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Summary

e SO/Spin QCDs in (3 + 1)d have “higher symmetries”

e for N/ =1 cases, they match across Intriligator-Seiberg duality
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e Higher symmetries
o p-form symmetry

o 2-group

e Example: SO/Spin gauge theories
o SL(2,Zs) group action
o Intriligator-Seiberg duality

e Anomaly
o bordism
o invertible QFT
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ordinary symmetry

operator O — R(g) O
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generalization

line operator £ — R(g) L

o T I
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p-form symmetry

charged operator p-dim.
symmetry operator : (d —p — 1)-dim.
p=0 p=1

[Gaiotto-Kapustin-Seiberg-Willett (2014)]
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mixed 't Hooft anomaly

QFT with both
O-form symmetry H|[0]
1-form symmetry I'[1]

— might not be able to gauge them at the same time!
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more “higher” symmetry

ordinary group extension

0—I—G—H-—0

2-group
0 —TI[l] —G— H[)] —0
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gauging

2-group 0 —TI[l]] —G— H[0] —0

gauge I'[1] J I gauge I'[1]

O-form symmetry H|[0]

mixed anomaly ~
1-form symmetry I'[1]

[Tachikawa (2017)]
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Outline

o SL(2,Zs) group action
o Intriligator-Seiberg duality

o bordism
o invertible QFT
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Spin gauge theory

double cover of SO

0—>Z§—>Spin—>SO—>0

pure Spin(2n.) gauge theory

Zo x Lo (nc even)
center =
Zy (ne odd)
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SO gauge theory

gauging Zs[1] subgroup
gauge center
G C
G/ C/T

pure SO(2n.) gauge theory

SO-bundle Spin-bundle (wy = 0)

bundles are characterized by S & gauge field
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discrete theta angle

SO_ theory
/DA - 4+ OFNF
S B
w2
[Aharony-Seiberg-Tachikawa (2013)]
Z2|1
Spin gavge 2ol SO
dd Za[1
Spin —2dPw) | eweeBlll g
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SL(2,Z3) group action

S : gauge Zs[1]
T : add SB(IUQ)
satisfy
5?2 =1
T° =1
(ST)? =1

[Gaiotto-Kapustin-Seiberg-Willett (2014)]
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SL(2,Z3) group action

SO T'(Spin)
4 )s
T(SO4) SO_
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Spin QCD

2n ¢ massless fermions in vector rep.

Lo X 7
center = ? 2 (nceven) —  Zsl1]
Ly (ne odd)
Wilson line W
) _ trivial (nc even)
spinor + spinor = screen o
vector ———— odd under (—1)  flavor (n. odd)

— for n. odd, Zs[1] and SU(2n,) 0] are mixed = 2-group! [Hsin-Lam (2020)]
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magnetic Zz[1] symmetry <> 't Hooft line H

screened

H+H trivial...?

monopole: flavor charge from fermionic zero modes

2-group when
SOy ny mod 2
SO_ : ne+ny mod 2
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2-group structure

Spin SO+ SO_

nc even, njy even
n. even, ny odd 2-group  2-group
ne odd, mny; even | 2-group 2-group

ne odd, nyodd | 2-group 2-group
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SL(2,Z,) transformations

recall that gauging was S € SL(2,Zs), ...

Sf anomaly \T

2-group anomaly
r C } s
2-group’ 2-group

o 2goup
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The Only Neat Thing to Do

{nc even, ny odd} [nc odd, ny even} n. odd, ny odd
/> Spin \ \/) Spin \ /> Spin \

SO, T(Spin) SO, T(Spin) SO T (Spin)
{ ) | ) | )
T(SO.) SO_ T(SO) SO_ T(SO4) SO

N T(SO_) / N T(SO_) / N 750 /
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Intriligator-Seiberg duality

so(N.) < so(Nyp— N.+4)
Ny flavors Ny flavors

[Intriligator-Seiberg (1995)]

more precisely
Spin «+ T(SO.)
SO4 <+ T(SOy4)
SO_ <« T(Spin)

[Strassler (1997)]

[Aharony-Seiberg-Tachikawa (2013)]
[Gaiotto-Kapustin-Seiberg-Willett (2014)]
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Intriligator-Seiberg duality

Sf> Spin <\T sf T(SO_) \T
SO T(Spin) T(SO0,) SO_
| ol )
T(SO4) SO SO, T(Spin)
s T(S0.) Zg S spin
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matching higher symmetries

[nc even, ny odd}: n, =mns —n.+ 2 odd, ny odd

S/> anomaly \’/I S/> anomaly (\if

2-group anomaly 2-group anomaly
2-group’ 2-group 2-group’ 2-group

k;\> 2-group’ (/T sx 2-group’ </T
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matching higher symmetries

[nc odd, ny even}: n, =mng —n.+ 2 odd, ny even

5/7 2-group <\T’F S\/w 2-group <\ZIF

anomaly 2-group’ anomaly 2-group’
anomaly 2-group’ anomaly 2-group’

;\) 2-group </7\" St\’ 2-group ‘jT
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Outline

o bordism
o invertible QFT
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bordism

bordism group €,

element : [closed manifold M|
operation disjoint union LI
identity (2]

two manifolds are equivalent if
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bordism

{closed d-manifolds} = ,--~,O,---,@,"-,O e
A B
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bordism

bordism group ;"

element : [closed spin manifold M|
operation : disjoint union L
identity : [&]

two manifolds are equivalent if
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example

Qgriented =7 : generated by [pt.]

1

4

Q?riented =0

P
_)

—

Qgriented =0 -
Qgriented =0
eriented =7 - generated by [CPQ]
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example
0P — 7,
— -
st
#(zero modes) mod 2 0 0 1 0
N
Ol -
—
2=0 0
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bordism

bordism group szin (X)

element : [closed spin manifold My, map o : M, — X]
operation : disjoint union LI
identity  :  [&, 0trivial

two manifolds are equivalent if
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invertible QFT

Definition

dimH = 1 on any closed spatial manifold

“Iinvertible” under
Zo@ = ZoXZg
HQ.Q/ = HQ X HQ/

where
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new light

short exact sequence

0 — Eth(SZ(S,pi”(‘\'),Z) — Invgpin(X) — Homz(ilf}iq(l\'),Z) — 0
2 |
Q,S]pm (X Jtorsion ° 2,S/p+”] (X ) free

where
Inve . (X) = {invertible QFTs}/ ~

spin

[Freed-Hopkins (2016)]
[Yamashita-Yonekura (2021)]
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magical weapons

How do we calculate QP™(X) .7

Atiyah-Hirzebruch SS|

E2, = QP = QP (X) E2, = Ext®  ( ) = QP (X)

5

41 Z * * * * 4

3 3

2 | Zo Zo Lo Zo * * 2

1| Z2 Zo Zo o Zo % 1 /

ol z Zs Z 7 7 0

1 2 3 4 5 6 0 1 2 3 4 5 6
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anomaly

d-dim. anomalous QFT

I
boundary of (d + 1)-dim. invertible QFT
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example

d=4, G =5SU(n) gauge anomaly: X = BSU(n)

0 — BExtz(0"(X),Z) - Inv2, (X) = Homg(Q"(X),Z) — 0

spin
U ZI
Q"™ (X )sorsion Q" (X )free
I Il
Ly (n=2) 0 (n=2)
0 (n>3) Z (n>3)
global anomaly perturbative anomaly
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global anomaly

should be captured by

Sﬁpin (B (SO(Q’ILC)ZXSU(Q’ILJ?)) —_
5 |\ 5

but in general this is very hard to compute...

for the easiest case

Qipin(B (50(4)22%(2))) —7,

/ waBag
Wi
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Summary

e SO/Spin QCDs in (3 + 1)d have "higher symmetries”
o 2-group symmetry : line operators — flavor charge

o mixed 't Hooft anomaly : arises from massless fermions

e for N =1 cases, they match across Intriligator-Seiberg duality
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