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(Classical) Newton’s Cradle on YouTube



chaotic / ergodic integrable / non-ergodic

after short relaxation time         , the macrostate 
in the box is entirely characterized by

particle density, mean velocity, energy density
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to characterize a macrostate, one needs 
the entire distribution of velocities

vs.
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n(x, t), u(x, t), "(x, t)
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state in each ‘fluid cell’ characterized by

whose evolution is governed by continuity eqns8
<

:

@tn+ @x(nu) = 0
@t(nu) + @xjP = �n@xV

m
@t"+ @xjE = 0
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is there a coarse-grained or 
hydrodynamic description?

This is what ‘Generalized HydroDynamics’
(GHD) is about.



This talk

Generalized Hydrodynamics (GHD) in the quantum one-dimensional Bose gas.

1. Generalized Hydrodynamics (GHD) of the 1D Bose gas: standard theory 

2. Checks in cold atoms experiments  

3. Re-introducing quantum fluctuations



1. Crash course on GHD
The 2-body problem

p1 p2

As we’ve seen, the eigenstates of 

in the limit of infinite repulsion                 were 
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1. Crash course on GHD
The 2-body problem: the scattering phase

p1 p2

Now, as we go away from that limit  

the eigenstates change continuously with  
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1. Crash course on GHD
The 2-body problem: the scattering phase
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~ (p1x1+p2x2) � ei'e

i
~ (p2x1+p1x2) if x1 < x2

(x1 $ x2) if x2 < x1

One physical consequence of this scattering phase is the following. Take two 
wave packets with semiclassical velocities                     and   v1 = p1/m v2 = p2/m
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1. Crash course on GHD
The 2-body problem: the scattering phase

One physical consequence of this scattering phase is the following. Take two 
wave packets with semiclassical velocities                     and   v1 = p1/m v2 = p2/m

After they have scattered, the two packets are not quite where you would expect 
them. Compared to the non-interacting case, they are shifted by a distance 

In the Lieb-Liniger model this is a lorentzian 

� = ~d'
dp

�(v2 � v1) =
2g/m

(g/~)2 + (v2 � v1)2
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1. Crash course on GHD
The ‘effective velocity’ caused by 2-body scattering 

xposition

time t

1/w

L 1/v

�(v, w)

ve↵[⇢](v) = v +

Z
dw�(v � w) ⇢(w)

⇣
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See e.g. [Caux Doyon, Yoshimura, 2017]. This effective velocity had appeared 
previously in [Bonnes, Essler, Läuchli 2014], and for the 1d billiard or hard gas 
in [Percus, 1969], [Boldrighini, Dobrushin, Sukhov 1983].



1. Crash course on GHD
The rapidities

ei�� =
Y

transp. ⌧ij

ei'(pj�pi)(the total phase breaks down into a 
sum of 2-body scattering phases) 
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Each eigenstate is labeled by its set of rapidities                                     .            

One can define the distribution of rapidities as:
⇢(v) =

1

L

NX

j=1

�(v � vj)

<latexit sha1_base64="LysDlAfhQ+FribXOg9L+wqsyNzI="></latexit><latexit sha1_base64="LysDlAfhQ+FribXOg9L+wqsyNzI="></latexit><latexit sha1_base64="LysDlAfhQ+FribXOg9L+wqsyNzI="></latexit><latexit sha1_base64="LysDlAfhQ+FribXOg9L+wqsyNzI="></latexit>

For N particles, the eigenstates on the infinite line are Bethe states labeled by their 
rapidities [Lieb, Liniger, 1963] 
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The rapidities (i.e. asymptotic velocities) 
can be measured by letting the gas expand 
in 1D   [Rigol-Muramatsu, PRL 94, 2005; Minguzzi-
Gangardt, PRL 94, 2005; Jukic-Pezer-Gasenzer-Buljan, 
PRA 78, 2008; Bolech-Heidrich-Meisner-Langer-McCulloch-
Orso-Rigol, PRL 109, 2012; Bolech-Heidrich-Meisner-
Langer-McCulloch-Orso-Rigol, J.o. Physics: Conference 
Series 414 2013, Campbell-Gangardt-Kheruntsyan, PRL 
114, 2015; Caux-Doyon-JD-Konik-Yoshimura, SciPost 6, 
2019, …]

x
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1. Crash course on GHD
The rapidities



Breakthrough
from 2016!

1. Crash course on GHD
The people who made the discovery



1. Crash course on GHD

Then one writes a transport equation for the rapidities:

where                     is the local distribution of rapidities, and the effective
velocity is the one caused by the 2-body scattering:

@t⇢+ @x
⇣
ve↵[⇢] ⇢

⌘
=

@xV

m
@v⇢
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Long story short, GHD is a fluid-like picture where each ‘cell’ is in a macrostate  
characterized by its distribution of rapidities.



1. Crash course on GHD

This was the ‘handwaving’ intoduction of GHD. Another, more well-
defined, way to arrive at it is to derive it like a standard hydrodynamic 
theory. 

Namely, to postulate local relaxation and express the expectation 
values of the currents in terms of those of the local charges.



The conserved charges of the Lieb-Liniger model are the operators           diagonal 
in the basis of Bethe states and with eigenvalues:

|vi = |{va}1aN i
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Let                                     be the Bethe state with rapidities                             .va, a = 1, . . . , N
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The current  operator                associated to the charge j[f ](x)
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@tq[f ] + @xj[f ] = i [H, q[f ]] + @xj[f ] = 0
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is defined by the continuity equation 

Then the key problem is to compute the expectation value of the current

hv| j[f ] |vi
hv|vi =?
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q[f ](x)dx
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1. Crash course on GHD
GHD from the formula for the expectation value of currents



1. Crash course on GHD
GHD from the formula for the expectation value of currents

Note: before 2016, this looked like a totally hopeless problem. Several issues: 

First, writing the charges                                          in second quantization is usually 

not possible, as it gives rise to regularization issues in the Lieb-Liniger model [Davies, 
Korepin 1989].

Q[f ] =

Z L

0
q[f ](x)dx
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Second, even if one has a good regularization for the charges, one needs to compute the 
current operators. This looks like a non-trivial problem (to me, at least)

Third, even if one has an expression for the currents, computing their expectation value in 
Bethe states may well turn out to be an intractable problem…



1. Crash course on GHD
GHD from the formula for the expectation value of currents

The big ‘guess’ of [Castro-Alvaredo, Doyon, Yoshimura, 2016] and [Bertini, Collura, de 
Nardis, Fagotti, 2016] is that, in the thermodynamic limit, one should have

Since 2016, several works have increased our understanding of that formula for the current 
[Vu, Yoshimura, 2019], [Spohn, 2020], [Cubero, Panfil, 2020], [Bajnok, 2020], [Spohn, 
Yoshimura 2020], and the level of rigor in its derivation.

Remarkably, a new fundamental Bethe Ansatz formula was discovered in finite 
size [Pozsgay 2020], [Borsi, Pozsgay, Pristyak, 2020], [Pozsgay 2020]. It is 
proved using new developments in the Algebraic Bethe Ansatz. Its thermodynamic 
limit gives the formula above.

inverse of Gaudin matrix

hv| j[f ] |vi
hv|vi =

X

1a,bN

va [G
�1]ab f(vb)
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hv| q[f ] |vi
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Z
f(v)⇢(v)dv
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This talk

Generalized Hydrodynamics (GHD) in the quantum one-dimensional Bose gas.

1. Generalized Hydrodynamics (GHD) of the 1D Bose gas: standard theory 

2. Checks in cold atoms experiments 

3. Re-introducing quantum fluctuations



2. Applying the theory to cold atom experiments

Why should experimentalists care about GHD?

It is much easier to numerically solve the GHD equation than
to solve the full many-body Schrödinger equation for                           atoms.N ⇠ 101 � 104
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For instance: how hard is it to simulate the quantum Newton’s cradle numerically?

Before 2016, no one knew how
to do this.

Now, with GHD, it can be done
on a laptop in a few minutes (at
least for a single tube).

There is a publicly available GHD code: iFluid  [Moller, Schmiedmayer, Scipost 2020]



2. Applying the theory to cold atom experiments

Example: GHD numerical simulation of the Newton’s cradle [Caux, Doyon, JD, Konik, Yoshimura, 2017]



2. Applying the theory to cold atom experiments
Two classes of experiments on 1D gases

Atom chip: atoms trapped by the 
magnetic field created above an electronic 
chip.

Allows to trap a single 1D cloud, usually 
with weak repulsion between the atoms

Optical trapping: atoms trapped by 
counter propagating lasers. 

Allows to create a bundle of 1D clouds, 
with slightly different parameters for each 
1D tube:  observables are averaged over 
all tubes

Strong repulsion between the atoms.



2. Applying the theory
Two classes of experiments



2. Applying the theory to cold atom experiments
Two experiments on GHD

Regimes of the 1D Bose gas (at equilibrium): 
[Petrov, Shlyapnikov, Walraven PRL 85, 2000]
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dimensionless 
temperature

dimensionless 
repulsion strength

Palaiseau experiment 
(Bouchoule), atom chip, 

single 1D tube 

Penn State experiment 
(Weiss), optical trapping, 

bundle of 1D tubes  

(per tube) 
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2. Applying the theory to cold atom experiments
Results of the Palaiseau experiment (Bouchoule group)
[Schemmer, Bouchoule, Doyon, JD, PRL 122, 2019]
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Expansion from double-well 
potential: 

occupation of position-rapidity space 
simulated with GHD: 

t=0                                         t=25 ms 

full line is theory, noisy line 
is experimental data  



2. Applying the theory to cold atom experiments
Results of the Palaiseau experiment (Bouchoule group)
[Schemmer, Bouchoule, Doyon, JD, PRL 122, 2019]
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Quench from double-well to harmonic 
potential: 

about 20% of atoms lost 
(not described in the theory)



2. Applying the theory to cold atom experiments
Results of the Penn State experiment (Weiss group)
[Malvania, Zhang, Le, JD, Rigol, Weiss, arXiv:2009.06651]

Sudden increase of the depth of the 1D 
harmonic trap: 

Results for 10-times increase of the depth:
Integrated rapidity distribution f(✓) =

Z
⇢(x, ✓)dx
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blue line is theory, red line 
is experimental data  



2. Applying the theory to cold atom experiments
Results of the Penn State experiment (Weiss group)
[Malvania, Zhang, Le, JD, Rigol, Weiss, arXiv:2009.06651]

Results for 100-times increase of the depth:

occupation of position-rapidity space 
simulated with GHD: 

Integrated rapidity distribution

Rapidity energy  

Kinetic energy 
(obtained from 
measurement of 
momentum dist.)

E =

Z
✓2

2m
⇢(x, ✓)dx d✓
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2. Applying the theory to cold atom experiments
Results of the Penn State experiment (Weiss group)
[Malvania, Zhang, Le, JD, Rigol, Weiss, arXiv:2009.06651]

Results for 100-times increase of the depth:

Integrated rapidity distribution

Total energy  

Kinetic energy 
(obtained from 
measurement of 
momentum dist.)

E =

Z
✓2

2m
⇢(x, ✓)dx d✓
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Remarkably:  this is an ‘extreme’ situation where the density changes very 
rapidly, both in time and space. Also, the number of particles is very small:  
                 per tube (in average). 

So the hydrodynamic picture of a continuous medium made of ‘fluid cells’ that 
have time to locally relax to a Generalized Gibbs Ensemble is challenged.

N ' 11
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This suggests that ‘GHD’ might not be a hydrodynamic theory after all (cf. 
Tonks-Girardeau case). More theory work is needed there.
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full quantum many-body problem

classical evolution 
equation (GHD)

• Q1: where does the quantumness of the microscopic model enter 
the large-scale hydrodynamic description? 

• Q2: are there quantum effects that are lost in that description?

ve↵[⇢](v) = v +

Z
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full quantum many-body problem

classical evolution 
equation (GHD)
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• Q1: where does the quantumness of the microscopic model enter 
the large-scale hydrodynamic description? 

• A1: it enters through the Wigner time delay 

• Q2: are there quantum effects that are lost in that description? 

• A2: yes: entanglement and correlations between                         
fluid cells at equal time
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in classical hydrodynamics, no 
correlations between different 
fluid cells at equal time. Yet, in 
the original quantum system, 
such correlations are present
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full quantum many-body problem

in classical hydrodynamics, no 
correlations between different 
fluid cells at equal time. Yet, in 
the original quantum system, 
such correlations are present
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classical evolution 
equation (GHD)
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classical evolution 
equation (kinetic equation 
for quasi-particles)

improved
spherical cow

quantum fluctuating GHD theory?

beyond GHD:



• technically, this is done by defining an operator            which measures the small fluctuation of the 
contour encircling the region of phase-space occupied by quasi-particles 

• the operator satisfies the commutation relations of a chiral boson: 

• the Hamiltonian that governs the time evolution is quadratic in             so we are dealing with a free 
boson theory (as in Luttinger liquid theory). 

• the difficulty is to compute the propagator of the bosonic field. This is done numerically. 

Quantum fluctuations around GHD
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the idea is to allow this region 
to fluctuate in phase space  

‘standard’ GHD predicts time-evolution  
of region of phase-space occupied by 
quasi-particles 
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quench from the ground 
state in a double-well potential…
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…to harmonic potential

t > 0
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from [Ruggiero, Doyon, Calabrese, JD, 2020]

Examples of results obtained with this approach

time
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…to harmonic potential
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from [Ruggiero, Doyon, Calabrese, JD, 2020]

classical hydrodynamic equation (GHD)

quantum fluctuating GHD

Examples of results obtained with this approach
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quench from the ground 
state in a double-well potential…

t = 0
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from [Ruggiero, Doyon, Calabrese, JD, 2022]

Examples of results obtained with this approach

time

entanglement entropy of subsystem A (compared with numerics in the hard core limit)
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quantum fluctuating GHD



Examples of results obtained with this approach

[Scopa, Krajenbrink, Calabrese, JD 2021]. See also [Eisler 2021], 
[Scopa, Calabrese, JD 2022]

quench from ground state of half-filled lattice gas on the left, 
empty system on the right entanglement entropy profiles from ‘quantum GHD’, 

compared to numerics (non-interacting fermions) 

S(0, t) ' 1

4
log t
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Thank you!

(probably way over time by now…)


