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Introduction: origin and properties of Q

Q -
op

. introduced by Baxter in 72 .
for 8- vertex model

Objective : Eigenvectors d eigenvalues of

transfer matrix TIÉ holomorphic in 2-

Hence i > 2- = Tr (Tiki ) partition f-
8- vertex

ii ) Eigenvectors El com . fins of

(1)

Hxyz ~ d lntcz ,
dz= ( 2-= 1

Problem : no Bethe Ansatz for eigenvectors

\



Baxter 's trick : introduce new operator Q

In XXZ / slz case :

(1)

Tlz ) : M -3M c) Diagonal isable ¢ holomorphic

ii >CTii-i.TT#s3--oQlz-2:M-SMisDiagonalisable& polynomial
ii) CTIÉ )

,
Celt ' >3=[0-12-1,042-4] =o

iii ) TCÉIQIZ ) = act >Qlqz > +biz )Qlq¥ )he →

E T

polynomial fins
for eigenvalue qlts = (2-zj )

j

⇒ act;)# lqzi - Zj ) t blzi ] ( q"zi -zj ] = 0

j

Bethe Eqns without Bethe Ansatz .



£15M / G- group construction of Q⇐ ) emerged slowly .

- Idea of Q trace of monodromy matrix over to - di-

aux . space
- [ Sklyanin ? 80s, 90s ? ]

- Used in CFT context by [ Bazhanov / Lukyanov /Zamolodchikov 96]
- In spin chain context by [ Antonov / Feigin 97, . . .]



Algebraic picture of Q - closed/periodic chains

We consider 6- Vertex / XXZ case - underlying
algebra is Uqlstz ) = Leo , fo , e , , f , , KÉ

'

,
KF

'

>

Also need 2 Borel subalgs

tlqlbt ) = Leo , e , , Kot ! ki±
'
>

, Uq(b.) = < fo.fi , Kott, KF
'

>

No¥n An alg A module is denoted

(Xp ) with ✗ = Vector space , .p : A- → End (X )

(m ) m

Define ↳ repns in terms of W= ① Ew ; ,
W = ② ① Wi

i=o i=o

( m )

( W , Pt ) Uelb#-)SWITZ >

} uglier cw , pies } moon .

.

(W
, Uz,p ) mod .



- 2 Routes to TQ Relations

- - ↳ universal transfer matrices C- Uqlb _ )

- R E Uqlbt)⊕Uq( b- ) universal R -matrix

TIÉ 's = Trw.m.lLTuE@iXkFxoIjR.Ilz.m-TrwlLVz.net )ki⑦I)R)

Qlz ) = Trw ( (Pz-⑦I )µF⑦I)R ) , Elt) = Trw ( ( E) LkF⑦I)R)
↳ to make trace convergent

I) Uqlbt) SES ( i.e. fuse a & finite -di- repns)

0 2- ( W
, pzq ) →

lwiew ? Pz @ÉÉ
'

> → ( w, pzaii ) -20

d- dim
~ ↳ 2 dim

(1)

⇒ Ttt ) Qlz ) = act )Q(qt > + b. I -2 )Q( g-
£ )

I



I ) Factorization

Consider Tr
wxow

( (Pqnz-ip-q-nz.AE ) ☒⑦I )(k¥I)R)

= QCgñÉcém→

a) Show Tv /Zim ✗ Qlqtz ) É ( Ent )

↳ Verma module

b) 1-
'

72-7 = #Tvlz,p) - #TvlZ , -N ) ; p
= -1m¥ )
me I≥o↳ spin Cmti ) /z module

which comes from Uq(sÑ ) SES

0 → (w
,
Vlz , -µ)→ ( w, Vez ,m) → ( W'YEE ;-) o

i i 11

V17 ,µ)
UH, -p)

-

1m¥
-

'I



1-
'

%-) = #Qlqiz )É(qz ) - # Qlqz > G- ( q⇒z ] ①

-10)
1 in = # QIÉ"z)ÉlqÉ) - # Qlq¥iEcqÉ ) ②

① + @ ⇒ 4¥ , QQ ) ~ # Qlqz) + # Glatz ) .

Approach I> used by [ Antonov / Feigin 97 , Rossi /W 02
,

Worf. 03
,
• • . ]

Extended yto open chains by [Fassett / Szécsényi ( XXX) 15,
Baseilhac /Tsaboi (✗✗2- 4G ) 18

,
Vlaar /Weston 20 ( xx -2 >TQ ) ]

- Approach I ) superficially more complicated , but was the

one taken by BLZ ( AppD of paper ,
98 ) .

See also Boos /Jimbo / Miwa / Smirnov /Tateyama I , 08, App C for

algebraic description .



- Related to
"

factorization
'

of Verma R -matrix

[Derkachou / collaborators 05 . . . ] in turn inspired

by [ Bazhenov / Stroganov 90 ] .

- Factorization property in closed case used by

[ Bazhenov
,
Lukowski

, Meneghelli, Staudacher 10
,

• •

up

Miao
,
Lamers

, Pasquier 21 ]

.

-Described most algebraically by
-

[ Khoroshkinltsuboi 14] ← ✗ ✗ 2- ( q≠ 1)

↑
We use and develop this framework and extend to

open chains .

[ See also Lazaresend Pasquier 14]



The required representations

We construct all of our Uqlstu)
,
Uq ( b.±) oepns using

,

£ ← °"" """ "&
"" ^

"
Ñ ( € " " " ⇐ ° >

- A = < a
,
at
, fbi]> ; A- = < a-

,
a-+
, f- CDs> ; f :#→ ①

Ata = I - q⇒ ; cat = ,_ [
↳+ ' ]

,

aftD)= f- CD-i ) a
a+f(D) = f- (D-Da

- Ita = i - [
⇒

; I = , _ [
''+ ' '

;
a- fcI)= f- +a) a-

_a+f(D- > = f- CI -Dad
we use W = @ e wj

j=o

given faithful A & A- module structure :

- A Wjti = Wj ; at wj = ( e- É
" ' } wjti ; I wj=jw,

'

-
a- wjti = wj ;

It wj = ( i - [
' it "
) wjt , ; D-wj=jwj

i.e. identify A
> A- with End /W )

.



Pz : Uqlbt) → A ⇐ End W ) ( a __ a- e-
' )

Iqkl
,
-1-0 .

Pzleo ) = q-lz.at ; pzlei) = q¥a ; pzlk , )=q→
a-

→
Ku - ki

'

all reps are level
0 .

PI : Uqlbt > → A-

f- 2- Ceo ) = qz-ya-t.pe (e.) = É÷a ; pick , )= g-
205+1 )

Vz
,n

: Uqlstu) → A ( nee )

Vz
,p leo )= oÉz at

a-
i ✓Zip / e) = q÷a(q2N- g-

24+3 )

Vz
,p
( fo) = q¥

'

a (g)^- q-%→ ' ) ; Uz
,µ ( f.) =q÷Éa+

✓Zin ( ki ) = q-2n
- l -D

1T£" = Vz
,
- (

m¥ /
Wcm , ; spin 1m¥ ) evaluation repn .

= §. ① wj



, We need one more Uqlbt ) repn ( w, Cz,N )

triangular repn .

Cyp Ceo> = 0 ; Cancer> =zg-cz.pe( ki ) = qt
- 1-⇒

; ko ~ ki
'

e



for closed chainsIf -2. ,p? ✗ Qlzqtr ) G- (zag )

theorem There is a Uqlbt] module isomorphism

②
+

: (wow , pzqnipzqn ) → (wow
, Van ⑦ Czar)

with Opt = ( ofa a-
+
; g) • qN(

' ①D- →⑦ 1)

with cqix.az = § qk
" xp = eÉ(qx )

pro

¥4m

Prost check

OptoLPzqn@pzq-rDCx3J-LVz.p① Can Dtr> 7Gt C- A.⑦ A-

for x c- Uqlbt )



Pictures! 

L operators

Pz ~ -2 >
, Ñz ~ z >

(1)

VZ
,N
~ -2
,p →m ,

Can ~ -2,p >
,
ITE Z

Then Opt :(Wew ,
pzqN@p_z-q-n3-7lw0W.Vzwi0Czn72-q-N.s

gg
> Zin

is

Zqn > →nz,p

Consider L (2-112-2) = ( Mz
,
@ Éz? )R

d

C- ( Acr E) ⑦ End (E) anyone
of above 5- oepns

e- G- Ll a > = (pz.ie#isRx(oP-a+q-D-
'

z

Zu
- a

'

z q⇒_qDth
~

z , >

✓

2-= Zil-22



Transfer matrices

I

Tlz ) ✗ Trw / Mz
,
⑦ ñÉi⑦ - - -01T¥ ( I①d

"

's ( ki⑦I)R )
I ↳ =D

2- 2 Zu Zu 2-~

when Mlz)=ptt )
±

É
tri

TH ) MH )

o⇒
Ect ) Elt )
Tutt,pD Vlzyu)
Tcl-2,p7 Clasp]



Proposition

Toft
i.e. Opt Llzqn)LTzq-n > = Lukin> Lakin > OF *

Note Lolz,p ] = (
9¥ ' °

triangular -

- ñqD+'z g-
D-+2N)

* behind Derh-acho.is R -matrix factorization .



Immediately implies . Qlzqtn ) ④ 12-97 ) = Tv LZ,p)Telz,p)

since =

£

-

OF cgij
=←

= €
>xÉ h←É
i.

✗

But Le for ⇒ Tclz,p = { gift
' > Not l-ji-zns.NL ;

j=o
( No +2pm . )

=

q No = # 01s
,

N
,
= # lis .

(No -N, ) )

So Tv (zip ]
= Qlzqtr ) G- ( 2-qt ) ✗ (above )-

I



for open chains

The double row transfer matrix

Tf -2. ,p? ✗ Qlzqrr ) G- (zag )

Re We are interested in transfer matrices of the form
[ Stlyanin 88 ]

✓ v v v ✓

F.
£
-
-
-
-
-

-
-←¥

-
-
-

-

-

"

To construct tower L - ops for our different aux spaces ,
we 1

use Uqlb -3 repns given by Uqlsilz) alg • automorphism :

V1 Lei )= f- i - i , Icfi )= ei- i
,
VICKI > = ki-i

'

,
from which

PI = PE - U
, FI = p-z-i.nl , CIN = CE:p out



2- 1

Then 2- ( z ) & ¥ ?@ PI, ) R =
- - -← z,

=P Ltt > P et .

We also need

@@@-hz soothed B- -0-3

which represents

op-L-lqrz-SI-tq-rzn-L-cz.piL-clz.ro ) Oj
works for 0J = Popp .



K matrices

We need right & left K -matrices for our

4 infinite dim modules
,

and 1T£ " that satify RES .

Step 1- : choose a Let co ideal subalg : in this case

-

B. = Leo - OÉÉ
'

Kofi
,
e ,
- oÉ5k , fo , Koki! Kiki

'

> cuqcsta )

D. (B) C UqlÑ > ⑦ B

Steph : For Uqlstz ) repns ( which are thus also Brepns )

- solve ¥-1k) o Klint ) =ÉiÉ)onÉ%c ) x C- B

32-2-1 0

gives K' "(f) = ( o (5-2-2) )



- solve analogous reln for Verma module

-2D

( g-
I

q2N+2z2 , of)Dgives (Z,p ) = 2-

ÉPÉE )D
Step 3 :

- PZ , {2- , Czyu are Uqlbt) modules

-

be lifted to ltqlslz ) & then restrictedwhich cannot

to B .

So

2- I Z
,

>
solve RE [Cherednit] zz

,

2-- I

zi
'
+ zit _←

'

"

to find ✓

L

z z Zin Zi
'

zi
'

I
✓ ✓

; obtain left counterparts using
2--1 -

-

'

'

E
' Ein , -

'

'

transformation of right ;
Kw (t ) Ew (E) Kc (Zip) label Ñ on left

; dep on § -



Tf-2.1ps ✗ Qlzqn > G- (zag ) derivation

we want
open analogue of

←
=

←

-

Qi cqij
=←

E-
=

FEY

⇒ Qezqn > ④ lzqtr ) = Tvlz,p3TcHñ)



Recall G. (z) = Trw ( Elz) M / 2-3 )
w w

Mtt) = LIZ> ◦ • • LICE) Kw 12-7 Lnfz) • • • Lolz ) etc

✓ ✓

>
r r u

2- Note - no twist required for
=

Convergence now

z
- I

step 1 (
missing out t for clarity )

Qlzqn > É /2-Er )

> usually the 1st step
=

'

= in showing commutativity
of transfer matrices



2 complications :

Zi

1) (2-112-2) ~
£2

~ (Pz ,

@ f- Iz ) 12 c- A@ A-
<
.

This is surprisingly simple :

Elt ) = eqzcqz
-

a @ a-
+
) eqz ( q→z at@ a- ) g-

2005+1)

=
£ alack

eqlzc) := 1-
Ceci e) •

k=° Tqiqk

nicely convergent .



2- I

2) The ÑIZJ =

z,
> • matrix is defined St -

2- i
>

> & hence< -

=

'

:

>
-22

i.e. I = ÉczF ' -2112-5 '

It is Elz) := ( ( Elz}
'

)
"

)
"

[ See Vlaar 15, '

Boundary transfer
matrices . . .

' ]

- You need to be careful in taking partial trace - we are .



Remaining steps :

=
=

g-5
'

g-

LOFT ont
"

qi.FI?x----=

( Oni)
"

⇒ Quay > ④ izqr > = Triton >Tekin



We need 2 boundary factorization reins
. (which hold )

-n

g-Nz qz

aft > Opt (Of )z , Kwlgfz)Ñ(E) ÑwCq¥ ,qNz .

? , -
i

'

II

±É
i
'

kvlzipsrv.ch?p)hc6z,p)0p+
2-
'

"

µ g-

=

2- f
z 2-

9¥yggyii1EwoiIsi2lz7Ewlqm-i@jjL.fqt.zIt
'

n
7 ^

11
•
\

,

=

'

i. Ifi .i. (0ptJtEdzsRuEz4Evtt.N@jj-izk.Zz

-2



In this way , we
obtain

Qlzqn > ④ lzqtr ) Tekin] = Tvlz,p )

2 (No +2NNr)
qAgain Tel -2,p> =

_÷,
simple .

I - 33 q

Hence Tv 1-2 ,p > &

o → (w
,
V17 , -µ)→ ( w, vlz.ph?-cw'YiTzmj-op---cm-I )

⇒ 1-
"Lt ) = #Tv 1-2

,
-1 ) - # Tvlz, 1)

←
G determinant
condition

⇒ T"
>

it ) = #Tv 1£
,
-112) - #Tutt , '12 ) = const

⇒ THE > Qlz ) = ✗ Its Qlzoil + pct ) Qttq
'
)



From this we reproduce standard open Bethe eqnsffklya.in
'

8D
( paper 1) .

Trace involved i- Q converges . ( no twist required )

Diag .
elements of G polynomial . ( d all elem polynomial

for N=z )



Discussion

We are used to understanding reins like

Kutz,p) Rv,E (Esp) h-ccz.gs#--(Op-)z,Kwlqf2-)R-lE)h-wCq-tr2-)

as coming from Schur 's Lemma . But these maps are ¥

UqlsÑ )
,
B

, UqCb± ) homomorphisms . Purely 1in . alg . identities as yet .

Also true for SES
, approach , which relies on

Kw / 2- ) ( (2-2)
"

(z ) 2 ✗ ~ Kw( qt )

qz \at

¥-7 ¢ boundary fusion
2- u ✗ El # 9-12--1

i
€

"

¥ ,
2--1



We hope to generalist one or other approach to

other Uq(of ) using asymptotic / fundamental repns .

[ Hernandez / Jimbo 11
,
Frenkel / Hernandez 14 , Baseilhac /Tsabo! 17]

Indeed answer to above
query may be to lift from Uqlbt )

repns to oepns of asymptotic alg - big enough to include
co ideal Subalg ?

TQ reins appear in Grothendieck ring of Uqlbt ) repns

Xq : Going → transfer matrix .

Does this work for non- diag Ya ) ?

Do not know yet .

Non - diag . RE difficult to solve and boundary factorization
difficult to prove .


