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ℎ𝑘1ℎ𝑘2𝜋𝑘3

< ℎ(𝑡)2 >= < 0| 𝑒
−𝑖 𝑡0׬

𝑡
𝑑𝑡′ 𝐻𝐼 𝑡

′
+

ℎ 𝑡 2 𝑒
−𝑖 𝑡0׬

𝑡
𝑑𝑡′ 𝐻𝐼 𝑡

′

|0 >

ℎ𝑖𝑗
′′ −

2

𝑡
ℎ𝑖𝑗
′ + 𝑘2ℎ𝑖𝑗 = ׬ 𝑑𝑞 𝑇𝑖𝑗

𝑙𝑚 𝑔 𝐷 𝑘, 𝑞, 𝑘 − 𝑞 𝜋𝑞 𝜋𝑘−𝑞

▪ A source of loop-corrections:

-Dyson formula expansion

-Results on ArXiv ASAP ;)
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𝟗

▪ How can we classify musical instruments?

Fixed the spatial dimension D we have two classes:

1) –Instruments under tension

2) -Elastic instruments

▪ The simplest case D=1:

1) –Instruments under tension: The string

(guitar, violin, viola, piano etc.)

𝜔𝑛 = 𝑛 𝜔0,     𝜔0 ∝
1

𝐿
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bridge ..
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𝑑𝑥

𝑆
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𝟏𝟎

▪ The simplest case D=1:

2) –Elastic instruments: The xilophone, marimba bars, the metal rod of a

bridge ..

𝜔(Hz)

MORE COMPLEX !!!



𝟏𝟎

▪ The simplest case D=1:

2) –Elastic instruments: The xilophone, marimba bars, the metal rod of a

bridge ..

TIMOSHENKO: 𝜔𝑛 > 𝑛2𝜔0

NOT HARMONIC

E-B: 𝜔𝑛 ≈ 𝑛2𝜔0, 𝜔0(𝐿, 𝑆, 𝑐𝐿
2, 𝑐𝑇

2)

𝜔(Hz)

MORE COMPLEX !!!
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▪ Even more involved.. D=2:

1) –Instruments under tension: the drum!

𝑧
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▪ Even more involved.. D=2:

1) –Instruments under tension: the drum!

𝑧

𝑧 = 𝑅 𝑟 Φ(𝜃) 𝑇(𝑡)

𝑅 𝑟 ∝ 𝐽𝑚
𝜔𝑛
𝑣

𝑟
NOT HARMONIC !!!

𝑛



𝟏𝟏

▪ Even more involved.. D=2:

1) –Instruments under tension: the drum!

𝑧

𝑧 = 𝑅 𝑟 Φ(𝜃) 𝑇(𝑡)

𝑅 𝑟 ∝ 𝐽𝑚
𝜔𝑛
𝑣

𝑟
NOT HARMONIC !!!

𝜖 =
𝑅

𝜔𝑛 𝑣

𝜔𝑛𝑅

𝑣
− 𝑛 𝜋 +

𝜋

2
𝑚−

1

2

𝑛

High freq. Approx.



𝟏𝟏

▪ Even more involved.. D=2:

1) –Instruments under tension: the drum!

2) –Elastic object: Metallic gong!

𝑧

𝑧 = 𝑅 𝑟 Φ(𝜃) 𝑇(𝑡)

𝑅 𝑟 ∝ 𝐽𝑚
𝜔𝑛
𝑣

𝑟

IN PROGRESS !!!

NOT HARMONIC !!!



𝟏𝟐

▪ Projects:

- A pedagogical paper: Teaching Quantum Mechanics through music

- A paper more focused on the physics of sound:

- Solving some experimental discrepancies for the drum;

- Solving the gong sound spectrum.

≡
The same EOM

y2 → 𝜓 2

𝜔𝑛 → 𝐸𝑛 ∝ 𝑛2

𝑠 = √𝑆
𝐿

𝑠 ≪ 𝐿

𝑦





Backup slides



Recall of Cosmology

▪ Cosmological principle: Our Universe results to be homogeneous and

Isotropic at sufficiently large scales.

▪ Idea: Homogeneous and isotropic background+ small perturbations

-Background

-Perturbations    

-Curvature perturbations:  

𝑑𝑠2 = ҧ𝑔𝜇𝜈 𝑑𝑥
𝜇𝑑𝑥𝜈 = −𝑑𝑡2 + 𝑎 𝑡 2

𝛿𝑖𝑗

1 − 𝑥2𝜒 2 𝑑𝑥
𝑖𝑑𝑥𝑗

𝑔𝜇𝜈 = ҧ𝑔𝜇𝜈 𝑡 + 𝑔𝜇𝜈
1
𝑡, 𝑥 +

1

2
𝑔𝜇𝜈

2
𝑡, 𝑥 . . .

𝑔𝑖𝑗 = 𝑎2 𝑒2 Φ𝛿𝑖𝑗 + 𝜕𝑖𝑗𝐸 + 𝜕𝑗𝐶𝑖 + 𝜕𝑖𝐶𝑗 + ℎ𝑖𝑗 ;

𝟏
𝑅 = −Φ+𝐻 𝑣, 𝜁 = −Φ+ 𝐻

𝛿𝜌

𝜕𝑡𝜌
, …

𝑔00 = −𝑒2 Ψ, g0i = 𝑎 𝜕𝑖 𝐹,



Statistical properties of 
Cosmological Perturbations

▪ At the linear level we have no phase-correlation among different modes…

Gaussianity

< 𝑅 𝑥1 . . 𝑅 𝑥2𝑛 >= ෍

𝑃𝑒𝑟𝑚.

ෑ

𝑃𝑎𝑖𝑟𝑠

< 𝑅 𝑥𝑖 𝑅 𝑥𝑗 > ,

< 𝑅 𝑥1 . . 𝑅 𝑥2𝑛+1 >= 0.

< 𝑅 𝑥1 . . 𝑅 𝑥2𝑛+1 >≠ 0.

< 𝑅 𝑥1 . . 𝑅 𝑥2𝑛 > −< 𝑅 𝑥1 . . 𝑅 𝑥2𝑛 > ቚ
𝐺
≠ 0.

▪ At the non-linear level we get phase-correlation: Non-Gaussianity

𝟐



Single-field Inflation

▪ Action:

▪ SR limit:

Scalar PS 
𝑞

𝐻
≪ 1 :

Tensor PS 
𝑞

𝐻
≪ 1 :     

𝑆 = 𝑀𝑝𝑙
2 ׬ 𝑑𝑥4 −𝑔 𝑅 +

1

2
𝑔𝜇𝜈𝜕𝜇𝜙 𝜕𝜈𝜙 + 𝑉 𝜙

𝜖 = −
ሶ𝐻

𝐻2 ≪ 1 → 𝑝 ≈ −𝜌, 𝜂 =
ሶ𝜖

𝜖𝐻
≪ 1,

𝓟𝑅 𝑞 ≡ 𝓟𝜁 𝑞 = ⋯ ; 𝓟 q = 𝓟𝑆𝐹 𝑞
𝑛𝑠−1 ൞

𝓟𝑆𝐹 =
𝐻2

8𝜋2 𝑀𝑝𝑙
2 𝜖

(2.4 10−9),

𝑛𝑠 − 1 = −2𝜖 − 𝜂 (0.9652).

ℎ𝑖𝑗 = ෍

𝑠=−2

2

ε𝑖𝑗
(𝑠)

ℎ𝑘
(𝑠)

,

𝓟ℎ(q) = 𝑟 𝓟𝑆𝐹 𝑞
𝑛𝑇−1 ቊ

𝑟 = 8 𝜖 (≤ 0.06),
𝑛𝑇 − 1 = −2𝜖 (±0.6).

< ℎ𝑝
(𝑠)

ℎ𝑞
(𝑟)

>= 4 δ𝑠
𝑟 𝜋 𝑞3𝓟h 𝑞 𝛿 3 𝑞 + 𝑝 ,

< R𝑝R𝑞 >= 4 𝜋 𝑞3𝓟R 𝑞 𝛿 3 𝑞 + 𝑝 ,

𝟑



TTT < ℎ𝑝
(𝑠)

ℎ𝑞
(𝑟)

ℎ𝑘
(𝑜)

> 𝑓𝑇𝑇𝑇 =
𝐵𝑇𝑇𝑇

𝑃ℎ 𝑝 𝑃ℎ 𝑘

SQ: 300 ± 200

TTS < ℎ𝑝
(𝑠)

ℎ𝑞
(𝑟)
Φ𝑘> 𝑓𝑇𝑇𝑆 =

𝐵𝑇𝑇𝑆
𝑃ℎ(𝑝)𝑃Φ(𝑘)

??

TSS < ℎ𝑝
(𝑠)
Φ𝑞Φ𝑘> 𝑓𝑇𝑆𝑆 =

𝐵𝑇𝑆𝑆
𝑃ℎ(𝑝)𝑃Φ(𝑘)

SQ: 90 ± 40

Single-field Inflation NG

▪ Scalar 3-point functions:

▪ Gravitons, Graviton-Scalars correlators: 

< R𝑘R𝑝R𝑞 >= 2𝜋 3𝐵R 𝑘, 𝑝, 𝑞 𝛿 3 𝑘 + 𝑞 + 𝑝 ,

𝐵R ∼ 𝑓𝑁𝐿
5

6
𝑃R 𝑘 𝑃R 𝑞 + 𝑃R 𝑝 𝑃R 𝑞 + 𝑃R 𝑘 𝑃R 𝑝

Validity of the consistency relation

𝐵𝑅 𝑘1 = kL ≪ 𝑘2 ∼ 𝑘3 = −
1

2
𝑛𝑠 − 1 𝑃𝑅 𝑘𝐿 𝑃𝑅 𝑘𝑆 , 𝑓𝑁𝐿

𝑠𝑞
= −

5

12
𝑛𝑠 − 1

𝟒



𝑓𝑁𝐿 detection… 

▪ Improving CMB (LiteBIRD) …

▪ Galaxy clustering.. The scale dependent halo bias

▪ Detection of GWs background [d] and local non-linear corrections of tensor PS [e][f]

<
δ𝑇

𝑇

δ𝑇

𝑇

δ𝑇

𝑇
>

δ𝑔 =
𝑛𝑔 𝑥, 𝑧 − ത𝑛𝑔(𝑧)

ത𝑛𝑔(𝑧)
∼ b0

δρ

ρ

δ𝑔 ∼ b0 + …
𝑓𝛿
𝑠𝑞

𝑘2
𝑎 + … 𝑓𝑇𝑆𝑆

𝑠𝑞
𝜀𝑖𝑗
𝑠 𝑘𝑖𝑘𝑗

𝑘2
[𝑏, 𝑐] 𝛿

[e]: Malhotra, Dimastrogiovani, Fasiello, Shiraishi, 2020. Cross-correlations as a Diagnostic Tool For PGWs.  

[f]: Adshead et al., 2020. Multimessanger Cosmology: Correlating CMB and SGWB measurements.

[d]: Bartolo et al., 2016. Probing inflation with gravitational waves.  

Ω𝐺𝑊 ∼ 𝑘𝑛𝑇−1 < ℎ2 > ቚ
Non−𝐿𝑖𝑛.

∼ [1 + … R𝐿 𝑓𝑇𝑇𝑆
𝑠𝑞
] < h2 >

[c] Akhshik, 2015. Clustering fossils in Solid Inflation

[a] Verde, Matarrese, 2009. Detectability of the effect of Inflationary non-Gaussianity on halo bias

[b] Jeong, Kamionkowski 2012. Clustering Fossils frome the Early-Universe.

𝟓



k=0 world

▪ FUNDAMENTAL : Let us apply a dilatation, we can impose a gauge 

redundancy! 

▪ For instance: Initial gauge: comoving E=v=0  

Final gauge: comoving

𝑔00 = −𝑒2 Ψ, 𝑔0𝑖 = 𝑎 𝜕𝑖𝐹, 𝑔𝑖𝑗 = 𝑎2𝑒−2𝑅𝛿𝑖𝑗 .

𝒙𝒊 → 𝒆𝝀𝒙𝒊

𝟔



k=0 world

▪ Redundancy:

▪ Intuitive argument:

▪ Formally:   Sym. Breaking pattern   so(4,1)   → rotations + translations.

▪ Applications:                -The Weinberg Theorem;

-The Consistency Relation.

ΔE = E′(x) − 𝐸(𝑥) = 0, Δ𝑣 = 𝑣′(x) − 𝑣(𝑥) = 0,

𝑑𝑠(3) = 2 𝑎2 e2 Rdxidxj → 2 e2𝜆𝑎2 e−2 (R+𝜆)dxidxj,

Local scale factor 𝑎’

𝛿𝑅𝜆 = 𝜆.Δ𝑔𝑖𝑗 = e−2 𝜆 − 1 𝛿𝑖𝑗 ≈ −2 𝑎2𝜆 𝛿𝑖𝑗 ,

𝟕



The Consistency Relation

1) Dilatation is a symmetry non-linearly realized. This implies a Norther

current and charge: 𝑄 = 𝑑𝑥3׬ 𝑃𝑅, 𝛿𝑅𝜆 ;

[h]: Hui et al. An Infinite Set of Ward Identities for Adiabatic Modes in Cosmology. 2014 .

 Single-field: Spontaneous breaking of so(4,1) global symmetries [g][h][i]

de Sitter: so(4,1)   → rotations + translations.

[i]: Hui et al. Conformal Symmetries Adiabatic Modes in Cosmology. 2012 .

2) Using Ward identities, one can extract the consistency relation[q]:

3) Applying a second dilatation:

𝑅𝑘 → 𝑅𝑘 − 𝜆 = 0

0? ? ?

[g]: Creminelli, Norena, Simonovich. Conformal consistency relation for single-field inflation. 2012 .

lim
k→0

𝑅𝑘𝑅𝑘1𝑅𝑘2 =
5

12
𝑃 𝑘 3 +෍

𝑎=1

2

𝑘𝑎 𝜕𝑘𝑎 𝑅𝑘1𝑅𝑘2

𝟖



Deformed dilatation

▪ A standard gauge transformation:

▪ Basic element

▪ Final result

Δ𝑔𝑖𝑗 = −𝑎2 2𝜆𝛿𝑖𝑗 + 𝑥𝑗𝜕𝑖𝜆 + 𝑥𝑖𝜕𝑗𝜆

𝑥𝑖𝜕𝑗𝜆 =
−1

2𝜋 Τ3 2
න𝑑𝑘3 𝑒𝑖𝑘𝑥𝜕𝑘𝑖 𝑘

𝑗𝜆𝑘 + 𝐵𝑇.

Δ𝑔𝑖𝑗 = 2𝑎2
𝑘𝑖𝑘𝑗

𝑘
𝜕𝑘𝜆𝑘

Δ𝑅𝑘 = 0, Δ𝐸𝑘 =
−2

𝑘
𝜕𝑘𝜆𝑘

𝐴 𝑔𝑎𝑢𝑔𝑒 𝑐ℎ𝑎𝑛𝑔𝑒!

Instead of Δ𝑔𝑖𝑗 = −𝑎2 2𝜆 𝛿𝑖𝑗 …

A DISCONTINUITY IN THE GRADIENT EXPANSION!

∼ 𝜆𝑘

𝟗



Non-linear deformed dilatation:
Δ𝐵𝑅 = 0? ?

▪ We give two independent demonstrations:

-1) Using the in-in formalism;

-2) Using field redefinitions.

⇒ Δ𝐵 =< 𝑅′ 𝑥 3 >−< 𝑅 𝑥 3 >≡ BT = 0.

Such effects are physical and observable in principle by future high-sensitivity 
experiments!

Goal: We solved the halo bias scale dependence [l][m]

[l]: Cabass, Pajer, Schmidt, 2018. Imprints of oscillatory Bispectra on Galaxy Clustering.

[m]: de Putter, Dorè, Green, 2015. Is there scale-dependent bias in single-field inflation?
𝟏𝟎

Δ𝑏 𝑘 𝑘2∝ 𝑓𝛿
𝑠𝑞
= −

5

3
+ fNL → 𝟎



Non-linear deformed dilatation:
Δ𝐵𝑅 = 0? ?

▪ In-In Formalism demonstration:

1.) 𝑂𝑘𝑗operators are first order in perturbation theory, they are gauge 

invariant (we have the extension for GWS)!

2.) After boring manipulations

𝟏𝟏

< 𝑂𝑘1𝑂𝑘2𝑂𝑘3 >= < 0| 𝑒
−𝑖 𝑡0(1+𝑖׬ 𝜖)

𝑡
𝑑𝑡′ 𝐻𝐼 𝑡

′
+

𝑂𝑘1𝑂𝑘2𝑂𝑘3𝑒
−𝑖 𝑡0(1+𝑖׬ 𝜖)

𝑡
𝑑𝑡′ 𝐻𝐼 𝑡

′

|0 >

≈ −𝑖 න
𝑡0

𝑡

𝑑𝑡1 < 0| 𝐻𝐼 𝑡1 , 𝑂𝑘1𝑂𝑘2𝑂𝑘3 ቚ𝑡
|0 >

𝐻′ = 𝐻 + ׬ 𝑑3 𝑥 𝜕𝑖 𝑆 𝑥 𝜆 𝑥𝑖 + 𝜔𝑗
𝑖 𝑥𝑗

< 𝑂𝑘1𝑂𝑘2𝑂𝑘3 > ′ =< 𝑂𝑘1𝑂𝑘2𝑂𝑘3 > +BT.



▪ Single-field inflationary models: time diff. Breaking

▪ Solid inflation: spatial diff. Breaking

▪ Let us break both : Supersolid inflation

Φ0 = 𝜑0 𝜏 + 𝜋0 𝑥, 𝜏 ,

Φi = 𝑥𝑖 + 𝜕𝑖𝜋𝐿 𝑥, 𝜏 + 𝜋𝑇
𝑖 (𝑥, 𝜏),

Two scalar DoF

Vector

Global symmetries: 1. ) Φ𝜇 → Φ𝜇 + 𝐶𝜇

2. ) Φl→ 𝑅𝑗
𝑙Φ𝑗

𝑥𝑖 → 𝑥𝑖 + 𝜋𝑖(𝑥, 𝜏),

𝜏 → 𝜏 + 𝜋0(𝑥, 𝜏),

EFT of Inflation

𝟏𝟐



▪ Basic operators:

▪ Lagrangian:

𝐶AB = g𝜇𝜈𝜕𝜇Φ
𝐴𝜕𝜈Φ

𝐴, 𝐵lm = g𝜇𝜈𝜕𝜇Φ
𝑙𝜕𝜈Φ

𝑚,

𝑊lm = Blm +
𝐶0𝑙𝐶0𝑚

𝐶00

𝑆 =
𝑀𝑝𝑙

2

2
׬ 𝑑4𝑥 −𝑔 𝑈(𝑏, 𝑦, 𝜒, 𝜏𝑌, 𝜏𝑍, 𝑤𝑌, 𝑤𝑍),

b = 𝐷𝑒𝑡[𝐵], 𝑦 = 𝑢𝜇 𝜕𝜇Φ
0, 𝜒 = −𝐶00 ,

𝜏𝑌 =
𝑇𝑟[𝐵2]

𝑇𝑟 𝐵 2 , 𝜏𝑍 =
𝑇𝑟[𝐵3]

𝑇𝑟 𝐵 3 , 𝑤𝑌=
𝑇𝑟[𝑊2]

𝑇𝑟 𝑊 2 , 𝑤𝑍 =
𝑇𝑟[𝑊3]

𝑇𝑟 𝑊 3 ,

(𝜋0, 𝜋
i)-dependent

𝜋0-dependent

𝜋𝑖-dependent

EFT of Inflation

𝟏𝟑



▪ Symmetries imply a medium-classification

Fluids: 𝑈(𝑏, 𝑦), invariance under VsDiff. and Φ0 → Φ0 + 𝑓(Φ𝑎),

S-Fluids: 𝑈(𝑏, 𝑦, 𝜒), invariance under VsDiff. (entropy prop.)

Solids: 𝑈(𝑏, 𝑦, 𝜏𝑌, 𝜏𝑍), the most general Lag. with only Φ𝑙 present 

S-Solids: 𝑈(𝑏, 𝑦, 𝜒, 𝜏𝑌, 𝜏𝑍, 𝑤𝑌, 𝑤𝑍), the most general Lag. with 2 sclar DoF

(entropy prop.) 

𝑇ij = p gij + 𝜌 + 𝑝 ui uj + 𝛼 𝜕𝑖𝑗 𝜋𝐿

Effective media and 
symmetries

𝟏𝟒



▪ In-In formalism and De Sitter:

▪ Gws backreaction: -1) You need the commutators structure for the matching;

-2) Finite terms at infinity never taken into account;

-3) A pure quantum term is missing;

-4) Spurious divergencies.

In-In formalism and Gws
backreaction

< ℎ(𝑡)2 >= < 0| 𝑒
−𝑖 𝑡0(1+𝑖׬ 𝜖)

𝑡
𝑑𝑡′ 𝐻𝐼 𝑡

′
+

ℎ 𝑡 2 𝑒
−𝑖 𝑡0(1+𝑖׬ 𝜖)

𝑡
𝑑𝑡′ 𝐻𝐼 𝑡

′

|0 >

∼ 𝑖2න
𝑡0

𝑡

𝑑𝑡2න
𝑡0

𝑡2

𝑑𝑡1 𝐻𝐼 𝑡1 , 𝐻𝐼 𝑡2 , ℎ 𝑡 2

∼ 𝑖2 𝑡0׬
𝑡
𝑑𝑡2 𝑒

−𝜖 𝑡2 𝑡0׬
𝑡2 𝑑𝑡1 𝑒

−𝜖 𝑡1 𝐻𝐼 𝑡1 , 𝐻𝐼 𝑡2 , ℎ 𝑡 2

Finite terms at infinity!!

𝟏𝟓



▪ Normal modes profile equation:

Euler and Timoshenko rod

𝐷𝐸𝐵 + 𝐷𝑇 𝑦 𝑥, 𝑡 ≡ 0
𝑥

𝑦

𝐷𝐸𝐵 ≡ 𝜕𝑡
2 + 𝜅2𝑐𝐿

2𝜕𝑥
4

𝐷𝑇 ≡
𝜅2

𝑐𝑇
2 𝑆ℎ

𝜕𝑡
4 + 𝜅2 1 +

𝑐𝐿
2

𝑐𝑇
2 𝑆ℎ

𝜕𝑡
2𝜕𝑥

2

BOUNDARIES X=0 X=L

FREE 𝜕𝑥
𝟑𝒚 = 𝜕𝑥

𝟐𝒚 = 𝟎

PINNED 𝒚 = 𝜕𝑥
𝟐𝒚 = 𝟎

𝟏𝟔

▪ String equation: 𝜕𝑡
2 + 𝑐2 𝜕𝑥

2 𝑦 𝑥, 𝑡 ≡ 0

෍

𝑖

𝑀𝑖 ≈ 0

෍

𝑖

𝑀𝑖 ≈ 𝜌 𝐼 𝑑𝑥 𝜕𝑡
2𝜃 ∼ 𝜔2𝜌 𝑑𝑥 𝑆 𝑦

+
𝜔4

𝑐𝐿
2 𝜌 𝑑𝑥 𝑆2 𝑦



▪ Normal modes profile equation:

▪ Schrödinger Equation

Euler-Bernoulli and the 
quantum analogy

𝐷𝐸𝐵 𝑦 𝑥, 𝑡 ≡ 0

𝑥

𝑦

𝐷𝐸𝐵 ≡ 𝜕𝑡
2 + 𝜅2𝑐𝐿

2𝜕𝑥
4

𝐷𝑆 Φ 𝑥, 𝑡 ≡ 0 𝐷𝑆 ≡ 𝑖 𝜕𝑡 +
1

2 𝑚
𝜕𝑥
2

𝐷𝑆
∗𝐷𝑆 Φ 𝑥, 𝑡 ≡ 0 𝐷𝑆𝐷𝑆

∗ ≡ 𝜕𝑡
2 +

1

4 𝑚2 𝜕𝑥
4

𝟏𝟕



▪ Modes damping:

The drum problem

𝟏𝟖

𝒎𝑨𝒊𝒓 ∼ 𝒎𝑩𝒓𝒂𝒏𝒆!!!

𝐀𝐢𝐫

▪ Improvement: Using Helium

𝑍𝐻𝑒 = 2 < 𝑍𝐴𝑖𝑟 ∈ [7, 8]


