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Outline

In these lectures we will team about
. . .

.
. .

The cosmologíaal Bootstrap
--

Part 1 Part 2

TÚ

1. What are cosmologíaal correlatos ? Why do we are ?

2. What is a bootstrap ? Why to bootstrap cosmo.
correlatos ?

3. How ? What are the bootstrap Techniques ?
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Cosmology measures Spatial correlativas in late times

structure and tries to constructor consisten history
of the universe that explain them

Reheating
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The primordial perturbations geuerated during
inflatón seeded the Late times Structure
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The dynamics of inflatón is encoded in

these primordial perturbations

ni un
2=0

^

2 Particle Decay\
; ;#Creation

Energias
The early universe was a

LHC : ~ 10
"
GeV ⇒

huge cosmológica Collider
Inflation : la 10" GeV



The observables of interest are correlatos Functions

of Fields at the end of inflation

Two d.of
.
in every inflationary Model :

G : Scalar ( inflatón + graviton) ; Sij : Tensor ( graviton)

• 2-point functions {
ME > : Measured

188) : Not measured
,
tells the energy

Seale of inflation

. 3,4, . . .
- point Functions ( non- gaussiauity ) : Not measured

,

contain information about the dynamics

4511,18591 , Ash ,
495> . . .



We Will focus on a more primitiva object, the Wave-

function of the universe :

4101=0

is[Y]
✗ [01×-1=(01×-10) =/DY - e

| 4-a) =D

Late time

Field profile

It compartes the correlatos :

{ Iii) . . .
01¥ )) Izo) = /D8 . lxi) . .

.rs/K-iiI~IHI2Inperturbationtheory :

4101=0

is[Y]
= qisíllY# =/DY - e

4-a) =D



We Workin

µ momentum space
If the field profile are small :

-

✗ [A] = expl-J.INT/dKi.-.dK-i.YnlEs).0lKi)...0lEn))

The Wavefunction coefficieuts contain ah the relevant

information
, schematically :

I Re Y / vii.E.E)
(QQ) = z.pe/Y1E.=-E) )

( '#① =

YÍ! Relklvin) I

( ,# ① =

Re % /KÍVÍ .EE/+2ReYlKi.K-i.-KiI.ReYslk-i.ki,En )
,

. . .

8¥! Relklvin)



Yn 's can be computed using a diagramatic
( Feynman -Witten) expansion

Y =

+ + +
.
. .

Propagators come from the classical sdution :

41421 = IEIKIKIY) +ftp.glri.y.yy.ssintal SY
ti ,Bulk-to- boundary Bulk - to - bulk

propagator propagador

14=-2 M
diagramas

/ rert.us/dY/-/Vertices./k-..k).fg...g )



Example : Massless scalar in Flat Space
Enforces boundary
conditions at E- o

klvi.tl = é
"

Y

{ GIE.tt ' ) = * [eikk-H.OH-ty-eiklt-H.gg/-tj-eikIt+tY ]
EK

O O

K Y = ifdt.TKIE.H-if.dt.ci/kT-kIH=Ieikt/
°

=

|

KI K
}

- es

"= '
K

- os / 1- IE)
K

0

Y = i
'/ dti-dtr.lk/kItd.klKItitGlK-i+ki,ti.tr)-Klki,trtklEitr) =K, Kz K} Ky
- os

⇐ trivial = 1 + 2 + 3



= Era
un

0

y z-jfa.dz ,_ dtr - ¿
""""""

. ¿
"""""t

?@ (fitr) = -2! / ¡g.¿ lkitkisttl. / tdfr . ¿
Ertr

=

-
os

- os

= E

o
°

= zig /d-y.qilktk-sth.li
"" "

=

i fdz, - ¿ IKÍKÍKTÍKITL |
=

Era | ZSER ZSEER
-
os - ask- IE)

- ao

= EL

O

2 ¿§ / dt ,_ dtr . ¿
IKÍÉÉH

! ¿ lkstkrsltr ,
-Oltra- ta ) =

ZSEEL
- os

°

¡ ELTL IERTR 1
3 ¿sf.dti-dtr.lu - l = -

ZSELER

K, Kz K} ky

Then:
I

S : /KitKat

% = ÍS / ÉER + EÉ, - E.Er ) = ás -

E - E -Er

EELER
=

/

EELER



Massive scalar in ds :

1%1%1=(7,1%4%-4) with ⇐ ETT
Hi" tk#{ Gulñirii ) = ¥1121" /Hitkyy - H

" ' l-KN.oiy-rii-lyc-syY-HH-KHHIY-KNHYI-ky.itHEY-KH)

Very complicated integras in general . . .

. . .

we need Same other method !
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Principales Lagrangiana Observables
Locality , unitarity, Eqs .

of motion ,
""""" ' """"Fi⇒.

Bootstrap



A successful story : the S-matrix

For example , gluons at tree- level :

by { 1- (+1--1+-1)=0

=
25 Feynman = { Al- ++1-+1=0un diagrama {12>3

µ A /- - + + + ) =
{23×34>(45×51)

{
with Lij > = zpip.pe

"

3g / 1- 1+1--1++7=0

un un

=
220 Feynman = 1- 1- ++1-+7=0
diagramas {12>3{A 1--1--1++1=(23×34×457156×61)

/ \

Originally guessed , tater bootstrapped Parke
, Taylor

'
85



3-pt. amplitudes : Poincaré invariance ✓

4-pt . amplitudes at tree level :

• Lorentz invariance > Mandelstam variables qt , a

• Locality → Simple poles from
(tra) A

,
-A
,

particle exchange
lim Ay =

S→ M2 g- M2

• Unitarity > Positive coefficieut
}

gaThen: 1- ¡""(sit) = Ianmsnt" +
g- µ

,
- Ps (1-1%5) + lt-ch.lt/u-ch . )

mm ✓



7=0 .

^ Impase symmetries
and firstHH principales here

^

?Y
←

Forget about times
evolution equation

Inflatón here

Advantages :

• More simple cakulations

• Direct} Focuses on observables



Correlatos from M
'
> O particle exchange show

oscillations in Urtain limits
, anabgous to the

resonance of particle collider

Particle
Collider Collider

Events
^ Correlation ^

i

C.D.M .

'

.

.

'

energy
'

.
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Inflation took place in US 30 Eudidean CFT

1
^ dsLfp ) ✗ K"

Y isometrías
L

Deviation from

Saale invariance : l -ns I 0.04

ds isometries conformalsymmetries

Spatial translation Spatial translation↳ o
>

Spatial rotation Spatial rotation

Dilatation Ealing
ds boosts Special conformal trausf .



Yn 's satisfy the synnmetries of 3D eudidean CFT

correlatos :

Prime : Stripped

% = {Q - -
- Q ) = (Zapf (Ü +

. . .

+ En} . {Q . .
. @y

← off delta

function

-

Translation invariante

O 's are dual Fields with scaliny dimension :

D= 3+9--1%-11=0) ; D= 3=+11-112-7%11 > o)
Henie :

"

{ qq)
'

=

Re tii#
la =

zpe Y 1 4 REITTYIRE ÁY



Rotation invariante ⇒ {A- -DNYIK:) -- toi . -OÍ /Ka , Kiki)

Sailing symmetry ⇒ (31nA -Ésa ÉI:/ la . . -0ns
'

=D
a--1 a-1

si siSCTS ⇒ fkiazia.gjia-2ka.aiazr.ci -1211A-3) a?:/ <Oi Í =D }
Example : 2- pt . function of scalars

←
KFKAEK

{0,0,> = LZTIPSIÜHÉ,) .la#=l2-aPflKi+Fn).flk )

2K
⇒ flk) = # KA

-112-3Sailing : (3-A ,
-A, + KZ ) flk) =D

SCTS : A. = AEA ⇒ flk) = # fs.si K
'"

I
We have then {qq.j-zpeyo.gg ,

=

<%"
K
21-3



Rotation invariante ⇒ {Q . -DNYIK:) -- toi . -OÍ /Ka , Kiki)

Sailing symmetry ⇒ (31nA -Ésa ÉI:/ LQ . . -QY =D
a--1 a=L

si siSCTS ⇒ fkiazia.jja-2ka.zriazr.ci -12ha-3) 2¥} <Oi Í =D }
One strategy is to try and Solve these equations :

1811.00024 Cosmology .
amsterdam/ lecce- lectores

1910.14051 Sites
. google.com/view/cosmdogymeetscft2020

2005.04234 ggi.infn.it/ggilectures/ggi1ectures2020

But here we Will focus on other methods which are

particular /y powerful for meromorphic Yn 's
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Yn 's have singularities in certain kinematical configuration
os

ikt

IA} = IVIE )/dt - C = ¡VIE) . zaflk ) ← Energy
- conservation

:
↳ = ¡ VIKI/dt.ci# = VIEI ⇒ lim y =

As
K K→ o K

- es

+ → - os

V

1104.2846

1201.6449
Also there for more complex diagramas :

☐ O

" '
" '

Kra
y =/dtr.ci#R.fadtiei*.Gly,ti,tr)KL

y
- es



O 0 os

4h = ifdtr.ci#R.fadz,.eiKt'.fd%fe-iwlt-trie-iwlti+trsW2-y2-IE
-

wa-yiic ) =
- es

-

no
os

= ¡fdtr.ci#R . dw , eiwtr éiwtr y =?⃝ 2-11
"

Ka - W - IE ( WZ - Y ' + IE - wa-yiic
- es

O

'fdtr.ci#r./eiktr-eiytr).--y2-Ki
-n

o l '
' - '

µ
- - i

- i |
' - '

-
=

KL
Y '- K?

Y

↳µ µ, ,
)



° " '
" ' "

KR - ¡
- - '

' - '

=

Ya_ µ | - )Ka
y

L krtka Krty

Y?KÍ = IKI . . _ +Él
'
- IK, + . . .

+KRI = Kiki with Kí = Kít . . .
+kí

If has a
Yn has a

Singularity in kr ⇒ Singularity in Kikr = E
with residue the

with residue An
scatteríng amplitud

since it is true for the Contact diagram ,
we prove it

recursiva} for alt free - level graphs

☒
Hreel

,
An (Flat Space)

E-→ o E



Similar arguments hold in ds because :

{ kulviiy)
= y
"

- HE tkr) s tiky -10111 / é"
Es - es

Gutkiyij) >yyi.gl#llE.y.yY72'→ - as

We have :

Talk!
" with

µ
Hree)

>
E- → o EP

A
"

p=/+ [ LA -4 )

(de Sitter)



Y 's are also singular when the sum of energias fbwing
into a subdiagram vanishes

.

For Yu for example :

ER = kztkyts

In Flat space :

lim Yy =
% ✗ 1-3 with ☒ = ¿ [Ysts) - Yslts))

Eres ER

In ds :

lim Yy =
Es ✗AJ with { Á ± AMK

"? -1s

☒ = 1- 1)
↳

Eres ERK
zgzs, -3 (Hts) - Ytts))

1709.02813



For tree- level Y :

E.→µ
^^

↳ Er→ O

/ E-→ o

✓Áz ✗ YÍ YÍ ✗Á}
EL
# ÁY En

#

E#

• These singularities do not correspond to physica momentum

Configurations
• We Will also require the absence of other singular ities



Example : Massless scalar in Flat Space

I
- 1-3=1 ¡ ↳ =

K, + kztk}

I I I IA" = -
§
=

(KitKat)
'
= -

/Kitkat
'
- IVÍ -1%12

= -

EL /kitkz - s)

sal
> ¥A> ✗ YÍ = ZSIE

,
/ ↳+Ú,-g- ÉP ) =

Era - Karts
• Y

Eno ZSEERLK>y - S)
=

ELER /Ksu - s)

I
• %

Ergo
> ÉRÑÍAS =

ELErlkr-s)

I
• Y

E- →o

> ¥-14 =

EELIS - Kid

I

The unique function that satisfies this is
% =

ELIER
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Massless spinning Fields : Y [Sii , A;D]

Graviton
Vector

Gauge invariante of Y implies Same Current Conservation
identifies :

"%21-y.cz:p }

→ " %""

£4=/DE ¢2.1B- ¡FB"Aits) S
SO

"

= 1. (F)a.
b

SA?
+ AAITAIAB ¡{a)Y = o

Un
E. { Í.IO?.:..jE)=-EilT%ac(ÓÉ .

. - OÉ:* . . - ÓE:)

Similar /y , diffeo ínvariance :

SYED ⇒ KIGIITÉ.io#.i0ii)----2Xa.lEiEa)lQi-.-Q-ia+ii...0ri7a--2TheseWTIsreflect Iocality of the bulk physics and had

to nontrivial constraints on the couplings of gauge Fields



Example : Mass /ess spin
- I and c. c. scalars in ds

44441 = } A
>
= ? -1/1-1%-1=1--2

Conformallycoupkdscalar 4 : mi --24
' ⇒ Ay =3 -14112£ = 2

- Así
"

=L ; 4% log /Kstkyts)

YI 2 IEÍKÍ)4-
A>
"'
= 219, .kz) ; { Ktkats

"
Éiki:-O

u transversa )

[LJYYYSS ] = Da -314-11--4.2-9=-1



IEÉVÍ) ER )•
lim gjyyyy

,
=

AÍ"✗ %"
=

AÍ"
.

"

[14%-5-41^15] = - SE, by (Ka -sEL → o EL E, 2s

•
lim 41449} = ¥" ✗ Así" .bg/EY)--Ls-fYs4-s)-Ys'" (s) -AÍ

"

.bg/E)-ER-so

= / k.is - país ) .bg / E) = ZIÉKÍ)
Elka-s) .bg/IR )

A function that correctlyfactorizes is :

44441 Í ZIÉÉ)
Elka-s)

' /
% /↳És )

"

Fdded
"

singular ities ( Kia-5=0 and Ka - s =D ) must be absent .
To

get rid of Ksu -5=0
, we can rewritc kzy - S S Kzytkr = E

in the Evo limit above .



Then :

{yyyyys =
ZIÉKÍ)
Elka-s)

' bg / ÉR )

IÉKÍ)Notre that him {JYYY} = -
ser

is regular
kr→ s

The relevant WTI is :

VI. {Íií 4*4*4*3 = - la { llüiiñi 4*4*7 - Es {Yüilüívillü.) - lythiilüilñiiü> =

= - ez.bg/K;I)-es-log/ki+u)-ei1og(k;u+t) with { E- 1¥ÉlUEIÜ
,
+ Es /

Does our solutions above satisfy it ? We cannot compute
vii. {Í 4441 directly because it misses the longitudinal term :

LJYYY>s ~ ( .
. . ) (ÉKÍ) + ( . . .

) /E. Ki )
\ Non - transversa pdariz .

vector



But there 's a way to compute it (using spinor
helicity variables ) . It yields :

KÍIÍ 4441s = - es [ log / K¥+5 ) -1k¥) ✗
Not consisten

with the WTI

Addingt- and n-Channels :

}-#

KÍIÍ 4441µm = - estoy / K"
" ) - q.bg/K;+t ) - en.bg/K"

" " ) -
n n

- les-iet-eulf.bg/ E) + ¥ )
consisten if :

Charger
es = la ; G- = en ; en-13 and la-1%+4=0 Conservation !



Similar ly , One can show :

• [TYTB ]» = FABC Tai
• Equivalen principe
• Jacobi identity
• Massless 173 cavit completo mater
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We can define a conjugate wavefunction coef . YI
.

It is

computed like Yu except :

E { 9 > g- = g
*

ir > - ¡V

• Flat space

Let us define :

[ IÜ ,
t.tl) = GIKIT,E) + JIE,-4-4 = ¥ /¿

" 't- t? OH-f) + ¿
KH"? qq.fi) - ¿

KH#
+

+ éik""!OH,
-f) + ¿

KH
'
-t? qq.fi) - ¿

KH#Y = ¥ [¿Klt
-E)
+ ¿

KH
'
-H
-

- qiklttt
'

)
- ¿

iklttt
'

) ) = - Izz (¿Kt- ¿Kt) (e- ikt
'

- qikt
'

) =

= -¥ fkl-K.tl - klk.tl/.fKtk.tY-klkitH



We call this a cut propagator :

§ / vi. t.tl) = Glñitit ' ) + JIÜ,-4-4 = -¥ [kl-K.tl - klk.tl/.fktK.tY-klkit'Y

K K ks
K" In the tree- level 4-pt . Case :

s

5s
O O

4+4-1 = ( IV)
'/d-hdtr.ki-ki.gs-tivtfd-hdtr.ki-kig-s-livtfdtidtr.lk; - k; /CTÉGI =
- es -A -

ao

o

= -
(N)
'

/¡tiklkl.klkj.lk/-sI-klsIf./dtr.klKstklkutfktsI-klsD=-2sYI ✗ YÍ2s
-a -os



4+4-1 = - ZÑ} ✗ YÍ
<
Interna

ff Unitarityimplies Y-nlkaih-YII-ka.la)
q
External

Ytka) -1/4*1-41=-3/4×45

K, K
}

Ka Ky + - K, -4k
,

- Ku = -2s .

-

• de Sitter

Analogously : 2009.02898

Ytka) -1/4*1- Ka) = - Pls) - Ñ
,
✗ YÍ

2009.07874



These cutting rules exist for any diagrama in any
FLRW background

Ynlk 's) -1/4*1- K 's) = - [ Yn
cuts

⇒
+ + +

+ + + +

2103.09832



Example : Mass /ess scalar in Flat Space

I
¥ =

EEER
¡ Y = KI

41kt -114*1- Kal = -2s % ✗ YÍ with YÍ =L /Yststuls))

Let's check :

I I I
.

lkr-5) (Kris) - EER% (Ka) + Y
*

tka ) =
EEER

+

1-E) 1-k.is/-Ksu-s)=-ElKii-s4lKsi-sY =

I - ZSE
=

E-
•

Fisk
= -Í

- l 2s 2s
- ZSYÍ ✗ YÍ = ( ki - s - k.IS ) . /És - kaís ) = -2s .

Ki-sik,} -si
= -
←
(Kii-5) (Koi-s')
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Inspired by the BCFW
Ka > Katcaz

recursión of soattering Ikiikil > Iñaki / + daoz } Ynlz)
amplitudes , we can Shift :

Then

Yn = Ynlz =D) = ¿
* ¡§dz %-)

°" " ^

paz

z
c:

'?⃝ ?⃝ .fr ' ,
Zj
,< Y = - EE:("E) + B.

✓ Y T
Poles of Ylz) Pole at 2- =D

Example :
2103.08649

K, > Kitz |
Poles of Yylz)I

> YYLZ) = (E-izXEL-ZERY-EEE.rs at Zj = } - E, - E, }



For simple poles, the residuos are given by lower-

point Y 's and amplitudes
For poles of Order m> 2 we need subleading terms of
the Laurent expansion

of Y around the Singularity :

m

Res /4¥ ) = - [ R
"

E-Zj f.= ,
1-Zj)l

with :
lim Yiz, = £ R

"

2- > zj
"

µ ,
(z -zjje

+ finite

For E > O we don't have an of those terms . Luckily ,
for partid energy singular ities we have them from :

Ynlk 's) -1/4*1- K 's) = - [ Yn
cuts



Example : Mass /ess scalar with 3
in ds

• Breaks ds boosts

S =/dt.dk?aiHfEE-aI+,lFot- ¥031 • Produces national Y 's

3-pt . vertex gires
↳ (ki , Ka , K,) = -

2 /kikzks)
'

( KitKat Kz)}

SO :

- 253# ✗ = - 81k, kakzku)} }
(3%2+52) /3km454

E? (Kris)> Erílkzy- SP

We Will Shift :
K ,,

> Kia + 2-

so that Yylz) will have poles at

Z
,
_

= -E ¡ Z, =
- EL



Now we use :

% /K 's) -14*1-K 's) = -2s>% ✗ YÍ
to get :

-

Res
⇐*

(¥# = lim Y =
lim -2s>Y

,
✗ =

Kr→ - S
singular

Kit - S
singular

=
lim 4 /kikzkzkus ) ' /3km452)
Kia» - s

- 8 /Kikzkzku)} }
(3%2+52) /3Kpts21

=

E? /Kiis)> Erílkzu -57
singular

EL> Era} ( Kzu -5 ) }

The other residue is :

Res /4¥ = lim y =
-

24 /Kkzkzkutkai
+

RE
-

2- = -E Kiri - ksy ÉER /kzu -S) E"

singular
✗

REIR" + ER">+ E.R '" + E?R " '



Y =
- Eres /4¥) =4
Zj= -Ei,- E ZÚ

4 /kikzkzkus ) ' (3km454
_

24 /Kikzkzku)
-

Kai RE
= +

EL> Era} ( Kae -S ) } ES Erlksu -5) E"

To Fix Re
,
we require I. the Ka - S =D Singularity to

be about and 2 . the correctfactorization at Er =D :

1.
him

E4 .Y =2.SE/kiKzkzkuT8slkikaKzKuYK3y-S kms
RE = 0

(Kris)
}

+ qq.gg#+lim
singular singular

A
4lim RE =2slkikzkskutf.lk?-sP+lksu-sT)K3y-S

singular



2.
lim ÉY =

lim EY-2s> E. ✗ YÍ )
Kzy→ - S singular

K"» - S
singular

N
him RE = 2s /www.t?E+3ERK3u-s-S

singular EL

Addingupthese RE Ylkikzkskus)
' -

E"
= _
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Manifestly local test

For Yu '
s of masskss scalars and gravitón , if

the interactions of the dynamical Fields are local :

2
Y =D Ya corresponday to

Prka
Kats those Fields

Soft limits
2103.08649

Shift symmetry of the interactions implies :

lim 4=0
Üa >O

Transmutation

There exist integral/differentral operators that transmite :

ya /
flat space) ⇒ YNIDS)

( simple) (complex)
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The closer to the real World , the Iess we

underStand :

÷
Minkowski Adsd} , ' >

UnderStanding

Many Challenges : On-Shell formulation of Y 's , go beyond
diagramas , non- perturbative rules , causality , positivity bounds

,

double copy , loops , UV- completion . . .
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Understanding

Many Challenges : On-Shell formulation of Y 's , go beyond
diagramas , non- perturbative rules , causality , positivity bounds

,

double copy , loops , UV- completion . . .

. . .

Thanks !


