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Introduction

I TLN’s :

good observables, quantify the (failure of) presence
of horizons, intriguing properties for BHs in GR, encode
physical information in other contexts (AdS/CMT)...

I Vanishing TLN’s fail after minimal modifications of GR
[Cardoso, Franzin, Maselli, Pani, Raposo, Kimura, Senatore, Emparan,

Luna, Fernandez-Pique, Rocha...]

I Within GR, how generic is the vanishing of static response
of BHs ?

I Vanishing of static response not specific of gravity [Hui+ ’21]

I From HEP : D > 4, light gauge fields, charged BH’s...
I Study the static response of charged BH’s in arbitrary D
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Charged Black Holes in Higher D

I Theory :

S[g,A] =
1

2κ2

∫
dDx
√
gR− 1

4

∫
dDx
√
gF2

I EOM :

GAB = κ2TAB, d ? F = 0, TAB = FACF C
B −

1

4
gABF2

I Static, Spherically Symmetric, Electrically Charged BH’s :

ds2 = −f(r)dt2 +
dr2

f(r)
+ r2dΩ2

n, F = E0(r)dt ∧ dr
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, Q2 =

κ2q2

n(n− 1)

I Killing Horizons r± :
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I Extremality Bound |Q| ≤M → r+ Event Horizon, r−
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Perturbation Theory in Higher D

I Kodama and Ishibashi (limD→4 = gauge-invariant RWZ) :

M = Nm︸︷︷︸
ya

× Kn︸︷︷︸
zi

ds2 = gABdx
AdxB = gab(y)dyadyb + r2(y)γij(z)dz

idzj

I Perturbations :

δA = δAAdxA = δAadya + δAidzi

h = hABdx
AdxB = habdy

adyb + 2haidy
adzi + hijdz

idzj
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T
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ai , h

(1)
T i;A
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I Scalar sector S = {hab, ha, hL, h
(0)
T ; δAa, a}
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Perturbation Theory in Higher D

I Project on corresponding harmonics

T = T (y)Tij , V = V (y)Vi, S = S(y)S

I Decoupled sets of PDE’s on Nm for {T, V, S}
I Construct gauge-invariant variables within each sector
I Derive decoupled master equations within each sector
I Want to study static solutions
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Perturbation Theory in Higher D

I Static perturbations are governed by Fuchsian equations

Heun

Ψ′′(z) +

(
γ

z
+

δ

z − 1
+

η

z − zc

)
Ψ′(z) +

αβ (z − h)

z(z − 1) (z − zc)
Ψ(z) = 0

z(1− z)Ψ′′(z) + [c− (a+ b+ 1)z] Ψ′(z)− abΨ(z) = 0

Hypergeometric
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Perturbation Theory in Higher D

Ψ(z) = AΨresp(z)+B
(
z−2l−1Ψtidal(z) +RΨresp(z) ln z

)
, l =

L

D − 3

I 2l + 1 /∈ N :

Ψ(z) = B
(
kΨresp(z) + z−2l−1Ψtidal(z)

)
= B

(
k + ...+ z−2l−1 + ...

)
I 2l + 1 ∈ N : [Kol and Smolkin ’11, Hui et.al. ’21]

Ψ(z) = B
(
kΨresp(z) + z−2l−1Ψtidal(z) +RΨresp(z) ln z

)
= B

(
z−2l−1 + ...+R ln z + ...

)
Unless : Ψ(z) = B

(
kΨresp(z) + z−2l−1Ψ

(N)
tidal(z)

)
→ k = 0



Perturbation Theory in Higher D

Ψ(z) = AΨresp(z)+B
(
z−2l−1Ψtidal(z) +RΨresp(z) ln z

)
, l =

L

D − 3

I 2l + 1 /∈ N :

Ψ(z) = B
(
kΨresp(z) + z−2l−1Ψtidal(z)

)
= B

(
k + ...+ z−2l−1 + ...

)
I 2l + 1 ∈ N : [Kol and Smolkin ’11, Hui et.al. ’21]

Ψ(z) = B
(
kΨresp(z) + z−2l−1Ψtidal(z) +RΨresp(z) ln z

)
= B

(
z−2l−1 + ...+R ln z + ...

)
Unless : Ψ(z) = B

(
kΨresp(z) + z−2l−1Ψ

(N)
tidal(z)

)
→ k = 0



Perturbation Theory in Higher D

Ψ(z) = AΨresp(z)+B
(
z−2l−1Ψtidal(z) +RΨresp(z) ln z

)
, l =

L

D − 3

I 2l + 1 /∈ N :

Ψ(z) = B
(
kΨresp(z) + z−2l−1Ψtidal(z)

)
= B

(
k + ...+ z−2l−1 + ...

)

I 2l + 1 ∈ N : [Kol and Smolkin ’11, Hui et.al. ’21]

Ψ(z) = B
(
kΨresp(z) + z−2l−1Ψtidal(z) +RΨresp(z) ln z

)
= B

(
z−2l−1 + ...+R ln z + ...

)
Unless : Ψ(z) = B

(
kΨresp(z) + z−2l−1Ψ

(N)
tidal(z)

)
→ k = 0



Perturbation Theory in Higher D

Ψ(z) = AΨresp(z)+B
(
z−2l−1Ψtidal(z) +RΨresp(z) ln z

)
, l =

L

D − 3

I 2l + 1 /∈ N :

Ψ(z) = B
(
kΨresp(z) + z−2l−1Ψtidal(z)

)
= B

(
k + ...+ z−2l−1 + ...

)
I 2l + 1 ∈ N : [Kol and Smolkin ’11, Hui et.al. ’21]

Ψ(z) = B
(
kΨresp(z) + z−2l−1Ψtidal(z) +RΨresp(z) ln z

)
= B

(
z−2l−1 + ...+R ln z + ...

)
Unless : Ψ(z) = B

(
kΨresp(z) + z−2l−1Ψ

(N)
tidal(z)

)
→ k = 0



Perturbation Theory in Higher D

Ψ(z) = AΨresp(z)+B
(
z−2l−1Ψtidal(z) +RΨresp(z) ln z

)
, l =

L

D − 3

I 2l + 1 /∈ N :

Ψ(z) = B
(
kΨresp(z) + z−2l−1Ψtidal(z)

)
= B

(
k + ...+ z−2l−1 + ...

)
I 2l + 1 ∈ N : [Kol and Smolkin ’11, Hui et.al. ’21]

Ψ(z) = B
(
kΨresp(z) + z−2l−1Ψtidal(z) +RΨresp(z) ln z

)
= B

(
z−2l−1 + ...+R ln z + ...

)

Unless : Ψ(z) = B
(
kΨresp(z) + z−2l−1Ψ

(N)
tidal(z)

)
→ k = 0



Perturbation Theory in Higher D

Ψ(z) = AΨresp(z)+B
(
z−2l−1Ψtidal(z) +RΨresp(z) ln z

)
, l =

L

D − 3

I 2l + 1 /∈ N :

Ψ(z) = B
(
kΨresp(z) + z−2l−1Ψtidal(z)

)
= B

(
k + ...+ z−2l−1 + ...

)
I 2l + 1 ∈ N : [Kol and Smolkin ’11, Hui et.al. ’21]

Ψ(z) = B
(
kΨresp(z) + z−2l−1Ψtidal(z) +RΨresp(z) ln z

)
= B

(
z−2l−1 + ...+R ln z + ...

)
Unless : Ψ(z) = B

(
kΨresp(z) + z−2l−1Ψ

(N)
tidal(z)

)

→ k = 0



Perturbation Theory in Higher D

Ψ(z) = AΨresp(z)+B
(
z−2l−1Ψtidal(z) +RΨresp(z) ln z

)
, l =

L

D − 3

I 2l + 1 /∈ N :

Ψ(z) = B
(
kΨresp(z) + z−2l−1Ψtidal(z)

)
= B

(
k + ...+ z−2l−1 + ...

)
I 2l + 1 ∈ N : [Kol and Smolkin ’11, Hui et.al. ’21]

Ψ(z) = B
(
kΨresp(z) + z−2l−1Ψtidal(z) +RΨresp(z) ln z

)
= B

(
z−2l−1 + ...+R ln z + ...

)
Unless : Ψ(z) = B

(
kΨresp(z) + z−2l−1Ψ

(N)
tidal(z)

)
→ k = 0



Tensor Static Response

Charged Black Holes in Higher D

Perturbation Theory in Higher D

Tensor Static Response

Vector Static Response

Outlook and Future Directions
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Equivalent to massless test scalar field
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Vector Static Response

hai = h(1)
a Vi, hij = −2kvh

(1)
T Vij , δAi = AVi

I Gauge-invariant variables (Ω, A)

I Decoupled (“master”) variables :

φ± = a±r
−n/2

(
Ω− 2κ2q

mV
A

)
+ b±r

n−2
2 A

I Defined only up to their amplitudes

(a+, b+) =

(
QmV

∆ +M (n2 − 1)
σ(+),

Q

q
σ(+)

)
(∀σ(+))

(a−, b−) =

(
σ(−),−

2κ2q

∆ +M (n2 − 1)
σ(−)

)
(∀σ(−))
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Vector Static Response

I Define k± for φ± as for tensor mode.

hai ∼
(
k− +

2(n− 1)n sin ε

∆̃ + n2 − 1
Θk+ +

(
1 +

2(n− 1)n sin ε

∆̃ + n2 − 1
Θ

)
z−2l−1 + ...

)
Vi

δAi ∼
(
k+ −

mV sin ε

∆̃ + n2 − 1

k−
Θ

+

(
1− mV sin ε

∆̃ + n2 − 1

1

Θ

)
z−2l−1 + ...

)
Vi

I No magnetic (gravitational) tide [Cardoso, Franzin, Maselli, Pani,

Raposo]

kvector = k− + 2 sin2 ε
mV (n− 1)n(
∆̃ + n2 − 1

)2k+

kmagnetic = k+ + 2 sin2 ε
mV (n− 1)n(
∆̃ + n2 − 1

)2k−



Vector Static Response

I Define k± for φ± as for tensor mode.

hai ∼
(
k− +

2(n− 1)n sin ε

∆̃ + n2 − 1
Θk+ +

(
1 +

2(n− 1)n sin ε

∆̃ + n2 − 1
Θ

)
z−2l−1 + ...

)
Vi

δAi ∼
(
k+ −

mV sin ε

∆̃ + n2 − 1

k−
Θ

+

(
1− mV sin ε

∆̃ + n2 − 1

1

Θ

)
z−2l−1 + ...

)
Vi

I No magnetic (gravitational) tide [Cardoso, Franzin, Maselli, Pani,

Raposo]

kvector = k− + 2 sin2 ε
mV (n− 1)n(
∆̃ + n2 − 1

)2k+

kmagnetic = k+ + 2 sin2 ε
mV (n− 1)n(
∆̃ + n2 − 1

)2k−



Vector Static Response

I Define k± for φ± as for tensor mode.

hai ∼
(
k− +

2(n− 1)n sin ε

∆̃ + n2 − 1
Θk+ +

(
1 +

2(n− 1)n sin ε

∆̃ + n2 − 1
Θ

)
z−2l−1 + ...

)
Vi

δAi ∼
(
k+ −

mV sin ε

∆̃ + n2 − 1

k−
Θ

+

(
1− mV sin ε

∆̃ + n2 − 1

1

Θ

)
z−2l−1 + ...

)
Vi

I No magnetic (gravitational) tide [Cardoso, Franzin, Maselli, Pani,

Raposo]

kvector = k− + 2 sin2 ε
mV (n− 1)n(
∆̃ + n2 − 1

)2k+

kmagnetic = k+ + 2 sin2 ε
mV (n− 1)n(
∆̃ + n2 − 1

)2k−



Vector Static Response

I Define k± for φ± as for tensor mode.

hai ∼
(
k− +

2(n− 1)n sin ε

∆̃ + n2 − 1
Θk+ +

(
1 +

2(n− 1)n sin ε

∆̃ + n2 − 1
Θ

)
z−2l−1 + ...

)
Vi

δAi ∼
(
k+ −

mV sin ε

∆̃ + n2 − 1

k−
Θ

+

(
1− mV sin ε

∆̃ + n2 − 1

1

Θ

)
z−2l−1 + ...

)
Vi

I No magnetic (gravitational) tide [Cardoso, Franzin, Maselli, Pani,

Raposo]

kvector = k− + 2 sin2 ε
mV (n− 1)n(
∆̃ + n2 − 1

)2k+

kmagnetic = k+ + 2 sin2 ε
mV (n− 1)n(
∆̃ + n2 − 1

)2k−



Vector Static Response

I Q = 0 : In general 6= 0, but [Hui et.al. ’21]

D = 4 & D = 5, l ∈ 1

2
N & D > 5, L = N(D− 3)± 1

I TH = 0 :

k± =


− (S(±,+)+l)(S(±,−)+l)

2l(2l+1)
Γ(−2l)
Γ(2l)

Γ(S(±,+)+l)
Γ(S(±,+)−l)

Γ(S(±,−)+l)
Γ(S(±,−)−l)

2l + 1 /∈ Z

(−1)2l (S(±,+)+l)(S(±,−)+l)
(2l+1)!2l!

Γ(S(±,+)+l)
Γ(S(±,+)−l)

Γ(S(±,−)+l)
Γ(S(±,−)−l)

ln z 2l + 1 ∈ Z

0 D = 4

I For Q 6= 0, new modes polarise
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Vector Static Response

Q 6= 0 & TH 6= 0 (D = 10)

D = 4→ kvector = 0 = kmagnetic

(Apply recent progress by [Bonelli+ ’22])
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Outlook and Future Directions

I Static perturbations governed by Heun’s equation

I Tensor and massless scalar TLNs ∼ T 2l+1
H → vanish at

extremality for all D
I New vector modes polarise due to Q 6= 0 → signature of

charge
I No static response in 4D GR ↔ Purely-growing polynomial

solutions
I Relation to SUGRA (attractors) ?
I Vanishing of tensor TLNs generic at extremality ? (e.g.

rotation in higher D)
I Scalar Sector & Match to EFT charged point-particle
I Higher ranks and S-duality (also magnetic charges in 4D)
I New methods (covariant phase space)

Thank you !
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Electric Susceptibility

I Take a conducting sphere of radius R

E(L=1)
r = A+Br−3 (r > R)

I Immerse it on a background field λ� R

E = E∞

[
1 +

αE
r3

]

I The conductor condition is E(R) = 0 :

αE = −R3

I Electric polarisability is an intrinsic property.
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