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Outline

•QCD phase structure: Where do we stand? 

•QCD phase structure: observables, estimates & systematics 

•Chiral dynamics & phenomenological applications 

•Many flavour QCD & the conformal window 

•Summary & outlook 
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QCD with Functional Approaches 
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2functional DSE :

: background fieldA0

FRG:                         JMP, NPA 931 (2014) 113  
             Dupuis et al, Phys.Rept. 910 (2021) 1 
 DSE:                     Fischer, PPNP 105 (2019) 1
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Diagrammatic Functional relations for the free energy 
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Aiming at apparent convergence

vacuum fQCD: current set of correlation functions

glue sector

 quark-glue sector

 quark-meson sector

FRG

7

∂t = + + 1
2

+ −+

−1



Analyticity considerations at finite density
! Self-consistent truncations to functional relations define analytic functions in      , eg:        
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! Consequences for functional QCD predictions at finite density  

By now the best truncations to functional 
QCD pass lattice benchmark tests at 
vanishing and small chemical potential
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Unique: QCD-based analytic continuations  
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Chiral condensates

lattice: S. Borsanyi, Z. Fodor, C. Hoelbling, S. D. Katz, S. Krieg, C. Ratti, and K. K. Szabo, JHEP 09, 073 (2010)  

�l,R(T, µB) ' �l(T, µB)��l(0, 0)
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DSE: quark condensates

See also 
                          Fischer, Luecker, PLB 718 (2013) 1036 
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  Isserstedt, Buballa, Fischer, Gunkel, PRD 100 (2019) 074011 

DSE
fRG
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renormalised condensate
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hotQCD, PLB 795 (2019) 15

WB, PLB 751 (2015) 559

hotQCD = 0.015(4)
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Gao, JMP, PLB 820 (2021) 136584DSE:               Gunkel, Fischer, PRD 104 (2021) 054022

DSE: see also

Curvature of the chiral transition line 
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Systematic error control (CEP)

Dominant channels I (fRG)
 Braun, Leonhardt, Pospiech, PRD 101 (2020) 036004
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Systematic error control (CEP)
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Dominant channels II (DSE)
 Eichmann, Fischer, Welzbacher, PRD 93 (2016) 034013
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gluon-dressing loop only
+ baryon loop + diquark loop (rescaled strength)
+ baryon loop + diquark loop (rescaled strength, prefactor)

gluon dressing only
+ baryon + diquark (rescaled strength)
+ baryon + diquark (rescaled strength, prefactor)
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Moat and ‘inhomogeneous’ phases

:
Pion dispersion has minimum at  
non-vanishing spatial momentum  
& sizeable chiral condensate

Non-trivial background

        Fu, JMP, Rennecke, PRD 101, (2020) 054032 
Moat: Pisarski, Rennecke, PRL 127 (2021) 152302
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Dominant channels II (DSE)
 Eichmann, Fischer, Welzbacher, PRD 93 (2016) 034013
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Minor effects of baryons on phase boundary

Minor effects of mesons  
Gunkel, Fischer, PRD 104 (2021) 054022

Moat and ‘inhomogeneous’ phases

:
Pion dispersion has minimum at  
non-vanishing spatial momentum  
& sizeable chiral condensate

Non-trivial background

        Fu, JMP, Rennecke, PRD 101, (2020) 054032 
Moat: Pisarski, Rennecke, PRL 127 (2021) 152302
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Dynamics of s-quark condensate

Fu, JMP, Rennecke, Wen, Yin, in prep.
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Gao, JMP, Schneider, in prep.

Chromo-magnetic & electric vertex splittings
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Regime of reliability of current best truncation

fQCD matter sector approximation  
-unique properties- 

quark-gluon tensor structures (DSE full, fRG partial)   
 & 

 multi-scatterings of scalar-pseudoscalar channel/mesons (fRG)

fQCD
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Location of CP : Theoretical Prediction

Preliminary collection from Lattice, DSE, FRG and PNJL (2004-2020)

Large uncertainties for the estimation of CP location.

Compilation by X. Luo & Y.G. Huang

Disclaimer 
Most functional computations  
(LEFT or QCD) have not been  
set-up for CEP-predictions! 

Lack of predictive power  
for CEP-predictions  
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Location of CP : Theoretical Prediction

Preliminary collection from Lattice, DSE, FRG and PNJL (2004-2020)

Large uncertainties for the estimation of CP location.

Compilation by X. Luo & Y.G. Huang

(ii) LEFTs & Functional Results (qualitative approximations) that miss lattice benchmarks at     =0 

(i) ‘old’ CEPs: lattice, Functional QCD approaches, LEFTS (updated computations available)
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Location of CP : Theoretical Prediction

Preliminary collection from Lattice, DSE, FRG and PNJL (2004-2020)

Large uncertainties for the estimation of CP location.

Compilation by X. Luo & Y.G. Huang

(iii) LEFTs with CEPs at large density (missing quark-gluon back reaction)

Still

(ii) LEFTs & Functional Results (qualitative approximations) that miss lattice benchmarks at     =0 

(i) ‘old’ CEPs: lattice, Functional QCD approaches, LEFTS (updated computations available)
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Location of CP : Theoretical Prediction

Preliminary collection from Lattice, DSE, FRG and PNJL (2004-2020)

Large uncertainties for the estimation of CP location.

Compilation by X. Luo & Y.G. Huang

(iii) LEFTs with CEPs at large density (missing quark-gluon back reaction)

Gao, JMP, PLB 820 (2021) 136584 (fRG-DSE)

Still

(ii) LEFTs & Functional Results (qualitative approximations) that miss lattice benchmarks at     =0 

(i) ‘old’ CEPs: lattice, Functional QCD approaches, LEFTS (updated computations available)
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Location of CP : Theoretical Prediction

Preliminary collection from Lattice, DSE, FRG and PNJL (2004-2020)

Large uncertainties for the estimation of CP location.

Compilation by X. Luo & Y.G. Huang

(iii) LEFTs with CEPs at large density (missing quark-gluon back reaction)

Gao, JMP, PLB 820 (2021) 136584 (fRG-DSE)

Gunkel, Fischer, PRD 104 (2021) 5, 054022 (DSE)

Still

(ii) LEFTs & Functional Results (qualitative approximations) that miss lattice benchmarks at     =0 

(i) ‘old’ CEPs: lattice, Functional QCD approaches, LEFTS (updated computations available)
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QCD: fQCD collaboration, in preparation

Critical O(4) scaling

QM: Chen, Wen, WF, PRD 104 (2021) 054009
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‘Non-critical chiral scaling’

Gao, JMP, arXiv:2112.01395
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On the unreasonable effectiveness of low energy effective theories 

Fu, JMP, Rennecke, PRD 101, (2020) 054032

Sequential decoupling of gluon, quark, sigma, pion fluctuations

Braun, Fister, Haas, JMP, Rennecke, PRD 94 (2016) 034016

Rennecke, PRD 92 (2015) 076012
Based on:

@t�k[�] =
1

2
� � +

1

2

<latexit sha1_base64="2OOUEKe0j06ln+ePPfwLrltsb/k="></latexit>

h̄2

1 + m̄2
⇡

<latexit sha1_base64="/fMfeQqe1QAekMTYq8lGBtDfFlU="></latexit>

h̄2

1 + m̄2
�

<latexit sha1_base64="y39U14+eqO0VVIRgwjEvUgeYK+M="></latexit>

g2l̄Al

<latexit sha1_base64="8R00dwhO9pUDFGm4X1YPhm09i1I="></latexit>

g2s̄As



On the unreasonable effectiveness of low energy effective theories 

Fu, JMP, Rennecke, PRD 101, (2020) 054032

Sequential decoupling of gluon, quark, sigma, pion fluctuations

@t�k[�] =
1

2
� � +

1

2

QCD-assisted low energy effective theories

<latexit sha1_base64="5hueyq5aJ87nkVpJY0wzuCXIewM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4sSSiKJ4KXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9fNeqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa88TMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzYuKd1Vx65fl6m0eRwGO4QTOwINrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AHN3jK0=</latexit>�@t�k[�] =
1

2
� +

PNJL-model

@t�k[�] = � +
1

2

QM-model

<latexit sha1_base64="5hueyq5aJ87nkVpJY0wzuCXIewM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4sSSiKJ4KXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9fNeqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa88TMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzYuKd1Vx65fl6m0eRwGO4QTOwINrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AHN3jK0=</latexit>�

NJL-model

@t�k[�] = � +
1

2

PQM-model

+@t�k[�] =
1

2
�

<latexit sha1_base64="2OOUEKe0j06ln+ePPfwLrltsb/k="></latexit>

h̄2

1 + m̄2
⇡

<latexit sha1_base64="/fMfeQqe1QAekMTYq8lGBtDfFlU="></latexit>

h̄2

1 + m̄2
�

<latexit sha1_base64="y39U14+eqO0VVIRgwjEvUgeYK+M="></latexit>

g2l̄Al

<latexit sha1_base64="8R00dwhO9pUDFGm4X1YPhm09i1I="></latexit>

g2s̄As



Fluctuations of conserved charges

Benchmark at vanishing density

QCD-assisted LEFT
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QCD-assisted LEFT

Fun QCD, in progress

Baryon number conservation?

Fu, Luo, JMP, Rennecke, Wen, Yin, PRD 104 (2021) 9
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Fluctuations of conserved charges

20

The 5th, 6th order fluctuation of 
net-proton including pp collisions

New data of net-p cumulants  
at 200 GeV pp collisions 
will be shown by Risa N.

New data of net-proton  C5 , C6 at BES-I 
will be shown by Ashish P.

NPA 1005
(2021) 
121882
(STAR) 

negative c6 could be taken as an indication 
of cross-over transition at small µB
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S. Esumi, CPOD 

Benchmark at vanishing density

QCD-assisted LEFT

QCD-assisted LEFT

Fun QCD, in progress20

STAR measurements

Fu, Luo, JMP, Rennecke, Wen, Yin, PRD 104 (2021) 9



Fluctuations of conserved charges

Benchmark at vanishing density

QCD-assisted LEFT

Freezeout curve

21

QCD-assisted LEFT
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The need for dynamics  
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Equilibration time of sigma-kurtosis

Transport with fRG spectral functions  & potential Dynamical universality

fQCD

Showcases in linear sigma models 

Spectral functions

Dynamical O(4) critical exponent

Tan, Chen, Fu, SciPost Phys. 12 (2022) 026
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Summary & Outlook
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