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COMPACT BINARIES

Let us consider a binary system composed of two bodies with masses my,
ms, in the early inspiral stage, i.e. we assume

lo>R.

Then, weak field and slow velocity approximations are satisfied. To simplify
the computations, we also assume that the orbits are circular.

We choose a frame in which the origin is the center-of-mass, and the
bodies move in the x — y plane. This is the well-known two-body problem
of Newtonian mechanics: by defining

M =mi +my total mass

mimso
=77 reduced mass,
the distances of the bodies from the origin are ry = m]%[lo and 7y = mj\ljo

(r1 4+ r2 = ly). They move with the Keplerian frequency

GM 2T [3
Wg =4 —— = P=22=292m/=-%.
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The motion is then given by
T1 = 71 COSWKT T9 = —T9 COSWEK
Y1 = risinwgt Yo = —ToSIN WK .

The matter density is
p(t, .y, 2) = [mid(x — 21)6(y — y1) + mad(z — 22)6(y — y2)]6(2) ;

by replacing in the quadrupole moment ¢;; = fv pxia) d3x,
1
Qrzx = mlx% + mgxg = ulg cos® wit = §,ul(2) cos(2wit) + const.
Qyy = Y5 + mays = plf sin® wt = —é,ulg cos(2wit) + const.

1
Qry = MIT1Y1 + MaToYys = ,ulg coSwWitsinwgt = §,ulg sin(2wgt)
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Thus,
l2
qij = %Aw(t) + const.

with
cos(2wit) sin(2wit)
A;j(t) = | sin(2wkt) cos(2wit)
0 0
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The quadrupole formula gives
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By defining Ag;-T = PijrAr (leaving implicit the dependence on 6, ¢)
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RIT(t,r) = —hgATT (t _ f)
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is the amplitude of the GW; the GW frequency is twice the orbital fre-

GM
l3

If for instance the propagatlon direction is orthogonal to the orbital fre-
quency, A;; is already T'T and thus AiTjT = A;j. In this case,

quency: Vg = 2Vgw =

AT — —h;‘/FyT = —ACOS[Z,UK(t —z/c)] = hy
2
hff = hgyT = —ésin[2w;{(t —z/c)] = hy;

in this case the two polarization have a dephasing of 7/2, i.e. there is
circular polarization. It can be shown that if instead n lies in the orbital
plane, the GW has linear polarization.



ORBITAL PERIOD DECAY IN BINARY PULSARS

The first system in which these effects have been studied is PSR 1913+16,
formed by two NSs, one of which is a pulsar, i.e. it sends a beam of
radio waves towards us (which allows to measure the orbital parameters of
the binaries with good accuracy); it was discovered in 1975 by Hulse and
Taylor. From the analysis of the orbital motion, it was found that:

my ~my ~ 1AM, (M ~2-10%g)
lp~2-10°km ~ 2 — 3R,
P=2810*s wvew =7.16-10"°Hz.

Since [y > R ~ 10 km, the weak field and slow motion are very well
satisfied in this system.

The amplitude of the emitted GW computed with the formulae we have
derived is

B 4uMG?

~5.107%.
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However, these formulae are not correct in this case, because the orbit of
PSR1913416 is not circular: it has a large eccentricity, e ~ 0.617. Repeat-
ing the computation including the eccentricity gives a larger amplitude,
hy ~ 10-%2,

Present detectors are able to observe GWs with amplitudes of 10723 —
10722, but only if the frequency is in their sensitivity band, which, as I
said, is about 100 Hz (very roughly, from few tens of Hz to around 1KHz).
Since this signal has vgw ~ 107*Hz, is it impossible to observe it with
LIGO-Virgo.

However, it is possible to observe, using radiotelescopes, the decrease of
the orbital period due to the energy loss by GW emission. Let us compute
the gravitational luminosity:

G
Lew = =5 < Qi > -
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Since Qij = TOAijy

12 sin(2wit) —cos(2wkt) 0
Qij(t) = ﬂ(&xﬁ() — cos(2wgt) —sin(2wgt) 0
2
0 0 0
therefore
...... 2G3M3
QijQij = 32'ul—5
0
and thus
32G* 1
Lew = ——2M3 { =
R <z3>

Far from the coalescence, as
lo >R,

the adiabatic approximation is satisfied: the orbital parameters do not
significantly change in an orbital period. Therefore, the energy loss by GWs
in a period is much smaller than the orbital energy F,.;, and the system
has time to adjust its parameters. Thus we have

dEorb

dt

Within the adiabtic approximation, the average of [y over several wave-
lengths - which is equivalent to the average over several periods - is just [y,
which in that timescale is constant, and

+ Lew =0. (1)

The orbital energy can be computed within Newtonian mechanics. The ki-

netic energy is Fx = %ml(w[(ﬁf + %mg (Wir2)? = G;Téw while the potential

energy is U = —G’Z”L—OM, therefore
G,UM d Eorb le
Eor - — = _EOT = — —
b 2, dt o lo dt

and thus replacing in Eq.
1 dl() . LGW . 64 G3 [L]\f2

lodt  Eon 5 ¢ I3
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The integration of Eq. in time gives @G—,uM2dt —I3dly and thus, if
= lp(t = 0),
g 256G o t
= - = ) (1- )

5 (1in)4 . . .
where to = 22—6%([&}2 is called coalescence time and gives an estimate of

the time needed for coalescence. Note that this is just an estimate: this
formula is only aggurate as % < 1, and it is not valid at all as t — t¢.

Thus,
| §\ /A
lo(t) = lf)n 1 - — .
lc

the orbital separation decreases with time. Moreover, since wx = 4/ (;ZTM,
0

the orbital period is
2 B3(t t\*®
P(t) = oD =27 55\4) P™ (1 — %> ;
the orbital period decreases as well.
Since P* o< I}, Eq. (2)) gives
1P _31diy_ 96
Pdt 2lydt 5 ¢ 13

) \8/3
and replacmg%:m(%) /,
5/3 8/3
1dp 96 G°/ SRRt o |
P dt 5 & P

Since PSR 1913416 has e ~ 0.617, this computation should be performed
taking into account the eccentricity. The computation gives the same ex-
pression as in the circular case, with a correction factor depending on e:

1dP  96G5/ o\ ¥/? 1 73, 37,
— M) = (1 420
Pdt 5 ol <P) (1—e2)72 < To1% o6

For PSR1913+16, this expression gives

dP
dt

~_—24-1071%.
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Note that the relative change in P during P is dP/dt, which is very small,
so the adiabatic approximation is satisfied with very good accuracy in this
system.

By including all other effects present (e.g., the Doppler effect due to the
motion with respect to Earth, etc.), the observed value coincides with the
predition of GR:

ob 10012 4+ 0.0021

FPer
This result has been the first (indirect) evidence of the existence of GWs;
for this reason, Hulse and Taylor got the Nobel prize in 1993.

Today we have observations from several NS-NS binaries; some of them
are double pulsars, allowing for much more accurate measurements. These

observations confirm the predictions of GR with even better accuracy.



GWS FROM INSPIRALLING COMPACT BINARIES

Let is now consider the GW signal emitted in the inspiral. It is

r
hzz;'T(ta T, (97 Cb) = —hOPijkg(Q, ¢)Akl (t — E)

where
AUM G2 cos[2wg (t — 1)) sin[2wg (t — )] 0
ho = ILZLOC—47° Ay (t — g) = | sin[2wg (t — g)] cos| 2w (t — 7—;)] 0
0 0 0

In the timescale of the orbital period P, this is a monochromatic wave with

frequency
2&)}{ 1 GM
vow = 2— = — | ——.
W 2r  w\l B3

In a timescale > P, [ is a decreasing function of time:

1/4
. t
l“”)”(“%) ’

therefore the frequency and the amplitude change with time as well:

—3/8 9 ~1/4
, t 4uMG t
wt)=vew | 1 —— d hy(t) = . 1—— )
VG ( ) vG < tC) o O( ) Tl6n64 ( tc)

This signal is called chirp because, as in a bird’s chirp, the frequency and
the amplitude both increas with time.

It is useful to express the amplitude as a function of the frequency (both
quantities measurable), removing the dependence on [y:

47T2/3G5/3
—MM2/31/(2;/£/ )

ho(vew) = e

This expression depends on m; and mso through a particular combination:
the chirp mass M:

M = u3/5M2/5.
Thus, M>3 = pM?/3 and

47T2/3G5/3M
ho(vew) = ——— —(/\/lué/;’/) :

C r
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Another useful relation which can be easily found by manipulating these
relations is

53/8 3 5/8 1
vont) = (Gm) oz 9

In a timescale > P, the wave is not monochromatic anymore, and the
phase of the oscillation is the integral

o L [Ae—-01"
qb(t) = /0 27TVGw(t>dt + ¢zn = -2 [W] - gbm

The gravitational wave is then

TT _ 1 p.. _r
hii" = —hoPijri A (t c)
where
cos ¢(t) sing(t) 0
A = | sing(t) cosp(t) 0
0 0 0
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GW150914

On September 14th 2015, the interferometric detector LIGO, formed by
two interferometers in Livingstone (Louisiana) and Hanford (Washington)
detected for the first time a GW signal, which was emitted by the coales-
cence of two compact bodies. The signal was given the name GW150914.
It is formed of three stages: the inspiral, the merger and the ringdown. Let
us focus, for the moment, on the inspiral.

When the GW was loud enough to be detected, the weak field, slow
motion and adiabatic approximation were already violated to some extent.
The quadrupole formula gives ony a first approximation of the signal in this
stage; it allows to extract (approximately) the chirp mass of the binary,
but - since the waveform depends on the masses only through M it is
impossible to extract the individual masses my, ms using the quadrupole
formula: they can only be found using the PN expansion.

The chirp mass can be extracted from Eq. (),

53/8 3 5/8 1

% t) = — | =—— —_—,

aw(t) = 5= (GM) (tc — t)3/8
to be compared with the measured frequancy. In order to remove the
dependence on to, we note that the measured frequency is a function of
time, thus we have both vgy and rgw, to be compared with the time
derivative of Eq. (3]). Thus, by combining vew (t) and vgw (), we obtain

3/5

3 [5 1 . —11/3] /

M=G o6 msnranveow

G
This expression does not take into account the cosmological expansion,
which affects GW propagation. Indeed, the observed GW frequency is
different from the frequency at emission:

Vobs _ Vaw
W4z
with z cosomological redshift. Moreover,
d 1 d dpobs vow 2

= — =
dtobs 14 zdt dtobs — (1+ 2)
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therefore

d b b —11/3 .
dtobngPVSVVCO?Tﬁ/ = vewV, GW/ (1+ )5/3-

Since we measure dtilbs nglfv and ngﬁf, we can measure

3 1 B 3/5
MP == %mﬁygﬁvygbﬁv R M1+ 2),
i.e. M = (1+ 2)M, and to measure M we need to know z.

To measure z, we have to consider the amplitude hy. It can be shown
that the amplitude of a GW propagating in the curved background of an
expanding universe has the same form of the amplitude of a wave propagat-
ing in Minkowski spacetime, with the distance r replaced with the proper
distance at time ¢, D(t):

Am2l3 - M

Dy M)

ho(t) =

Since M = M /(1 + 2), vaw = V&5, (1 + 2), if we define the luminosity
distance

we can express hg in terms of measurable quantities:

47.[.2/3 Mobs

h tobs _
0 ( ) C4 DL (tobs

(Mobs obs )2/3.

Assuming that the cosmological model and parameters (Hy, . .. ) are known,
the function Dy(z) is known. Then:

e from the measure of & (t°) we can extract M°;

e from the measure of ho(t***) we can extract Dr; for GW150914 this
gives

Dy = 430+ 0Mpc ~ 1ly;

note that this is a cosmological distance, so these corrections are rele-
vant;
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e assuming the cosmological model, this value of Dy, corresponds to z =
0.09 4+ 0.03;

e finally we obtain

M
M = o 28.671C M, .
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