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From Wilson's Lattice Gauge Theory to Quantum Link Models



Can heavy-ion collision physics or nuclear astrophysics benefit
from quantum simulations in the long run?
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Richard Feynman's vision of 1982 (Int. J. Theor. Phys. 21)

“It does seem to be true that all the various field theories have the same
kind of behavior, and can be simulated in every way, apparently, with
little latticeworks of spins and other things.”



Different descriptions of dynamical Abelian gauge fields:
Maxwell's classical electromagnetic gauge fields

V-E(Xt)=p(Xt), V-B(xt)=0, B(xt)=V x A1)
Quantum Electrodynamics (QED) for perturbative treatment

Ei= o E(R), A = ig(3x"), [V E ] [W]A]) = 0
Wilson's U(1) lattice gauge theory for classical simulation
Y - -
Uxy = exp <ie/ dl- A) =exp(ipx) € U(1), Eq=—i 0 ,
x Doxy

Z(EX,X-i-f_ Ex—f,x) —p |W[U]> =0

i

[Exya ny] = ny7

U(1) quantum link models for quantum simulation

Uy =S}, U,=S, Ey=S5},

[Exya ny] = nya [Exya Uj:y] = _Ul}m [nya Uiy] = 2Exy



Hamiltonian formulation of Wilson's U(1) lattice gauge theory
Ez,i
T Usz,i 41

U = exp(ig), U = exp(—ip) € U(1)

Electric field operator E
E=—-id,, [E,Ul=U, [E,U]|=-UT, [U,U=0
Generator of U(1) gauge transformations
Ge=> (E;;i—Exi) [H,G]=0
U(1) gauge invariant Hamiltonian
2
_¢ 2 1 U .Ut Ut
H= 53 Eli= 55 2 (Uil Ul UL+ hee)
X, i X,i#£j
operates in an infinite-dimensional Hilbert space per link



Quantum link formulation of U(1) lattice gauge theory

Ex,i
x Ux,i x4+

U=st Ul =5"
Electric field operator E
E=S3 [E, U =U, [E,U]=-U" [UU=2E
Generator of U(1) gauge transformations
Ge=> (E;;i—Exi) [H,G]=0
U(1) gauge invariant Hamiltonian
2
_¢€ > 1 _ toyt
H=52 Ei= 50 Z.(UX,,UX#JUX%I.UXJ +h.c)
X, i X,i#]
operates in a finite-dimensional Hilbert space per link
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U(1) Quantum Link Model on a Triangular Lattice
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U(1) quantum links from spins 2 . U, A
U=S"+is?=5% Ul =S5'-is> =5~
Electric flux operator E

=S [E,Ul=U, [E,U"]=-U', [U U]=2E

Ring-exchange plaquette Hamiltonian

1
H= ~5a2 (Ua +UL), Un = UraUo3Us
A
Triangular lattice and Gauss law

Ez,ﬂHi Ez—é,z
Gl‘
ET—Lz Em,$+1
Ust, Esn Uss, Fzs 2
>—> i
G Upm,  © 3 E, .13 E, 5.

D. Horn, Phys. Lett. B100 (1981) 149
P. Orland, D. Rohrlich, Nucl. Phys. B338 (1990) 647
S. Chandrasekharan, UJW, Nucl. Phys. B492 (1997) 455



Hamiltonian with Rokhsar-Kivelson term

1
H=—->5 D (Ua+ UL) =AD" (Ua + UL)?
i AN AN
Phase diagram
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D. Banerjee, S. Caspar, F.-J. Jiang, J.-H. Peng, UJW, arXiv:2107.01283



Electric flux via height variables on a dual hexagonal lattice
with two sublattices A and B

11
e e{0,1}, hBe{-Z Z}.

E X 272
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_ (hg_hg,) mod2=:|:%7

Order parameters on the two sublattices

MA:éZ(hé_%>a MB:éZhg’

X€EA xeB

Order parameter distributions in the (Ma, Mg) plane

D. Banerjee, S. Caspar, F.-J. Jiang, J.-H. Peng, UJW, %Xiv:2107.gl28?%




Energy distribution for the strings connecting external charges
Charges £1 (a) and £2 (b) for A > ¢

Charges £3 (c) and +2 (d) for A < A¢
D. Banerjee, S. Caspar, F.-J. Jiang, J.-H. Peng, UJW, arXiv:2107.01283



Linear confining potential Flux profile at A,

1001

A= -0.80, 0=1.5000(10)//a
A= -0.60, 0=0.9275(10)//a
A= -0.30, 0=0.2741(10)//a
A= -0.25,0=0.1774(10)//a
A~Ac, 0=0.0861(10)//a
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The model can’t quite reach a continuum limit.

D-Theory reaches a continuum limit via dimensional reduction
of discrete variables, here from a (3 4 1)-d massless Coulomb
phase to the confining phase of (2 + 1)-d U(1) gauge theory.



Circuit decomposition of the time-evolution operator
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D. Banerjee, S. Caspar, F.-J. Jiang, J.-H. Peng, UJW, arXiv:2107.01283




A quantum simulator with 51 Rb atoms in optical tweezers

a b _'£|r>
1,013 nm v, 420 nm fo
PN X5
—4—le)
{2g
c — g
(1) Load I....: B EBai g s e ae i e e d sawsins :l
(2) Arrange

(3) Evolve
(4) Detect

realizes the dynamics of spin 1 quantum link models

H. Bernien, S. Schwartz, A. Keesling, H. Levine, A. Omran, H. Pichler, S. Choi, A. S.
Zibrov, M. Endres, M. Greiner, V. Vuletic, M. D. Lukin, Nature 551 (2017) 579.

F. M. Surace, P. P. Mazza, G. Giudici, A. Lerose, A. Gambassi, M. Dalmonte,

Phys. Rev. X10 (2020) 021041.

A. Celi, B. Vermersch, O. Viyuela, H. Pichler, M. D. Lukin, P. Zoller,

Phys. Rev. X10 (2020) 021057. - ~
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D-Theory: (1 +1)-d CP(N — 1) Models from the Dimensional
Reduction of (2 + 1)-d SU(N) Quantum Spin Ladders



CP(N — 1) Models from SU(N) quantum spins
T2, ac{l,2,. N> =1}, [T, T)]=ibfancTs

Spin ladder Hamiltonian

H=—J) [T+ TRT1 =) [T T+ T T
XEA xEB

-

L

1,

X

Conserved SU(N) spin
TP=>"T2-) T [T°H =0

XEA xEB
B. B. Beard, M. Pepe, S. Riederer, UJW, PRL 94 (2005) 010603.



Goldstone boson fields in CP(N — 1) = SU(N)/U(N — 1)
P(x)' = P(x), TrP(x)=1, P(x)?>=P(x)
Low-energy effective action
3 L I
S[P] = / dt/ dx dy Tr{p.0,Pd,P
0 0 0

+ Ps |:8XP8XP+ C:_I-28tP8tP:| — iP@XP(?tP}

Topological charge

QP = = /6 dt/L dx Tr[PO, PO, P] € Mo[SU(N)/U(N—1)] = Z
T Jo 0



Dimensional reduction to the (1 + 1)-d CP(N — 1) model

S[P] = / dt/ der{ [8 PO, P+ (9tP3t ]—nPBXPatP}

Asymptotically free coupling and emergent #-vacuum angle
1 psl

= 0=
P2 c nm

)

Very large correlation length
4r\ Al ps ,
focexp<Ng2> —exp< N >>>L
Measured correlation lengths in the CP(2) model
§(2) =4.0(1), £(4) =17.6(2), £(6) =61(2)




Step-scaling approach

M. Lischer, P. Weisz, and U. Wolff, Nucl. Phys. B359 (1991) 221
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Universal step-scaling function

F(z) =¢(2L)/6(L) . z=¢(L)/L
B. B. Beard, M. Pepe, S. Riederer, UJW, PRL 94 (2005) 010603.
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Ferromagnetic Double-Species BEC in the CP(2) Model

ud
(10)
~
Ferromagnetic
double-species BEC
JRRER € 1 3
373 sa 373)
L=300a, B =281.5. 43/ J=0.p5/J=01,02,03
Single-species BEC
j;=me? =g 3

W. Evans, U. Gerber, M.

Hornung, UJW, Annals Phys. 398 (2018) 92.
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Ladder of SU(N) quantum spins embodied with alkaline-earth
atoms

H= —JZ TITZ, (T2, TP = ibeyfobe TS

L

a) < b) |mf = I>
I TIIIIY
HHERE =
-.'......... A

C. Laflamme, W. Evans, M. Dalmonte U. Gerber, H. Mejla Diaz,
W. Bietenholz, UJW, and P. Zoller, Annals Phys. 360 (2016) 117.
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Non-Abelian Quantum Link Models



U(N) quantum link operators
UY = Sj+isy, Ut = S7—iSY, i,j € {1,2,.... N}, [UT (UN¥] #£0
SU(N), x SU(N)g gauge transformations of a quantum link
[L2, LP] = ifypc L€, [R?, RP] = ifype RS, a,b,c € {1,2,..., N> — 1}
(L%, R°] = [L° E] =[R%,E] =0
Infinitesimal gauge transformations of a quantum link
[L2,U] = —\2U, [R?, U] = UN?, [E,U] = U

Algebraic structures of different quantum link models

U(N):UY, L2, R? E, 2N?4+2(N?—1)+1 = 4N?>—1 SU(2N) generators

D) = N(2N—1) SO(2N) generators

SO(N): 0¥, L2, R?, N2+2N(N2_

Sp(N): UY, 12, R? 4N242N(2N+1) = 2N(4N+1) Sp(2N) generators
R. Brower, S. Chandrasekharan, UJW, Phys. Rev. D60 (1999) 094502



Sp(1) = SU(2) quantum link model with an
Sp(2) = SO(5) embedding algebra
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Spinor representation {4} Vector representation {5} D.

Banerjee, F.-J. Jiang, T. Z. Olesen, P. Orland, UJW,
Phys. Rev. B97 (2018) 205108.



Gauss law for the Sp(1) = SU(2) quantum link model on the

honeycomb lattice
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Flux strings in the Sp(1) = SU(2) quantum link model
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Vector representation {5}

Spinor representation {4}
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D-Theory Formulation of QCD



Low-energy effective action for a quantum link model in a
(4 + 1)-d massless non-Abelian Coulomb phase

B 1 1
_ 4
S[GH] = /0 dX5/d X 7262 <TI’ G/WG/W + 7C2 Tr GM5GM5> s

undergoes dimensional reduction from 4 4+ 1 to 4 dimensions

2
S[Gu] — /d4 551" GG, gl _£ 1 ~ exp <247T B)

2 m 11Ne2

4-d ordinary latdi
gauge theory

5-d quantum link model

3|-

«—Bec—

B

+PBc—

R. Brower, S. Chandrasekharan, UJW, Phys. Rev. D60 (1999) 094502



Quarks as Domain Wall Fermions

H o= 1Y TUeuUpnUl, UL+ 1Y [detUs , + detU] ]
X?M#” X’:U‘

1
+ 3 Z [wj<70’7u Ux,uwx+ﬁ - wi_;,_'u’)/o’)/u X] + M Z \U ’YO\U

+ *Z [QW YoWx — ‘Ux oUWt — x+/1’70 Ux,uwX]'

B

=+

W
e

3+

4-d lattice

1 2472 2472
w=2M exp(— I\/Iﬁ) o exp( P T

Sl L S Y /S
1IN —2npe2” 7 [N — 2N e?



Fermionic rishons at the two ends of a link

{ Cx: Gy } - 5XY5U> {C CJ} = {C,T7C§r} =0
Rishon representation of link algebra
& )

x

X Ui]' Yy

Ui = cldf L3, =cfaid, R? —C’T)\a

— el it
Xy xCy ij&x> Dixy iiCy> EXy - _(C C Cx)

Can a ‘rishon abacus” implemented with ultra-cold atoms be
used as a quantum simulator?

T Up

+oee——+ > +——08e+
detUy

R. Brower, S. Chandrasekharan, UJW, Phys. Rev. D60 (1999) 094502



Optical lattice with ultra-cold alkaline-earth atoms
(87Sr or 1™ Yb) with color encoded in nuclear spin

z—1 x r+1
o YL Chy
— s : M J:— +
T o
) |T>2MM> |4 d)[‘t’\ !
— _1/21_/23—/2 W
——
o o BN,

D. Banerjee, M. Bogli, M. Dalmonte, E. Rico, P. Stebler, UJW, P. Zoller,
Phys. Rev. Lett. 110 (2013) 125303
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Conclusions



Conclusions

e Quantum link models provide a generalization of Wilson's lattice gauge
theory with a finite-dimensional Hilbert space per link, which allows their
embodiment in ultra-cold quantum matter.

e Quantum simulator constructions have already been realized for
Wilson's lattice gauge theory as well as for quantum link models. The
U(1) quantum link model can be encoded very efficiently in a quantum
circuit. CP(N — 1) models as well as non-Abelian U(N) and SU(N)
quantum link models can be embodied by alkaline-earth atoms.

e This allows the quantum simulation of the real-time evolution of string
breaking as well as of vacuum tunneling. Accessible effects also include
simplified variants of chiral symmetry restoration at high baryon density
or the expansion of a hot quark-gluon plasma.

e In quantum spin and quantum link models regularizing asymptotically
free theories, including (1 4 1)-d CP(N — 1) models and (3 + 1)-d QCD,
the continuum limit is taken in the D-theory framework by the
dimensional reduction of discrete variables.

e The path towards quantum simulation of QCD will be a long one.
However, with a lot of interesting physics along the way.
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