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Introduction Factorisation Evolution Factorisation formulae Summary Ex.

The parton model
description for deep inelastic scattering, Drell-Yan process, etc.

� fast-moving hadron
≈ set of free partons (q, q̄, g) with low transverse momenta

� physical cross section
= cross section for partonic process (γ∗q → q, qq̄ → γ∗)
× parton densities

Deep inelastic scattering (DIS): �p → �X Drell-Yan: pp → �+�−X

Nobel prize 1990 for
Friedman, Kendall, Taylor
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Introduction Factorisation Evolution Factorisation formulae Summary Ex.

The parton model
description for deep inelastic scattering, Drell-Yan process, etc.

� fast-moving hadron
≈ set of free partons (q, q̄, g) with low transverse momenta

� physical cross section
= cross section for partonic process (γ∗q → q, qq̄ → γ∗)
× parton densities

Factorisation

� implement and correct parton-model ideas in QCD

• conditions and limitations of validity
kinematics, processes, observables

• corrections: partons interact
αs is small at large scales � perturbation theory

• definition of parton densities in QCD
derive their general properties
make contact with non-perturbative methods
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Introduction Factorisation Evolution Factorisation formulae Summary Ex.

Example: inclusive DIS (deep inelastic scattering)

� σtot(γ
∗p → X)

opt. theorem−→ ImA(γ∗p → γ∗p)

forward amplitude

� measure in ep → eX

γ∗(q) γ∗(q)

p p

� Bjorken limit: Q2 = −q2 → ∞ at fixed xB = Q2/(2p · q)
� ImA(γ∗p → γ∗p) =

hard-scattering coefficient ⊗ parton distribution

• hard-scattering coefficient ∼ ImA(γ∗q → γ∗q) small print → later

• parton densities (PDFs): process independent
also appear in pp → �+�−X, γ∗p → jet+X, . . .
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Example: DVCS (deeply virtual Compton scattering)

� exclusive cross section

∝
��A(γ∗p → γp)

��2

square of amplitude

� measure in ep → epγ

γ∗(q) γ(q′)

p p′

� Bjorken limit: Q2 = −q2 → ∞ at fixed xB and t = (p− p�)2

� A(γ∗p → γp) =

hard-scattering coefficient ⊗ generalized parton distribution

• GPD depends on momentum fractions x, ξ and on t

• hard-scattering coefficient ∼ A(γ∗q → γq)
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Introduction Factorisation Evolution Factorisation formulae Summary Ex.

Example: DVCS (deeply virtual Compton scattering)

� exclusive cross section

∝
��A(γ∗p → γp)

��2

square of amplitude

� measure in ep → epγ

γ∗(q) γ(q′)

p p′

� Bjorken limit: Q2 = −q2 → ∞ at fixed xB and t = (p− p�)2

� A(γ∗p → γp) =

hard-scattering coefficient ⊗ generalized parton distribution

• GPD depends on momentum fractions x, ξ and on t

• hard-scattering coefficient ∼ A(γ∗q → γq) or A(γ∗qq̄ → γ)

both cases included in “⊗” of factorisation formula
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Interlude: DIS structure functions

� aim: separate QED/electroweak

Wµν

Lµν

µ ν

from QCD part

• leptonic tensor Lµν ∝ A�→�+V (µ) [A�→�+V (ν)]
∗ , V = γ∗, Z∗

• hadronic tensor Wµν ∝ Im
�
d4x eiqx �p|Jµ(x)Jν(0)|p�

• σ�+p→�+X ∝ Lµν W
µν

� using symmetries (parity, time reversal, current conservation) get

Wµν(p, q) =

�
−gµν +

qµqν

q2

�
F1(xB , Q2) +

1

pq

�
pµ − pq

q2
qµ

��
pν − pq

q2
qν

�
F2(xB , Q2)

− i�µναβ qαpβ

2pq
F3(xB , Q2) + proton spin dependent terms

F3 only with Z exchange

� σ�+p→�+X expressed through structure functions F1, F2, F3

� analogs for SIDIS �+ p → �+ h+X, Drell-Yan, etc.
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Introduction Factorisation Evolution Factorisation formulae Summary Ex.

Interlude: DIS structure functions

� σ�+p→�+X expressed through
structure functions F1, F2, F3

� valid in any kinematics
no reference to factorisation

� do not confuse structure functions
with parton distributions

� parton model:

F2(x,Q
2) =

�
q
e2q x

�
q(x) + q̄(x)

�

+ Z exchange

� Bjorken scaling: F2 independent of Q2

holds approx. at x ∼ a few 0.1
and large enough Q2

figure: Review of Particle Properties 2020 �� � ��� ��� ��� ��� ��� ���
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Introduction Factorisation Evolution Factorisation formulae Summary Ex.

Factorisation: physics idea and technical implementation

H

A

k

p

q

� idea: separation of physics at different scales

• high scales: quark-gluon interactions
� compute in perturbation theory

• low scale: proton → quarks, antiquarks, gluons
� parton densities

requires hard momentum scale in process
large photon virtuality Q2 = −q2 in DIS
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Factorisation: physics idea and technical implementation

H

A

k

p

q

� implementation: separate process into

• “hard” subgraph H with particles far off-shell
compute in perturbation theory

• “collinear” subgraph A with particles moving along proton
turn into definition of parton density
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Factorisation: physics idea and technical implementation

H

A

k

p

q

� note difference with high-energy/small x factorisation

• separate dynamics according to rapidity (not virtuality) of
particles

• overlap of the factorisation schemes if have strong ordering in
rapidity and virtuality
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Collinear expansion

� graph gives
�
d4kH(k)A(k); simplify further

H

A

k

p

q

� light-cone coordinates: v± = 1√
2
(v0 ± v3), v = (v1, v2)
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Collinear expansion

� graph gives
�
d4kH(k)A(k); simplify further

H

A

k

p

q

� in hard graph neglect small components of external lines
� Taylor expansion

H(k+, k−, kT ) = H(k+, 0, 0) + corrections

� loop integration greatly simplifies:
�
d4k H(k)A(k) ≈

�
dk+ H(k+, 0, 0)

�
dk−d2kT A(k+, k−, kT )

� in hard scattering treat incoming/outgoing partons as
exactly collinear (kT = 0) and on-shell (k− = 0)

� in collin. matrix element integrate over kT and virtuality
� collinear (or kT integrated) parton densities

only depend on k+ = xp+

further subtleties related with spin of partons, not discussed here
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Definition of parton distributions

� matrix elements of quark/gluon operators

H

A

k

p

q

f(x) =

�
dz−

2π
eixp

+z− �
p
�� q̄(0) 1

2
γ+W [0, z] q(z)

��p
����

z+=0, zT=0

q(z) = quark field operator: annihilates quark

q̄(0) = conjugate field operator: creates quark

1
2
γ+ sums over quark spin

�
dz−
2π

eixp
+z− projects on quarks with k+ = xp+

W [0, z] = Wilson line, makes product of fields gauge invariant � later

� analogous definitions for polarised quarks, antiquarks, gluons

� analysis of factorisation used Feynman graphs
but here provide non-perturbative definition
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Definition of parton distributions

� matrix elements of quark/gluon operators

H

A

k

p

q

f(x) =

�
dz−

2π
eixp

+z− �
p
�� q̄(0) 1

2
γ+W [0, z] q(z)

��p
����

z+=0, zT=0

q(z) = quark field operator: annihilates quark and creates antiquark

q̄(0) = conjugate field operator: creates quark and annihilates antiquark

� matrix element generates both quark and antiquark distributions:

f(x) =

�
q(x) for x > 0,

−q̄(−x) for x < 0 minus sign from dd† = −d†d
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Introduction Factorisation Evolution Factorisation formulae Summary Ex.

Lowest order results for DIS and DVCS

q

k −k

q

� hard-scattering part of handbag graphs: kinematics

M. Diehl Nucleon partonic structure: concepts and measurements 16



Introduction Factorisation Evolution Factorisation formulae Summary Ex.

Lowest order results for DIS and DVCS

q

k −k

q

� hard-scattering part of handbag graphs: kinematics
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Lowest order results for DIS and DVCS

q

k −k

q

� hard-scattering part of handbag graphs:

1

x− xB + iε
+ {crossed graph} = PV

1

x− xB
− iπδ(x− xB) + {crossed graph}

� for DIS:

σtot ∝ ImA(γ∗
T p → γ∗

T p) =
�

q

(eeq)
2�q(xB) + q̄(xB)

�

A(γ∗
Lp → γ∗

Lp) = 0

2xBF1 = F2 = xB

�

q

e2q
�
q(xB) + q̄(xB)

�
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Lowest order results for DIS and DVCS

q

k −k

q

� hard-scattering part of handbag graphs:

1

x− xB + iε
+ {crossed graph} = PV

1

x− xB
− iπδ(x− xB) + {crossed graph}

� for DVCS:

A(γ∗
T p → γT p) =

�

q

(eeq)
2

�
PV

�
dx

GPD(x, xB , t)

xB − x
+ iπGPD(xB , xB , t)

�

+ {crossed graph}
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Factorisation for pp collisions

� example: Drell-Yan process pp → γ∗ +X → µ+µ− +X
where X = any number of hadrons

� one parton distribution for each proton × hard scattering
� deceptively simple physical picture
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Introduction Factorisation Evolution Factorisation formulae Summary Ex.

Factorisation for pp collisions

� example: Drell-Yan process pp → γ∗ +X → µ+µ− +X
where X = any number of hadrons

� one parton distribution for each proton × hard scattering
� deceptively simple physical picture

� “spectator” interactions produce additional particles
which are also part of unobserved system X (“underlying event”)

� need not calculate this thanks to unitarity
as long as cross section/observable sufficiently inclusive

� but must calculate/model if want more detail on the final state
� factorisation does not work for all observables
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More complicated final states

� production of W,Z or other colourless particle (Higgs, etc)
same treatment as Drell-Yan

� jet production in ep or pp: hard scale provided by pT

� heavy quark production: hard scale is mc, mb, mt

Importance of factorisation concept

� describe high-energy processes: study electroweak physics, search
for new particles, e.g.

• discovery of top quark at Tevatron (p+ p̄ at
√
s = 1.8TeV)

• measurement of W mass at Tevatron and LHC
• determination of Higgs boson properties at LHC

� determine parton densities as a tool to make predictions
and to learn about proton structure
� require many processes to disentangle quark flavours and gluons
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Introduction Factorisation Evolution Factorisation formulae Summary Ex.

Fragmentation
� cross DIS eh → e+X to e+e− → h̄+X

i.e., γ∗h → X to γ∗ → h̄+X

H

A

H

A

M. Diehl Nucleon partonic structure: concepts and measurements 23



Introduction Factorisation Evolution Factorisation formulae Summary Ex.

Fragmentation
� cross DIS eh → e+X to e+e− → h̄+X

i.e., γ∗h → X to γ∗ → h̄+X

H

A

H

A

� or Drell-Yan h1h2 → γ∗ +X to γ∗ → h̄1h̄2 +X

H

A

+ +

B

− −

H

A

+ +

B

− −
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Fragmentation
� cross DIS eh → e+X to e+e− → h̄+X

i.e., γ∗h → X to γ∗ → h̄+X

H

A

H

A

� or Drell-Yan h1h2 → γ∗ +X to SIDIS γ∗h1 → h̄2 +X

H

A

+ +

B

− −

A

H

B

+

− −

+
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Fragmentation functions

� replace parton density k+ = xp+

f(x) =

�
dξ−

4π
eiξ

−p+x �h|q̄(0)γ+W (0, ξ−)q(ξ−)|h�

=
�

X

�
dξ−

4π
eiξ

−p+x

×
�

X

�
h
��(q̄(0)γ+)αW (0,∞)

��X
� �

X
��W (∞, ξ−)qα(ξ

−)
��h
�

by fragmentation function p+ = zk+

D(z) =
1

2Ncz

�
dξ−

4π
eiξ

−p+/z

×
�

X

�
0
��W (∞, ξ−)qα(ξ

−)
��h̄X

� �
h̄X�

��(q̄(0)γ+)αW (0,∞)
��0
�

Nc = 3 number of colours
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A closer look at one-loop corrections

� example: DIS

� UV divergences removed by standard renormalisation

� soft divergences cancel in sum over graphs

� collinear div. do not cancel, have integrals

�

0

dk2T
k2T

what went wrong?
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Introduction Factorisation Evolution Factorisation formulae Summary Ex.

� hard graph should not contain internal collinear lines
collinear graph should not contain hard lines

� must not double count � factorisation scale µ

k

� with cutoff: take kT > µ
1/µ ∼ transverse resolution

take kT < µ
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Introduction Factorisation Evolution Factorisation formulae Summary Ex.

� hard graph should not contain internal collinear lines
collinear graph should not contain hard lines

� must not double count � factorisation scale µ

k

� with cutoff: take kT > µ
1/µ ∼ transverse resolution

� in dim. reg.:
subtract collinear divergence

take kT < µ

subtract ultraviolet div.
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The evolution equations

� DGLAP equations

d

d log µ2
f(x, µ) =

� 1

x

dx�

x� P
� x

x�

�
f(x�, µ) =

�
P ⊗ f(µ)

�
(x)

� P = splitting functions x′

x

• have perturbative expansion

P (x) = αs(µ) P
(0)(x) + α2

s(µ)P
(1)(x) + α3

s(µ)P
(2)(x) . . .

fully known to 3 loops, partially to 4 loops
Moch et al. 2004, 2017

• contains terms ∝ δ(1− x) from virtual corrections x′

x
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� quark and gluon densities mix under evolution:

� matrix evolution equation

d

d log µ2
fi(x, µ) =

�

j=q,q̄,g

�
Pij ⊗ fj(µ)

�
(x) (i, j = q, q̄, g)

Pgq

PqgPqq

Pgg

� parton content of proton depends on resolution scale µ
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Mellin moments

� Mellin moments: M(j) =
� 1

0
dx xj−1 f(x)

� anomalous dimensions: γ(j) =
� 1

0
dx xj−1 P (x)

df(x)

d log µ2
= (P ⊗ f)(x) ⇒ dM(j)

d log µ2
= γ(j)M(j) Exercise

� flavour non-singlet combinations (e.g. fu − fd) do not mix with fg:

same solution as RGE for running quark mass
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Mellin moments

� Mellin moments: M(j) =
� 1

0
dx xj−1 f(x)

� matrix element definition

f(x) =

�
dz−

2π
eixp

+z− �
p
�� q̄(− 1

2
z) 1

2
γ+W [− 1

2
z, 1

2
z] q( 1

2
z)

��p
����

z+=0, zT=0

operator identity (Exercise: verify for n = 1 and n = 2)

�
dx xn−1

�
dz− eixp

+z− q̄(− 1
2
z)γ+W [− 1

2
z, 1

2
z] q( 1

2
z)
��
z+=0, zT=0

∝ q̄(z)γ+
�
D
↔+(z)

�n−1
q(z)

��
z=0

with D
↔

= 1
2
(D
→ −D

←
) , D

→
(z) = ∂z + igA(z) , D

←
(z) = ∂

←
z − igA(z)

⇒
� 1

−1
dx xn−1 f(x) = matrix element of a local operator

=





� 1
0 dx xn−1 [q(x)− q̄(x)] for odd n

� 1
0 dx xn−1 [q(x) + q̄(x)] for even n
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Factorisation formulae

� example: p+ p → H +X

σ(p+ p → H +X) =
�

i,j=q,q̄,g

�
dxi dxj fi(xi, µF ) fj(xj , µF )

× σ̂ij

�
xi, xj ,αs(µR), µR, µF ,mH

�
+O

�
Λ2

m4
H

�

• σ̂ij = cross section for hard scattering i+ j → H +X

mH provides hard scale

• µR = renormalisation scale, µF = factorisation scale
may take different or equal

• µF dependence in C and in f cancels up to higher orders in αs

similar discussion as for µR dependence

• accuracy: αs expansion and power corrections O(Λ2/m2
H)

� can make σ and σ̂ differential in kinematic variables, e.g. pT of H
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Scale dependence
examples: rapidity distributions in Z/γ∗ and in Higgs production

Anastasiou, Dixon, Melnikov, Petriello, hep-ph/0312266 Anastasiou, Melnikov, Petriello, hep-ph/0501130

µF = µR = µ varied within factor 1/2 to 2
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Scale dependence
example: inclusive Higgs production

pp → H + X

LO NLO

NNLO N3LO

30 50 70 90 110 130 150 170 190 210 230 250

10

20

30

40

50

μ [GeV]

σ
[p
b
]

LHC 13 TeV

PDF4LHC15.0

P P -> H+X

Mistlberger, arXiv:1802.00833
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LO, NLO, and higher

� instead of varying scale(s) may estimate higher orders by comparing
NnLO result with Nn−1LO

� caveat: comparison NLO vs. LO may not be representative for
situation at higher orders

often have especially large step from LO to NLO

� certain types of contribution may first appear at NLO
e.g. terms with gluon density g(x) in DIS, pp → Z +X, etc.

� final state at LO may be too restrictive

e.g. in
dσ

dET1 dET2
for dijet production

ET1

ET2

ET1

ET2
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Summary of part 3
Factorisation

� implements ideas of parton model in QCD

• perturbative corrections (NLO, NNLO, N3LO, . . . )
• field theoretical def. of parton densities

� bridge to non-perturbative QCD

� valid for sufficiently inclusive observables

and up to power corrections in Λ/Q or (Λ/Q)2

which are most often not calculable

� must in a consistent way

• remove collinear kinematic region in hard scattering
• remove hard kinematic region in parton densities

↔ UV renormalisation

this introduces factorisation scale µF

• separates “collinear” from “hard”, “object” from “probe”
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Factorisation at work
�
L dt

[fb−1]
Reference

ZZjj EWK
WZjj EWK

W±W±jj EWK

γγ→WW

Zγjj EWK
WWγ

Wγγ
Zγγt̄tt̄t

γγγ
Zjj EWK

Wjj EWK
WWZ

WWW

t̄tγ

t̄tZ
t̄tW

WV

Zγ
Wγ

γγ

ZZ

WZ

WW

tZj
Wt

ts−chan
tt−chan

t̄t

Z

W

γ

Dijets R=0.4

Jets R=0.4

pp inelastic

pp

139 arXiv:2004.10612 [hep-ex]
20.3 PRD 93, 092004 (2016)
36.1 PLB 793 92019) 469
20.3 PRD 96, 012007 (2017)
36.1 PRL 123, 161801 (2019)

total 20.2 PRD 94 (2016) 032011
139 PLB 816 (2021) 136190
20.3 JHEP 07 (2017) 107
139 ATLAS-CONF-2021-038
20.2 EPJC 77 (2017) 646
20.3 PRL 115, 031802 (2015)
20.3 PRD 93, 112002 (2016)
139 arXiv:2106.11683
20.2 PLB 781 (2018) 55
20.3 JHEP 04, 031 (2014)
139 EPJC 81 (2021) 163
4.7 EPJC 77 (2017) 474
20.2 EPJC 77 (2017) 474
79.8 PLB 798 (2019) 134913
139 ATLAS-CONF-2021-039
4.6 PRD 91, 072007 (2015)
20.2 JHEP 11 (2017) 086
36.1 EPJC 79 (2019) 382
20.3 JHEP 11, 172 (2015)
139 arXiv:2103.12603
20.3 JHEP 11, 172 (2015)
36.1 PRD 99, 072009 (2019)
4.6 JHEP 01, 049 (2015)
20.2 EPJC 77 (2017) 563
4.6 PRD 87, 112003 (2013)
20.3 PRD 93, 112002 (2016)
36.1 JHEP 03 (2020) 054
4.6 PRD 87, 112003 (2013)

E γ
T
>25 (22) GeV 4.9 JHEP 01, 086 (2013)

E γ
T
>40 (30) GeV 20.2 PRD 95 (2017) 112005
E γ
T
>40 (30) GeV 139 arXiv:2107.09330 [hep-ex]

4.6 JHEP 03, 128 (2013)
20.3 JHEP 01, 099 (2017)
36.1 PRD 97 (2018) 032005
4.6 EPJC 72 (2012) 2173
20.3 PRD 93, 092004 (2016)
36.1 EPJC 79 (2019) 535
4.6 PRD 87, 112001 (2013)
20.3 PLB 763, 114 (2016)
36.1 EPJC 79 (2019) 884
139 JHEP 07 (2020) 124
2.0 PLB 716, 142-159 (2012)
20.3 JHEP 01, 064 (2016)
3.2 JHEP 01 (2018) 63
20.3 PLB 756, 228-246 (2016)
4.6 PRD 90, 112006 (2014)
20.3 EPJC 77 (2017) 531
3.2 JHEP 04 (2017) 086
0.3 ATLAS-CONF-2021-003
4.6 EPJC 74 (2014) 3109
20.2 EPJC 74 (2014) 3109
36.1 EPJC 80 (2020) 528
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4.6 JHEP 02 (2017) 117
20.2 JHEP 02 (2017) 117
3.2 JHEP 02 (2017) 117

0.025 EPJC 79 (2019) 128
4.6 EPJC 77 (2017) 367
20.2 EPJC 79 (2019) 760

0.081 PLB 759 (2016) 601
pT > 100 GeV 4.6 PRD 89, 052004 (2014)

pT > 25 GeV 20.2 JHEP 06 (2016) 005
pT > 125 GeV 3.2 PLB 2017 04 072

4.5 JHEP 05, 059 (2014)
3.2 JHEP 09 (2017) 020
4.5 JHEP 02, 153 (2015)
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Exercises

1. Light-cone coordinates

• Derive the relations

d4v = dv+ dv− d2v , ∂+
v = ∂/(∂v−) , ∂−

v = ∂/(∂v+) ,

where ∂µ
v = ∂/(∂vµ) and v is the transverse part of the vector.

• Show that under a boost along the z axis, the light-cone
plus-component transforms as v+ → αv+, where α
characterises the boost.

2. Kinematics of DIS
Consider a frame in which the proton and photon momenta, p and
q, have zero transverse components.

• Derive the explicit forms of p+, p−, q+, q− in the Bjorken limit
for (i) the proton rest frame and (ii) the γ∗p centre-of-mass.
You can neglect m2 � Q2 and use q+ = −xB p+.

• Express p+/q+ in terms of xB , Q
2 and m2, without neglecting

the proton mass.
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Exercises

3. Mellin moments (slides 32–33)

• Derive the evolution equation of the Mellin moment M(j)
from the one for f(x).

• Compute M(j) for f(x) = x−α(1− x)β and discuss its
analytic structure in the complex j plane.

• Show that the inverse of the Mellin transform

M(j) =

� 1

0

dx xj−1f(x) (1)

is f(x) =
1

2πi

c+i∞�

c−i∞

dj x−j M(j) , (2)

where c is a real constant. The path of integration thus is a
vertical line in the complex j plane, and it must be to the right
of all singularities of M(j). Hint: insert (1) into (2) and
rewrite the integration over j as a Fourier transform.
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Exercises

3. Mellin moments (continued)

• Verify the operator relation on slide 33 for n = 1 and n = 2.

The Wilson line is defined as

W [z0, z1] = P exp

�
ig

� z−1

z−0

dy−A+(z+0 , y−, z0)

�

for the light-like path with z+0 = z+1 and z0 = z1.

The path ordering P acts such that, when one Taylor expands
the exponential, the fields A+(y1) · · ·A+(yn) are ordered
along the integration path, starting with z0 and ending with
z1. (Recall that A

+ is a matrix in colour space.)

To simplify the calculation, you could first consider the case
with light-cone gauge, A+(z) = 0.
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Exercises

4. Step functions and Fourier transform

• Show that
�

d�

2π
ei�y

i

�− i�
= −θ(y) ,

�
d�

2π
ei�y

i

�+ i�
= θ(−y) .

Hint: the integrals can be done in the complex � plane using
the residue theorem.

Note: we will use these relations in the lecture on TMDs.
They are useful when manipulating Wilson lines W [z0, z1] (see
previous page) with z−1 → ∞ or z−0 → −∞.
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