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Key information from GPDs

•Multidimensional picture of the proton in the 1+2D 

•Decomposition of Form Factors as function of x 

•Sum rule for Angular Momentum  

•Access to Form Factors of Energy Momentum Tensor

 “mechanical” properties of the nucleon



How can we built up  
a multidimensional picture  

of the nucleon ?



Vector:
Parton number

Axial:
Parton helicity

Tensor:
Parton transversity

Charges

 Charges

Depend on
⇤, ⇤0, �: nucleon and quark polarizations
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~� = 0

FFs

Charges

Elastic Scattering

FFs

Depend on

⇤, ⇤0, � : nucleon and quark polarizations

 Form Factors (FFs)

� : momentum transfer ~�? ~b?
FT

: impact parameter
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~b?

Form Factors:  

0D+2D map
(Fourier transformed) 



x =
k+

p+

Depend on

: longitudinal momentum fraction

⇤, ⇤0, � : nucleon and quark polarizations

 Parton Distribution Functions (PDFs)

x FFs

Charges

PDFs

~� = 0

1

2

Z
dz�

2⇡
eik

+z�
hp+, ~0?, ⇤0| ̄(�z

2
)�W  (

z

2
)|p+, ~0?, ⇤iz+=0,z?=0



PDFs

Deep Inelastic Scattering

x =
k+

p+

Depend on

: longitudinal momentum fraction

⇤, ⇤0, � : nucleon and quark polarizations

 Parton Distribution Functions (PDFs)

x FFs

Charges

PDFs

~� = 0

1

2

Z
dz�

2⇡
eik

+z�
hp+, ~0?, ⇤0| ̄(�z

2
)�W  (

z

2
)|p+, ~0?, ⇤iz+=0,z?=0



Parton Distribution 
Functions:1D+0D map 



x FFs

Charges

PDFs

GPDs

~� = 0

 Generalized Parton Distributions (GPDs)

Depend on

: longitudinal momentum fraction

⇤, ⇤0, � : nucleon and quark polarizations

� : momentum transfer ~�? ~b?
FT

: impact parameter

non-diagonal matrix elements
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x FFs

Charges

PDFs

GPDs

~� = 0

Deeply Virtual Compton 
Scattering

GPDs

x+ ⇠ x� ⇠
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2P+

 Generalized Parton Distributions (GPDs)

Depend on

: longitudinal momentum fraction

⇤, ⇤0, � : nucleon and quark polarizations

� : momentum transfer ~�? ~b?
FT

: impact parameter

non-diagonal matrix elements
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Generalized Parton 
Distributions 
(Fourier transformed) 
 1D+2D map 



How to access GPDs

N(p) N(p0)
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How to access GPDs

N(p) N(p0)

��⇤(Q2)

factorization for large Q2,  |t|<< Q2 , s
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How to access GPDs

N(p) N(p0)

��⇤(Q2)

factorization for large Q2,  |t|<< Q2 , s

�⇤(Q2)

GPDs

N(p) N(p0)

�

M =[parton Ampl.]⌦ [GPDs]

t

e�
e�

universality: the same GPDs enter a variety of exclusive reactions
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GPDs

�, �⇤,⇡, ⇢, ⇢⇢, . . .



Leading-Twist GPDs

average fraction of the longitudinal  
momentum carried by partons

skewness parameter: fraction of 
longitudinal momentum transfer

t-channel momentum 
transfer squared

GPDs depend on two momentum fractions         and  !
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Quark polarization

⇠-odd

(⇤0,⇤) (�0,�)✦ Helicity structure: quarknucleon



Need of a gauge link
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Wilson line definition of GPDs

for convenience, choose light-cone gauge: A+ = 0  in which U = 1   

 exchange of more than 2 partons between hard scattering process (H) and soft amplitude (A)  
is suppressed except for gluons with polarization A+ 
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Partonic interpretation
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Good and bad components

• Decompose the four-component fermion field in bad (-) and good (+) components

 + = P+  � = P� with                and

• Projecting the Dirac equation and using the light-cone gauge

 =  + +  �

independent dynamical degree of freedomconstrained field

P� = 1
2�

+��P+ = 1
2�

��+• Properties of projector operators:

P+ + P� = I (P�)2 = P�(P+)2 = P+ P+P� = P�P+ = 0

A+ = 0

R. Jaffe, hep-ph/9602236
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Light-Cone Dirac Spinor
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Partonic interpretation of GPDs
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non-diagonal matrix elements of 
momentum-density matrix

 we loose the probabilistic 
interpretation of the PDF 

 we gain information on the  
quark-momentum correlation
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<latexit sha1_base64="AzGm1vqgxY8H1RH3Pxgbv171fPQ=">AAACIHicbVDLSgMxFM3UVx1fVZduBosgFspMBetGKLhxWcE+oJ0OmfROG5rJjElGLEM/xY2/4saFIrrTrzF9LGrrgcDhnHOT3OPHjEpl299GZmV1bX0ju2lube/s7uX2D+oySgSBGolYJJo+lsAoh5qiikEzFoBDn0HDH1yP/cYDCEkjfqeGMbgh7nEaUIKVlrxcue1Dj/IU7jkWAg/PRuajR6/agcAkjTsFj47SaqcwMtvAu3MpL5e3i/YE1jJxZiSPZqh6ua92NyJJCFwRhqVsOXas3BQLRQkDfX8iIcZkgHvQ0pTjEKSbThYcWSda6VpBJPThypqo8xMpDqUchr5Ohlj15aI3Fv/zWokKLt2U8jhRwMn0oSBhloqscVtWlwogig01wURQ/VeL9LHuRulOTV2Cs7jyMqmXis55sXRbylcuZnVk0RE6RqfIQWVUQTeoimqIoCf0gt7Qu/FsvBofxuc0mjFmM4foD4yfX6jjo9g=</latexit>

NX

i=1

xi = 1
<latexit sha1_base64="IPCivfUSVKVk4kELkosaelqxQcY=">AAACHXicbVDLSgMxFM3UV62vqks3wSKIizJTRd0IBTeupIJ9QFuHTHqnDc1kxiQjlqE/4sZfceNCERduxL8xbWdRWw8EDuecy809XsSZ0rb9Y2UWFpeWV7KrubX1jc2t/PZOTYWxpFClIQ9lwyMKOBNQ1UxzaEQSSOBxqHv9y5FffwCpWChu9SCCdkC6gvmMEm0kN3/S8qDLRAL3gkhJBkfDXEvFgZuwC2d4d40fXUNyLRCdqYibL9hFeww8T5yUFFCKipv/anVCGgcgNOVEqaZjR7qdEKkZ5WBWxgoiQvukC01DBQlAtZPxdUN8YJQO9kNpntB4rE5PJCRQahB4JhkQ3VOz3kj8z2vG2j9vJ0xEsQZBJ4v8mGMd4lFVuMMkUM0HhhAqmfkrpj0iCdWm0JwpwZk9eZ7USkXnuFi6KRXKp2kdWbSH9tEhctAZKqMrVEFVRNETekFv6N16tl6tD+tzEs1Y6cwu+gPr+xdzBKIU</latexit>

NX

i=1

~ki? = ~0?
<latexit sha1_base64="pY8KO65hR4xlWnREVqGPEry6OM8="></latexit>

Frame Independent



DGLAP 
region

DGLAP 
region

ERBL 
region

interference of probability amplitudes

probability density Diehl, Feldmann, Jakob, Kroll, NPB596, 2001 
Diehl, Hwang, Brodsky, NPB596, 2001  
Boffi, Pasquini, NPB649, 2003 

Light-Front Wave Function Overlap Representation

GPDs ⇠
X

N

Z
[d3k]N  

⇤
N (k0N ) N (kN )�(. . . )

<latexit sha1_base64="YUBenYrkgrWoHi0gceEP22UAlYI=">AAACgHicbVFbb9MwFHbCbZRbgUdeLCpENpWSZF07eJoEEjxVRaLbpDiLHOe0sxI7me0gVVF+B/+LN34MEk7bh7HxSZY+f+d+TloVXBvf/+24d+7eu/9g72Hv0eMnT5/1n7841WWtGCxYWZTqPKUaCi5hYbgp4LxSQEVawFmaf+rsZz9AaV7K72ZdQSzoSvIlZ9RYKen/JCmsuGzgSlKl6Pqgbcgma6RWadz4ow/Hk3A8Gfoj35 8GYdCRcDo+HFs/JfCX+WfdtphoLoiuRTLDhEuDo+ziEOdxMiNDTOaaJ7OLAy9/m8z2tz8v72gGhaEeyUqj9zEBmV3rIukPupId8G0S7MgA7TBP+r9sIlYLkIYVVOso8CsTN1QZzgpoe6TWUFGW0xVElkoqQMfNZtQWv7FKhpelss+2v1GvRzRUaL0WqfUU1Fzqm7ZO/J8tqs3yOG64rGoDkm0LLesCmxJ318AZV8BMsbaEMsVtr5hdUkWZsTfr2SUEN0e+TU7DUTAeHX0LByeT3Tr20Cv0GnkoQFN0gr6iOVoghv44A2fovHNd13Pfu8HW1XV2MS/RP3A//gXY9b0T</latexit>

PDFs ⇠
X

N

Z
[d3k]N | N (kN )|2�(. . . )

<latexit sha1_base64="/M0wqtILHeBXG6qyN8x+WgP3zDk=">AAACdnicbZHLbhMxFIY9w62EW4AVQkJWo4oUVZEdoE13lUCIVRQk0lYaT0cez0lqxfYMtgcpms4j8HLseA42LHHSLErLkSx9+s/xueaVks4T8iuKb92+c/fe1v3Og4ePHj/pPn127MraCpiKUpX2NOcOlDQw9dIrOK0scJ0rOMkXH1b+k+9gnSzNV7+sINV8buRMCu6DlHV/sBzm0jTwzXBr+fJN27B11sTO87QhA0IIpXRvBf RgnwQ4PBwN6SjEWY0nHz+5tsXMSc1crbMxZtJ4nBRnb/EizcZsD1+wiZPZuL/IxrsXZ0NWgPK8z4rSu13MwBRXamfd3rpiMHwT6AZ6aGOTrPszJBK1BuOF4s4llFQ+bbj1UihoO6x2UHGx4HNIAhquwaXNesAW7wSlwLPShheaXqtXfzRcO7fUeYjU3J+7676V+D9fUvvZKG2kqWoPRlwWmtUK+xKvboALaUF4tQzAhZWhVyzOueXCh0t1whLo9ZFvwvFwQN8N3n8Z9o72N+vYQi/RNuojig7QEfqMJmiKBPodvYi2o170J34V78SvL0PjaPPnOfrHYvIXbiS63A==</latexit>



Properties of GPDs

• Forward limit: ordinary parton distributions

unpolarized quark distributions

long. polarized quark distributions

x > 0
<latexit sha1_base64="CDe9L74RoM+eJyXue3G4H2BxHBU=">AAACDXicbVA9SwNBEN2LX/H8ilraLEZBLMJdLEwlARvLCOYDkiPs7U2SJXt75+6eGI78ARv/io2FIrb2dv4bN8kVMfHBwOO9GWbm+TFnSjvOj5VbWV1b38hv2lvbO7t7hf2DhooSSaFOIx7Jlk8UcCagrpnm0IolkNDn0PSH1xO/+QBSsUjc6VEMXkj6gvUYJdpI3cJJx4c+EyncCyIlGZ2P7ccrpwMimJO6haJTcqbAy8TNSBFlqHUL350gokkIQlNOlGq7Tqy9lEjNKIex3UkUxIQOSR/ahgoSgvLS6TdjfGqUAPciaUpoPFXnJ1ISKjUKfdMZEj1Qi95E/M9rJ7pX8VIm4kSDoLNFvYRjHeFJNDhgEqjmI0MIlczciumASEK1CdA2IbiLLy+TRrnkXpTKt+VitZLFkUdH6BidIRddoiq6QTVURxQ9oRf0ht6tZ+vV+rA+Z605K5s5RH9gff0Cyyyb+Q==</latexit>

x < 0
<latexit sha1_base64="xUxsldVbsuK0LzzJdjxHkzPG7G8=">AAACDXicbVA9SwNBEN2LX/H8ilraLEZBLMJdLExhEbCxjGA+IDnC3t4kWbK3d+7uieHIH7Dxr9hYKGJrb+e/cZNcERMfDDzem2Fmnh9zprTj/Fi5ldW19Y38pr21vbO7V9g/aKgokRTqNOKRbPlEAWcC6pppDq1YAgl9Dk1/eD3xmw8gFYvEnR7F4IWkL1iPUaKN1C2cdHzoM5HCvSBSktH52H68cjoggjmpWyg6JWcKvEzcjBRRhlq38N0JIpqEIDTlRKm268TaS4nUjHIY251EQUzokPShbaggISgvnX4zxqdGCXAvkqaExlN1fiIloVKj0DedIdEDtehNxP+8dqJ7FS9lIk40CDpb1Es41hGeRIMDJoFqPjKEUMnMrZgOiCRUmwBtE4K7+PIyaZRL7kWpfFsuVitZHHl0hI7RGXLRJaqiG1RDdUTRE3pBb+jderZerQ/rc9aas7KZQ/QH1tcvyASb9w==</latexit>

: quarks : antiquarks

analogous relations for gluons, except for transversity distribution 

eHq(x, ⇠ = 0, t = 0) = �q(x)
<latexit sha1_base64="TugKthKgL00W1w0xZzzz9N3Olfw="></latexit>

H
q(x, ⇠ = 0, t = 0) = q(x)

<latexit sha1_base64="ssR1Hm9bzMSohBIG8JZZ6NYfA2k="></latexit>

H
q
T (x, ⇠ = 0, t = 0) = h1(x)

<latexit sha1_base64="SI+wsr+Wbb+l30o83hV7LaROBGg="></latexit>

 transv. polarized quark distributions

• all the other GPDs do NOT appear in inclusive DIS =)
<latexit sha1_base64="bIBsrxuPsqhgjV3dV1xofUU3XA4=">AAACGnicbVDLSsNAFJ34rPFVdekmWARxUZK6sMuCGxcuKtgHNKFMpjfp0MlMnJkoJfQ73Pgrblwo4k7c+DdOH4vaeuDC4Zx7ufeeMGVUadf9sVZW19Y3Ngtb9vbO7t5+8eCwqUQmCTSIYEK2Q6yAUQ4NTTWDdioBJyGDVji4GvutB5CKCn6nhykECY45jSjB2kjdoueHEFOewz3HUuLh+cj2bwSPJY372iji0faB9+b8brHklt0JnGXizUgJzVDvFr/8niBZAlwThpXqeG6qgxxLTQkDsy9TkGIywDF0DOU4ARXkk9dGzqlRek4kpCmunYk6P5HjRKlhEprOBOu+WvTG4n9eJ9NRNcgpTzMNnEwXRRlztHDGOTk9KoFoNjQEE0nNrQ7pY4mJNmnaJgRv8eVl0qyUvYty5bZSqlVncRTQMTpBZ8hDl6iGrlEdNRBBT+gFvaF369l6tT6sz2nrijWbOUJ/YH3/AqVIodQ=</latexit>

new information 

• They all depend on the renormalisation scale (             )   
with different evolution equations in the DGLAP and ERBL regions 

µ2 = Q2
<latexit sha1_base64="0kCxzE2yrzkQxCNBuKGnR/5UdJ0=">AAACFHicbVBNS8NAEN3Urxq/qh69BIsgCiWJB3sRCl48tmA/oE3LZjNtl242cXcjlNAf4cW/4sWDIl49ePPfuG1zqK0PBh7vzTAzz48Zlcq2f4zc2vrG5lZ+29zZ3ds/KBweNWSUCAJ1ErFItHwsgVEOdUUVg1YsAIc+g6Y/up36zUcQkkb8Xo1j8EI84LRPCVZa6hUuOz4MKE/hgWMh8PhiYnbCpOve1Lqu2QEeLDi9QtEu2TNYq8TJSBFlqPYK350gIkkIXBGGpWw7dqy8FAtFCQO9KZEQYzLCA2hrynEI0ktnT02sM60EVj8SuriyZuriRIpDKcehrztDrIZy2ZuK/3ntRPXLXkp5nCjgZL6onzBLRdY0ISugAohiY00wEVTfapEhFpgonaOpQ3CWX14lDbfkXJXcmluslLM48ugEnaJz5KBrVEF3qIrqiKAn9ILe0LvxbLwaH8bnvDVnZDPH6A+Mr19PDJ5P</latexit>



Properties of GPDs

Z

<latexit sha1_base64="hiFAU11UXDuGpLxTuGgb7ykWh54=">AAACDnicbVBNS8NAEN3Ur1q/oh69BEtBPJSkHvRY8KK3CvYDmlA2m0m7dLOJuxshhP4CL/4VLx4U8erZm//GbZtDbX0w8Hhvhpl5fsKoVLb9Y5TW1jc2t8rblZ3dvf0D8/CoI+NUEGiTmMWi52MJjHJoK6oY9BIBOPIZdP3x9dTvPoKQNOb3KkvAi/CQ05ASrLQ0MGuuD0PKc3jgWAicnU8qLuXKBR4saAOzatftGaxV4hSkig q0Bua3G8QkjYArwrCUfcdOlJdjoShhoHekEhJMxngIfU05jkB6+eydiVXTSmCFsdDFlTVTFydyHEmZRb7ujLAayWVvKv7n9VMVXnk55UmqgJP5ojBlloqtaTZWQAUQxTJNMBFU32qRERaYKJ1gRYfgLL+8SjqNunNRb9w1qs3bIo4yOkGn6Aw56BI10Q1qoTYi6Am9oDf0bjwbr8aH8TlvLRnFzDH6A+PrFy2ZnNU=</latexit>

GPDs FFs

p,⇤
<latexit sha1_base64="SbfWeqvb9GuNkhfCiJGZQ6UO6Pg=">AAACFHicbVDLSsNAFJ3Ud3xFXboJFkFUSlJBXRbcuHChYB/QlHIzua2Dk0mcmQgl9CPc+CtuXCji1oU7/8bpY1FbD1w4nHPvzL0nTDlT2vN+rMLc/MLi0vKKvbq2vrHpbG3XVJJJilWa8EQ2QlDImcCqZppjI5UIccixHt5fDPz6I0rFEnGreym2YugK1mEUtJHazlEQYpeJHB8ESAm9w76dHgdX5oEI7ABFNOG0naJX8oZwZ4k/JkUyxnXb+Q6ihGYxCk05KNX0vVS3cpCaUY59O8gUpkDvoYtNQwXEqFr58Ki+u2+UyO0k0pTQ7lCdnMghVqoXh6YzBn2npr2B+J/XzHTnvJUzkWYaBR191Mm4qxN3kJAbMYlU854hQCUzu7r0DiRQbXK0TQj+9MmzpFYu+Sel8k25WDkdx7FMdskeOSA+OSMVckmuSZVQ8kReyBt5t56tV+vD+hy1FqzxzA75A+vrF8dTnpo=</latexit>

p0,⇤0
<latexit sha1_base64="E9BjreuKPJfpFzD9vK+neIMxv/c=">AAACFnicbVBNS8NAEN3Urxq/qh69BIsooiWpoB4LXjx4qGBVaEqZbKZ16WYTdzdCCP0VXvwrXjwo4lW8+W/ctjn49WDg8d7M7swLEs6Udt1PqzQ1PTM7V563FxaXllcqq2uXKk4lxRaNeSyvA1DImcCWZprjdSIRooDjVTA4GflXdygVi8WFzhLsRNAXrMcoaCN1K/t+gH0mcrwVICVku0M72d7zz8wLIWzbPorwm9etVN2aO4bzl3gFqZICzW7lww9jmkYoNOWgVNtzE93JQWpGOQ5tP1WYAB1AH9uGCohQdfLxWUNnyyih04ulKaGdsfp9IodIqSwKTGcE+kb99kbif1471b3jTs5EkmoUdPJRL+WOjp1RRk7IJFLNM0OASmZ2degNSKDaJGmbELzfJ/8ll/Wad1Crn9erjcMijjLZIJtkh3jkiDTIKWmSFqHknjySZ/JiPVhP1qv1NmktWcXMOvkB6/0LoBKe/A==</latexit>

eix̄P
+z�

dx̄
<latexit sha1_base64="hcMZjQo+wEflA4cIjsgmWKRrVOg=">AAACJXicbVDLSgMxFM3Ud31VXboJFkEUy0xd6EJEcOOyglWh05Y7mds2NJMZk4xYh/6MG3/FjQtFBFf+iuljodUDgcM553JzT5AIro3rfjq5qemZ2bn5hfzi0vLKamFt/UrHqWJYZbGI1U0AGgWXWDXcCLxJFEIUCLwOumcD//oOleaxvDS9BOsRtCVvcQbGSs3CsR9gm8sMbyUoBb3dfh4bGfcDUPSeVhp79KGx36fhSPBRhj+izULRLblD0L/EG5MiGaPSLLz5YczSCKVhArSueW5i6hkow5nAft5PNSbAutDGmqUSItT1bHhln25bJaStWNknDR2qPycyiLTuRYFNRmA6etIbiP95tdS0juoZl0lqULLRolYqqInpoDIacoXMiJ4lwBS3f6WsAwqYscXmbQne5Ml/yVW55B2Uyhfl4unJuI55skm2yA7xyCE5JeekQqqEkUfyTF7Jm/PkvDjvzscomnPGMxvkF5yvb1RIpSE=</latexit>[

<latexit sha1_base64="b6iUt+NDAFhWmrDCzCvwPCUOxAI=">AAACC3icbVBNS8NAEN3Ur1q/oh69hBZBPJSkHvRY8OKxgv2AJJbNdtIu3Wzi7kYIoXcv/hUvHhTx6h/w5r9x2+ZQWx8MPN6bYWZekDAqlW3/GKW19Y3NrfJ2ZWd3b//APDzqyDgVBNokZrHoBVgCoxzaiioGvUQAjgIG3WB8PfW7jyAkjfmdyhLwIzzkNKQEKy31zaoXwJDyHB44FgJn5xO34gEfLAh9s2bX7RmsVeIUpIYKtPrmtzeISRoBV4RhKV3HTpSfY6EoYTCpeKmEBJMxHoKrKccRSD+f/TKxTrUysMJY6OLKmqmLEzmOpMyiQHdGWI3ksjcV//PcVIVXfk55kirgZL4oTJmlYmsajDWgAohimSaYCKpvtcgIC0yUjq+iQ3CWX14lnUbduag3bhu15n0RRxmdoCo6Qw66RE10g1qojQh6Qi/oDb0bz8ar8WF8zltLRjFzjP7A+PoFonGbgA==</latexit>

]
<latexit sha1_base64="AYkFDFc8gQsKXbJaPj56bEqrWKA=">AAACC3icbVBNS8NAEN3Urxq/oh69hBZBPJSkHvRY8OKxgv2AJpbNZtou3Wzi7kYIoXcv/hUvHhTx6h/w5r9x2+ZQWx8MPN6bYWZekDAqleP8GKW19Y3NrfK2ubO7t39gHR61ZZwKAi0Ss1h0AyyBUQ4tRRWDbiIARwGDTjC+nvqdRxCSxvxOZQn4ER5yOqAEKy31rYoXwJDyHB44FgJn5xPf9ICHC0Lfqjo1ZwZ7lbgFqaICzb717YUxSSPgijAsZc91EuXnWChKGExML5WQYDLGQ+hpynEE0s9nv0zsU62E9iAWuriyZ+riRI4jKbMo0J0RViO57E3F/7xeqgZXfk55kirgZL5okDJbxfY0GDukAohimSaYCKpvtckIC0yUjs/UIbjLL6+Sdr3mXtTqt/Vq476Io4xOUAWdIRddoga6QU3UQgQ9oRf0ht6NZ+PV+DA+560lo5g5Rn9gfP0CpZmbgg==</latexit>

=<latexit sha1_base64="yjtyWVxsnp0Z0ck4w/7vNxDopQs=">AAACC3icbVBNS8NAEN3Urxq/oh69hBZBPJSkHvSiFLx4rGA/oA1ls5m0SzebuLsRQujdi3/FiwdFvPoHvPlv3LY5aOuDgcd7M8zM8xNGpXKcb6O0srq2vlHeNLe2d3b3rP2DtoxTQaBFYhaLro8lMMqhpahi0E0E4Mhn0PHH11O/8wBC0pjfqSwBL8JDTkNKsNLSwKr0fRhSnsM9x0Lg7HRiXvaBB7+EgVV1as4M9jJxC1JFBZoD66sfxCSNgCvCsJQ910mUl2OhKGEwMfuphASTMR5CT1OOI5BePvtlYh9rJbDDWOjiyp6pvydyHEmZRb7ujLAayUVvKv7n9VIVXng55UmqgJP5ojBltortaTB2QAUQxTJNMBFU32qTERaYKB2fqUNwF19eJu16zT2r1W/r1cZVEUcZHaEKOkEuOkcNdIOaqIUIekTP6BW9GU/Gi/FufMxbS0Yxc4j+wPj8AWlGm0I=</latexit>

p,⇤
<latexit sha1_base64="SbfWeqvb9GuNkhfCiJGZQ6UO6Pg=">AAACFHicbVDLSsNAFJ3Ud3xFXboJFkFUSlJBXRbcuHChYB/QlHIzua2Dk0mcmQgl9CPc+CtuXCji1oU7/8bpY1FbD1w4nHPvzL0nTDlT2vN+rMLc/MLi0vKKvbq2vrHpbG3XVJJJilWa8EQ2QlDImcCqZppjI5UIccixHt5fDPz6I0rFEnGreym2YugK1mEUtJHazlEQYpeJHB8ESAm9w76dHgdX5oEI7ABFNOG0naJX8oZwZ4k/JkUyxnXb+Q6ihGYxCk05KNX0vVS3cpCaUY59O8gUpkDvoYtNQwXEqFr58Ki+u2+UyO0k0pTQ7lCdnMghVqoXh6YzBn2npr2B+J/XzHTnvJUzkWYaBR191Mm4qxN3kJAbMYlU854hQCUzu7r0DiRQbXK0TQj+9MmzpFYu+Sel8k25WDkdx7FMdskeOSA+OSMVckmuSZVQ8kReyBt5t56tV+vD+hy1FqzxzA75A+vrF8dTnpo=</latexit>

p0,⇤0
<latexit sha1_base64="E9BjreuKPJfpFzD9vK+neIMxv/c=">AAACFnicbVBNS8NAEN3Urxq/qh69BIsooiWpoB4LXjx4qGBVaEqZbKZ16WYTdzdCCP0VXvwrXjwo4lW8+W/ctjn49WDg8d7M7swLEs6Udt1PqzQ1PTM7V563FxaXllcqq2uXKk4lxRaNeSyvA1DImcCWZprjdSIRooDjVTA4GflXdygVi8WFzhLsRNAXrMcoaCN1K/t+gH0mcrwVICVku0M72d7zz8wLIWzbPorwm9etVN2aO4bzl3gFqZICzW7lww9jmkYoNOWgVNtzE93JQWpGOQ5tP1WYAB1AH9uGCohQdfLxWUNnyyih04ulKaGdsfp9IodIqSwKTGcE+kb99kbif1471b3jTs5EkmoUdPJRL+WOjp1RRk7IJFLNM0OASmZ2degNSKDaJGmbELzfJ/8ll/Wad1Crn9erjcMijjLZIJtkh3jkiDTIKWmSFqHknjySZ/JiPVhP1qv1NmktWcXMOvkB6/0LoBKe/A==</latexit>

t = (p0 � p)2
<latexit sha1_base64="8lQyWFxrfIVJ8OAYFN92FmCrHNI=">AAACFXicbVDLSsNAFJ3UV42vqks3wSJW0ZJEUDdCwY3LCvYBbS2TyW07dDKJMxMhhP6EG3/FjQtF3Aru/Bunj0VtPXDhcM693HuPFzEqlW3/GJmFxaXlleyquba+sbmV296pyjAWBCokZKGoe1gCoxwqiioG9UgADjwGNa9/PfRrjyAkDfmdSiJoBbjLaYcSrLTUzp00PehSnsIDx0Lg5HhgqqtCdHgaHd27ZhO4P2W1c3m7aI9gzRNnQvJognI79930QxIHwBVhWMqGY0eqlWKhKGEwMJuxhAiTPu5CQ1OOA5CtdPTVwDrQim91QqGLK2ukTk+kOJAyCTzdGWDVk7PeUPzPa8Sqc9lKKY9iBZyMF3ViZqnQGkZk+VQAUSzRBBNB9a0W6WGBidJBmjoEZ/bleVJ1i85Z0b1186XzSRxZtIf2UQE56AKV0A0qowoi6Am9oDf0bjwbr8aH8TluzRiTmV30B8bXLz7+njE=</latexit>

t = (p0 � p)2
<latexit sha1_base64="8lQyWFxrfIVJ8OAYFN92FmCrHNI=">AAACFXicbVDLSsNAFJ3UV42vqks3wSJW0ZJEUDdCwY3LCvYBbS2TyW07dDKJMxMhhP6EG3/FjQtF3Aru/Bunj0VtPXDhcM693HuPFzEqlW3/GJmFxaXlleyquba+sbmV296pyjAWBCokZKGoe1gCoxwqiioG9UgADjwGNa9/PfRrjyAkDfmdSiJoBbjLaYcSrLTUzp00PehSnsIDx0Lg5HhgqqtCdHgaHd27ZhO4P2W1c3m7aI9gzRNnQvJognI79930QxIHwBVhWMqGY0eqlWKhKGEwMJuxhAiTPu5CQ1OOA5CtdPTVwDrQim91QqGLK2ukTk+kOJAyCTzdGWDVk7PeUPzPa8Sqc9lKKY9iBZyMF3ViZqnQGkZk+VQAUSzRBBNB9a0W6WGBidJBmjoEZ/bleVJ1i85Z0b1186XzSRxZtIf2UQE56AKV0A0qowoi6Am9oDf0bjwbr8aH8TluzRiTmV30B8bXLz7+njE=</latexit>

Z 1

�1
dx̄H

q(x̄, ⇠, t) = F
q
1 (t)

<latexit sha1_base64="ZA476HNn+RCsKbHwa4GSr+89Xs4="></latexit>

Z 1

�1
dx̄ eEq(x̄, ⇠, t) = Gq

P (t)
<latexit sha1_base64="YAnLM7AHYLWO2b7DWfqsoQN2ByE="></latexit>

Z 1

�1
dx̄Eq(x̄, ⇠, t) = F q

2 (t)
<latexit sha1_base64="vKk6bmoSnwsCFOKldz69R4424TM="></latexit>

Z 1

�1
dx̄ eHq(x̄, ⇠, t) = G

q
A(t)

<latexit sha1_base64="fZz+DJ3ftV3Fmqi4yWYHwNUl4K0="></latexit>

Dirac Form Factor

Pauli Form Factor

Axial Form Factor

Pseudoscalar Form Factor
•    independence: Lorentz invariance⇠

<latexit sha1_base64="eHAkrXv+k1JqJkgNFfOt8UhNjGM=">AAACDnicbVBNS8NAEN34WeNX1KOXYCmIh5LUgz0WvHisYD+gKWWzmbRLN5u4uxFD6C/w4l/x4kERr569+W/ctjnU1gcDj/dmmJnnJ4xK5Tg/xtr6xubWdmnH3N3bPzi0jo7bMk4FgRaJWSy6PpbAKIeWoopBNxGAI59Bxx9fT/3OAwhJY36nsgT6ER5yGlKClZYGVsXzYUh5DvccC4Gzi4npPVLTAx4saAOr7FSdGexV4hakjAo0B9a3F8QkjYArwrCUPddJVD/HQlHCQO9IJSSYjPEQeppyHIHs57N3JnZFK4EdxkIXV/ZMXZzIcSRlFvm6M8JqJJe9qfif10tVWO/nlCepAk7mi8KU2Sq2p9nYARVAFMs0wURQfatNRlhgonSCpg7BXX55lbRrVfeyWrutlRv1Io4SOkVn6By56Ao10A1qohYi6Am9oDf0bjwbr8aH8TlvXTOKmRP0B8bXL5FmnGQ=</latexit>

• renormalisation scale independent 

• matrix elements of local operators

can be calculated on the lattice



Impact Parameter Space 

! average transverse position of the partons

! b⊥: transverse distance between the struck parton and the 
centre of momentum of the hadron

[Burkardt, 2003]

~R?
xi,~bi?

~b? ~R? =

P
i p

+
i
~b?iP

i p
+
i

(i = q, q̄, g)
<latexit sha1_base64="e2Ua4rNK48kG45+YpiV0H61M4qw="></latexit>

Galilei transformation: Transverse boost:

Center of mass: Center of plus momentum:

~p?i ! ~p?i � p+i ~vp+i ! p+i~pi ! ~pi �mi~v

~r⇤ =
P

i mi~riP
i mi

mi ! mi

Isomorphism between Galilei and subgroup of Light-Front operators

~R? =

P
i p

+
i
~b? iP

i p
+
i

<latexit sha1_base64="14VlKEPXeSVBNb83t3YIOT/IjV0="></latexit>



Impact Parameter Space 

! average transverse position of the partons

! b⊥: transverse distance between the struck parton and the 
centre of momentum of the hadron

[Burkardt, 2003]

~R?
xi,~bi?

~b? ~R? =

P
i p

+
i
~b?iP

i p
+
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(i = q, q̄, g)
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Impact Parameter Space 

! average transverse position of the partons

! b⊥: transverse distance between the struck parton and the 
centre of momentum of the hadron

[Burkardt, 2003]

~R?
xi,~bi?

~b? ~R? =

P
i p

+
i
~b?iP

i p
+
i

(i = q, q̄, g)
<latexit sha1_base64="e2Ua4rNK48kG45+YpiV0H61M4qw="></latexit>

 Localized wave packet in the transverse plane polarized in the X direction in IMF

|p+, Sxi ⌘
1p
2

⇣
|p+, ~R? = ~0?, "i+ |p+, ~R? = ~0?, #i

⌘

<latexit sha1_base64="O4kTNBKPrULhRsDzGtkcYMTlVQ0="></latexit>



Impact Parameter Space 

! average transverse position of the partons

! b⊥: transverse distance between the struck parton and the 
centre of momentum of the hadron

[Burkardt, 2003]

~R?
xi,~bi?

~b? ~R? =

P
i p

+
i
~b?iP

i p
+
i

(i = q, q̄, g)
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 Localized wave packet in the transverse plane polarized in the X direction in IMF

|p+, Sxi ⌘
1p
2

⇣
|p+, ~R? = ~0?, "i+ |p+, ~R? = ~0?, #i

⌘

<latexit sha1_base64="O4kTNBKPrULhRsDzGtkcYMTlVQ0="></latexit>

 Impact parameter dependent GPD for the ⊥ pol. state 

quark density in proton state ⊥ pol. 

qx(x,~b?) = H
q(x,~b?)�

1

2M

@

@by
E

q(x,~b?)
<latexit sha1_base64="Z3pRcna3b0EXtIGqSosI5Pv6TS8="></latexit>

H
q(x,~b?) =

Z
d
2�?
(2⇡)2

H
q(x, ~�?)e

�i~b?·~�?

<latexit sha1_base64="v1OhvnAju7vO4Pn4kXZ3ccdLoGU="></latexit>

Eq(x,~b?) =

Z
d2�?
(2⇡)2

Eq(x, ~�?)e
�i~b?·~�?

<latexit sha1_base64="kin1uh8NrxKLAL9mrv6rrnv2FYs="></latexit>

qx(x,~b?) = hp+, Sx|
Z

dx�

4⇡
eixp

+x�
q̄(�x�

2
,~b?)�

+q(
x�

2
,~b?)|p+, Sxi

<latexit sha1_base64="f7vPBhxFIC0CU20sQBE4HRP0F9A="></latexit>



Impact Parameter Space 

! average transverse position of the partons

! b⊥: transverse distance between the struck parton and the 
centre of momentum of the hadron

[Burkardt, 2003]

~R?
xi,~bi?

~b? ~R? =

P
i p

+
i
~b?iP

i p
+
i

(i = q, q̄, g)
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 Localized wave packet in the transverse plane polarized in the X direction in IMF

|p+, Sxi ⌘
1p
2

⇣
|p+, ~R? = ~0?, "i+ |p+, ~R? = ~0?, #i

⌘

<latexit sha1_base64="O4kTNBKPrULhRsDzGtkcYMTlVQ0="></latexit>

❖ Homework: derive the relation between GPDs and IPDs

 Impact parameter dependent GPD for the ⊥ pol. state 

quark density in proton state ⊥ pol. 

qx(x,~b?) = H
q(x,~b?)�

1

2M

@

@by
E

q(x,~b?)
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Eq(x,~b?) =

Z
d2�?
(2⇡)2

Eq(x, ~�?)e
�i~b?·~�?
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qx(x,~b?) = hp+, Sx|
Z

dx�

4⇡
eixp
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2
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+q(
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2
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Charge density of partons in the transverse plane

Infinite-Momentum-Frame Parton charge density in the transverse plane                                                                                                                           

 Number density of quark with longitudinal momentum x and transverse position b⊥

Miller (2007); Burkardt (2007)

proton

+

neutron

-

⇢
q(b?) = eq

Z
d
2�?e

i�?·b?
Z

dxH
q(x, 0,�2

?) =

Z
d
2�?e

i�?·b?F q
1 (�

2
?)



Electromagnetic Form Factors

Transversely polarized proton

⇢T (~b?) = ⇢(~b?) + sin(�b � �s)
R dQ

2⇡
Q2

2M J1(Qb?)F2(Q2)

monopole dipole

neutron

nucleon polarized in the x direction
C. Carlson, and M. Vanderhaeghen, Phys. Rev. Lett. 100 (2008) 032004

proton

+
−

+

bx (fm)
<latexit sha1_base64="nizyPWDWbzJGxqdVBBpCFFfxQ0k=">AAACH3icbVDLSgMxFM3UVx1fVZdugkVQkTJTobosuHFZwWqhU0omvdOGJpkxyYhl6J+48VfcuFBE3PVvTB+LWj0QOJxzLrn3hAln2njeyMktLa+sruXX3Y3Nre2dwu7enY5TRaFOYx6rRkg0cCahbpjh0EgUEBFyuA/7V2P//hGUZrG8NYMEWoJ0JYsYJcZK7UIlCKHLZAYPkihFBqdDN2w/4eAMHweCmJ4SWSSGJ24AsjMXaheKXsmbAP8l/owU0Qy1duE76MQ0FSAN5UTrpu8lppURZRjlMHSDVENCaJ90oWmpJAJ0K5vcN8RHVungKFb2SYMn6vxERoTWAxHa5HhnveiNxf+8Zmqiy1bGZJIakHT6UZRybGI8Lgt3mAJq+MASQhWzu2LaI4pQYyt1bQn+4sl/yV255J+XyjflYrUyqyOPDtAhOkY+ukBVdI1qqI4oekav6B19OC/Om/PpfE2jOWc2s49+wRn9ANrAotE=</latexit>

bx (fm)
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by (fm)
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by (fm)
<latexit sha1_base64="ftxrjmLGNPPjI9sopsC0YImhCsI=">AAACHnicbVDLSgMxFM34rOOr6tJNsAgqUmYqPpaCG5cKthU6Q8mkd2owyYxJRhiGfokbf8WNC0UEV/o3Ztou6uNA4HDOueTeE6WcaeN5X87U9Mzs3HxlwV1cWl5Zra6tt3SSKQpNmvBEXUdEA2cSmoYZDtepAiIiDu3o9qz02/egNEvklclTCAXpSxYzSoyVutXDIII+kwXcSaIUyfcGbtTNg328EwhibpQoYjHYdQOQvYlMt1rz6t4Q+C/xx6SGxrjoVj+CXkIzAdJQTrTu+F5qwoIowyiHgRtkGlJCb0kfOpZKIkCHxfC8Ad62Sg/HibJPGjxUJycKIrTORWST5c76t1eK/3mdzMQnYcFkmhmQdPRRnHFsElx2hXtMATU8t4RQxeyumN4QRaixjbq2BP/3yX9Jq1H3D+qNy0bt9GhcRwVtoi20g3x0jE7RObpATUTRA3pCL+jVeXSenTfnfRSdcsYzG+gHnM9velCiqA==</latexit>



Spatial charge density

No probabilistic/charge 
interpretation

Creation/annihilation of pairs

[Ernst, Sachs, Wali (1960)] 
[Sachs (1962)]

Textbook interpretation

GE(Q
2) = F1(Q

2)� Q2

4M2
F2(Q

2)

<latexit sha1_base64="p5BrNay9/iztfJJMnb8RqA94WWg="></latexit>

GM (Q2) = F1(Q
2) + F2(Q

2)

<latexit sha1_base64="RKg3MphWO1dr7CE4CUfqRnpeRB8="></latexit>

Breit frame



Drell-Yan-West frame

✓ Particle number is conserved in Drell-Yan frame �+ = 0
<latexit sha1_base64="5mT1Se5FJrAFlkySDG5RYBhdC2I=">AAAB9XicbVDLSsNAFJ34rPVVdelmsBUEoSQt+AKhoAuXFewD2rRMpjft0MkkzEyUEvofblwo4tZ/ceffmKRB1HrgwuGce7n3HifgTGnT/DQWFpeWV1Zza/n1jc2t7cLOblP5oaTQoD73ZdshCjgT0NBMc2gHEojncGg546vEb92DVMwXd3oSgO2RoWAuo0THUq+EcfcauCa940uz1C8UzbKZAs8TKyNFlKHeL3x0Bz4NPRCacqJUxzIDbUdEakY5TPPdUEFA6JgMoRNTQTxQdpRePcWHsTLAri/jEhqn6s+JiHhKTTwn7vSIHqm/XiL+53VC7Z7ZERNBqEHQ2SI35Fj7OIkAD5gEqvkkJoRKFt+K6YhIQnUcVD4N4TzByffL86RZKVvVcvW2UqxdZHHk0D46QEfIQqeohm5QHTUQRRI9omf0YjwYT8ar8TZrXTCymT30C8b7F/POkPc=</latexit>

✓              : Transverse boosts no transverse Lorentz contraction

no sensitivity to longitudinal Lorentz contraction✓  q+ = 0

<latexit sha1_base64="X0HldSgW2qOC+qrAVZekogc/djE=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBhNBEMJuUBRBCHjxGME8JFnD7GQ2GTIzu87MCmHJV3jxoIhXP8ebf+PkcdDEgoaiqpvuriDmTBvX/XYyS8srq2vZ9dzG5tb2Tn53r66jRBFaIxGPVDPAmnImac0ww2kzVhSLgNNGMLge+40nqjSL5J0ZxtQXuCdZyAg2VrovIvT4cHLlFjv5gltyJ0CLxJuRAsxQ7eS/2t2IJIJKQzjWuuW5sfFTrAwjnI5y7UTTGJMB7tGWpRILqv10cvAIHVmli8JI2ZIGTdTfEykWWg9FYDsFNn09743F/7xWYsILP2UyTgyVZLooTDgyERp/j7pMUWL40BJMFLO3ItLHChNjM8rZELz5lxdJvVzyTktnt+VC5XIWRxYO4BCOwYNzqMANVKEGBAQ8wyu8Ocp5cd6dj2lrxpnN7MMfOJ8/TVGOwQ==</latexit>

~q? 6= 0

<latexit sha1_base64="63tJgW6koXQEIaWt0jN5aD0oG6I=">AAACAHicbVA9SwNBEN2LXzF+nVpY2CwmglW4C4piFbCxjGA+IHeEvc0kWbK3d9ndC4QjjX/FxkIRW3+Gnf/GTXKFJj4YeLw3w8y8IOZMacf5tnJr6xubW/ntws7u3v6BfXjUUFEiKdRpxCPZCogCzgTUNdMcWrEEEgYcmsHwbuY3xyAVi8SjnsTgh6QvWI9Roo3UsU9KGHtjoHjU8WKQMfYEjLBT6thFp+zMgVeJm5EiylDr2F9eN6JJCEJTTpRqu06s/ZRIzSiHacFLFMSEDkkf2oYKEoLy0/kDU3xulC7uRdKU0Hiu/p5ISajUJAxMZ0j0QC17M/E/r53o3o2fMhEnGgRdLOolHOsIz9LAXSaBaj4xhFDJzK2YDogkVJvMCiYEd/nlVdKolN3L8tVDpVi9zeLIo1N0hi6Qi65RFd2jGqojiqboGb2iN+vJerHerY9Fa87KZo7RH1ifPxFolMQ=</latexit>

probabilistic/charge 
interpretation



Hq(x, 0, t)

eq ̄q(0)�0 q(0)

R
d�
2⇡ e

i�x ̄q(� z
2 )�

+ q(
z
2 ) q(x) q(x, b2?)

Q F1(t)

Operator
Forward 

 matrix element
Non-forward  

matrix element
Position-space 
interpretation

2-dim distribution of charge in the transverse plane

q(x, b2?) 2-dim. “distribution of the PDF” in the transverse plane 

M. Burkardt, Int. J. Mod. Phys. A18 (2003) 173

eq ̄q(0)�+ q(0) ⇢(b2?)
<latexit sha1_base64="nU0Hjf6JiP7CvUbd2NC316EoozA="></latexit>

⇢(b2?)
<latexit sha1_base64="nU0Hjf6JiP7CvUbd2NC316EoozA="></latexit>



The unpolarized GPD H

H(x, 0,~b?) =

Z
d2�? H(x, 0, t) e�i~�?·~b? (t = �~�2

?)

extrapolation from data

Guidal et al., Rep. Prog. Phys. 76 (2013) 066202

steep in t 
wide in b⊥  

flat in t 
narrow in b⊥  

H
q(x, 0, b?)(fm

�2)



The unpolarized GPD H

H(x, 0,~b?) =

Z
d2�? H(x, 0, t) e�i~�?·~b? (t = �~�2

?)

extrapolation from data

h~b 2
?(x)i =

R
d2~b?~b

2
? H(x, 0, b?)R

d2~b?H(x, 0, b?)

Dupré et al., PRD95(2017)011501

As x      1, the active parton carries all the momentum  
 and represents the centre of momentum 



The unpolarized GPD H



Energy-momentum tensor and GPDS



Energy Density Momentum Density

Energy Flux Momentum Flux

pressure

shear forcesTµ⌫ =

T 00 T 01 T 02 T 03

T 10 T 11 T 12 T 13

T 20 T 21 T 22 T 23

T 30 T 31 T 32 T 33

The Energy-Momentum Tensor

hN(p0)|Tµ⌫
q,g |N(p)i

<latexit sha1_base64="eIxywobOK/O6wcywu1KJFOtD+7I="></latexit>

• Where does the spin of the proton come from?

• What is the origin of the proton mass?

• What are the mechanical properties (pressure, shear forces) inside the proton ?



Canonical Energy Momentum Tensor

If a system has a continuous symmetry property,  
then there are corresponding quantities whose values are conserved in time

Emmy Noether (1882-1935)

Translation invariance Conservation of the canonical EMT T
µ⌫
C (x)
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Space components: ~JC = ~LC + ~SC
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Lµ↵�
C (x) = x↵Tµ�

C (x)� x�Tµ↵
C (x)

<latexit sha1_base64="3wP3lfhJ4UogUub6CyF5w+El5ko="></latexit>

Jµ↵�
C (x) = Lµ↵�

C + Sµ↵�
C
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J i
C(x) =

1

2
✏ijkJ0jk

C (x)

<latexit sha1_base64="z9YeRPZSn2ok06JO867117Mon2U="></latexit>

Lorentz invariance Conservation of the generalized Angular Momentum (AM) densityJµ↵�
C (x)

<latexit sha1_base64="TIeJuKgfsk7GNIrqpMTcK2R3ugg=">AAACInicbVDLSsNAFJ34rPFVdekmWITqoiSi+FgVuhFXFWwrNLXcTG/bwckkzkzEEvotbvwVNy4UdSX4MU4fC209MHA451zu3BPEnCntul/WzOzc/MJiZsleXlldW89ubFZVlEiKFRrxSF4HoJAzgRXNNMfrWCKEAcdacFsa+LV7lIpF4kr3YmyE0BGszShoIzWzp36AHSZSvBMgJfT2+/bFTeqHiQ887oJxNfSbpfzDnu2jaP3KNbM5t+AO4UwTb0xyZIxyM/vhtyKahCg05aBU3XNj3UhBakY59m0/URgDvYUO1g0VEKJqpMMT+86uUVpOO5LmCe0M1d8TKYRK9cLAJEPQXTXpDcT/vHqi2yeNlIk40SjoaFE74Y6OnEFfTotJpJr3DAEqmfmrQ7sggWrTqm1K8CZPnibVg4J3WDi6PMgVz8Z1ZMg22SF54pFjUiTnpEwqhJJH8kxeyZv1ZL1Y79bnKDpjjWe2yB9Y3z8ZP6SY</latexit>

Orbital AM Spin



Belinfante, Rosenfeld (1940)

is in general neither gauge-invariant nor symmetricTµ⌫
C

<latexit sha1_base64="l+lALyZdFKqumavgscVAoQpCdbg=">AAACF3icbVDLSsNAFJ34rPEVdekmWARxUZKiKK4K3bis0Bc0NUwmt+3QySTOTIQQ+hdu/BU3LhRxqzv/xuljUVsPXDiccy/33hMkjErlOD/Gyura+sZmYcvc3tnd27cODpsyTgWBBolZLNoBlsAoh4aiikE7EYCjgEErGFbHfusRhKQxr6ssgW6E+5z2KMFKS75V8gLoU57DA8dC4Ox8ZNbvcy9KPZ6O/KrpAQ/nTN8qOiVnAnuZuDNSRDPUfOvbC2OSRsAVYVjKjuskqptjoShhMDK9VEKCyRD3oaMpxxHIbj75a2SfaiW0e7HQxZU9UecnchxJmUWB7oywGshFbyz+53VS1bvu5pQnqQJOpot6KbNVbI9DskMqgCiWaYKJoPpWmwywwETpKE0dgrv48jJplkvuRenyrlys3MziKKBjdILOkIuuUAXdohpqIIKe0At6Q+/Gs/FqfBif09YVYzZzhP7A+PoF1D6gUA==</latexit>

Belinfante improved EMT

Tµ⌫
Bel(x) = Tµ⌫

C (x) + @�G
�µ⌫(x)

<latexit sha1_base64="/KY0yraudgmMh6CxLn1DZx19fXE="></latexit>

Jµ↵�
Bel (x) = Jµ↵�

C (x) + @�[x
↵G�µ�(x)� x�G�µ↵(x)]

<latexit sha1_base64="NeNB6V3TR3Dr+06wxidqGwcdJf0="></latexit>

Belinfante generalized AM

with the super-potential

Jµ↵�
Bel (x) = x↵Tµ�

Bel(x)� x�Tµ↵
Bel(x)

<latexit sha1_base64="kxw+JmSOcHOcNr6QMjfxd7sT65s="></latexit>

G�µ⌫(x) =
1

2
[S�µ⌫

C (x)� Sµ⌫�
C (x)� S⌫µ�

C (x)] = �Gµ�⌫(x)

<latexit sha1_base64="o5CRGTkFjPmedSDIBtIi+3K27qE="></latexit>



Canonical                                     Belinfante



T [µ⌫]
C (x) = �@↵S

↵µ⌫(x) 6= 0

<latexit sha1_base64="J+WhPWQBeUZG7XqYGhzt/nCmlic="></latexit>

[µ⌫] = µ⌫ � ⌫µ

<latexit sha1_base64="IkCiWZNWko3jxGjbm+9geomgvV4=">AAACIXicbVDLSgMxFM34rPVVdekmWAQRLDNFsQhCwY3LCvYBM0PJpLdtaCYzJhmhDP0VN/6KGxeKdCf+jGk7i9p64ZLDOedyc08Qc6a0bX9bK6tr6xubua389s7u3n7h4LChokRSqNOIR7IVEAWcCahrpjm0YgkkDDg0g8HdRG8+g1QsEo96GIMfkp5gXUaJNlS7UPEC6DGRwpMgUpLh+SjvemHiicS/nb0Xpg3CHojOnK1dKNole1p4GTgZKKKsau3C2OtENAlBaMqJUq5jx9pPidSMchjlvURBTOiA9MA1UJAQlJ9OLxzhU8N0cDeSpoXGU3Z+IiWhUsMwMM6Q6L5a1Cbkf5qb6G7FT5mIEw2CzhZ1E451hCdx4Q6TQDUfGkCoZOavmPaJJFSbUPMmBGfx5GXQKJecy9LVQ7lYvcniyKFjdILOkIOuURXdoxqqI4pe0Bv6QJ/Wq/VufVnjmXXFymaO0J+yfn4B9gikmg==</latexit>

in general not symmetric

T [µ⌫]
Bel (x) = 0

<latexit sha1_base64="hTrw+x18Hw1E4yeuwYb1WvAcH10="></latexit>

symmetric

Canonical                                     Belinfante



T [µ⌫]
C (x) = �@↵S

↵µ⌫(x) 6= 0

<latexit sha1_base64="J+WhPWQBeUZG7XqYGhzt/nCmlic="></latexit>

[µ⌫] = µ⌫ � ⌫µ

<latexit sha1_base64="IkCiWZNWko3jxGjbm+9geomgvV4=">AAACIXicbVDLSgMxFM34rPVVdekmWAQRLDNFsQhCwY3LCvYBM0PJpLdtaCYzJhmhDP0VN/6KGxeKdCf+jGk7i9p64ZLDOedyc08Qc6a0bX9bK6tr6xubua389s7u3n7h4LChokRSqNOIR7IVEAWcCahrpjm0YgkkDDg0g8HdRG8+g1QsEo96GIMfkp5gXUaJNlS7UPEC6DGRwpMgUpLh+SjvemHiicS/nb0Xpg3CHojOnK1dKNole1p4GTgZKKKsau3C2OtENAlBaMqJUq5jx9pPidSMchjlvURBTOiA9MA1UJAQlJ9OLxzhU8N0cDeSpoXGU3Z+IiWhUsMwMM6Q6L5a1Cbkf5qb6G7FT5mIEw2CzhZ1E451hCdx4Q6TQDUfGkCoZOavmPaJJFSbUPMmBGfx5GXQKJecy9LVQ7lYvcniyKFjdILOkIOuURXdoxqqI4pe0Bv6QJ/Wq/VufVnjmXXFymaO0J+yfn4B9gikmg==</latexit>

in general not symmetric

T [µ⌫]
Bel (x) = 0

<latexit sha1_base64="hTrw+x18Hw1E4yeuwYb1WvAcH10="></latexit>

symmetric

Canonical                                     Belinfante

clear distinction between OAM and spin  
at the density level

Jµ↵�
Bel (x) = x↵Tµ�

Bel(x)� x�Tµ↵
Bel(x)

<latexit sha1_base64="kxw+JmSOcHOcNr6QMjfxd7sT65s="></latexit>

purely OAM density

Jµ↵�
C (x) = Lµ↵�

C (x) + Sµ↵�
C (x)

<latexit sha1_base64="4IghAdKoyKYS+UY0Rx8s2txk3sw="></latexit>

Lµ↵�
C (x) = x↵Tµ�

C (x)� x�Tµ↵
C (x)

<latexit sha1_base64="3wP3lfhJ4UogUub6CyF5w+El5ko="></latexit>



T [µ⌫]
C (x) = �@↵S

↵µ⌫(x) 6= 0

<latexit sha1_base64="J+WhPWQBeUZG7XqYGhzt/nCmlic="></latexit>

[µ⌫] = µ⌫ � ⌫µ

<latexit sha1_base64="IkCiWZNWko3jxGjbm+9geomgvV4=">AAACIXicbVDLSgMxFM34rPVVdekmWAQRLDNFsQhCwY3LCvYBM0PJpLdtaCYzJhmhDP0VN/6KGxeKdCf+jGk7i9p64ZLDOedyc08Qc6a0bX9bK6tr6xubua389s7u3n7h4LChokRSqNOIR7IVEAWcCahrpjm0YgkkDDg0g8HdRG8+g1QsEo96GIMfkp5gXUaJNlS7UPEC6DGRwpMgUpLh+SjvemHiicS/nb0Xpg3CHojOnK1dKNole1p4GTgZKKKsau3C2OtENAlBaMqJUq5jx9pPidSMchjlvURBTOiA9MA1UJAQlJ9OLxzhU8N0cDeSpoXGU3Z+IiWhUsMwMM6Q6L5a1Cbkf5qb6G7FT5mIEw2CzhZ1E451hCdx4Q6TQDUfGkCoZOavmPaJJFSbUPMmBGfx5GXQKJecy9LVQ7lYvcniyKFjdILOkIOuURXdoxqqI4pe0Bv6QJ/Wq/VufVnjmXXFymaO0J+yfn4B9gikmg==</latexit>

in general not symmetric

T [µ⌫]
Bel (x) = 0

<latexit sha1_base64="hTrw+x18Hw1E4yeuwYb1WvAcH10="></latexit>

symmetric

The total charge does not change: 

Z
T 0⌫
C d3x =

Z
T 0⌫
Bel d

3x

<latexit sha1_base64="DpFI5+Cn9SsbJuuwkgfBfQ4geyk="></latexit>

Z
J0↵�
C d3x =

Z
J0↵�
Bel d3x

<latexit sha1_base64="hEAU4mEX7Ao9L4LV92UyIMKDiZc="></latexit>

Canonical                                     Belinfante

clear distinction between OAM and spin  
at the density level

Jµ↵�
Bel (x) = x↵Tµ�

Bel(x)� x�Tµ↵
Bel(x)

<latexit sha1_base64="kxw+JmSOcHOcNr6QMjfxd7sT65s="></latexit>

purely OAM density

Jµ↵�
C (x) = Lµ↵�

C (x) + Sµ↵�
C (x)

<latexit sha1_base64="4IghAdKoyKYS+UY0Rx8s2txk3sw="></latexit>

Lµ↵�
C (x) = x↵Tµ�

C (x)� x�Tµ↵
C (x)

<latexit sha1_base64="3wP3lfhJ4UogUub6CyF5w+El5ko="></latexit>



Kinetic EMT in QCD Ji, 1997

Tµ⌫
kin(x) = Tµ⌫

kin,q(x) + Tµ⌫
kin,g

<latexit sha1_base64="GaAiXgMXmMO7dZ+X/yBpaMVoUAI="></latexit>

1

2
T {µ⌫}
kin,q (x) = Tµ⌫

Bel,q(x)

<latexit sha1_base64="pTKWftg1Fq5ScZ/O74rWw/W5PdQ="></latexit>

S�µ⌫
q (x) =

1

2
✏�µ⌫↵ ̄(x)�↵�5 (x)

<latexit sha1_base64="q1WAlVeWBA0rU3TGhaB6JQQWEWo="></latexit>

1

2
T [µ⌫]
kin,q(x) = �@�S

�µ⌫
q (x)

<latexit sha1_base64="k8XeoK1QFQ8rB8hbrItF7jLHXPs="></latexit>

Tµ⌫
kin,q(x) =

1

2
 ̄(x)�µi

 !
D ⌫ (x)

<latexit sha1_base64="4B8pPzVyOjPUFc5hfPx5aadFio4="></latexit>

Quark contribution:

Kinetic generalized AM

Jµ↵�
kin,q(x) = Lµ↵�

kin,q(x) + Sµ↵�
q (x)

<latexit sha1_base64="1nEybHafp3as1Y/6TCeU9RZ3KTk="></latexit>

Jµ↵�
Bel,q(x) = Jµ↵�

kin,q(x) +
1

2
@�[x

↵S�µ�
q (x)� x�S�µ↵

q (x)]

<latexit sha1_base64="8Acwcsat7wooSoI+nbzBCU8d7r0="></latexit>

equal total charge 

Z
~JBel,q d

3x =

Z
~Jkin,q d

3x

<latexit sha1_base64="8PC7PsXtGwE5M2rpgxg8Q4HngY4="></latexit>

J i =
1

2
✏ijk

Z
d3xJ0jk

<latexit sha1_base64="9sZi8RzXyIiYLPGYsvVhZmFQSt4="></latexit>

Gluon contribution:

Tµ⌫
kin,g(x) = Tµ⌫

Bel,g(x)

<latexit sha1_base64="hVR3YKA3A6rSjsZ2KmnZ6KWpAtI="></latexit>

Tµ⌫
kin,g = �2Tr[Fµ�(x)F ⌫

�(x)] +
1

2
gµ⌫ Tr[F ⇢�(x)F⇢�(x)]

<latexit sha1_base64="PnTGbH8MTJYlg+3m3Z3a/qKnL+s="></latexit>

(Dµ = @µ + igAµ)

<latexit sha1_base64="w6OUbCp4I6VXoX0HdxtMI5Xoihs="></latexit>


