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The nature of the phase transition at the physical point Fodor et al. 06

...in the staggered approximation...in the continuum...is a crossover!

The nature of the transition for phys. masses Aoki et al. 06

triple points
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…is elusive, massless limit not simulable!

The nature of the QCD chiral transition 

Coarse lattices or unimproved actions: 1st order for 

1st order region shrinks rapidly as                             

Improved staggered actions: no 1st order region so far, even for    
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Details and references:   [O.P., Symmetry 13, 2021]
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mPS > 45MeV



The nature of the QCD chiral transition, Nf=3,4

…has enormously large cut-off effects!

⇠ a2

Unimproved staggered:
1st order region shrinks for            , both for  
 
No 1st order seen for improved staggered actions, even 
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Nf = 3 [HotQCD PRD 17, PRD 22]
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Nf = 3, 4 [de Forcrand, D’Elia, PoS LAT 17] 



The nature of the QCD chiral transition, Nf=3

…has enormously large cut-off effects!

⇠ a2

O(a)-improved Wilson:
1st order region shrinks for             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O(a) improved Wilson  [Kuramashi et al. PRD 20]  
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Different view point: mass degenerate quarks

Consider analytic continuation to continuous 

Tricritical point guaranteed to exist if there is 1st order at any 

Known exponents for critical line entering tric. point!

Continuation to            :  Z(2) surface ends in tricritical line

   [Cuteri, O.P., Sciarra  PRD 18]

and hence reproduces a possible triple line and tricritical point also at finite lattice spacing.
In a first attempt with Nf “ 2 ` 1 on coarse N· “ 4 lattices, the chiral critical line was
found to be consistent with tricritical scaling [24]. Unfortunately, this is inconclusive for
the same reasons as described in the last section: a finite portion of the critical line can
always be fitted in terms of di�erent polynomial forms, so that a presently impossible
accuracy would be required close to the chiral limit in order to get a compelling distinction
between the left and right versions of figure 1.

2.3 The chiral phase transition for Nf mass-degenerate flavours
The way out is to exploit tricritical scaling in a setup, where a tricritical point is guaranteed
to exist. In such a case the scaling form and its exponents are fixed, and one is only
concerned about the location of the tricritical point. Such a situation emerges from a
slight change of perspective and variables, as we suggested previously [17]. We now consider
degenerate quark masses only, with continuum partition function

ZpNf, g, mq “
ª

DAµ pdet M rAµ, msqNf e
´SYMrAµs

. (2.3)

Instead of tuning the strange quark mass, an alternative interpolation between Nf P t2, 3u,
which generalises to larger Nf, is achieved by an analytic continuation of Nf to continu-
ous, non-integer values. In the lattice formulation with rooted staggered fermions, whose
determinant is raised to the power Nf{4 in order to describe Nf mass-degenerate quarks,
this is implemented straightforwardly. The Columbia plot scenario figure 1 (right) then
translates to the version shown in figure 3 (left), where the tricritical strange quark mass
is replaced by a tricritical number of flavours, 2 † N

tric
f † 3, and the Nf-axis to the right

of it corresponds to the new triple line. The crucial advantage in this modified parameter
space is that, since there is no chiral transition for Nf “ 1, a tricritical point N

tric
f ° 1 is

guaranteed to exist as soon as there is a first-order region for any Nf ° 1. In particular, the
first-order scenario from figure 1 (left) now also features a tricritical point, 1 † N

tric
f † 2.

When a third axis for finite lattice spacing a is added to this picture, there must be a tricrit-
ical line N

tric
f paq in the plane m “ 0, which represents the chiral limit of the Z2-critical

surface separating lattice parameter regions with first-order transitions from crossover.
The principle of the analysis is now clear: Starting with the already known first-order

transitions for Nf P t3, 4u on N· “ 4 lattices, map out the Z2 boundary lines until the
tricritical scaling region is reached and extrapolate to the chiral limit,

N
c
f pamq “ N

tric
f ` B1 ¨ pamq2{5 ` O

`
pamq4{5˘

, (2.4)

In this way, N
tric
f « 1.8 was obtained on N· “ 4 lattices [17], implying the first-order

scenario for Nf “ 2. As a powerful check of the continuation of Nf as well tricritical
scaling, the same critical quark mass for Nf “ 2, N· “ 4 is obtained when keeping Nf
fixed and varying (imaginary) chemical potential instead [16]. The quark mass is again the
symmetry breaking scaling field, but with Nf Ñ pµ{T q2 in equation (2.4). In the present
work, we systematically extend our study from [17] to larger numbers of flavours and finer
lattices.
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concerned about the location of the tricritical point. Such a situation emerges from a
slight change of perspective and variables, as we suggested previously [17]. We now consider
degenerate quark masses only, with continuum partition function

ZpNf, g, mq “
ª

DAµ pdet M rAµ, msqNf e
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. (2.3)

Instead of tuning the strange quark mass, an alternative interpolation between Nf P t2, 3u,
which generalises to larger Nf, is achieved by an analytic continuation of Nf to continu-
ous, non-integer values. In the lattice formulation with rooted staggered fermions, whose
determinant is raised to the power Nf{4 in order to describe Nf mass-degenerate quarks,
this is implemented straightforwardly. The Columbia plot scenario figure 1 (right) then
translates to the version shown in figure 3 (left), where the tricritical strange quark mass
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scenario for Nf “ 2. As a powerful check of the continuation of Nf as well tricritical
scaling, the same critical quark mass for Nf “ 2, N· “ 4 is obtained when keeping Nf
fixed and varying (imaginary) chemical potential instead [16]. The quark mass is again the
symmetry breaking scaling field, but with Nf Ñ pµ{T q2 in equation (2.4). In the present
work, we systematically extend our study from [17] to larger numbers of flavours and finer
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B3 = 0

Standard staggered fermions, bare parameters:       
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3 Lattice simulations and analysis

For our numerical investigation, we work with the standard unimproved Wilson gauge
and staggered fermion actions. All numerical simulations have been performed using the
publicly available OpenCL-based code CL

2
QCD, which is optimised to run e�ciently on AMD

GPUs and contains an implementation of the RHMC algorithm for unimproved rooted
staggered fermions. In particular, version v1.0 [34] has been employed for simulations on
smaller N· on the L-CSC supercomputer, while version v1.1 [35] has been run on the newer
Goethe HLR supercomputer to run the most costly simulations. To e�ectively handle the
thousands of necessary simulations, the BaHaMAS software [36] has been extensively used.

Our goal is to determine the location and order of chiral phase transitions in the
four-dimensional space spanned by the dimensionless parameters of our lattice action: the
lattice gauge coupling —, the bare quark mass in lattice units am, the number of degenerate
quark flavours Nf, and the number of time-slices N· . For any fixed value of N· and Nf, we
achieve this by making use of two particular standardised moments,

Bnp—, am, N‡q “ xpO ´ xOyqny
A

pO ´ xOyq2
En{2 , (3.1)

where the chiral condensate has been chosen as observable, O “ Â̄Â, as it becomes
the order parameter of the thermal phase transition in the chiral limit. In particu-
lar, to extract the order of the transition as a function of the quark mass, we evalu-
ate the kurtosis B4p—c, am, N‡q [37] of the sampled xÂ̄Ây distribution, where —c denotes
the (pseudo-) critical coupling of the phase boundary, for which the zero-skewness con-
dition B3p— “ —c, am, N‡q “ 0 holds. In the thermodynamic limit N‡ Ñ 8, the kurtosis
B4p—c, am, N‡q takes the values of 1 for a first order transition and 3 for an analytic cros-
sover, respectively, with a discontinuity when passing from a first order region to a crossover
region via a second order point; for the 3D Ising universality class of interest here, it takes
the value 1.604 [38]. On finite, increasing volumes this discontinuity is smoothed out and
approached gradually with a rate characteristic of the universality class in question,

B4p—c, am, N‡q « 1.604 ` c pam ´ amcq N
1{0.6301
‡ with c P R . (3.2)

Data have been analysed in a completely analogous way to that explained in Refs. 18, 39
and, in particular, the critical mass amc has been extracted at fixed N· and Nf by fitting
the kurtosis data according to this finite size scaling formula.

The outcome of all fits can be found in Table 1, where also the simulated mass range
has been included. In appendix A a detailed overview of the simulations can be found.
To give an idea of the numerical e�ort: over 400 values of — have been simulated in total,
producing about 60 millions of trajectories.

There is a new aspect of the data analysis, which is worth mentioning here. Since the
subsequent analysis presented in section 4 heavily relies on the outcome of the B4-fits , we
decided to cross-check the error estimate on amc using a more accurate procedure. Values
of B4p—c, am, N‡q are obtained using the multiple-histogram method [40], and their error
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[Cuteri, O.P., Sciarra 21] ~120 M  Monte Carlo trajectories with light fermions,  
              aspect ratios 3,4,5



Bare parameter space of unimproved staggered LQCD

Tricritical scaling observed also in plane of mass vs. lattice spacing

Allows extrapolation to lattice chiral limit, tricritical points 

1st order scenario:                                                                                                                                         
  
Incompatible with data!                                                            

crossover

1st

[Cuteri, O.P., Sciarra 21]
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Nf=3 O(a)-improved Wilson fermions

[Kuramashi et al. PRD 20]  
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Re-analysis using:
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with fipxq an interpolating operator for the pseudoscalar meson and a renormalisation
factor Z. Approaching the chiral limit, the pseudoscalar meson mass and the quark mass
are related as in the continuum,

am
2
P S 9 amq . (5.4)

It is therefore customary to define Ÿcp—q by the vanishing of the pseudoscalar meson mass in
the vacuum, i.e., amP SpŸcp—q, —q “ 0 at N· “ 8. This is shown schematically as a dashed
line in figure 9 (left). Towards the strong coupling region, this line meets the parity-flavour
violating Aoki phase [40, 41], which ends in a cusp [42, 43] whose location depends on
the lattice action and the value of N· . Around Ÿcp—q, Wilson chiral perturbation for the
theory predicts a metastability region corresponding to a first-order bulk transition between
positive and negative quark mass, while the meson mass stays finite everywhere, both for
untwisted and twisted mass [44, 45]. A metastability region has been identified numerically
at zero temperature [46] as well as at finite temperature [47, 48], but its location and extent
depend strongly on the chosen action and N· [49].

The series of Nf “ 3 data [15, 20, 21], which we re-analyse below, is based on the
RG-improved Iwasaki gauge action [50] and a non-perturbatively Opaq-improved Wilson
clover fermion action [51]. We are not aware of a dedicated study of the bare phase diagram
pertaining to the precise action and parameter tunings used in those simulations, besides
determining the line Ÿcp—, N· “ 8q. However, a previous study using the same action with
a mean-field tuning of the clover coe�cient [52] reports a phase diagram as sketched by the
dashed lines in figure 9, with no additional structures besides an Aoki phase in the strong
coupling region, so we will base our discussion on this situation.

First, it has to be emphasised that for studies of the thermal phase transition we need
the lines Ÿcp—, N· q for the finite N· under consideration, and not Ÿcp—, N· “ 8q, which is
only needed to set the scale. The former marks the vanishing of the pseudoscalar screening
mass in the low temperature phase, and is related to the latter by an expansion in powers
of N

´1
· “ aT ,

Ÿcp—, N· q “ Ÿcp—, 8q ` G1p—q N
´1
· ` G2p—q N

´2
· ` O

`
N

´3
·

˘
. (5.5)

In the literature the di�erence between the two is often dismissed, being of Opaq, whereas
in fact it is qualitatively crucial. The partition function at finite N· has no singularities on
the line Ÿcp—, 8q (except at its crossings with the thermal transition). Furthermore, the
subtracted chiral condensate has finite values with di�erent signs across Ÿcp—, N· q, which
should therefore mark a first-order transition2. Following this line with increasing — at fixed
N· , the thermal chiral phase transition is reached at some critical coupling. From this point
the thermal transition lines Ÿtp—, N· q branch o� into the positve and negative quark mass
directions, respectively, along which the chiral transition weakens to end in a critical point.
At the branching point the line Ÿcp—, N· q should terminate, since on the large-—-side of
the thermal transition the Matsubara modes „ 2fiT produce an always non-zero screening
mass and the subtracted chiral condensate can pass through zero smoothly. The branching

2
For the order of this transition it is immaterial whether the pseudoscalar screening mass is actually

zero on the line, or whether it jumps between finite values.
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Tricritical scaling, Nf=3 consistent with unimproved staggered!
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Implications for the continuum

Finite                   implies that 1st order transition is not connected to continuum                                 

Approaching continuum first, then chiral limit:   
Continuum chiral phase transition second-order!
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The Columbia plot in the continuum
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Staggered: tricritical points as function of Nf
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                  increasing function                                  

Tricritical line in the plane of the lattice chiral limit, separates 1st from 2nd 
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The chiral phase transition for different 
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[Cuteri, O.P., Sciarra 21]

The chiral phase transition in the massless limit is likely second-order for all 
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Order of the transition:
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Temperature dependence:

For lattice, see  [Miura, Lombardo, NPB 13]



What about Pisarski, Wilczek?

Investigated 3d sigma model,  
i.e.      - Ginzburg-Landau-Wilson theory for chiral condensate

Results based on epsilon expansion about

All conclusions confirmed by [Butti, Pelisetto, Vicari, JHEP 03]  
(High order perturbative expansion in fixed d)

Support also from simulation of 3d sigma model [Gausterer, Sanielovici, PLB 88]                                                                                                                                         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Suggested resolution:

term should be included in 3d, renormalisable
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FRG:  3d      has infrared fixed points and 2nd order transitions [Litim, Tetradis, NPB 96]
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[Fejos, arxiv:2201.07909]  3d      with t’Hooft term: 2nd order transition for restored anomaly!
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Conclusions

 Zero density, unimproved staggered, Nf=2-6, O(a)-improved Wilson Nf=3:  
 
1st order chiral transition region not connected to continuum limit

Chiral transition second order up to conformal window   

Check:   Wilson Nf=4  

Domain wall and overlap fermions…… + FRG!  



Long history, key results

[Pisarski, Wilczek PRD 84]  
Universality, 3D sigma models: 1st order for 
                                                                                        depends on   

Shrinking of 1st-order region towards continuum, will something remain?:  
Standard staggered                       [Bonati et al. PRD 14, Cuteri et al. PoS LAT 18]  
                                                   [de Forcrand, O.P.  PoS LAT 07]  
                                                   [de Forcrand, D’Elia PoS LAT 16]  
 
O(a)-improved Wilson                   [Jin et al. PRD 15,17; Kuramashi et al. PRD 20]  
                                                    [Ohno et al. PoS LAT 18]  
 
 

No 1st order transition seen at all:  
HISQ,                                                         [HotQCD. PRD 17, 21]
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Nf = 3,mPS � 50 MeV
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