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Outline

• Euclidean band theory

• Hyperbolic geometry & Fuchsian groups

• The {8,8} lattice

• Periodic boundary conditions & automorphic Bloch theorems

• Conclusion
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Euclidean Bloch condition
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Brillouin zone torus
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Aharonov-Bohm fluxes
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Hyperbolic lattices
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Fuchsian groups
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Hyperbolic crystal momentum
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Automorphic Bloch condition
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Hyperbolic bandstructure: empty lattice
H = ��

k = (0.8, 0.3, 1.2, 1.7)k



Hyperbolic Bloch wavefunctions
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Particle in an automorphic potential
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Two issues

• Do automorphic Bloch states form a complete set (ansatz vs 
theorem)?

• What about finite lattices (experiment)?



Euclidean PBC
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Euclidean PBC: algebraic viewpoint
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Euclidean PBC: topological viewpoint
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Hyperbolic PBC: algebraic viewpoint

Sausset & Tarjus, J. Phys. A 40, 12873 (2007)
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Hyperbolic PBC: topological viewpoint

PBC cluster with N unit cells: 
N-sheeted Galois cover of X, 

with deck group G/GPBC

X = H/� ⇠= ⌃g, � ⇠= ⇡1(X)

YN = H/�PBC, �PBC = ⇡1(YN )



h = N(g � 1) + 1

covering map

Hyperbolic PBC: topological viewpoint

X ⇠= ⌃g

YN
⇠= ⌃h

Riemann-Hurwitz formula(e.g. N=5)



PBC vs the Bloch ansatz
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Low-index normal subgroups
• For a given N, many distinct subgroups                   , although all 

isomorphic to 

• Compute all normal subgroups of index up to N = 25 using Firth-
Holt algorithm (GAP implementation by F. Rober)
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Connected PBC clusters
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Abelian clusters
• Eigenstates of the clusters fall into irreps of the residual translation 

group G/GPBC = finite group of order N

• For large fraction of clusters, this group is abelian!
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Abelian Bloch theorem
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Maximal abelian cluster
• Finite abelian clusters are subsets of an infinite abelian cluster

with                           :Y1 = H/�PBC �PBC = [�,�]

�/�PBC
⇠= H1(X,Z) ⇠= Z2g

Euclidean lattice in 2g dimensions: 
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Nonabelian clusters
• For N < 25, nonabelian G/GPBC found only at N = 12,16,18,20,21,24
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Nonabelian Bloch theorem

• Nonabelian G/GPBC possesses higher-dimensional unitary irreps:
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Nonabelian Bloch theorem

• Translation matrices belong to (reducible) regular representation: 
irrep of dimension rl appears rl times

• Example (N=24): 8 abelian irreps, 4 nonabelian (2D) irreps
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Nonabelian Bloch theorem

• Translation matrices belong to (reducible) regular representation: 
irrep of dimension rl appears rl times

• Choice of GPBC selects U(r) irreps of G whose kernel includes GPBC

• For fixed r, what is the space of all U(r) irreps of G?



Nonabelian Hodge theory
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Nonabelian Hodge theory

dimC M(⌃g, U(r)) = r2(g � 1) + 1• Cmplx manifold:

• For g = 2, r = 2, M = bundle of CP3 fibers over Jac(⌃2)

Irrep(�, U(r))/U(r)

flat U(r) connections on ⌃g

gauge group
M(⌃g, U(r))

moduli space of stable 
holomorphic vector bundles 

of rank r

Riemann-Hilbert Narasimhan-Seshadri
(1965)

(topological)

(smooth)
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Summary
• {4g,4g} hyperbolic lattices have a (nonabelian) discrete “translation” 

group                   , the Fuchsian group

• Finite (but arbitrarily large) clusters with PBC correspond to

• Hyperbolic “Brillouin zones”:

• Automorphic Bloch theorems (abelian/nonabelian)

• Point-group symmetries:

• Implement PBC clusters in experiment (e.g. topolectrical circuits)?

JM and S. Rayan, Sci. Adv. 7, eabe9170 (2021); arXiv:2108.09314
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Jac(⌃g) ⇠= T 2g ⇠= M(⌃g, U(1))

M(⌃g, U(r)), r > 1

� ⇠= ⇡1(⌃g)

Aut(⌃g)


