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Motivation

® Inhomogeneous six-vertex model




® Inhomogeneous six-vertex model

= provides playground to study different universality classes by exploring its multiparameter
space
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® Inhomogeneous six-vertex model

= provides playground to study different universality classes by exploring its multiparameter
space

® Emergence of non-compact degrees of freedom from compact ones

= Specific choice of inhomogeneities i.e. staggering needed for the six-vertex model.
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Goal: Explore Parameter Space

Ia PBC a OBC

Free Boson

B —— A | “Black Hole” ? B

Free Boson

Homogeneous 6v model

® Thanks to G. Kotousov for PBC graphic!
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Goal: Explore Parameter Space

@ OBC

Free Boson

. A BlackHole” B

Homogeneous 6v model

® Thanks to G. Kotousov for PBC graphic!

® Study the open case. Little is known expect [Robertson, Jacobsen, Saleur ’21].
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1. Recall Open Boundary Conditions and Staggered Models
2. Root Density Approach
3. Finite-Size-Spectrum-Analysis

4. Summary and Open Problems
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The Ingredients

® \We consider the standard XXZ-R-matrix:

sinh (u + i) 0 0 0

_ 0 sinh (u) sinh (i) 0

Ru) = 0 sinh (i) sinh (u) 0
0 0 0 sinh (u + iv)

® And the following matrices :

e 0 e U= 0
K,(U) = (0 e—u) . KJr(”) = ( 0 eu—‘,—i’y) .
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Open boundary conditions for symmetric R-matrices

YBE: R23(V)R13(U)R12(u — V) = R12(u — V)R13(U)R23(V)
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Open boundary conditions for symmetric R-matrices

YBE: R23(V)R13(U)R12(u — V) = R12(u — V)R13(U)R23(V)

PBC: 778 (u) = tro (Ror(u) - -- Ror (1)) 225 [7FBC(u), 7PBC(v)] = 0
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Open boundary conditions for symmetric R-matrices

YBE: R23(V)R13(U)R12(u — V) = R12(u — V)R13(U)R23(V)

PBC: 778 (u) = tro (Ror(u) - -- Ror (1)) 225 [7FBC(u), 7PBC(v)] = 0

OBC: 798¢(u) = trp <i?+(u)R0L(u) e R01(U)}?—(U)R01(U) e ROL(U)>
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Open boundary conditions for symmetric R-matrices

YBE: Ro3(v)Riz(v)Ri2(u — v) = Ria(u — v)Ri3(u)Ras(v)
PBC: 7PBC(u) = trg (Ror(u) - - - Ror(u)) 225 [7PBC(u), 7PBC(v)] = 0
OBC: 798¢(u) = trp < q (u)Ror(u) - ~R01(u)!?_(u)R01(u)-~-ROL(u)>
Reflectionalgebras or BYBE:
* Riao(u—v)K_ (u JRua(u + v)K_ (v):f< (v )ng(u+v)i1< (Riau—v)
o Ris(—u+ v)K! (u)Ria(—t — v — 2i9)KE (v) = KL (v)Ria(—t — v — 2i9)KE (u) Ria(—u + v)
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Open boundary conditions for symmetric R-matrices

YBE: R23(V)R13(U)R12(u — V) = R12(u — V)R13(U)R23(V)
PBC: 7PBC(u) = tro (Ror(u) - - - Roa (1)) 225 [7PBC(u), 7PBC(v)] = 0

OBC: 798¢(u) = trp < O +(u)Ror(u)- ‘-Rol(u)}?_(u)R01(u)-~RoL(“))
Reflectionalgebras or BYBE:
* Ra(u= VK- ()Ria(u-+ K- (1) = K- (1)Ria(u+ VK- (@)Rualu—v)

® Rix(— u—|—v)K (u)Ri2(— u—v—2/’y)Kt( )—K (v)Ri2(— u—v—2l’y)Kt( YR12(—u+ v)
BYB%YBE [TOBC( )7TOBC( )] -0
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Open boundary conditions for symmetric R-matrices

YBE: R23(V)R13(U)R12(u — V) = R12(u — V)R13(U)R23(V)

PBC: 778 (u) = tro (Ror(u) - -- Ror (1)) 225 [7FBC(u), 7PBC(v)] = 0
0

K+(u)R0L(u)-~R01(u)}?_(u)R01(u)~-ROL(U)>
Reflectionalgebras or BYBE:

° R12(U—V);(7(U)R12(u+ V)}z( (v) = K (v )R12(u+v)i1< (u )R12(U—V)

® Rpp(—u+ V)KlJtr(U)Rlz( u—v-— 2'7)K2fr( ) = Kt( JRi2(—u—v— 2’7)Kt( JRi2(—u+v)
BYBE+YBE [FOBC(y), rOBC(y)] = 0

OBC: 798C(u) = trg <

Hamiltonian limit is given by H = A £79BC(y )| ,_o+B

u=0
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The Staggered Model

Possibility to include arbitrary inhomogeneities:

o 79BC(y) = try <}?+(u)R0L(u +0.) - Rot(u+ 51)K0_(u)R01(u —61) -+ Ror(u — 5L)>
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The Staggered Model

Possibility to include arbitrary inhomogeneities:
0 0
o 7OBC(y) = trg (K_,_(U)Ro/_(u +61) - Ror(u+ 61)K_(u)Ror(u — 1) - - - Ror(u — m)
We will focus on the staggering :l:%a in horizontal

o FOBC(4) = tr, (%&(u)RozL(u i) Roa(u— @)K (u)Roa(u+ ) Rope (u — ";))
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The Staggered Model

Possibility to include arbitrary inhomogeneities:

° TOBC(u) = trg <}?+(U)R0L(u +01) - Roa(u+ 51)K0_(U)R01(u —01) -+ Ror(u — 5/_))
We will focus on the staggering :l:%a in horizontal

o 798¢ (u) = tro (’?+(U)R02L(U + %)+ Rou(u — %)KO—(U)RM(U +5) - Roau(u — '?))

as well as in the vertical direction via
o T(u) =705 (u+ 12)rOBC(u— i2)
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The Staggered Model

[1e3
u+ 3
ia
u—sy5

u+ia u u-+ia u u+ia u
u u+ia u u+ia u u+ica
u u—ia u u—ia u u—ia
u—ia u u—ia u u—ia u

2L 2L -1 2L -2 2L -3

u+%

i

2
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The Staggered Model

Evaluated at zero this gives:

<J jk jL <_ N

r i Jr i _J ia

B L —lx jL —lx (_ﬁ —lx B

2 —iaJ —iaJ L —ia 2
[ N

N
—

2L 2L-1 2L-2 2L-3
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The Staggered Model

Evaluated at zero this gives:
)L i [ ia
) ) )

T ia
_ia e _ia
2 2
O o J _ia J —ia
2L -

[E

8 o

2L -1 2L -2 2L -3 2 1
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Hamiltonian H = Add—uT

2L-1
H 2sin’(v) Z cos(y)of 071 + 2cos(a) (o) 0/1, + 0] 0}1)
=
22
+ cos(y) sin®(c) Z 0i0f0 4+ 2(0] 0, + 0] 0})
=1
2L_2 . . . .
—sin(a)sin(27) Y _ (-1 ' of o107, + (~1Y 0f 00050 + (<1Y o 0710510 + (<1) 0] 0f107 0
=1
2L-2 _ _
—sin(y)sin(20) 3 (—1)* 07 oo + (—1) o ofroris
=1

— cos(y) sin’(a) (0505 + 05, _1031)
— (isin(c) cos(2y) — isin(a)e”™) (o1 o5 + 04 _105;)
— (i sin() cos(27) — isin(a)e ) (o1 05 + 04 _1051)

— 2sin(a — ) sin(a + v) sinh(iv) (07 — o31)
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Hamiltonian H = Add—uT

2L-1
H =2sin’(v) Z cos(y)ofof1 + 2cos(a) (o) 0/14 + 0] 0}1)

2L—-2

— cos(7y) sin() Z 0i0fi2 4+ 2(0] 0, + 0] 0})
=1
2L—2

—sin(a) sin(27) Z( 1)j+1‘71 0110552 + (= 1y 07010 2t (_1)j+1‘7/'+‘7111‘7f+2 + (_1)j‘7j_0j++1‘7f+2
j=1
2L—2

— sin(7) sin(2a) Z (—1)j+1cfj_crf+1aj12 + (—1)j0faf+10112
=1

— cos(y) sin*(@)(0i03 + 031 103,)
— (isin(a) cos(27) — isin(a)e”™) (o1 o5 + 04 _105;)

+ (isin(a) cos(27y) — isin(a)e ) (o1 053 + 04 _1041)

— 2sin(a — ) sin(a + ) sinh(iv) (o] — o3;)
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Hamiltonian H = Add—uT

2L-1
H =2sin’(v) Z cos(y)ofof1 + 2cos(a) (o) 0/14 + 0] 0}1)

2L—-2

— cos(7y) sin() Z 0i0fi2 4+ 2(0] 0, + 0] 0})
=1
2L—2

—sin(a) sin(27) Z( 1)j+1‘71 0110552 + (= 1y 07010 2t (_1)j+1‘7/'+‘7111‘7f+2 + (_1)j‘7j_0j++1‘7f+2
j=1
2L—2

— sin(7) sin(2a) Z (—1)j+1cfj_crf+1aj12 + (—1)j0faf+10112
=1

— cos(y) sin*(@)(0i03 + 031 103,)
— (isin(a) cos(27) — isin(a)e”™) (o1 o5 + 04 _105;)

+ (isin(a) cos(27y) — isin(a)e ) (o1 053 + 04 _1041)

— 2sin(a — ) sin(a + ) sinh(iv) (o7 — o31) 1290 HYES  ferromagnetic!
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Parameter Space Diagram

@ OBC

3

Black Hole 7 B

ferro pbc XXX
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Symmetries of the model

® The single transfer matrix commutes with the operators
2L i 1 1 1 1
R(Q) =57, R(E*) =x*=) "5 enGoittiri)ote NGt +ioh),
n=1

which are a representation R of U,(sl(2)):
— qu
— q_l ’

Q. E*] =+EF  [EYET]=[2Q],,  with [x], = qqx g=-e"
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Symmetries of the model

® The single transfer matrix commutes with the operators
R(Q) = 57, R(E:I:) - X* = Ze:l:( 1)ntlic e/'y( oit..+io7_ l)aie V(302 +.+3 0’2L)

which are a representation R of U,(sl(2)):

X X

— qf
i q_l ’
® The spectrum of T (u) is invariant under the transformation D : o — 7 — «:

(H%> (a)T (u)C () <H02J> :

Oé) = H C2,'_172,'(Ck) with C,"j(oc) = P,"J'R,"J'(I.Oz) .

q

Q. E*] =+EF  [EYET]=[2Q],,  with [x], = g=-e"
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Parameter Space Diagram

3

ferro pbc XXX

@ OBC

“Black Hole"”
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BAE and Energies

® Solve the system via algebraic Bethe-Ansatz with BAE

, . . oL
sinh (vip — & + ) sinh (v + £ + ) B IM[ sinh(Vm — vk + i) sinh(vim + vk + i)
sinh (vm + 2 — %)sinh (vm — & — ‘7) o Pl sinh(Vin — vk — i) sinh(vin + vk — i)’

and single transfermatrix eigenvalues:

sinh(2u + 2i7) ( . i L i . >2L M sinh(u — Vi — 2y sinh(u + v — 2
ANu) x—————| sinh(u+ — 4+ iy)sinh(u — — +i
() sinh(2u + i) ( 2 7)sinh( 2 ”) H sinh(u — Vi + ) sinh(u + vin + %)

m=1

sinh(2u) . oy . o
+ Snh(2u £ 1) <smh(u + 7)5|nh(u — ?))

and energies

H sinh(u — v + %)sinh(u + Vm + 3'7"’)
sinh(u — Vi + ) sinh(u + vim + )

(1)

(2v;) — cos(a — v))(cosh(2v;) — cos(a + 7))

u 4 sin(~)(cos(c) cosh(2v;) — cos
E:ZI:E(V’ Z(cosh 5 (7)(cos(e) cosh(2v;) ()

® Note BAE invariant under v, — —vp and energies under a« — ™ — «
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Quasi Momentum

M
B cosh(2v;) — cos(a + )
k= 22 log [cosh(2v,-) — cos(a — ) +C

ko(vi)

2L 2L—-1 2L-2 2L-3 2L-4
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Densities and Integration Boundaries

® The Bethe-Roots describing the low energy physics in the parameter range v < oo < ™ — 7y are:

17
V.:)(j V:-yj_i'_i

> Y ER
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Densities and Integration Boundaries

® The Bethe-Roots describing the low energy physics in the parameter range v < oo < ™ — 7y are:

1T
X . y _
Vi =X vi =y +

; ; > Y ER

® | ogarithmic Bethe Equations and Euler-Maclaurin yields the integral equations:

1 1 oo oo
P =500+ {750+ g+ [ Ko (x =) )+ [ dxKa(x - x) ()

Z —0o0 —o00
Y y 1 Yy 1 Y > / N o X(! > / N V(!
P’ (y)=o5(y)+ 570(¥) + 5750 + dx' Ky (y — x") p*(x") + dx'Ko (y — x") p”(x')
L 241 . -
where
Ko(x) = =9/ (x,7), Ki(x) = —=t/(x,7)
0 - o yY)s 1 — o Y

@(x,y) = 2arctan (tanh(x) cot(y)), (x,y) = 2arctan (tanh(x)tan(y))
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Results for the densities

® For the bulk contribution we recover the results for the PBC:

i = ) 1

=2y cosh(ﬂzfﬁ’v) - cos(’rfﬁig))
o’(y) = 2sin(5557") 1

T =27  cosh(:ZY ~) + cos( ”fra_g))’

® For the self dual case o = 5 both densities are equal
® Densities are vanishing for « =y and a =7 — 7.
® The surface contribution is the same for both roots:

sinh (3 7rcu)
47T/ dwef smh 223 cosh( 2" w)
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Parameter Space Diagram

3

ferro pbc XXX

o OBC
Black Hole™, |
A 0
7
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Number of Bethe Roots:

2M2s +1 T—a—-vy 1(3 =« 1
6 o~ T o=
L T — 2y +L( fy>+ ( )’

2Mgs+1:2'a—'y 1
L T—2v L

1 T
565: - i
- [ 2+2v]’

where the brackets indicate the rounding. Inverting this relation we obtain a range of
anisotropies « for which the ground state is realized in the sector with spin S¢°:

i v
2565 12 =7 < 5565
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Thermodynamics Quantities and CFT

Using the densities we obtain:

P sinh(%) (sinh (52 — %) cosh(4F — aw) — sinh(%?))
€0 = 2/00 dw sinh(4F )5|nh((7r227)W)

)

2T 1
VF:7T—2’y foo:"' koo:"' ks:"‘ ’Cthermo:LkOO+k5+O(z)
Relation to CFT:
7EL_Loo_foo:_7 hn, 2
7rVF( (L) - Le )=—pg thn+d (2)
hefr
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Taking Small Excitations into Account

® Expand energy around the ground state energy in the limit L — oo gives

1 2 1(dN — dNgs)?
T 4 Z%

where

w—0

dN = M° — M2, Zp = lim (1 - /OO dx e* (Ko (x) — Kl(x))> - .

— 00

® Penultimate term vanishes formally since Zp = 0o. Numerics shows that the decrease is

1
actually o Tog(D)
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Defining a Quantum number

® |dea: Bring this logarithmic correction under control by the quasi momentum operator as
done in the (quasi)-periodic case

T — 2y
= 47_[_7 (IC - lCThermo)
® Using this variable we obtain:
h L7 (2541 LA
12 4 ~ T—2y P
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Numeric Results

a=n/2, S=1, y=23r/80
30

o dN=0
25— X dN=1
A AN=2
] dN=3
o dN =4 Q
,;5 0 dN=5 @@E’
3 L Formula & P
N 10|y 24112 o 00

.. Extrapol. e
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Numeric Results

a=n/2, S=1, y=271/80
30

0o dN=0 EEE‘
250y dN=1 ;,,,.59

A dN=2 g
] dN=3
o dN=4 @ a-&'ﬁyﬂﬂ

§ o0 dN=5 ﬁ@ ‘&‘&,,.s@a’*""‘
N 101y 24 L e’ P ad _

.. Extrapol. ’ ol |

5 | | |
0 0.1 0.2 0.3

1/log L
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Numeric Results

a=4n/9, S=1, y=n/3

15

o AN=1/6

« AN=—5/3
10-|a AN=7/12 LT
o AN=1 e

. o AN=3 ”
N

% 24h£ﬁgrmula

.. Extrapol. MMA ;
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|dentification with the Black Hole CFT Continuous Part

The BH CFT has a continuous part of spectrum which has following central charge and
scaling dimensions :

A _(n—l—wk)2_J(J—1)
(k—2)" "BH T 4k k—2

1
gy =2+ with J:§+i§, SeER],

(3)
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|dentification with the Black Hole CFT Continuous Part

The BH CFT has a continuous part of spectrum which has following central charge and
scaling dimensions :

A _(n—l—wk)2_J(J—1)
(k—2)" "BH T 4k k—2

1
gy =2+ with J:§+i§, SeER],

(3)

2 2
he"}ﬁ:—i+(n+Wk) _ (J—1> +d, (4)

12 4k k—2
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|dentification with the Black Hole CFT Continuous Part

The BH CFT has a continuous part of spectrum which has following central charge and
scaling dimensions :

_(n+ wk)? J(J.— 1)

1
=2 h ith J=2+i5 35eR{
BT =2y "I kg Wt J=gtiE ek
(3)
1 (n+4 wk)? 1 1)\?
pBH — _ — - - d 4
eff PR k—2 (J 2) T4 *)

Compared these with the one of the spin chain:

1 0% \? ys
hef = ——=+-—(25+1— —
eff B + e ( + 7) + + nph
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|dentification with the Black Hole CFT Continuous Part

The BH CFT has a continuous part of spectrum which has following central charge and
scaling dimensions :

_(n+ wk)? J(J.— 1)

1
=2 h ith J=2+i5 35eR{
BT =2y "I kg Wt J=gtiE ek
(3)
1 (n+4 wk)? 1 1)\?
pBH — _ — - - d 4
eff PR k—2 (J 2) T4 *)

Compared these with the one of the spin chain:

1 0% \? ys
hef = ——=+-—(25+1— —
eff B + e ( + 7) + + nph

1N\
, n=-25-1, w=1, J—§ = (is)7,
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Parameter Space Diagram

3

ferro pbc XXX

OBC

homogen. obc XXZ

™
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Summary of Main Points and Open Questions

® Fill in other gaps of parameter space diagram
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Summary of Main Points and Open Questions

® Fill in other gaps of parameter space diagram

® Density of states needs to be calculated — large system sizes are needed
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® Formulation of Non-Linear-Integral-Equations like in ?
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Summary of Main Points and Open Questions

Fill in other gaps of parameter space diagram

Density of states needs to be calculated — large system sizes are needed

® Formulation of Non-Linear-Integral-Equations like in ?

Uq(s/(2))-Symmetry is spontaneously broken!
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Summary of Main Points and Open Questions

Fill in other gaps of parameter space diagram

Density of states needs to be calculated — large system sizes are needed

® Formulation of Non-Linear-Integral-Equations like in ?

Uq(s/(2))-Symmetry is spontaneously broken!

Model reduces to periodic ferromagnetic XXX model in the limit v — 0.
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Summary of Main Points and Open Questions

® Fill in other gaps of parameter space diagram

® Density of states needs to be calculated — large system sizes are needed

® Formulation of Non-Linear-Integral-Equations like in ?
® Uy(sl(2))-Symmetry is spontaneously broken!

® Model reduces to periodic ferromagnetic XXX model in the limit v — 0.

e Underlying CFT is given by the SL(2,R),/U(1) sigma model for the range of staggering
parameter v < o < mw — 7.
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Summary of Main Points and Open Questions

® Fill in other gaps of parameter space diagram

® Density of states needs to be calculated — large system sizes are needed

® Formulation of Non-Linear-Integral-Equations like in ?
® Uy(sl(2))-Symmetry is spontaneously broken!

® Model reduces to periodic ferromagnetic XXX model in the limit v — 0.

e Underlying CFT is given by the SL(2,R),/U(1) sigma model for the range of staggering
parameter v < o < mw — 7.

e Continuous part (and discrete part) can be described by the real (and imaginary)
eigenvalues of quasi momentum operator.
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Thank you!
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