,
- M] = Z

e☐
,

( A
,

M]
QED
}

Currents :
4-8^4<-7 ¥ Em

- ✗ or a> 2-



④Application :Fractional Quantum Hall stales
-

In the beginning .

.
. .

two - dimensional electron gases
in large magnetic field

3

oxy = V ÷ , r××→o (1-→ 0 )

→I
u

4-1
no dissipation n

( 19831

¥n ? F-mlz , ,
. . . ,zµ ) ~ jczi

- zijn e
- Fei ¥1141

"

fitting V = Im j { zj , :
electron coordinates ( 2- = ✗ + iÑ

fraction eo : magnetic length

J composite fermion : elector + @ - 1) fluxes
(m odd)

FQH stale : IQH state of composite fermions

→
V ( p , s ) =

P
p = 1,2 ,

. . . ( Laughlin :
10=1 >

+ )
±

→ Isp I 1
5=0 , 1,2 .

. . m= 25+1

odd denominators



④
*
The excitations of FQH fluids are vortices (

"

quasiholes
" ) that

⑨ carry fractional charge of = 1- a-

2sp±1

① fractional braiding statistics
② m degenerate ground states on a tor.us ( topological protection)

time / amplitude n
e

" "

¥ ✓ 4 = IT

Ii >•→
↳p± ,

⇒④ labelled by one-dimensional
representations of the Braid Group

✓ e
'T

, eiclz → ei 1+42 ) (
"

fusion
"

)
space

Wen : Effective Field
y , n¥qµ ,

any at + §gEµ✗2°a
" A
"

t Ñ AM
a

&

p
=

-1990
theory T ✓ T

vortex
Chern - Simons term current e-m '

world livesf Laughlin states)
an : hydrodynamic gauge field

field



Duality at the FQH Platen Transition ④

* Limiting value of
the Jain sequences

him

p→ -
b- =

Znp It
* In this limit the average

CS field cancels An

* Halperin - Lee - Read :
this in a

"
Fermi Liquid

"

☒ Good phenomenology but .
. .

* singular forward scattering
interactions and violation

of particle - hole symmetry
at • = 's ( v<→ , - v3



Symmetry of the I -V curves at the transition ④

*
The I- V curves show I FQH

_
at

the
a
"

mirror
"

symmetry transition

at all transitions

H insulator
*
For general Jain states

v

v = z÷+ ,

<→ ✓
"

=

I -V curves at the
2n( ltp) - I

0 → Is transition
*

For v=4z⇐> PH symmetry
( VE ¥ )

Hall insulator ← FOH



④V = ± : son 's conjecture ←

General
: V = In

case

Lyzn = i 4-1%4 -

¥( I - E) ada + ¥ E. adit + In # ADA

→
-

-

-
v

2x A = B

a : flux attachment

Electron filling v = YI f
d%=Yzn > = ¥ ( I + bfg )
TAO

BE on a = 0 ⇒ r = E.

Composite fermion 7 Fermi surface set by ao

eye = ¥ ( E - ¥1 b* - ¥ In
T



⑨
⇒ V4 = 21T Sy

I
= I + ÷n.

T
filling
fraction ⇒ If Vy =p + I ⇒ u

= zn÷,
of Y i

(Dirac )

But
,
of v4 → - Vy ⇒ u ⇐ z÷+ ,

→ zt.tl?+p-g ✓ !
( PH transf .)

⇒ PH transf . of the
Dirac composite fermion

is eguivdet to the reflection symmetry
!



Self - Duality at the Transition ⑧

* the fermion - boson duality

Lynn 1dg - A I? 1011"+¥÷gdg ←④
* Followed by a ( boson ) particle - vortex duality

Ly,n<→ 1 Diet - 1414- If
hdh + ¥ hdA

* v= In s→ Up = - Up = 1

* Reflection symmetry up ( v )
= - V6 ( v7

*
Reflection <⇒ bosom - vortex symmetry !

* Reflection symmetry at
u = In <→ boss self - duality !



Non - Abelian States : Moore - Read ( 1991 ) &

g. g.

←#_ngyI 4- it) - Pff
'

) ftp.p-i-zjj e-
Fei Iii , Hit

MR

Pfaffian : expectation value of chiral Majorana
fermions ✗ C -27=2/12-1
-

Propagator : G ✗ (Z ) ✗ (w ) ? =

z -

'

w

Pf (z÷zj) = ( ✗ (2- it . . . ✗ ( 2- n? e-
" paired states

"

( Pxtipy superconductor)

(E) : chiral bozm
412-1 ~ PLZ) t 21T Tn

Emr - ( Xczp . . . ✗ crew ,> (Heike
" ) ) e- Idk

' rn so easy
0=1

Filling fraction :
V =

Ln
even → fermions ; n

odd ⇒ bosons ; e.g. v=§
fermions

v = 1 bosons



Generalization : Read - Regayi stales (RR ) ( 1998 ) ④
Based on 2k para fermions ( and SUDD

Yu
,
ml -2

'

) t ' '
'

Fradkin & Kadamoff
Un ( 2-7 * 4m ( zig ~

1-

(z - 2- 1)
Out 0m - ☐

ntm ( 1980) ( !)

On = n (
k - n)

1 him = 1
,
. .

. gk - I
k

RR states use
the Para fermion CFT ( Zamolodchikov

✗ Fateev ,
1985 )

Gopher & Qiu ,
1987

In ~-4 vanishes when

~Iµz( { Zi}) ~ (4,12-1) . . . 4
,
czn )) Ñ ( Zi - Zj )M+±k × gaussian, // kti particles

icj come together .
11 clustering

me 2 divisible by K ;
M even : bosons

,
M odd : fermions ; v

=
h

Mk +2

The most interesting case is k= } ( Zz ) (
v = ? (B) , f- (Fl )

In addition to the 2 , Parafermion ,
it has a Fibonacci argon

T

Fusion rule :✓FT=It ⇒ its unitary braiding matrices
cover

SU (2)

⇒
Universal quantum computer

( Fibonacci sequence )



Effective Field Theory Approaches ( Fradkin ,
Nayak , Schouten s, 1999

( Goldman , Sokal , EF , 22019,2020 )
⑤

WewiÉimpty ,
V = kg -

Consider④ layers of bosons in a v-& Laughlin state

c-

[
V =/12

Igi ¥.fi - Zj ✗ gaussian
c- U (1)

z

For each layer L=y¥Eµu >
am at

+ .
.
.

k /
I 2¥ ada +⇐Ada + . . .

Symmetry 01112 ✗ -
- -

- ✗ 04-72

kfactorsÑ
Chern

-

Simons U (1)zs→
SUCH

, group is
non-abelian

level - rank the braids are abelian

duality I
,
ei% 8=0 , ¥



Q : how to get to a stale with non-abelian statistics
? ④

Hint : somehow we need a theory on su④
[
9

You need V11)zx . . . ✗ U (1)
2
→ SUC&

n°12

④! use the Chern
-
Sinuous level - rank duality

c- $3
SUED
,

✗ . . - ✗ 501271 etc

② construct a condensate →
5017k

< dj°j+ ,
> 1=0

The 1999 paper
did this by condensing pairs

of excitations on two layers at a
time

⇒ Higgs ( Meissner ) mechanism projects
onto

a state with symmetry sunk ( clustering )

1999 was basically right (but not completely)
⇒ Dualities solve the problem



Construction of a
Fibonacci FQH stole ( Goldman ,

Sonal
,
Ef
,
2021) &

*Want a FQH state with only Fibonacci anyone

I * I
= 11 + T ( and no other anions)

⇒ Universal quantum computing ( z e 's form a qubit )

* Topological QFT ?

⇐ 2)
,

←>
U 1273,1 =

5012)
,
✗
U (1)

z

2-
z

Leib = ¥,
Tr [ad a - 2g ia

'

] , 1- Tr [a] d Tr [
a] + 1- A dTr[a]

41T R

y
41T

T background
such gauge field v11)z

⇒ v = 2 ( oxy =
2 e

"

)
h



* start with 3 layers of Dirac s at v= 2-71 transition CIQH) ④
3

IQH v=2 { = If Inti Da
- M ) Yn - I ¥,

ADA]
IQH

V" h"

Da = 2 - i A
[
parity

V=2
IQH anomaly

Free Dirac Y ⇒
Wilson - Fisher boson of + U IN)1

Duality :
Ok since U CN )

,
⇒ Leff = - ÷gAd A trivial)

* set
N=2

2=-111 Dantoni
-
r 110mi- 1011

"

+ Lcs [ an] ]+ Adtrfa ,
- avail

* Clustering : ( Tmn> =
( Ktm %> to Im -tn)

,
4%7=0

⇒ pins a ,=9z=az=_ a ⇒ ¥AdTr[a ,
- a

>
+ as)=¥AdTr[ a]



⇒ layer exchange symmetry is broken

⇒ Lucy ,=
3 Lcs [ a] +

1- A d Tr [ a]

21T

*

÷: ÷:::::.*:*
To set Fibonacci ⇐> attach a

unit of flux to
the fermions

⇒ fermions → bosons

41T
21T
y
fluctuating
v11) gauge field

* Integrating out bµ ⇒ obtain Lfib !

⇒ interpret 0+-1-10 as the Fibonacci
an you ⑦



⑧
* Alternatively we can attach 4) flux to layers 1,3

and C- ) to layer 2

betore clustering

⇒ layers 1,3 become / DAE /
"

+ 2- AIA
( trivial)

41T

layer 2 : / ☐✗ ¥14 2- ✗ d ✗ + ÷,pdp + ¥
,

✗ dpt ¥ PDA
41T

layer 2 ⇒ Halperin 47,1 ) stale

Transition ( 2,2 , 1) as
Fibonacci

V= -2

- ( 2,2 , 1) ⇒ Fibonacci 01213
,
,

(2) 2) 1) Halperin

< < < • > > >

v= -2 ( T > =/ 0 ( Tmn > = 0
mn

One can use this construction to

derive the Fibonacci wave function
!



④Summary

* Non - Abelian dualities can be used to understand the

landscape of non-abelian FQH states

* define physical parent stats

* construct ideal wave functions using CFT methods

* hopefully to find simple Hamiltonians !

* Opens a window to universal TQC !
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