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Introduction

Conformal invariance imposes strong constraints on correlation functions

It determines 2- and 3-point functions of scalars, conserved vectors and the
stress-energy tensor

It determines the form of the higher functions up to functions of cross-ratios

These results were obtained in position space and this is in contrast with general
QFT were Feynman diagrams are typically computed in momentum space

While position space methods are powerful, typically they provide results that
hold only at separated points
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Why study CFT directly in momentum space?

Is the UNIVERSE
Cosmology justa hologram?

CMB primordial power spectra and
Non-Gaussianities

Cosmological Booststrap
Gravitational waves

Holographic Cosmology

Condensed Matter

Multipoint correlators of conformal field
theories: implications for quantum critical
transport

Electromagnetic response of interacting Weyl
semimetals

Dynamical Response Near Quantum Critical

Points VT0
P, V2T<0
(]
| C |
Anomalies
-
Py

Breaking of conformal invariance by quantum
effects
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Conformal invariance in Coordinate Space

Coordinate Space

Conformal transformations Xy = x"A (x) preserve the infiniesimal length up to a local
factor

-2
dxy dxt — de: dx* = Q(x) dxy,dxt

and in the infinetisimal form
x;,(x) =xy+ay+wuyx” +Ax, 4+ by x2-2b- XXy
withQ(x)=1-0(x)=1-A+2b-x.
Isometry x#(x) = x#(x) = x# + vI' = g;,,(x") = guv (x')
v, guv + 8uodvv’ +gyduv? =0, Killing equation
With the condition g}'”,(x') = QfZ(X)gyv(X’)
vid, 8uv + 8uo 9y vo + 8ovIy v? =20 8uv» Conformal Killing equation
In the flat spacetime limit the conformal Killing equation has the general solution
vi(x) = ay 4+ @ x” + Ax, + byx2 —2x,b-x
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Conformal Symmetry in Coordinate Space

Translation ox* = a, Py =0d,
Rotation  ox# = wyyx¥ — Lyy =%y 0y = x,0y,
Dilatations x# = AxH, D= x”&ll,
SCT ox# = bFx2 - 2x1b - x. Ky, ZZXIAXVQV—XZQ”.

Defining the generators Jap, Jap = —Jpg With a,b =-1,0,1,...,d as

1
v =Lypys S = §(Pﬂ - Kﬂ)’
1
J10=D, Jou= E(PM +K)-
the conformal algebra can be written as
[Yabs Jed] = acIbd + 1lbdJac = adIbe — fbeJad
with 17,5 = diag(-1,1,...,1). Then

Conf(RY) = SO(1,d + 1), = 1/2(d+ 2)(d+ 1)parameters.
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Conformal Symmetry in Coordinate Space

Coordinate Space

< _pp
) ) ) xt o xH X2
SCT = Inversion + translation + Inversion B N Y LN S—
x2 = x2 < _pp 2
(32 -b")
Oi()0; )y = 2 (01(x1)05(x2)0s(x3)) = A123
(x=y)?A 1211123 xq 3/A132 34231
2 2 2,2
f(u,v) X5 X53X34
(O().-O(xa)) = —ox—"5r, u= 3254 v=-57
X122 ]x34 X13%X54 X73X54

Momentum Space

0=D ("M () 012 () oFmbntne (5, )

0=K¥ <Ol"11 Hip-H1py (p1)...(9”j1 sz""‘frj (pj)'uol"nl Hnp-Hnp, (5n)>

[C. Corians, M. M. M., Conformal Field Theory in Momentum Space and Anomaly Actions in Gravity: The Analysis of 3- and 4-Point Functions, To appear on Physics Reports, (2021)],
[C. Corians, M. M. M. and D. Theofilopoulos, The Conformal Anomaly Action to Fourth Order (4T) in d = 4 in Momentum Space,” doi:10.1140/epjc/s10052-021-09523-9, (2021)]
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CFT in Coordinate Space

The position space expressions are only valid at separated points and do not possess
a Fourier transform prior to renormalization. For instance

(O(x)0(0)) = I%

does not have a Fourier transform when

A:ngk, k=0,1,2,...

because of short-distance singularities. In momentum space

Cond/z 2d—2Ar d_A
(O(p1)0(p2)) = (27)95(p1 + P2) ) 3 )ple’d, A generic

COT[d/Z 2d72A1‘*(% *A)
I'(A)

2
. P d
(O(p1)O(p2)) = (2m) o1 +p2) In 5 tew|pit, A=g itk

with cp’ scheme dependent constant that can be absorbed by a redefinition of the
scale p.

[C. Corian rrelators to mon space for a general conformal field theory, JHEP 1208 (2012) 147]

Delle Rose, E. Mottola, and M. Serir spa
[A. Bzowski, P. McFadden and K. Skenderis,“Scalar 3-point functions in CFT: renormalisation, beta functions and anomalies,” JHEP 03 (2016), 066]

ices and the mapping of an
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4 Point-Function in Momentum Space - Dual Conformal Symmetry

A particular solution of the 4 point function in momentum space using the dual
conformal symmetry (DCC).

0

(O(p1)0(p2)O(P3)O(P4)) = ®(p1,---, P4, S, t)

0="D(p;)P(p1,---,P4,5,t)
0=K"(p;)®(p1,..-,ParS, )

0=D(y;)®(y1,---»¥4)
0=K"(yi)®(y1,.--,¥4)

4 4
J
o= L0430
j= j=1 J

1

4
[ T N B a a
P1=Y2=Y1, P2 =Y37Yp K*(yi) = Z 2Ajy}(+2y}‘yf’fa—y,‘29f
i n_ Uk =1 % ix

P3:}’Z*y§, pZ:yl Y4

(O(p1)O(p2)O(P3)O(pP4)) = C[ /g_llA_%,A_g,OJ(Pl P3,P2P4,St) + perm]

[C. Coriano, M. M. M., JHEP 1909 (2019) 107
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Conformal Anomaly

In even dimensions one observes the breaking of conformal invariance. The result is
an anomalous trace for the stress energy tensor.
Ind=2

y c
™)y=-—R
T 241

Given the conformal anomaly A one can integrate the equation

> 0Sanomlg] _ 0Sanom [eZng —A
Euv 5 = 5 =
gyv(x) o(x) g=e0g
to obtain the anomaly action in d = 2
S, [g,0]= - | d?xy"gooo (1)
anom|[8,0] = 967 g

The conformal factor o in d = 2 is uniquely determined as 0 = Dél R to give the
Polyakov action

Cc

2 -1
d?x\—gRO;IR 2
56 x\-gROg (2)

Sanomlg 0] =—
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Anomaly induced Action

Ind=4 5
(T")=bC?+b'(E-Z0R)
andind =4
b’ 4 1 4
Sanomlg 0l === | d"xy=g|loAso|+ 35 | d'xAc (3)
with

Ag =V, (VFVY +2RF - 2RgM )V, =% + 2RIV, V, — RO+ L(VFR)V,  (4)
The conformal parameter ¢ can be inverted in some specific case and so far we have

1
ory = 2|n(1 e GD,R/SR),

1 2
oR :_EGA“ (E—gDR),
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Anomaly Induced Actions

The Riegert actions is

1 2 b’ 2
Sanomlg,0R] = f dxy=gx (E- SOR) f o’ = Gy (%,X) [3 (£~ 20R)+ bCZ]
X

x’

whose conformal variation is the anomaly. For instance, the anomalous part of the
three-point diagram (TTT) is given by

2 2 83 Sanom
V81 B 08uvy (X1)-- 08usv5(x3)

[C. Coriand, M. M. M., E. Mottola, Nucl. Phys. B942 (2019) 303-328|
Anomalous Conformal Ward Identities = Explicit breaking of Conformal Invariance

(THYL (x1)TH2Y2 (x2) TH*3Y3(x2)) anom =

[Coriano and Maglio, The general 3-graviton vertex ( TTT) of conformal field theorries in momentum space in d = 4, Nucl.Phys. B937 (2018) 56-134]

The extra part of the TTT after the renormalization is the anomaly part

Y N

4 N \
(rrvirva vy () et O+ O

We have anomaly interactions!
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Application in Condensed Matter

In condensed matter systems, the "gravitational" (conformal) anomaly may be probed
in an off-equilibrium regime using the Luttinger theory of thermal transport
coefficients. The effect of a temperature gradient VT can be compensated by ®

1 1
=VT=-=VOo.
T c?

For a weak gravitational field
20
goo=1+—,
c

and the TTT contribution to the thermal transport via Luttinger formula is

(T () = 5 [ da s (T (T2 ) T3 (65) By G2 (). )

Considering a system in a slightly off-equilibrium regime with a small temperature
variation along the third direction, the anomalous part of the TTT vertex contributes
as

(1777 = 5 [3(930)° +4(30)(339) + 20 (20

4b
(T = (T2 = 35 [2(9§®)(8§®)+®(8§®)]

[M. N. Chernodub, C. Coriand, M. M. M., Phys.Lett.B 802 (2020) 135236]
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Pressure Anisotropy

The TTT vertex of the conformal anomaly action leads to a qualitatively new effects:
for a linearly varing temperature, there is a variation of the energy density

4
) . sP=0.

. 4bhc (VT
OF = (1) gy = 205 (55

3 T
Assuming V2T 0 there is an anisotropic pressure

(T +(12%)

OP=P|=P,  P=(T), P = 5

and explicitly

oP

2 /92
:16bhc(VT) (VTT) b 1

3 T ~ 3202

Py I N
V2T>0 )
P ViT<0
, -
[M. N. Chernodub, C. Coriano, M. M. M., Phys.Lett.B 802 (2020) 135236]

-, ~
P
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Conclusions

Implications of conformal invariance in momentum space for 3-point function and
a particular class of 4-point functions

Exact Solutions in momentum space for the 4-point function by using the dual
conformal invariance

Anomaly action in condensed matter systems

Structure of the anomalous part for the TTT

How to extend the analysis to higher point functions?
What are the implications of the dual conformal symmetry?

What is the anomalous structure of higher point functions?
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