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Figure 2.1. This diagram illustrates how Lovelock’s theorem serves as a guide to classify modified
theories of gravity. Each yellow box represents a class of modified theories of gravity that arises from
violating one of the assumptions underlying the theorem. A theory can, in general, belong to multiple
classes. See Table 1 for a more precise classification.

2. Extensions of general relativity: motivation and overview

2.1. A compass to navigate the modified-gravity atlas

There are countless inequivalent ways to modify GR, many of them leading to theories
that can be designed to agree with current observations. Cosmological observations
and fundamental physics considerations suggest that GR must be modified at very
low and/or very high energies. Experimental searches for beyond-GR physics are a
particularly active and well motivated area of research, so it is natural to look for a
guiding principle: if we were to find experimental hints of modifications of GR, which
of the assumptions underlying Einstein’s theory should be abandoned?

Such a guiding principle can be found by examining the building blocks of
Einstein’s theory. Lovelock’s theorem [191, 192] (the generalization of a theorem due
to Cartan [193]) is particularly useful in this context. In simple terms, the theorem
states that GR emerges as the unique theory of gravity under specific assumptions.
More precisely, it can be articulated as follows:

In four spacetime dimensions the only divergence-free symmetric rank-2
tensor constructed solely from the metric gµ⌫ and its derivatives up to second
differential order, and preserving diffeomorphism invariance, is the Einstein

Berti et al., CQG 32, 243001, ‘15

Modified gravity theories

Most of the modifications and extensions of GW which have been proposed so far

can be expressed in terms of new fundamental fields (in particular, scalar fields)


in the gravitational sector of the theory.

Arguably, the simplest of such modifications are the scalar-tensor theories

• Simplest (“Bergmann-Wagoner”) scalar-tensor theories: 

E-H action is the first term in an expansion containing all possible curvature terms,

as suggested by low-energy effective string theories.

In general these theories have ghosts and other pathologies, with the exception of 

a particular combination of the curvature invariants: scalar Gauss-Bonnet gravity

<latexit sha1_base64="1z9IprpvDFpijEuGiHrkAdtKDgo="></latexit>

S =
1

16⇡G

Z
d4x

p
�g

⇢
R� 1

2
@µ�@

µ�+ ↵GBf(�)R2
GB

� �
R2

GB = Rµ⌫↵�R
µ⌫↵� � 4Rµ⌫R

µ⌫ +R2
�

• Quadratic gravity: scalar-tensor theories with quadratic curvature terms:
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and the Pontryagin scalar (also

referred to as the Chern-Simons scalar) defined above, because these terms can be
shown to emerge in low-energy realizations of string theory [215,249]. The Pontryagin
scalar also appears in loop quantum gravity [250]. However, these terms alone do not
yield modifications to Einstein’s equations in four spacetime dimensions, because their
integrals are four-dimensional topological invariants and only account for boundary
terms in the action. To circumvent this problem one is thus forced to add extra
dynamical fields, i.e., extra propagating degrees of freedom (but cf. Section 2.7 below
for a different strategy using nondynamical fields). The simplest way to introduce
nontrivial higher-order curvature corrections is via coupling with a scalar field.

The most generic class of four-dimensional theories obtained by including all
quadratic algebraic curvature invariants coupled to a single scalar field reads [74,80]
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(2.21)

where V (�) is the scalar self-potential, fi(�) (i = 1, . . . , 4) are coupling functions,
and in the matter action Smat we have included a nonminimal but universal metric
coupling, which thus satisfies the weak (but in general not the strong) equivalence
principle. The action (2.21) generically yields higher-order field equations that are
prone to the Ostrogradski instability and to the appearance of ghosts, unless the
various terms appear in the special combination corresponding to the four-dimensional
Gauss-Bonnet invariant (discussed in Section 2.4.1 below). To avoid this instability,
the theory (2.21) must be considered as an effective action, obtained as the truncation
of a more general theory, valid only up to second order in curvature.⇤ In the decoupling
limit (where the effective theory is valid, see Section 2.8), a perturbative approach
is applicable and the field equations remain of second differential order for generic
combinations of the curvature invariants. For example, it has been shown that dCS
gravity (introduced in Section 2.4.2 below) does not exhibit any ghost-like instabilities
when treated order-by-order in the perturbation scheme and, in fact, can be cast into a
well-posed Cauchy problem in the decoupling limit [44]. We expect a similar argument
to hold for EdGB gravity (see Section 2.4.1), but a rigorous proof in this case is still
missing.

The EFT approach is not only motivated by the desire to avoid higher-order
derivatives in the field equations, but it arises naturally in some low-energy expansion
in string theory, which indeed contains the Gauss-Bonnet and Chern-Simons terms
coupled respectively to the dilaton and axion at second order in the curvature. In this
approach the Einstein-Hilbert term is considered as the first-order term in a (possibly
infinite) series expansion containing all possible curvature corrections. In this sense,
GR may be only accurate up to second-order terms in the curvature.

In the geometrical units adopted here, the scalar field entering the action (2.21)
is dimensionless, whereas the coupling functions fi(�) have the dimensions of a length
squared, i.e. of an inverse curvature. Thus, at variance with the scalar-tensor theories

⇤ Alternatively, one can circumvent the Ostrogradski instability by expanding the phase-space of the
(dynamical) variables if the resulting equations of motion constitute a closed system of PDEs that
are at most second order [251,252].
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Note that in these theories no-hair theorem applies: BHs as in GR!

Testing General Relativity 19

It is worth noting that, in addition to the strong-field and cosmological tests
of gravity described in this review, screening mechanisms have spawned a wave of
new laboratory and astrophysical tests of gravity. Laboratory examples include
experiments to detect the chameleon mechanism using cold atom interferometry
[208,209], and the “afterglow” of a chameleon field interacting with the electromagnetic
field inside a radio frequency cavity [210]. New astrophysical tests include searches
for a potential mismatch between distance indicators such as cepheid variables and
tip-of-the-red-giant-branch (TRGB) stars in unscreened dwarf galaxies [211].

2.2. Scalar-tensor gravity

One of the most natural extensions of GR is scalar-tensor gravity, in which one or
more scalar degrees of freedom are included in the gravitational sector of the theory,
through a non-minimal coupling (i.e., the Ricci scalar in the Einstein-Hilbert action
is multiplied by a function of the scalar field(s)). Several reviews provide extensive
discussions on the subject, see e.g. [39,196,212–214].

Scalar fields with non-minimal couplings to gravity appear in several contexts,
such as in string theory [215], in Kaluza-Klein-like theories [216] or in braneworld
scenarios [217, 218]. They also have important applications in cosmology [15].
Therefore, scalar-tensor gravity is a good framework to study phenomenological
aspects of several possible fundamental theories.

2.2.1. The Bergmann-Wagoner formulation. The most general action of scalar-tensor
gravity with one scalar field which is at most quadratic in derivatives of the fields was
studied by Bergmann and Wagoner [219,220], and can be written (after an appropriate
field redefinition) as:
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where ! and U are arbitrary functions of the scalar field �, and SM is the action of the
matter fields  . When !(�) = !BD is constant and U(�) = 0, the theory reduces to
(Jordan-Fierz-)Brans-Dicke gravity [221–223], an extension of GR which was proposed
in the mid-20

th century (see [224–226] for a historical account).
The Bergmann-Wagoner theory (2.3) can be expressed in a different form through

a scalar field redefinition ' = '(�) and a conformal transformation of the metric
gµ⌫ ! g?

µ⌫
= A�2

(')gµ⌫ . In particular, fixing A(') = ��1/2, the action (2.3) –
generally referred to as the Jordan frame action – transforms into the Einstein frame
action
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where g? and R? are the determinant and Ricci scalar of g?
µ⌫

, respectively, and
V (') = A4

(')U(�(')). The price paid for the minimal coupling of the scalar field in
the gravitational sector is the non-minimal coupling in the matter sector of the action:
particle masses and fundamental constants depend on the scalar field.

We remark that the actions (2.3) and (2.4) are just different representations
of the same theory: the outcome of an experiment will not depend on the chosen
representation, as long as one takes into account that the units of physical quantities
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Modified gravity theories

sGB gravity can also be obtained from the class of Horndeski gravity theories, which are all scalar-tensor theories with second-order-in-time field equations

(and thus free from the so-called Ostrogradski instability):
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Gauss-Bonnet term: total derivative!

• they are the simplest scalar-tensor gravity theories in which no-hair theorems do not apply

(in the case of shift-symmetric theories, sGB gravity are the only Horndeski theories violating no-hair theorems! [Sotiriou & Zhou, PRL ’14])

• can arise from string-theory compactifications (f(ϕ)=eϕ: Einstein-dilaton Gauss-Bonnet) 

• the Gauss-Bonnet term can be seen as an effective-field-theory contribution 

but:

• in sGB gravity, scalar field can not have cosmological interpretation (ruled out by GW170817) 

• dimensionful coupling constant 𝛼GB needs to be at least of order km2 for observable GW signature (EFT interpretation requires new scale in the theory besides lP)

In the decoupling limit (ms→0 with ms2Mpl finite) 

reduces to Galileon theory: scalar field action in 


flat space with derivative interactions

In the following we will mostly focus on massive gravity with a fixed Minkowski
reference metric.

Decoupling limit. Many classic tests of gravity take place at length scales much shorter than
the Hubble scale, and in regions where the gravitational field is weak: h M 1Pl � . In this
regime, we may study massive gravity in a simple approximation of the fully nonlinear theory
by considering the decoupling limit: m 0g l and M ,Pl l ¥ with m M3 g

2
Pl

1 3( )L = fixed. To
be relevant for cosmology we need m 10 eVg

33~ - , so 1000 km3
1( )L ~ - . In all cases where

calculations have been done in the full theory and in the decoupling limit, the decoupling limit
turned out to be an excellent approximation: see e.g. [172]. In this limit, we may decompose
the metric perturbation H g h= -mn mn mn into helicity eigenstates: two helicity-2 modes, two
helicity-1 modes and one helicity-0 mode (see [297] for a derivation of the decoupling limit).
The helicity-2 modes have the same dynamics as in GR, while the helicity-1 modes are not
sourced by matter in this limit. Therefore, we will focus exclusively on the helicity-0 mode,
whose dynamics is governed by
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where Tμν is an external stress–energy tensor, cn, gi are constant coefficients, n
g

n 1
( )$ $p= - ,

and n$ are the same as those given in equation (2.46). The interactions for the π field are
called the Galileon interactions [305]; , ,g g g

3 4 5
( ) ( ) ( )$ $ $ are called the Cubic, Quartic, and

Quintic Galileons, respectively. The Galileon interactions ensure that π has second-order
equations of motion, which reflects the fact that the BD ghost is not present.

As can be seen from equation (2.47), the helicity-0 mode remains coupled to matter in the
decoupling limit, in which m 0g l . This surprising fact is known as the van Dam–Veltman-
Zakharov (vDVZ) discontinuity [306, 307]. This would appear to rule out massive gravity
because the helicity-0 mode would then source a fifth force of gravitational strength, so that,
for example, the bending of light by the Sun in massive gravity would differ from the GR
prediction by 25%.

Vainshtein mechanism. The resolution to the vDVZ discontinuity, as originally proposed by
Vainshtein in [308], is that we cannot ignore the nonlinear self-interactions of the helicity-0
mode. These interactions serve to suppress the coupling to matter, restoring continuity with
GR (see [309] for an introduction). This is why it was crucial to keep the scale Λ3 fixed in the
decoupling limit.

The Vainshtein mechanism was proved to work under specific assumptions (e.g. for
spherically symmetric, static spacetimes). A general proof of its validity is still lacking, but
there have been some studies of the Vainshtein mechanism in time-dependent situations,
including binary pulsars [53, 310] and cosmology [311, 312]. Furthermore, there is by now a
fair amount of numerical evidence that the Vainshtein mechanism operates even beyond the
spherically symmetric static solutions for Galileons. For example, Koyama and collaborators
carried out numerical simulations characterizing the strength of the Vainshtein mechanism
[313, 314], considering in particular a two-body system that breaks spherical symmetry [315]
and using N-body simulations to study the growth of structures, such as dark matter halos and
cosmic webs [316, 317].

From a field-theoretic perspective, the Vainshtein mechanism may be understood by
considering fluctuations in the Galileon (π = π0 + f) in a regime where the background is

Class. Quantum Grav. 32 (2015) 243001 Topical Review

33

• GR deviations appear at large curvatures => no constraints from binary pulsars, need GW

  A particular combination of the functions Gi (including G5) leads to scalar Gauss-Bonnet gravity :
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sGB gravity theories
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Stationary BH solutions:

• if f’(ϕ)≠0  then for each (M,J) there is one stationary BH solution, with non-trivial scalar field configuration (hairy BH)

- scalar field of stationary BHs chacterized by its scalar charge D:
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- stationary BHs only exist for otherwise the BH becomes a naked singularity (Sotiriou & Zhou PRD ’14) => minimum mass!
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• if f’(ϕ)=0 for some ϕ, then the Kerr BH with ϕ=const. is a solution of the field equations.

 For some values of the mass or angular momentum, scalarized solutions can exist as well, and Kerr BHs naturally grow scalar fields (spontaneous scalarization)

(Silva et al., PRL ’18; Doneva et Yazadjiev, PRL ’18; Dima et al., PRL ’20; Herdeiro et al., PRL ‘21) 
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for instance, a non-rotating BH has scalar charge 
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sGB gravity theories

Field equations:
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Stationary BH solutions:

• if f’(ϕ)≠0  then for each (M,J) there is one stationary BH solution, with non-trivial scalar field configuration (hairy BH)

• if f’(ϕ)=0 for some ϕ, then the Kerr BH with ϕ=const. is a solution of the field equations.

 For some values of the mass or angular momentum, scalarized solutions can exist as well, and Kerr BHs naturally grow scalar fields (spontaneous scalarization)

(Silva et al., PRL ’18; Doneva et Yazadjiev, PRL ’18; Dima et al., PRL ’20; Herdeiro et al., PRL ‘21) 

- examples:  (i)  Einstein-dilaton Gauss-Bonnet (EdGB) gravity 
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- scalar field of stationary BHs chacterized by its scalar charge D:
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- stationary BHs only exist for otherwise the BH becomes a naked singularity (Sotiriou & Zhou PRD ’14) => minimum mass!
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for instance, a non-rotating BH has scalar charge 
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EdGB gravity
(Mignemi & Stewart PRD ’93; Kanti et al. PRD ’96; Torii & Maeda, PRD ’97; Pani & Cardoso PRD ’09; Yunes & Stein PRD ’11; Kleinhaus et al. PRL ’11)

• The GB term arises in low-energy EFT limit of heterotic ST (Gross & Sloane, NPB ’87, Metsaev & Tseytlin NPB ’87)

• f’(ϕ)≠0: for each choice of (M,J), one stationary BH solution with D=𝛼GB/(2GM)

• (non-rotating) BHs exist for 𝛼GB/(GM)2 < 0.619 

• future bounds:        ~ one order of magnitude stronger from LISA (Maselli et al., Nature Astr. ’22)

• existing bounds: from LIGO/Virgo observations (Perkins et al., PRD ‘21)
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• for low values of the coupling and thus for small amplitudes of the scalar field, 
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: equivalent to shift-symmetric sGB gravity 

  (Sotiriou & Zhou PRL ’14, Barausse & Yagi PRL ’15)

In the rest of the talk I will discuss two recent developments concerning EdGB gravity:

1.    QNMs of rotating BHs in EdGB gravity

2.    how to detect the scalar charge of EdGB gravity (and other scalar-tensor theories) with LISA

Many other aspects, such as the modelling of inspiral (post-Newtonian expansion) and merger (numerical relativity) not discussed in this talk.
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Quasi-normal modes of rotating BHs in EdGB gravity

We know BH QNMs in very few theories, and - until recently - only for non-rotating BHs.

We need examples of QNM modifications in specific theories, to improve searches for GR deviations in GW data from ringdown!


EdGB gravity is now the only example of computation of QNMs of rotating BHs to second order in spin (another example exists at first order)
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Background:

stationary, rotating BH


with (M,J)
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Near the horizon: 
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the dimensionless coupling


and the dimensionless spin
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It can be found numerically (Kanti et al. PRD ‘96), or in terms of polynomial expansions (Maselli et al., PRD ’15): 

[G=c=1 units]
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Note that this is a small coupling and slow rotation expansion: does not converge for rapidly rotating BHs and for  𝜁~1!

where
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Perturbation theory:
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Quasi-normal modes of rotating BHs in EdGB gravity

Then, we expand the perturbations in tensor spherical harmonics, finding a set of axial and polar perturbation functions.

1) Non-rotating BHs (Blasquez-Salcedo et al., PRD ’16)

Linearized field equations and Fourier transform in time leads to ODEs for 
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lm                                 which are solved for each l,m with Sommerfeld 

boundary conditions, leading to the QNM complex frequencies:

scalar field can be solved consistently, imposing regu-
larity at the horizon r ¼ rh, and that the scalar field goes
to zero at infinity. Typically, we consider solutions up to
N ¼ 4, verifying that the results converge in the small-ζ
region.

APPENDIX B: PERTURBATIONS
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where H0, H1, H2, K, and ϕ0 are the polar parity perturbation functions defined in Sec. II B.
In the above equations, we defined Λ ¼ ðlþ 2Þðl − 1Þ=2. Note that, due to the Bianchi identities, not all of the above

equations are independent. The dilaton field equation (3) at first order gives
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scalar field can be solved consistently, imposing regu-
larity at the horizon r ¼ rh, and that the scalar field goes
to zero at infinity. Typically, we consider solutions up to
N ¼ 4, verifying that the results converge in the small-ζ
region.
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r−αBeϕ0ϕ0
0

Þ

4ðB − 1Þr

þ ϕ0
1ðBr3ϕ0

0 − αeϕ0ðBð3rB0 þ 4ðB − 1Þrϕ0
0 − 4Bþ 4Þ − rB0ÞÞ

2Br3ðr − αBeϕ0ϕ0
0Þ

þ ϕ1ð2αeϕ0ðð2Λþ 1ÞrB0 þ Bð3rB0 þ 4ðB − 1Þrϕ0
0 − 4Bþ 4ÞÞ − r2ð4rB0 þ Bðrϕ0

0ðrϕ0
0 þ 2Þ þ 4Þ − 4ÞÞ

4Br4ðr − αBeϕ0ϕ0
0Þ

þH0
2ðαð3B − 1Þeϕ0ϕ0

0 − 2rÞ
2rðr − αBeϕ0ϕ0

0Þ
þ αðB − 1Þeϕ0ϕ00

1

r2ðαBeϕ0ϕ0
0 − rÞ

þ K00 ¼ −
8πrAð0Þ

lm

ABr − αAB2eϕ0ϕ0
0

; ðB6Þ

where H0, H1, H2, K, and ϕ0 are the polar parity perturbation functions defined in Sec. II B.
In the above equations, we defined Λ ¼ ðlþ 2Þðl − 1Þ=2. Note that, due to the Bianchi identities, not all of the above

equations are independent. The dilaton field equation (3) at first order gives
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d2ϕ1

dr2!
þ
!
BrA0ðrϕ0

0 þ 1Þ þ AðrB0ðrϕ0
0 þ 1Þ þ 2Brðrϕ00

0 þ 2ϕ0
0Þ þ 4ðΛþ 1ÞÞ

2r2
− ω2

"
ϕ1 þ αB2eϕ0A0K00

−
αAðB − 1ÞBeϕ0H00

0

r
−
H0

0ðαeϕ0ð2ðB − 1ÞBA0 þ Að3B − 1ÞB0Þ þ ABr2ϕ0
0Þ

2r
−
BH0

2ðαð3B − 1Þeϕ0A0 þ Ar2ϕ0
0Þ

2r

þ αH2eϕ0ðB2rðA0Þ2 þ Að−Bð2BrA00 þ A0ð3rB0 þ 2Λþ 2Þ − 2rω2Þ − 2rω2ÞÞ þ αAH0ðΛþ 1Þeϕ0B0

r2

þ BK0ðαeϕ0ðAð2BrA00 þ A0ð3rB0 þ 4BÞÞ − BrðA0Þ2Þ þ 2A2r2ϕ0
0Þ

2Ar
− iH1

!
αð3B − 1Þωeϕ0B0

r
þ Brωϕ0

0

"

þ αKeϕ0ðAB0ð2rω2 − ΛA0Þ þ BΛððA0Þ2 − 2AA00ÞÞ
2Ar

−
2iαðB − 1ÞBωeϕ0H0

1

r
¼ 0: ðB7Þ

To obtain the system as (16), we do the following: we use
Eqs. (B3)–(B5) to eliminate H0,H0

0, andH2 in terms of K,
H1, ϕ1, and their first derivatives, as well as source terms,
substituting them in Eqs. (B1), (B2), and (B7). In this way,
we can write

0

BBB@

H0
1

K0

ϕ0
1

ϕ00
1

1

CCCAþ

0

BBB@

V11V12V13V14

V21V22V23V24

V31V32V33V34

V41V42V43V44

1

CCCA

0

BBB@

H1

K

ϕ1

ϕ0
1

1

CCCA ¼

0

BBB@

S1
S2
S3
S4

1

CCCA; ðB8Þ

which is the extended form of Eq. (16) for j ¼ p.
Obviously, V3k ¼ 0 for k ≠ 4, V34 ¼ −1, and S3 ¼ 0.
Due to the complexity of the components of Vp, we shall
not show them here, but they can be seen in the
Supplemental Material [47]. The boundary conditions for
the perturbations can be found with the aid of the
expansions of the background metric and dilaton field.
Note that, for QNMs, due to the natural divergence at
spatial infinity, one must consider a high-order expansion
of the perturbations at infinity.
For l ¼ 0, 1, simpler gauge choices can be chosen [30].

First, for l ¼ 1, we notice that we can pick a gauge in which
K vanishes identically. Therefore, we can use the first two
equations in (B8) to eliminate H1

0 and H1 in favor of ϕ1,
ϕ0
1. For l ¼ 0, we can choose a gauge in which both K and

H1 vanishes, and again the equations are reduced to a
second-order equation for the dilaton perturbation. Note
that this is possible because some harmonics in the
expansion are identically zero in the l ¼ 0 and l ¼ 1 cases.

2. Axial sector

The equations for the axial sector are much simpler. The
fundamental equations can be written as

h01 −
AA0B0 þ BðAð2A00 þ Aϕ02Þ − A02Þ

2ABð2A − αBeϕA0ϕ0Þ
rh1

þ αeϕðB0ϕ0 þ 2Bðϕ00 þ ϕ02ÞÞ − 2

BðαBeϕA0ϕ0 − 2AÞ
iωh0 ¼ 0; ðB9Þ

h00 þ
r2ω2 − αBeϕϕ0ðrω2 − ΛA0Þ − 2ΛA

rωðr − αBeϕϕ0Þ
ih1 −

2

r
h0 ¼ 0;

ðB10Þ

h000 þ iωh01 þ
−2A00 − 2A0

r þ Að2B0þrBϕ02Þ
BðαBeϕϕ0−rÞ

2A0 h00

þ
iωð−2A00 þ 2A0

r þ Að2B0þrBϕ02Þ
BðαBeϕϕ0−rÞ Þ

2A0 h1

þ ½rABðr − αBeϕϕ0Þ'−1fBA0ðr − αBeϕϕ0Þ
þ A½αeϕðð3Bþ ΛÞB0ϕ0 þ 2BðBþ ΛÞðϕ00 þ ϕ02ÞÞ
−rB0 − 2B − 2Λ'gh0 ¼ 0: ðB11Þ

where h0, h1 are the axial parity perturbation functions
defined in Sec. II B.
The above differential equations are already in the form

of Eq. (16). As mentioned in the main text, the particle does
not induce perturbation in the axial sector, and hence there
are no source terms in the above equations.
For l ¼ 0, the tensorial harmonics multiplying the

functions h0 and h1 vanish identically, and therefore the
axial perturbation vanish identically.
For l ¼ 1, the analysis of the perturbations follows in a

very similar manner as the one in GR [30,35]. One of the
harmonics vanishes identically, and one is left with only
two equations, namely (B10) and (B11). We can exploit the
gauge freedom to set either h1 or h0 to zero. The remaining
equations, which are asymptotically GR, have a non-
radiative behavior at infinity and contribute only to give
an infinitesimal angular momentum to the BH.

3. Source terms

As mentioned in the main text, the particle stress-energy
tensor can be expanded in spherical harmonics. The
procedure to obtain the coefficients is outlined in
Refs. [30,35,64]. In the frequency domain, the source
functions for a particle falling radially into the BH are
given by
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Quasi-normal modes of rotating BHs in EdGB gravity

Then, we expand the perturbations in tensor spherical harmonics, finding a set of axial and polar perturbation functions.

1) Non-rotating BHs (Blasquez-Salcedo et al., PRD ’16)

Spherically symmetric background => harmonic components with different values of l,m and with polar and axial parities are decoupled 

• two classes of gravitational QNMs: scalar-led and gravitational-led

• O(ζ2) shifts of the gravitational and scalar QNM frequencies of GR

In Fig. 1, we show the behavior of the axial l ¼ 2
fundamental mode as a function of the coupling ζ,
normalized by the corresponding Schwarzschild quantity.
In most of the range of ζ, the behavior of the modes is
smooth and given by a corresponding small deformation of
the Schwarzschild QNMs. The only exception occurs close
to the critical value of the coupling constant ζ ≈ 0.691,
where the QNMs have a very sensitive dependence on ζ.
For small values of ζ, say for ζ ≲ 0.4, analytically
expanded backgrounds [up to Oðζ6Þ] yield QNMs which
are in very good agreement with the full numerical solution.
This provides a nontrivial check for both our (indepen-
dent) codes.
Figure 1 also shows the result of the geodesic algorithm

described in Sec. III A. For the axial modes, which are
decoupled from the scalar perturbations, the geodesic
predictions are in good agreement with the results of the
full numerical solution. Although not shown in Fig. 1, the
agreement is better for higher multipoles, as expected
(cf. Table I).

Finally, Table I shows the results of the polynomial fit
(27) to the axial QNM of EDGB BHs, which is specially
accurate for small ζ. By analyzing the perturbation equa-
tions, it is easy to show that R1 ¼ I1 ¼ 0 in the expansion
(27). The full numerical results are available online [47]. In
Table I, we also give the coefficients obtained by the
geodesic algorithm, which help to quantify the accuracy of
the geodesic approximation; for instance, at ζ ¼ 0.5, the
difference in percentage between the real and the imaginary
parts of the (not-normalized) frequency, relative to the
numerical result, is, respectively, less than 3% and less than
8% for l ¼ 2, and improves for l > 2. Similar deviations are
obtained in the GR limit, ζ ¼ 0.
As explained in Appendix B, similarly to what happens

in GR, there are no axial QNMs for l ¼ 0 and l ¼ 1.

C. Polar modes

Unlike the axial sector, the polar gravitational sector of
the metric perturbations couples to the scalar-field pertur-
bations. The system of ODEs is more complex, and finding
the QNM frequencies is therefore more challenging. Even
for arbitrarily small values of ζ, the QNMs contain two
families: (i) gravitational-led modes, which reduce to the
gravitational QNMs of Schwarzschild BHs in the ζ → 0
limit, and (ii) scalar-ledmodes, which reduce to the QNMs
of a test scalar field on a Schwarzschild metric when ζ → 0
(see Ref. [51] for a similar situation in another theory). The
extent to which each of these modes is excited in actual
physical setups is discussed in the next section.
Our results for the quadrupole modes (l ¼ 2) are

summarized in Fig. 2 and Table II, where we show the
fundamental gravitational-led and scalar-led QNMs. The
deviations from the GR case are larger than in the axial
case. This is probably due to the extra coupling between
gravitational and scalar degrees of freedom. From the fits
given in Table II, it is interesting to note that the leading-
order correction to the l ¼ 2 gravitational-led mode has an

TABLE I. Numerical value of the coefficients Rj and Ij for the
expansions in the small-coupling limit, cf. (27) for the axial
QNMs. The geodesic coefficients are computed from the exact
analytical solution for small ζ limit, while the QNM frequencies
coefficients are obtained through a polynomial fit with the data.

j l ¼ 2 l ¼ 3 Geodesic

Rj

1 0 0 0
2 1.002 × 10−3 1.173 × 10−2 1.257 × 10−2

3 1.906 × 10−3 5.035 × 10−3 6.872 × 10−3

4 1.131 × 10−3 1.353 × 10−2 5.537 × 10−3

Ij

1 0 0 0
2 −5.174 × 10−3 −4.774 × 10−3 −5.267 × 10−3

3 5.766 × 10−3 7.590 × 10−4 −7.184 × 10−3

4 −7.091 × 10−3 −3.282 × 10−3 −7.822 × 10−3
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FIG. 2. Real (left) and imaginary (right) parts of the polar quasinormal modes for l ¼ 2, for the gravitational- and scalar-led modes, as
functions of the coupling ζ, normalized by the Schwarzschild-limit quantities. The insets show a closeup in order to see the comparison
for small values of ζ.
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Quasi-normal modes of rotating BHs in EdGB gravity

Then, we expand the perturbations in tensor spherical harmonics, finding a set of axial and polar perturbation functions.

2) Rotating BHs at first order in the spin (Pierini & Gualtieri, PRD ’21)

Non spherical background => couplings between perturbations with different parities and with different l’s!

In practice, it can be shown that at first order in the spin the couplings do not affect the QNMs!

Numerical integration of the ODEs with Sommerfeld boundary conditions similar to that of GR (new terms in 𝜁 in the equations, coupling with scalar field)

QNM complex frequencies:
<latexit sha1_base64="Xi7eu+BbvwO3AjHZIDQIK/vbsKc="></latexit>

!nlm(�, ⇣) = !nl
0 (⇣) + �m!nl

1 (⇣) +O(�2)
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FIG. 1. First-order rotational corrections !1 (see Eq. (51)) of
the gravitational QNMs with n = 0 and l = 2, 3, 4, as func-
tions of the coupling parameter ⇣. The small circles are the
values corresponing to Kerr BHs. The real parts are shown
in the upper panel, the imaginary parts in the lower panel.

(where the superscript (s) denotes the order of ⇣ included
in the perturbative expansion), for s  5 and ⇣ 2 [0, 0.4]
for the real part, ⇣ 2 [0, 0.25] for the imaginary part.
This provides evidence that the truncation error due to
the expansion in ⇣ is always . 1%.

Conversely, it is impossible to provide a reliable esti-
mate of the error due to the truncation at first order in
the spin. Yet, the integration of the test scalar field (see
Table I) gives the indication that a first-order computa-
tion may provide the leading-order contribution of the
modes (in particular of the real part). Generally speak-
ing, corrections at order O(ā2) may be qualitatively dif-
ferent from those at order O(ā); there is no guarantee,
then, that the latter dominate the QNM frequencies un-
less the spin is very low. Thus, our results should be con-
sidered as a first estimate of the rotational corrections to
the QNMs in EdGB gravity.

FIG. 2. Relative discrepancy (Eq. (54)) between the estimate
of !1 for the l = m = 2 fundamental mode computed to O(⇣s)
and to O(⇣s+1), for di↵erent values of the coupling parameter
⇣.

Discussion of the results

In order to assess how rotation a↵ects the EdGB cor-
rections to the QNMs, in Figure 3 we show the ratio be-
tween the QNM frequency !nlm (for n = 0, l = m = 2)
in EdGB gravity and in general relativity, for di↵erent
values of ⇣. We only show the real part of the frequency,
which we model as in Eq. (51).
We consider values of the spin ā 2 [0, 0.7] (the lat-

ter corresponding to the typical outcome of a binary
BH merger). As discussed above, since we neglect terms
O(ā2), this model is accurate for ā ⌧ 1, while it should
be only considered as an order-of-magnitude estimate of
the corrections for ā . 0.7.

As shown in Fig. (3), rotation significantly magnifies
the correction due to modified gravity. For ⇣ = 0.4, the
mode is shifted of ⇠ 4% in a non-rotating BH, while the
shift increases to ⇠ 18% for a BH with ā = 0.7. This
result may be due do the fact that rotating BHs have
smaller horizon radii, and thus the curvature near the
horizon is larger; this leads to larger e↵ects in theories,
like EdGB, in which the action contains terms quadratic

8
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FIG. 1. First-order rotational corrections !1 (see Eq. (51)) of
the gravitational QNMs with n = 0 and l = 2, 3, 4, as func-
tions of the coupling parameter ⇣. The small circles are the
values corresponing to Kerr BHs. The real parts are shown
in the upper panel, the imaginary parts in the lower panel.

(where the superscript (s) denotes the order of ⇣ included
in the perturbative expansion), for s  5 and ⇣ 2 [0, 0.4]
for the real part, ⇣ 2 [0, 0.25] for the imaginary part.
This provides evidence that the truncation error due to
the expansion in ⇣ is always . 1%.

Conversely, it is impossible to provide a reliable esti-
mate of the error due to the truncation at first order in
the spin. Yet, the integration of the test scalar field (see
Table I) gives the indication that a first-order computa-
tion may provide the leading-order contribution of the
modes (in particular of the real part). Generally speak-
ing, corrections at order O(ā2) may be qualitatively dif-
ferent from those at order O(ā); there is no guarantee,
then, that the latter dominate the QNM frequencies un-
less the spin is very low. Thus, our results should be con-
sidered as a first estimate of the rotational corrections to
the QNMs in EdGB gravity.

FIG. 2. Relative discrepancy (Eq. (54)) between the estimate
of !1 for the l = m = 2 fundamental mode computed to O(⇣s)
and to O(⇣s+1), for di↵erent values of the coupling parameter
⇣.

Discussion of the results

In order to assess how rotation a↵ects the EdGB cor-
rections to the QNMs, in Figure 3 we show the ratio be-
tween the QNM frequency !nlm (for n = 0, l = m = 2)
in EdGB gravity and in general relativity, for di↵erent
values of ⇣. We only show the real part of the frequency,
which we model as in Eq. (51).
We consider values of the spin ā 2 [0, 0.7] (the lat-

ter corresponding to the typical outcome of a binary
BH merger). As discussed above, since we neglect terms
O(ā2), this model is accurate for ā ⌧ 1, while it should
be only considered as an order-of-magnitude estimate of
the corrections for ā . 0.7.

As shown in Fig. (3), rotation significantly magnifies
the correction due to modified gravity. For ⇣ = 0.4, the
mode is shifted of ⇠ 4% in a non-rotating BH, while the
shift increases to ⇠ 18% for a BH with ā = 0.7. This
result may be due do the fact that rotating BHs have
smaller horizon radii, and thus the curvature near the
horizon is larger; this leads to larger e↵ects in theories,
like EdGB, in which the action contains terms quadratic

These results suggest that the GR deviations in the QNMs

are significanty magnified by rotation, but 

first-order computation only accurate for very low value of the spin,

and may miss important effects only arising at second order.

[for a similar computation in a different theory (DCS gravity) see Wagle et al.’21]

General structure 

of the equations:
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with background-dependent coefficients
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Quasi-normal modes of rotating BHs in EdGB gravity

Then, we expand the perturbations in tensor spherical harmonics, finding a set of axial and polar perturbation functions.

3) Rotating BHs at second order in the spin (Pierini & Gualtieri, in preparation)

In the numerical integration we have to solve at the same time equations with different parities and different values of l:
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and V a 4x4 matrix, S a 2x4 matrix, T a 2x2 matrix, U a 4x2 matrix. The second equation is at order O(a) because S
is also of O(a), so I only need � at O(a) if I want to keep everything at second order.

Alternatively one can recast it in a single equation with a single vector

d
dr
⌅ + P⌅ = 0 (260)

with
⌅` = {H1`,K`, �`, �0`, h0`�1, h1`�1, h0`+1, h1`+1}

and P an 8x8 matrix. Therefore we can build an other 8x8 matrix X that contains 4 independent solution obtained
integrating from the horizon up to a matching point and other 4 independent solution obtained integrating from the
infinity up to the matching point. These solutions are no longer independent when the complex frequencies correspond
to the quasinormal modes. Thus, the QNM condition is, as usual:

detX(!QNM
n` , rm) = 0 (261)

In the case ` = 2 we have said that we can put h1(1) = 0 thanks to the residual gauge freedom (I do not need to put
certain terms equal to zero because they are not present at all in this case). It can also be seen that a polar mode with
` = 2 does not excite at all modes with ` = 1, i.e. we also have h0(1) = 0.

For the calculation at second order I put everything in terms of � = J/M2, ⇣ = ↵/M2, rH . The relation bewteen
the physical mass and the horizon is:
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(262)

To do the integration I find the inverse relation rH = rH(M) and then putM = 1 so that I find directly dimensionless
quasinormal mode frequencies and that I can choose ⇣ and � without needing to trasnform them from ↵ and J. In
details: I start with the equations in terms of

6.6.1 Boundary Conditions: Polar subset

The boundary conditions are similar to the ones in section 6.4.1, with the addition of the additional spin order and
of axial functions h1 and h0, that are now needed in the integration. We do this expansion near the borders to avoid
divergences near the horizon and at infinity.
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and P is an 8x8 matrix.

4

The metric perturbations have contributions with polar
and axial parities, hµ⌫ = hpol

µ⌫
+ hax

µ⌫
, and

hpol

µ⌫
(t, r, ✓,')dxµdx⌫ =

⇥
A(r)H lm

0
(r)dt2 + 2H lm

1
(r)dtdr +B�1(r)H lm

2
(r)dr2

+Klm(r)(dr2 + sin2 ✓d'2)
⇤
Y lm(✓,')e�i!t , (17)

hax

µ⌫
dxµdx⌫ = 2(hlm

0
(r)dt+ hlm

1
(r)dr)

⇥ (S✓(✓,')d✓ + S'(✓,')d')e
�i!t (18)

where (Slm

✓
, Slm

'
) = (�(sin ✓)�1Y lm

,'
, sin ✓Y lm

,✓
). By re-

placing this expansion in the field equations (3), (4) we
find a set of partial di↵erential equations in r and ✓ (see
Appendix A). Due to the symmetry of the background,
the dependence on t and ' factors out as ⇠ ei(m'�!t):
equations with di↵erent values of m,! are decoupled.

Following e.g. [53] (see also [54]), we perform a pro-
jection of these equations on tensor spherical harmonics,
finding a system of ordinary di↵erential equations in r,
up to second order in the spin. Since the background is
not spherically symmetric, equations with di↵erent val-
ues of l are coupled; the general structure of this system
is:

Plm + ām P̄lm + ā(QlmÃl�1m + ā(Ql+1mÃl+1m)

+ ā2(Ql�1mQlmP̂l�2m +Ql+2mQl+1mP̂l+2m) +O(ā3)

= 0

Alm + ām Ālm + ā(QlmP̃l�1m + ā(Ql+1mP̃l+1m)

+ ā2(Ql�1mQlmÂl�2m +Ql+2mQl+1mÂl+2m) +O(ā3)

= 0 (19)

where Qlm is given in Eq. (A13) and Plm, P̄lm, P̂lm,
(Alm, Ālm, Âlm) are combinations of the polar pertur-
bation functions H lm

0
, H lm

1
, H lm

2
, Klm, �lm (of the axial

perturbation functions hlm

0
, hlm

1
); see Appendix A and

the Mathematica notebook in the supplemental mate-
rial [52] for further details. The coe�cients of these func-
tions in the combinations Plm, Alm, etc. do not depend
on the harmonic index m.

The structure of the equations (19) critically depends
on the order of the spin:

• At zero-th order in the spin, the equations reduce
to Plm = 0, Alm = 0. Neglecting the spin in the
background as well, these equations reduce to the
perturbation equations of static, spherically sym-
metric BHs derived in [22].

• At first order in the spin, polar perturbations with
l are coupled to axial perturbations with l± 1, and
vice versa. Moreover, polar (axial) perturbations
are coupled to perturbations having the same l and
the same parity; the latter couplings are propor-
tional to m.

• At second order of the spin, new terms appear cou-
pling polar (axial) perturbations with l and pertur-
bations having the same parity and l ± 2.

B. Quasi-normal modes

The QNMs are free oscillations of the BH spacetime
(see e.g. [11–13] and references therein). They are solu-
tions of the (scalar or gravitational) perturbation equa-
tions with Sommerfeld boundary conditions (outgoing
waves at infinity and ingoing waves at the horizon).
With an appropriate definition of the tortoise coordi-

nate r⇤ (see Appendix B), all scalar (�lm(r)) and gravi-
tational (H lm

1
(r)/r, Klm(r), etc.) perturbation functions

behave at the horizon and at infinity as
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out
ei!r⇤ (r ! 1) , (20)

where

kH = ! �m⌦H with ⌦H = � lim
r!rh

gt'
g''

. (21)

We remark that the couplings between perturbations
with di↵erent harmonic indices l, and the coupling be-
tween scalar and gravitational perturbations, are sub-
leading at the horizon and at infinity. Moreover, the
equations for gravitational perturbations, at the horizon
and at infinity, can be combined into a second-order dif-
ferential equation with the same structure as the scalar
field equation, i.e.

Zlm

,r⇤r⇤ + k2
H
Zlm = O(r � rh) (r ! rh)

Zlm

,r⇤r⇤ + !2Zlm = O

✓
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(r ! 1) . (22)

where Zlm is either �lm or Klm.
The Sommerfeld boundary conditions are then

Zlm
⇠ e�ikHr⇤ at (r ! rh)

Zlm
⇠ e i!r⇤ at (r ! 1) . (23)

They can be satisfied for a discrete set of complex fre-
quencies

! = !R + i!I : (24)

the QNMs of the BH.

C. Gravitational perturbations at zeroth-order in
the spin

To begin with, we compute the QNMs of a non-rotating
BH in EdGB gravity. We reproduce the results of [22],
where these modes were first computed.
We only consider perturbations with polar parity, i.e.

H0, H1, H2, K, �; we leave implicit the dependence on
the harmonic indices l,m. The perturbation equations
give H0, H2 as algebraic expressions in terms of K, H1.

Each perturbation function satisfies boundary conditions where
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= 0 (19)

where Qlm is given in Eq. (A13) and Plm, P̄lm, P̂lm,
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the spin
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BH in EdGB gravity. We reproduce the results of [22],
where these modes were first computed.
We only consider perturbations with polar parity, i.e.

H0, H1, H2, K, �; we leave implicit the dependence on
the harmonic indices l,m. The perturbation equations
give H0, H2 as algebraic expressions in terms of K, H1.

We find 8 solutions sayisfying outgoung or ingoing b.c., forming a matrix Xnlm(ωnlm), and impose  
<latexit sha1_base64="/zwLVxTWHPDoxjAxMFqLTJ27slI="></latexit>

detXnlm(!nlm) = 0

finding the QNMs
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Couplings have to be included in the QNM computation! (see e.g. Pani, IJMPA ’13)
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Quasi-normal modes of rotating BHs in EdGB gravity

Then, we expand the perturbations in tensor spherical harmonics, finding a set of axial and polar perturbation functions.

3) Rotating BHs at second order in the spin (Pierini & Gualtieri, in preparation)

Couplings have to be included in the QNM computation! (see e.g. Pani, IJMPA ’13)

Results:
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Figure 39: Total QNM frequency for ⇣ = 0.2 and ⇣ = 0.4 (real part) and ⇣ = 0.2 and ⇣ = 0.3 (imaginary part) for
n = 1, ` = 3,m = 3
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Figure 40: Relative di↵erence of QNM frequency with respect to the Kerr slow rotating mode for n = 1, ` = 2,m = 2
up to larger values of spin (assuming it still holds), both at the first order in the spin (1st paper) and at the second.

Figure 41: Relative di↵erence of QNM frequency with respect to the Kerr slow rotating mode for n = 1, ` = 3,m = 3
up to larger values of spin (assuming it still holds), both at the first order in the spin (1st paper) and at the second.
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Including second order in spin, we find that the deviations

are similar to those obtained up to first order, but larger!

These results can be used in the data analysis of the 

ringdown signal from LIGO/Virgo and ET

(see Carullo’s talk; Vellucci et al., in preparation)



How to detect a scalar charge with LISA 

Let us consider a compact object (a BH or a NS) with mass M, surrounded by a massless scalar field. 

Sufficiently far away from the body, in a stationary configuration:

<latexit sha1_base64="JAoCzWys71I8enpD0wiM4l5AUuA="></latexit>
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the scalar charge d (which is not a conserved, Noether charge) is a measure of how much scalar field the object carries.

For a BH in EdGB gravity, d=2𝜁+O(𝜁2) => a measurement of d is a measurement of ⍺GB. 


For other theories it is still a measurement of the fundamental coupling.

 If, instead, the compact body is a NS, it measures the coupling of the field (which can be DM in GR!) with ordinary matter.

The main effect of a scalar charge  is dipole emission, which does not occur in GR! 

In a post-Newtonian expansion, it dominates over quadrupolar emission at large distances:

(Barausse et al., PRL ’16, Yunes et al. PRD ’21)
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the effect is similar at distances smaller than the Compton length of the scalar field => this applies to ultralight dark matter as well!

(Barsanti et al., PRD in preparation)

Summarizing: even a small scalar charge can significantly affect the waveform, accelerating the inspiral.

If the scalar field has a (very small) mass m:
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Best bounds from LIGO/Virgo observations from (comparable mass) binaries:  d≲10-1 .

As I am going to show, better probes for the scalar charge are binary systems with very, very  small mass-ratio, observed by LISA.
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How to detect a scalar charge with LISA 

Let us consider a compact object (a BH or a NS) with mass M, surrounded by a massless scalar field. 

Sufficiently far away from the body, in a stationary configuration:
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(Maselli et al., PRL ’20; Maselli et al., Nature Astronomy, ’22)

the scalar charge d (which is not a conserved, Noether charge) is a measure of how much scalar field the object carries.

For a BH in EdGB gravity, d=2𝜁+O(𝜁2) => a measurement of d is a measurement of ⍺GB. 


For other theories it is still a measurement of the fundamental coupling.

 If, instead, the compact body is a NS, it measures the coupling of the field (which can be DM in GR!) with ordinary matter.

These bounds are theory dependent: for  EdGB (Perkins et al., PRD ’21) the phase shift is
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but for other theories they are different.



The Laser Interferometer Space Antenna (LISA), to be launched  by ESA in 2037, 

will detect GWs in the [10-3-10-1]Hz band, observing BH binary coalescences with signal-to-noise ratios up to thousands.

LISA Sensitivity Curves 2

Figure 1. A plot taken from the LISA L3 mission proposal showing the expected
sensitivity (green line) and a variety of possible sources (various colors) in units of
dimensionless characteristic strain.

1. Sensitivity Curves

The LISA sensitivity curve can be well approximated by the equation

Sn(f) =
10

3L2

 

POMS(f) +
4Pacc(f)

(2⇡f)4
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f

f⇤
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A+ Sc(f) , (1)

where L = 2.5 Gm, f⇤ = 19.09 mHz, and expressions for POMS(f), Pacc(f) and Sc(f)

are given in equations (10), (11) and (14) below. Here we explain how this curve is

computed and how it can be used (and sometimes mis-used).

The simplest type of sensitivity curve, and the one used by the ground-based

detector community, is the power spectral density of the detector noise Pn(f), or the

amplitude spectral density
q

Pn(f). The mean-squared noise in the frequency band

[f1, f2] is just the integral of Pn(f) over that band. But for a detector like LISA,

where signals may have wavelengths that are shorter than the arms of the detector, it

is conventional to include the ensuing arm-length penalty in the sensitivity curve [5].

The strain spectral sensitivity is then defined in terms of the square root of the e↵ective

noise power spectral density

Sn(f) =
Pn(f)

R(f)
, (2)

where R(f) is the sky and polarization averaged signal response function of the

instrument. The signal response function R(f) relates the power spectral density of the

The most promising LISA sources for fundamental physics are the Extreme Mass-Ratio Inspirals (EMRIs) 

between a stellar mass compact object (a BH or a NS with mp from few to tens of M⦿) and a supermassive BH with M~106-107 M⦿

EMRIs are expected to complete ~104-105 cycles while in the LISA observation band,

thus allowing extremely accurate tests and measurements!
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How to detect a scalar charge with LISA 

EMRI will perform a mapping of the BH spacetime, revealing even tiny evidence of new physics!

Since q=mp/M<<1, they can be studied using perturbation theory

(Maselli et al., PRL ’20; Maselli et al., Nature Astronomy, ’22)



Remarkably, a scalar field coupled with gravity would affect the EMRI waveform in a theory-independent way!

Consider a very general action of the form:
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non-minimal coupling between

metric tensor and scalar field;


 coupling can be dimensionful: [𝛼]=(G . mass)n
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example: EdGB, n=2 

We assume that the gravity theory belongs to one of these two classes:

1. Those which satisfy no-hair theorems, i.e. stationary BHs described by Kerr metric: most scalar-tensor theories, ϕ as fundamental field in GR

2. Those which evade no-hair theorems but have a dimensionful coupling 𝛼, with n≥1 

     (e.g. when ϕ  is coupled with curvature invariants, as in scalar Gauss-Bonnet  gravity)         

=> in both cases 1 and 2, the SMBH spacetime is well approximated by the Kerr metric This greatly simplifies the description of EMRIs!

=> any correction of the SMBH depends on ⇣ ⌘ ↵

Mn
= qn

↵

mn
p

⌧ 1
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n

(hereafter G=1 for simplicity)
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How to detect a scalar charge with LISA 



           Skeletonized approach  (Eardley ApJ ’75, Damour & Esposito Farese PRD ’92)

to describe the motion of the inspiralling body with mass mp onto a SMBH with mass M>> mp:

y⌫p
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replacing the matter action Sm with the particle action Sp = �
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: wordline of the (center of mass of the) particle

: scalar function depending on the scalar field at 
the location of the particle

lengthscale of skeletonized body (“particle”)                   lengthscale of exterior spacetime

l ⌧ L
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The motion of the particle can be studied using spacetime perturbation theory, expanding the field equations in the mass ratio q<<1.

Scalar field affects the motion of the particle, but it does not  affect the background spacetime, which is described by the Kerr metric
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Field equations:

Rµ⌫ � 1
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gµ⌫R =
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This term is universal (in the wide class of theories considered); it depends on the theory only through the value of the scalar charge!

Thus, when LISA will detect  the GW signal from an EMRI, it will be possible to set bounds (or measure!) the scalar charge of the particle.
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The scalar field sourced by the charge releases energy at infinity, speeding up the inspiral and thus affecting the gravitational waveform.
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Ėorb = �Ėgrav � Ėscal
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How to detect a scalar charge with LISA 

We have performed an analysis of the parameter space (masses, 
spin, orientation, separation, etc., and the scalar charge d) 


for circular equatorial EMRIs, using a Fisher-matrix approach to 
compute statistical errors and correlations:

Figure 1 | Faithfulness between the GW plus polarization computed with and

without the scalar charge, as a function of the latter and for different signal

durations. The signal duration is measured in months (6 or 12) before the plunge.
The horizontal line identifies the threshold of distinguishability, F . 0.988, set
up by SNR of 30.

secondary body to be a compact object with mass µ = 10M�. We
track the evolution of a binary on a circular equatorial orbit for one
year, leading up to the plunge, i.e., we choose the initial radial posi-
tion r0 such that, after a year the secondary body is within a distance
of 0.1M from the innermost stable circular orbit (ISCO). Further de-
tails on the source parameters are discussed in the Methods Section.
We shall consider values of the signal-to-noise ratio (SNR) for LISA
detection of EMRIs ranging from 30 to few hundreds, reflecting con-
servative or more optimistic expectations2 based on rather uncertain
event-rate estimates for EMRIs.

A preliminary assessment of the detectability of the scalar charge
can be made using the evolution of the phase of the GW signal. The
fact that the phase difference between binaries with and without scalar
charge exceeds a certain threshold is an indication that the scalar charge
should be detectable by LISA after twelve months of observation. We
have calculated the phase difference and it is indeed above threshold
even for values of the scalar charge as small as d ⇠ 5 ⇥ 10�3. More
details are given in Methods.

A more quantitative analysis on LISA’s ability to detect a scalar
charge is given in Figure 1, which shows the faithfulness F between
two GW signals emitted by binaries with and without the charge. The
faithfulness (see the Methods below for a precise definition) provides
an estimate of how much two signals differ, weighted by the noise spec-
tral density of LISA. Given the SNR ⇢ of a signal, values of F smaller
than ⇠ 1�D/(2⇢2), with D dimension of the model (⇠ 10), indicate
that the two waveforms are significantly different and don’t provide a
faithful description of one another.20–22 For ⇢ = 30 this requirement
translates into F . 0.988. Figure 1 shows the values of F for the
chose prototype of binary configuration. After one year the faithful-
ness is always smaller than the threshold set by ⇢ = 30, even for scalar
charges as small as d & 0.01. For the same configuration, on a pe-
riod of just six months before the plunge, the faithfulness is below the
threshold already for charges d & 0.05.

The analysis carried out so far highlights two important aspects: (i)
the scalar charge provides a significant shift in the phase of the GW
signal emitted by EMRIs, (ii) the dephasing induces a mismatch in the
template with respect to the zero-charge case, which can potentially
lead to a severe loss of events and to a bias in the estimation of the
waveform parameters.21 This suggests that one year of LISA observa-
tions of EMRIs may be able to reveal the presence of a scalar charge as
small as d ⇠ 0.005� 0.01.

The dephasing and the faithfulness, however, don’t take fully into

Figure 2 | Corner plot for the probability distribution of the masses, pri-

mary spin and secondary charge, inferred after one year of observation with

LISA. We consider a binary system with d = 0.05 and SNR of 150. Diago-
nal (off-diagonal) boxes refer to marginalized (joint) distributions. Vertical lines
show the 1-� interval for each waveform parameters. Colored contours within the
joint distributions correspond to 68% and 95% probability confidence intervals.
In the off-diagonal panels we also show the correlation coefficient between the
parameters.
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Figure 3 | Uncertainties on the scalar charge for prototype EMRIs observed

with different SNR after one year of observation by LISA. (Top panel) Rela-
tive error on the scalar charge as a function of d for EMRIs SNR of 30 and 150.
(Bottom panel) 3-� interval around the true values of the scalar charge inferred
from LISA observations with the two values of the SNR also considered in the top
panel. Dashed curves in the top panel refer to the analytic fit �d = �/d with
� ' 4.18⇥ 10�4 and � ' 2.09⇥ 10�3 for SNR of 150 and 30, respectively.

2

LISA can measure scalar charges as small as 0.05.

These results can be improved by stacking more observations.

Preliminary results (Barsanti et al., in preparation) indicate similar results for 
non-circular orbits and for massive scalar fields, for ms≲10-16eV
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Conclusions

• Scalar Gauss-Bonnet gravity theories such as EdGB gravity  are a promising case-study of GR deviations: they have fundamental 
physics motivations, seem to be mathematically consistent, and predict BHs with scalar charge.

• The computation of QNMs of rotating BHs in modified theories of gravity is techincally challenging; today only two such computations exist at O(𝜒), 
and just one at  O(𝜒2) (EdGB gravity).

• The computation of QNMs of rotating BHs in EdGB gravity shows that rotation signifincantly enhances the effects of GR deviation. 
This computation can be used as a test-bed for the search of beyond-GR effects in GW signals

• Present and future GW detectors are sensitive to the scalar charge of compact objects. This quantity encodes beyond-GR effects and its signature may be 
enhanced due to dipolar emission, which is not present in GR.

• Extreme mass-ratio inspirals observed by LISA are a very promising GW source to detect the scalar charge of compact objects, if it exists. 
In this case, the leading effect of the scalar charge in the GW signal does not depend on the detail of the underlying gravity theory.


