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Interfaces

In particle physics, the time propagation of a confining flux
tube joining a quark-antiquark pair spans an interface.

In statistical systems, an interface is a surface of separation
between two coexisting phases:

* Discrete internal symmetry

T <1T.

PHASE a1

Suitable boundary conditions on the
bulk (homogeneous) system

Interface linearsize R > ¢

Simplest implementation:
three-dimensional Ising model




Ising model
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H:_T Zsisj, s; = +1 onacubiclattice (R> &, L — o0)
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Ising model

1 : :
H:_T Zsisj, s; = +1 onacubiclattice (R> &, L — o0)

(i,3)

T <T. = Zs spontaneously broken: |(s;)| =M #0
T —1T. = field theory description and universality

Construct a
non-effective theory:

study interfaces
analytically at
fundamental level,
starting from the
bulk field theory.

R/2

R/2




Standard interface setting

Boundary conditions at z = £R/2:

. +1 <0
‘ —1 x>0
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G. Delfino, W. Selke and A. Squarcini,
Nucl. Phys. B 958 (2020) 115139.




Standard interface setting

Boundary conditions at z = £R/2:

Lt <o : Nim (s(z,y,0)) - = +M
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Interface running between the pinning axes = =0, z = +R/2.
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Standard interface setting

Boundary conditions at z = £R/2:

Lt <o : Nim (s(z,y,0)) - = +M
‘ -1 x>0 lim (s(x,y,0))y_ =—-M

r—+oo

Interface running between the pinning axes = =0, z = +R/2.

z

Analytic predictions

R/2 about observables
(e.g. (s(7))+-)
B2 starting from

first principles ?

G. Delfino, W. Selke and A. Squarcini,
Nucl. Phys. B 958 (2020) 115139.




Particle description

Particles of the bulk field theory in (2+1) dimensions are
excitation modes over the ground state.
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Particle description

Particles of the bulk field theory in (2+1) dimensions are
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Particle description

Particles of the bulk field theory in (2+1) dimensions are
excitation modes over the ground state.

llz

by = \/p2 + m?

P = (p:l?apy)

lightest particle

R/2

The interface is generated by the imaginary time propagation
of an excitation (string) made of N o« L — oo particles.




Boundary states

Boundary states |B(+R/2)) specify that particles are
emitted/absorbed at z = £R/2.

Expansion over the basis of asymptotic particle states:
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Boundary states

Boundary states |B(+R/2)) specify that particles are
emitted/absorbed at z = £R/2.

Expansion over the basis of asymptotic particle states:

N
{Ip1,-.,Pn)} witheigenvalues > E, ., > p;
1=1 1=1

normalization (p|q) = (27)? E, d(p — q)

N
1 dp; %Z
emission/a_bsorption translation
amplitude invariance in
y-direction



Partition function

Z+— = (B(R/2)|B(=R/2))
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Partition function

Zy- = (B(R/2)|B(-R/2))
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Partition function

Zy- = (B(R/2)|B(-R/2))

N
dp; 5 —R 3 Ep,
/H 27T)2E pl) 7pN)| 0 (;py,z) € =

low-energy limit

Then f(py,...,pn) — f(0,...,0) = fo for R >> ¢
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+- (27)2(N+1) R Nm

Interfacial tension = interfacial free energy per unit area
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Partition function

4= (BR/IB(EP2)
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Partition function

4= (BR/IB(EP2)

N
dp, 2 _R.;Epi
- / X RTTSI] D oIt P

low-energy limit

Then f(py,...,pn) — f(0,...,0) = fo for R >> ¢
P L|fol2e BNm /2x\"Y  [onR widely separated
= (27)2(N+1) R Nm particles

Interfacial tension = interfacial free energy per unit area
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Order parameter profile

1
T 7

Gs(r) = (s(2,9,0))4- (B(R/2)|s(x,y,0)|B(=R/2))
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Order parameter profile

2
Gs(x) ~ —M erf(n) n = e T

Confirmed by Monte Carlo simulations for different values of
Rand T <T,.,withL > R:

Gs(z)/M
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Order parameter profile

2

Gs(x) ~ —M erf(n) n = R_£ T

Confirmed by Monte Carlo simulations for different values of
Rand T <T,.,withL > R: (Noadjustable parameters)
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Order parameter profile

2

Gg(x) ~ —M erf(n) n = e T

Confirmed by Monte Carlo simulations for different values of
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. £o ~ 0.668
= v = 0.6310(15)
3 T, ~ 4.51153

M. Caselle, M. Hasenbusch,
J. Phys. A 30 (1997) 4963.

First a|_1a|yt|ca|.deter_m|nat|on and ] G. Delfino, W. Selke and A. Squarcini,
numerical confirmation of the profile.  nucl. Phys. 8958 (2020) 115139,



Interface in presence of a wall
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Interface in presence of a wall

Boundary conditions onthewall z =0 :
{+1 2] < R/2
S; —

1 2| > R/2
U

lim <S($v Y, O)>+— —

r—r-+o0o

—M R<o
+M R=0

Interface constrained in the region z > 0
with an average distance from the wall
growing with R.
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Interface in presence of a wall

Boundary conditions onthewall z =0 :

L {+1 2] < R/2

1 2| > R/2
U

R/2
-M R<ox
lim (s(z,y,0))y_ =
lim (s(2,9,0) 4 {+M P S
)
Interface constrained in the region z > 0 \
with an average distance from the wall RN

growing with R.

Field theoretical description ?

G. Delfino, M. Sorba and A. Squarcini,
Nucl. Phys. B 967 (2021) 115396.
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* Particle description
* Boundary states same as before
* Large R limit (small momenta limit) |

N

f(P1sPN) = fo Hp“‘"i None ofthe particles can stay
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Partition function

* Particle description
* Boundary states same as before
* Large R limit (small momenta limit) |

N

f(P1sPN) = fo Hpm None ofthe particles can stay
i=1 along the impenetrable wall =z =0

(i.e. f =0 when Jp,; = 0).

7 L|fol?e BNm /ox\" [2nR
e (27)2(N+1) R? Nm
Interfacial tension:

. 1 K .
o= — R11—I>noo B InZ,_ = e same as in absence of the wall




Order parameter profile
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Order parameter profile
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At leading order in the
large R expansion, the
interface is a sharp
separation between two
pure phases +M.




Order parameter profile

2 2 2
GS(SU)NM—FQM{ﬁne_" —erf(n)} n = R_fx
1 G, (x)/M At leading order in the
p(x)/p(\/ RE/2)

large R expansion, the
interface is a sharp
separation between two
pure phases +M.
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Order parameter profile

2 2
GS(SU)NM—I—QM{%?]B_H —erf(n)} n = R_fm

1

At leading order in the
large R expansion, the
interface is a sharp
separation between two
pure phases +M.

-1+

Probability density of intersection at a point z = u :
+0o0
s(x) = f dup(u) s(x|u), s(xlu) =MO(u—2x)— MO(x —u)
0

 Correct normalization

5,
p(z) = 4\/ aRre € ! * Impenetrability of the wall
* Average distance = o< VR



Binding transition

The wall at « = 0 contributes to the theory with a boundary
Hamiltonian & [ dydz ®5(0,y, 2).

It is possible to tune h so that the wall-interface interaction
becomes very attractive:
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Binding transition

The wall at « = 0 contributes to the theory with a boundary
Hamiltonian & [ dydz ®5(0,y, 2).

It is possible to tune i so that the wall-interface interaction
becomes very attractive:

AZ A =
>
Unbinding (wetting)
transition
Tw(h) < T, .
T <Ty T >1T,
Binding regime Fluctuating regime



Scattering theory

Interaction of a particle with the wall:
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* Rapidity parametrization _
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* Stable bound state for g =if,, 6y € (0,7)
with energy E = mcosfy < m
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Scattering theory

Interaction of a particle with the wall:

E =mcoshp

* Rapidity parametrization _
Ip| = msinh g8

* Stable bound state for g =if,, 6y € (0,7)

with energy E = mcosfy < m ///
0y Koo~
contact
Total energy of the system per unit length angle
in the bound regime:
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for aliquid drop on a surface
T.Young (1805).
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Scattering theory

Interaction of a particle with the wall:

E =mcoshp

* Rapidity parametrization _
Ip| = msinh g8

* Stable bound state for g =if,, 6y € (0,7)
with energy E = mcosfy < m

to

I
o

Total energy of the system per unit length
in the bound regime:

. N G »
e =e+ —mecosby =e+ ocosb Equilibrium condition

L for aliquid drop on a surface
T.Young (1805).

= unbinding (wetting) at |0y (T,,) =0
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Close to the wetting transition point 7" — T
the contact angle vanishes according to:
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changes sign:
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Close to the wetting transition point 7' — T,
the contact angle vanishes according to:

02 (T, —T)>~s

The pole of the scattering amplitude slides
through a branch point at £ = m, while 6,
changes sign:

bpx (T —T) =|as=0

in agreement with Monte Carlo simulations.

K. Binder, D.P. Landau and D.M. Kroll,
Phys. Rev. Lett. 56 (1986) 2272.



“* Formulation of a field theory of interfaces
near criticality, giving analytic universal
predictions with no need of free parameters.

¢ Interfacial tension, magnetization profile,
passage probability density from the definition
of the partition function.

“* Implementing in momentum space the
presence of an impenetrable wall.

¢ Binding transition and its key features using the
particle description of the bulk field theory.
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