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What are the types of entanglement in QH states”
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topological degeneracy

e.g., v = 1/m Laughlin state, i.e., U(1),, Chern-simons theory,
has ground state deneracy mé, where g Is the spatial genus

Witten (1989);
Wen & Niu (1990)

such phases are said to be long-range entangled

e.g., Wen’s review (2013)

phases without such degeneracy (e.g., m = 1) are said
to be short-range entangled L4 & Vishwanath (2012);

Chen, Gu, Liu, & Wen (2013)




entanglement as a phase diagnostic
pPEH,Q Hp

entanglement entropy : S, = —tryp,Inp,, py = trgp

iIntop phase : S, =aL —y+ O(1/L)
__— T/ related to the "a-theorem’

topological entanglement entropy s ety & Jovers (2011

Kitaev & Preskill (2006)

/ 1O
guantum dimension of quasiparticle a 1

e.g., Laughlin: d, =1 for all a;
Moore-Read: d, € {1,/2}

1 2 Hamma, Ionicioiu, & Zanardi (2005);
=—In) d i -
4 Levin & Wen (2006); B
2 a
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entanglement as a phase diagnostic

pPEH,Q Hp

entanglement entropy : S, = —tryp,Inp,, py = trgp

intop phase : S, =aL —y+ O(1/L)

InZa’2 le//al In ‘%‘ il
L
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Dong, Fradkin, Leigh,

& Nowling (2008);

Zhang, Grover, Turner, Oshikawa,
& Vishwanath (2012)

amplitude to be in degenerate torus state a

torus



overview of our results

1. topological sector contribution is distilled by the negativity
2. It constrains the real-space structure of the wave function

2 | | | l//a ‘ : ;
= In E d; — w, | In | 5 5
a L : A . B
Dong, Fradkin, Leigh, . :
& Nowling (2008);
Zhang, Grover, Turner, Oshikawa,
& Vishwanath (2012)

amplitude to be in degenerate state a
forus



entanglement negativity Vidal & Werner (2002);

Peres (1996);
Plenio (2007)

1. a measure of guantum correlations in mixed states
2. a measure of multipartite entanglement in pure states

pEH,QHp
partial transpose w.rt. A : (i jp|palkslp) = (kajrlp|isls)

negativity : A 50 = (11711, = /2, [lpll, = try/pp

entanglement negativity : &,.5z(p) = In||p’1|],



entanglement negativity: example

representatives of distinct 3-qubit entanglement:

Dur, Vidal & Cirac (2000)

| W) = %( |001) + |010) + | 100))

1
GHZ) = —( 1000} + | 111
|GHZ) \/5(\ )+ | 111))

 Nnot related by LOCC

* S,(pw) = Sx(Pguz)
e distinguished by entanglement negativities:

& a.c(Pcuz) > Ea.c(Pw) > E45(Pw) > E4.5(Pgaz) = 0



1. Abelian Laughlin state at v = 1/m
2. Non-Abelian Moore-Read state at v = 1/m

Torus Geometry (M = 2) Cylinder Geometry (R = 2)

gYocldiYeven = an ( |l//a | éf)z

a

Ex

0)

Ca = \/tr — T ratio of edge-state partition functions
e a
atT=1and T =2



Torus Geometry Cylinder Geometry

torus ) %Xodd:Xeven
lind é K
Cy 1ndcr . Yodd:Yeven 2

/

P* =) d

=MaL-MIn2*+21In ) |y,|d)

R
— —al. ——In9*+1n 2 AR
: Za‘,h/fa\ f

consistent with:

Lee & Vidal (2013);
Castelnovo (2013);

Wen, Matsuura, & Ryu (2016)



disentangling and monogamy

Coffman, Kundu, & Wootters (2000);
p E %A ® %B ® %C Osborne, & Verstraete (2006)

a monogamy relation : A% . (p) > N3 5(pap) + V5. (Pac)
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disentangling and monogamy

Coffman, Kundu, & Wootters (2000);
p E %A ® %B ® %C Osborne, & Verstraete (2006)

a monogamy relation : A f‘:BC(p) > /Vf‘:B(PAB) c)

i He & Vidal (2015)

disentangling condition : &4.z(p) = &4.5(P45)
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torus



real-space disentanglement

disentangling condition, &,.5(p) = & 4.5(pap), IMplies

for pure states : |Wype) € A Q@ (' @ ) @ ¥ ¢

He & Vidal (2015);

COﬂdItIOﬂ Imp“eS . “PABC> — ‘\PABL> ® |\IJBRC> see also Ou & Fan (2007)

T product state



real-space disentanglement

disentangling condition, &,.5(p) = & 4.5(pap), IMplies

for pure states : |Wype) € A Q@ (' @ ) @ ¥ ¢

He & Vidal (2015);

COﬂdItIOﬂ Imp“eS . “PABC> — ‘\PABL> ® |lIJBRC> see also Ou & Fan (2007)

T oroduct state
for mixed states: pe 7, ® (Z g ® 7/3{,) R I

J
Hayden, Jozsa, Petz, & Winter (2004);

condition implies : p = ) ppag @ ppc.  widition

J \ separable state
(), pi=1



disentangling topological states
PEANQHQ F ¢

disentangling condition : &,.z~(p) = &4.5(P45)

(X 1w,ld,)’
IRAR:

%A:BC(/O) — %A:B(pAB) = log




disentangling topological states
PEANQHQ F ¢

disentangling condition : &,.z~(p) = &4.5(P45)

(X 1w,ld,)’
IRAR:

%A:BC(/O) — %A:B(pAB) = log

condition = yw, =1 for some a

1. sufficient to disentangle Laughlin
2. only necessary for Moore-Read




outline for the remainder

e cut and glue construction of topological states
« entanglement negativity calculations
o disentanglement of ground states
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cut and glue contruction of topological states

Elitzur, Moore, Schwimmer, & Seiberg (1989);
Qi, Katsura, & Ludwig (2012);
Lundgren, Fuji, Furukawa, & Oshikawa (2013);

two equivalent methods: Teo & Kane (2014)

1. couple together wires hosting 1d nonchiral electrons
2. glue together cylinder states in the target phase by
appropriate edge-state interactions




cut and glue contruction of topological states

Elitzur, Moore, Schwimmer, & Seiberg (1989);
Qi, Katsura, & Ludwig (2012);
Lundgren, Fuji, Furukawa, & Oshikawa (2013);

two equivalent methods: Teo & Kane (2014)

1. couple together wires hosting 1d nonchiral electrons
V 2. glue together cylinder states in the target phase by

appropriate edge-state interactions




Laughlin

low-energy excitations live along cylinder boundaries

A= Y (HO+HD)

i€interfaces
0y _ MVe ’ R \2 [N\2 RIL RIL
Ll e O e
R/L R/L / 271-1 / e.g., Wen’s review (1992)
[, (x), 0., (X')] = = 75(36 — X') "

28
1) _
HO = ,,J dx cos [m( £1+q§iL)]

0




Laughlin

low-energy excitations live along cylinder boundaries

A= Y (HO+HD)

i€interfaces
0 _ " - 2 L[\2 R/L R/L
HO == | x[0880*+ @] ¢ ~ 9" +2m
R/L R/L / 271-1 / e.g., Wen’s review (1992)
[@;"7(x), 0,p" (X)) = £ —0(x — X') "

2g (-
Hl.(l)= J dx cos [m( £1+gbiL)]

ny
"

P dx(pF |+ pL)” + const .

quadratic approx. O Lundgren, Fuji, Furukawa, & Oshikawa (2013)



27 | .
R/IL __ R/L R/LX ikx T —ikx
= + 2N i— E a; e +(a;)'e
P, / L ~ mL | k| ( L (@) )

N € 72
m

decoupling of zero and oscillator modes

harmonic oscillator

ﬂmv 2 2
Zero __ RX;_; _ aJLX; . ¢ R L
Hgro = 0 (N - N T (g )
2 2AT>
k a.
Fose — i KA mlkl k| L
lb _VC ai_lakaia_k 2/1 2 T
’ n? a.
k>0 | k| i,—k
m|k| m|k|

— 202
/1 _ 2gm /ﬂ vc > O Chen & Fradkin (2013)
Lundgren, Fuji, Furukawa, & Oshikawa (2013)

diagonalize by Bogoliubov



interface ground state |b75°) & | ™) :

_ Yemm ar2 . :
|bzer0> — Z e 2L Na,l |]\7RXZ—1 — Na,i>RXi_1 ® |NLXZ — = Na,i>LXl-
N, €Z—+

— 172
|bl-OSC> — Z Zk 072 (nlk+ )l { l 1 — nzk}k>0>RX . O | { z — nzk}k>O>LX-

{n €77}
torus ground state

‘\Ija> _ ® ‘bzero> R ‘bosc>

\ ieinterfaces

labels topological sector: a =0,...,m — 1




Moore-Read

Moore & Read (1991)
review: Nayak, Simon, Stern, Freedman, & Das Varma (2008)

A= Y, (HP+HD)

iE€interfaces

L

HOY = | dx
l

Jo

PARCINZ /L(x )} = olx —x),
untwisted sectors: antiperiodic fermions
twisted sectors: periodic fermions

((a ¢ 1)2_|_(a ¢L)2) ; R/L ax)(lR/L

electron operator ye™? invariant under Z/2 :

T
RIL RIL RIL RIL
X=X, g Z



H= Y (HO+HO)

l l

i€interfaces
Sohal, Han, Santos, & Teo (2020)
2g L
1) _ - L . R R L
Hi( )= J dx[% Xi—1 COS [m( i1+ & )H
T Jo
o L
VAT 7 N
~ dx[ 62 (¢, + &F) +v,8ix x| + const. + ]
JO

| g=-2¢/v,n<0
violates Z/2 symmetry;

restored by projection & of decoupled ground state

1 LX; RX: LX; RX;
@a — ®i ‘@a,Xi = ®i 5(1 -+ (—1)F i+ F l(—l)N i+N z)



untwisted sector: antiperiodic fermions

W) =2, Q) 1657 ®157) ® |7

i€interfaces
. 1. 1/2 ~
|inSC> — Z lzk>0n”k€ Zk 0 2 (nlk+ )l { l I — nlk}k>0>RXl | ® | { — nl,k}k>O>LXl
{7, €2,}
gj ® P . = 1 + ( 1) al_a/m-l'zk 0 z,k
i€interfaces * a,i —

factorizes for each interface / ’/\ \

an interface fermion number operator =




twisted sector: periodic fermions

‘\Pa> — g)a ® bzer0> ® ‘bosc> R ‘fosc:}) R ‘fzem)

iEinterfaces

. . . I 1 ’
"interface Dirac fermion” : f, = —(c,-’il ot lC,-LO)

—
Hf;ero —l lgz Ci]il,chO - — ngjf;
l l

"Interface fermion" occupation numbers

v
|fzer0> — |O/O/O/O/>

1
= ﬁ; |}’1<2}’37’4>» Z y; =1 mod(2)

‘cylinder Dirac fermion" occupation numbers allow for straightforward Z/2 projection




torus state = product of cylinder states

2M

|\Pa> — ® Zﬂ(ﬂ/a,i) | '/Va,i>RXi_1 ® | o ‘/Va,i>LXl-’ '/Va,i = ( a,ni’ {nlk}k>0)

=1 */Va,i //H

zero and oscillator mode quantum numbers

/1('/’/ ) Veﬂ'm N2 Z Vek n 1 2 m
) = €X —_ . —_ . — , Ve e — S
a,l p 7 a,l 2 i,k 9 . J)

k>0

2M

(P, 1¥,) = (Z)M = ZAM)

introduces the U(1),, partition function

Z,(p) = tre P, with spectrum(H,) = — 2In A(/,)

similar to: Li & Haldane (2008); Chandran, Hermanns, Regnault, & Bernevig (2011)



Lemma 1: Torus Geometry

2M
7 (1/2)
%Xodd:Xeven = 2 log 2 | l/ja | (\/m >

Lemma 2: Cylinder Geometry

2
R

Z,(1/2
% A172)
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S Za: vl \/m
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Lemma 1 Proof for 2M = 2 cylinders (Laughlin)

compute

[ pTs ]|, = try ] (pTow) T

torus state density matrix

=2 X 5 Vil vy

aa '/V /V
|‘/Va’,1 a’,2><‘/’/a,1’/’/

& [N yo N a i\ ooV

a,?2 ‘Xl a,l ‘Xz

partial transpose

plun=y Z VY Hz(/Va AN, ) X

aa "y N
‘ ‘/’/a,l‘/’/a,2><’/’/a’,1'/’/

& [N yo W i N ooV

/
a',2 ‘Xl a,l ‘Xz



(pleat)’ploaa js diagonal :

\/(,0 odd)Tp odd = Z Z VY H/l(/Va l)ﬂ(/’/’ X

a,a’ /V'a, /Vél
‘/Véll,lﬂfél,,2><ﬂ/£l’,l/V

® “/’/a,2‘/’/a,1><°/’/a,2‘/’/

/
a',2 ‘Xl a,l ‘Xz

thus (with M =1) : 2

AN
[1pTea] |, jEmJZII(“”

2
Z(1/2) M
Y AN
PHIA a
V 2, AN
V7D~ “




« Lemma 1: Torus Geometry

2M
Z(1/2)
%Xodd:Xeven = 2 log 2 |l/ja | ( Z (1) )

Lemma 2: Cylinder Geometry

2
R

Z,(1/2
% A172)

vy =1
odd: Yeven 0g ; | Wa | \/m
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Lemma 2 Proof for R = 1 shared interfaces (Laughlin)

compute

T T T
|| pyodd‘ ‘1 — tr \/ ( pyodd)T pyodd

torus state (composed of 3 cylinders) density matrix

- l//;lkwa’ ,
p= Z Z 731273/2 H’l(/’/ a DM 1) X
ad N N A

[ N aa N woXN a iV aaly, & =+ & | N gV o (U N o3

/
’
a

a,l ‘X3
tracing over cylinder X, to obtain p, sets

/I / — / —
a’' = a, /Va,,z—/l/a’z, /Va,,3—/l/a,3



as before (p,)'p « is diagonal, thus (with R = 1)

T, _ l/ja Yo
oyl = Z Z 73127302 H’I(/Va AN 0.)

a ¥ ¥
=Y z.(1/12) | | z(1/2)
— el 7oy | | 2R
2

R
Z (1/2)
=) wfa\( )

VZd(1)




« Lemma 1: Torus Geometry

2M
Z(1/2)
%Xodd:Xeven = 2 log 2 |l/ja | ( Z (1) >

*/ Lemma 2: Cylinder Geometry

2
1/2 §
/
Ey v =102 D | 1w, )
Y, odd- Y, even d Z 1
- v/ Z,(1)
_»_,/""‘_.‘T‘u"ﬁ\. ~ /’—- TN
/ 4 ¢ /"1 ’I’l“ ~ A I\\\ *\ L X\\

/ | / \\, \ \1\ \ l \
[/ / \ \ \
[:T Ty T defd >)
s o T s
\ / ' \\ /' /
\ \\ /,,/ ) / \ N / /,
\ X1 P X, X3 X,/
\\; ' VX /h 4 \: ? ‘f : pd 7
Y A ~—_ -\

Torus Geometry Cylmder Geometry



partition functions (Laughlin)

Jacobi @ function

. (h O “"mr) Py,
D= > TR
~

Dedekind # function

compute the limit L - oo using modular transform z —» — 1/7:

Z(f) - — il BRI
¢ , \/% 2P 12pv,

T
Ex x.. =M (—) L—Mlogm+2log 2 A

2v,



more generally,

torus : &y .x
odd:

cven

=MaL - MIn2?+2In )" |y,|d)

cylinder : &y

odd- Y even

R R
= —alL——1n2%+1n 2 4R
> : za‘,|wa| f

/'

nonzero only for non-Abelian (d, > 1) states

Torus Geometry Cylinder Geometry




Disentanglement

disentangling condition:

2
(2, v.ld,)
AR

& a.8c(Papc) — G a.8(Pap) = lOg




Disentanglement

disentangling condition:

2
(2, v.ld,)
AR

& a.8c(Papc) — G a.8(Pap) = lOg

condition = w, =1 for some a

1. sufficient to disentangle Laughlin
2. only necessary for Moore-Read




In each sector a
Laughlin/untwisted Moore-Read can be disentanged

2M

|W,) = ® Z AN D =N a,i>LXi Q| N a,i+1>RX,-
i=1 W,

.e., the cylinder state is a tensor product




twisted Moore-Read can't be disentanged

2M

|W,) = ® Z AN D =N a,i>LXi Q| N a,i+1>RX,-
i=1 W,

Kitaev (2000)

cylinder Dirac fermion states are nonlocal




Summary/Open Questions

Topological degeneracy is distilled by the disentangling condition,

as expressed by the entanglement negativity

|s there a generalization of the disentangling condition that provides

a sufficient condition for disentanglement in the Moore-Read case”

e.g., Shapourian, Mong, & Ryu (2020)
« How does a nonzero correlation length affect these results?

« What's the nature of multipartite entanglement in gapless states?

e.g., Calabrese, Cardy, & Tonni (2015)



Thank you!



