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A short reminder of the Razumov—-Stroganov conjecture(s)
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ny Razumov-Stroganov conjectures

There exists a whole class of Razumov—Stroganov conjectures

14D AV. Razumov and Yu.G. Stroganov, Combinatorial nature of ground state
vector of O(1) loop model, Theor. Math. Phys. 138 (2004); —, O(1) loop model with
different boundary conditions and symmetry classes of alternating-sign matrices,
Theor. Math. Phys. 142 (2005); J. de Gier, Loops, matchings and alternating-sign
matrices, Discr. Math. 298 (2005); S. Mitra, B. Nienhuis, J. de Gier and
M.T. Batchelor, Exact expressions for correlations in the ground state of the dense
O(1) loop model, JSTAT(2004); J. de Gier and V. Rittenberg, Refined
Razumov—Stroganov conjectures for open boundaries, JSTAT(2004); Ph. Duchon, On
the link pattern distribution of quarter-turn symmetric FPL configurations,
FPSAC 2008

Formulated in the early 2000's, they relate the probabilities

of some connectivity patterns in two different integrable models:
the O(1) Dense Loop Model and the Fully-Packed Loop Model

A nice fact is that they can be formulated in purely combinatorial
way, despite the fact that they are related to the physics of the
XXZ Quantum Spin Chain and of the 6-Vertex Model
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Link patterns

A link pattern m € LP(2n) is a pairing of {1,2,...,2n}
having no pairs (a,c), (b,d) suchthata< b<c<d
(i.e., the drawing consists of n non-crossing arcs).

@ 12345678910

They are C, = n}rl (the n-th Catalan number),
and are in easy buectlon W|th Dyck Paths of length 2n

that is, integer partitions A < d,:=(n—1,n—2,...,1)
7= ((1,6),(2,3),(4,5),(7,10),(8,9)) A7) =(3,3,1) < ds

L. Cantini and (A. Sportiello #:) Many new conjectures on FPL’s



O(1) Dense Loop Model / XXZ A = —1 spin chain

Consider dense loop configurations on a semi-infinite cylinder
i.e. tilings of {1,...,2n} x N with the two tiles , a
(with the uniform measure)

Link patterns are naturally associated to these configurations
(despite the fact that they are infinite!)
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Fully-Packed Loops

Fully-Packed Loop configurations are tilings of the n x n square

using the six tiles Bﬁ EE E‘B %

and with black/white alternating boundary conditions

Again, a link pattern 7 is naturally associated, according to the
connectivities among the black terminations on the boundary

- T J
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Note that, by now, we ignore the link pattern associated to white,
and the potential presence of loops
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The dihedral Razumov—Stroganov correspondence

14 13 1o 15 14 13 12

10

W,(7) : probability of 7 W, () : probability of 7
in the O(1) Dense Loop Model  for FPL with uniform measure
in the {1, ...,2n} x N cylinder in the n x n square
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The dihedral Razumov—Stroganov correspondence

W,(7) : probability of 7 W, () : probability of 7
in the O(1) Dense Loop Model  for FPL with uniform measure
in the {1, ...,2n} x N cylinder in the n x n square

Razumov—Stroganov correspondence
(conjecture: Razumov and Stroganov, 2001a for the n x n square;
proof: AS and Cantini, 2010, for all the ‘dihedral domains')

\TJ,,(W) = W,(nm)
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Dihedral symmetry of FPL

A corollary of the Razumov-Stroganov correspondence. . .
(...that was known before the Razumov-Stroganov conjecture)

call R the operator that rotates a link pattern by one position

Dihedral symmetry of FPL (proof: Wieland, 2000)

V,(m) = V,(Rn) J
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Domains with dihedral Razumov—Stroganov correspondence

In the case of the dihedral Razumov—Stroganov correspondence,
Wieland gyration (and its generalisations) has been a crucial ingredient.

Not surprisingly, understanding the most general family of domains
for which the correspondence holds has been inspiring
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No black-+white Razumov—Stroganov conjecture

Remark: What is natural to consider in Wieland gyration lemma
is the triple (7p, Tw, £) for the black and white link patterns,
and the total number of loops (black+white)

However, we have no candidate replacing the O(1) Dense Loop Model
in a black+white version of the Razumov-Stroganov conjecture!
(...no, the Rotor Model doesn't seem to work. . .)
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A Vertical Razumov—Stroganov Conjecture

WY (7) : probability of
for vertically-symmetric FPL
with uniform measure in the

(2n+ 1) x (2n + 1) square

WY (7) : probability of
in the O(1) Dense Loop Model
in the {1, ...,2n} x N strip
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A Vertical Razumov—Stroganov Conjecture

WY (7) : probability of
for vertically-symmetric FPL
with uniform measure in the

(2n+ 1) x (2n + 1) square

WY (7) : probability of
in the O(1) Dense Loop Model
in the {1, ...,2n} x N strip

Vertical Razumov—-Stroganov conjecture

(Razumov and Stroganov, 2001b for the square of side 2n + 1)
b (r) = v/ ()

n
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Domains with Vertical Razumov—Stroganov correspondence

The Vertical Razumov—Stroganov conjectures are a whole second family
They involve FPL with some version of reflecting wall and the
O(1) Dense Loop Model on a strip with a boundary

Our proof methods do not seem to work for any of the Vertical
Razumov—Stroganov conjectures, which are all open at present

But at least we think we know the precise list of domains with Vertical RS

34 x+ Ty +2xy 4+ 4y? + xy?

iad

5 85

6 + 2x + 14y + 4xy + 8y? + 2xy?
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The many new conjectures. ..
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Looking at UASM more closely

We shall “smash together the two failures” above: @ we haven't
proven any flavour of the Vertical Razumov—Stroganov conjectures;
® we never devised any flavour of Razumov-Stroganov conjectures,

not even dihedral, involving the triple enumeration W, (7p, 7y, £)

We will look more closely at the full list of FPL's in one of the

simplest instances of Vertical RS, that is U-turn ASM’s (UASM).
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The many conjectures on the enumerations W, . (7)

Let us call WY (mp, T, 7, y) the generating function of UASM's
at size n, with black/white link patterns 7, and 7, and weight Tty #0

Known: ZY(y) =3 VY (7p, Tw, 1, y) has an overall factor (14 y)"

Th,TTw
012D G. Kuperberg, Symmetry classes of alternating-sign matrices under
one roof, Ann. of Math. 156 (2002)

Luigi Cantini and myself conjectured, also long ago (and never
published) that this factorisation holds for the RS components

W (b y) = YW (T, L y) = (L4 y)" W ()

TTw

The new numerical investigation leads to the first of our “new conjectures”:
Conjecture 1

wl\'y/(ﬂ-b!ﬂ-W!T!y) — (1+y)n wﬂb,ﬂ'W(T) v nyTsﬂ-baﬂ-W

(only proven: (1 + y)? divides WY (7p, 7w, T, y) for n > 2)
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The many conjectures on the enumerations W, . (7)

These sets of polynomials are better
@ Nalal visualised as tables 7 vs. m,. ..

TN @ YN

— |0 1
GRER|I” 2| !

2N ] o 0 0 0 1
L] o 0 1 1 27
sl |0 1 T T T+l
LNa| 0 1 T T T+l
o 1 27 ?4+1 7241 3437
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The many conjectures on the enumerations W, . (7)

...or, equivalently, as tables X vs. p

L2\ A owith A= Amp) and p = A(my)
~| 88 oo o
0
R GR EOT L
1\ A 1 T
e WY E R =

0l 2 R K3
0
PN 0 0 0 1
1
L0 0 0 1 1 27
2
S50 1 T 41
2
RSN 0 1 T T +1
3
R 1 2r 241 7241 73437
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0 ol o2 02 3 o3 3 ob o8 o4 o5 o5 o5 o6
L2 S5 B AR B RS R R R L B 8. R
490 0o o o o 0o 0o 0o o 0o o o 0 1
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&0 0o o o o 0o 0 0 0 0 11 3
&2l 0 0 0 0 0 0 0 1 1 1 20 2r 25 ,a7
L2210 0 0 0 0 0 0 1 1 1 2r 26 25 07
2
310 0 0 0 0 0 1 7t 1 g e
L3 o 0 0 0 0 0 I S T VS e e e
&30 0 0 0 1 1 2 4 31 47 g g g Za0+57)
&4 0 0 1 1 T T AT a7 r 2*3#7(‘5*272)@*”&5*” \EPiy
4
L& 0 0 1 1 T T 31 g2t 12 a0 @)Jl\ @x7 ) L@ 2 2t
B4 0 0 1 1 T T 47 2+3f Hzr ,Hsf wa Wng \5%% \zﬂf
5
7101 2r 2 g et )ee” e+ )s *Jsrz”uw *1#*”
582%5 0 1 2r 27 X)(Tl X,\,’T’L 2*‘” BT \?_,\,T ) 22T, \ 2;71”2)( 2*5,%1(7';7_*7 )
&5 0 1 2 2r 24ty M)
1

& A
2 2 2 e 6
3T ga3T 537 3T ) LT \OO)(s'r*\g,rz +2+M7. o 2,27 X T 1 Y2 am o r

2 2
AT AT 3+M ety \2)«* \c,)r'lf \‘5‘\’ ; 57 241

-
A9 K“HQO*_” Togi’&wb(‘aﬂ'
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A large example:

V(331,0)4221)(T) =+ 72+

NaTaNeYauap

;U L Hlo 12345678910
2 L] j up

; ] 9 12345678910
PEEEREEEE 0, o
34 45 56 67 7 8

L. Cantini and (A. Sportiello ) Many new conjectures on FPL's



The many conjectures on the enumerations W, . (7)

In the following, with abuse of notation, W) ,(7) = W, . (7)

Conjecture 2

deg (Wx (7)) = [Al + |pl — 04|
In particular, Wy ,(7) = 0 if [A| + |p| < ().

Conjecture 3
The W) ,(7)'s are polynomials of defined parity.

Conjecture 4

The table has three involutions: @ Wy ,(7) = W, 5(7);
OV, , (1) =V, n(1); OV, (1) =V, (7).

©: easily proven (Wieland + swap b/w);
®: easily corollary of Conjecture 1 (vertical reflection + swap b/w);
®: rather mysterious.
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The many conjectures on the enumerations W, . (7)

Conjecture 5

The entries s.t. |A| + |p| = |d,| are the Littlewood—Richardson
coefficients W ,(7) = ci5.

Son s B R

o o, Aol oo 0 0 1
10 1 L0100 0 1 1 or
Sl 1 7 S0 1 T T 2+1
& 0 1 T T 241

KQX 1 2r 1241 7241 73437
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Part 111

Schur functions, Littlewood—Richardson coefficients
and all that
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Schur Functions

Semi-Standard Young Tableaux SSYT (A, n):

3]4]4]

Fillings of A with the integers {1, 2, ..., n}, 7\§ ®
repetitions allowed, satisfying e

Play a crucial role in the representation theory

|03(J'II\)—‘

of the general linear group GL(n)
Remark:  SSYT (A, n) = @ if n < £(\)

Schur polynomials are the ‘generating functions’ of SSYT's:

NI S S | et

TESSYT(An) i=1

sﬁm(xl, s Xp) = -+ XXX XEXEXE A+ -
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Many beautiful facts about Schur Functions

(1) Schur polynomials are homogeneous of degree ||
and symmetric (seen via the Bender—Knuth involution).
They form a basis of the algebras of symmetric polynomials

= lgeb f .
An’K(X) - [Paolg;nf?noxj}./#.lﬁn} = Palk (S)‘(Xl’ ’Xn)))\ie(/\)ﬁn

® The Weyl character formula tells that the Schur polynomials
can be written as the ratio of two determinants

1 )i
S\(X1y ey Xn) = A(R) det ((Xi(/\ﬂs )j)i,jzl,...,n)

A(X) = det ((X:'(gn)j)ile n) - H(Xi - X))

i<j
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Many beautiful facts about Schur Functions

(3] Call { ex(x) = Zi1<iz<~~~<i:< Xiy X
he(X) = Zi1§i2§-~§ik Xig * " Xig
We can write sy(x1, ..., X,) as polynomials in the ex(x1, ..., xn)’s,
or the hg(xi, ..., xn)'s. As soon as n > £(\), these expressions
are given by the Jacobi—Trudi and dual Jacobi—Trudi formulas

.....

= det ((eMJrj—f)iJ:l,...,Al) (dJT)

In particular, they stabilise (i.e., become independent of n)
This allows to define Schur functions, defined also for infinite alphabets
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Many beautiful facts about Schur Functions

One useful class of infinite alphabets is induced by
the (‘supersymmetry’) w-involution, that exchanges ex's and hy's.
That is, we have Schur functions (in fact, polynomials) depending
on a ‘finite supersymmetric alphabet’, sx(x1, ..., Xn|Y1s .- s Ym)
(the name is ‘legitimate’ as these are super-characters of GL(n|m))

These functions can be defined through the JT or dJT formulas,
setting hi(X1, s Xn|Y1, eoe s Ym) = [zk](Hj(l —l—zyj))/(Hi(l — zx,-))
and ex(X1y e s Xn| Y1y oee s Ym) = [Zk](H’-(]. + ZX;))/(Hj(l — zyj))
Exchanging the ‘bosonic’ and ‘fermionic’ parts of the alphabet
accounts to take the transpose Young diagrams
S/ (X1s we s Xl Y15 o0y Ym) = Sxt /(Y15 -oe s Y| X155 Xn)
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Many beautiful facts about Schur Functions

(4] Define the skew Schur polynomials as

S /u(X1s ey Xn) = Z ﬁxi#{ieT}

TESSYT(N pn) i=1

112(2]6
2|3
1|44
6,
A 1 Mup |- T € SSYT(\/u,6)
We have = det (h>‘ —Hjti— ’)IJ 1,.., Z()\)) (JT)

.....

(
= det ((eX —H; - ’)I,J 1., ) (dJT)
)

In the scalar product (-|-) such that the Schur basis is self-dual

(salsu) = O
(this is called the Hall scalar product)
these polynomials have the property <h|5)\/u> = <h s#|s>\> Vh
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Many beautiful facts about Schur Functions

It follows that

SA(X1s wev s Xy Xt 1y eoe s Xnem ) = ZSM(XL . Xn)s)\/,u(xn-i-l: ey Xntm)

144
6

- T1 € SSYT(A\,n+m) [} T2 € SSYT(p,n) |} T3 € SSYT(\/p, m)
(this is evident for finite alphabets, but the formula
s\(XUY) =32, su(X)sx/,(¥) holds also for infinite alphabets)

® The structure constants c;), of the algebra A = spang (s\(X)) ,
are non-negative integers known as Littlewood—Richardson coefficients

su(X)s, (X Z cﬁ‘,, eN
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Many beautiful facts about Schur Functions

What we said above implies that the three problems

)
su(X Z

Z are all solved by the same
;u/

Sx/u(X Littlewood—Richardson

5 _, coefficients
SA(XUy Z /IV )

Many other interesting basis of symmetric functions
(Hall-Littlewood, Grothendieck, ...) generalise the Schur case in
some sense, but, if we insist on keeping the Hall ((sx[s,) = dx.)

scalar product, self-duality is not present in general.

We have two basis of functions, {fi} and {g*}, such that
(g*|fu) = 0, , and two different sets of structure constants

Aifu=) cufe  g'g'=) d'g"
v v

L. Cantini and (A. Sportiello #:) Many new conjectures on FPL’s



Representation of Schur polynomials as Vertex Models

(Skew-)Schur polynomials can be represented as partition functions
of tiling models, namely as free-fermionic 4,(sl>) Yang—Baxter
integrable Vertex Models with homogeneous vertical spectral
parameters, the horizontal ones determine the alphabet

sA/u(xl, ...y Xp) is described by an infinite horizontal strip,
of height n, where all non-trivial tiles occur within a width A; + ¢()\)
The partitions A and p fix the top and bottom boundary conditions

O O O O O O
d1][2][2][69”°
M2[30°
1]4]4
6 O
o
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Representation of Schur polynomials as Vertex Models

Lozenge tilings are nice, but, in order to describe in a symmetric
way the ‘supersymmetric’ (skew-)Schur functions, we shall rather
shear the triangular lattice into the square lattice
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Representation of Schur polynomials as Vertex Models
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g, il
k1177
LRI
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Representation of Schur polynomials as Vertex Models

Lozenge tilings are nice, but, in order to describe in a symmetric
way the ‘supersymmetric’ (skew-)Schur functions, we shall rather
shear the triangular lattice into the square lattice

8y~~~ 4}
/lll/lll,\\'lll/lllllll
VUSSR 1777]7
ROV Y17

U(xi) :
| GGG IG5 I IV IY 50,
D 1 D 1 ////////// / ///////////////
[] EH NAAN /T NAANANANA /
Xi POOOOI"00000999

1
‘i1 (1 ;///;/;/“; 7 //; /; /; /; /; /; /
(LT AL AL LA AL LS
. ortiello #) Many new conjectures on ’s




Representation of Schur polynomials as Vertex Models

T(x) : A supersymmetric skew Schur polynomial:

I:l [D 1 T O T T TR T T —o——T——o——o—

T &x ;t 4
[E Xi E] 1 »
T(v): ” Sed
Gy 1 %
Do 01 s
U1 Aly e PR
Mlelelele S)——o——hSl)—«L——(L——o——o——o——o—

Sﬁ(xl, aX6|)/1, a}/4) =+ X%X23X3XZX62 Yf}’3yz:f +oe
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Representation of Schur polynomials as Vertex Models

U(x) :

i1 )1

A supersymmetric skew Schur polynomial:

R A SN NN NN RN
AR RO R RN AR RN HA R

A1 21 v RO RO OO O
Oy) AN RN HROHRAORNHHROIRRY
s NSNS TXANASA TN

O N1 ox ;/;/;/;/;/l A /;/;/; /; /; /; /; /
By [ 2AAAAA/FHA A
SO U NAHX A AKX A T

N1 N1 =l =xl 0. 9.9.0.0.0.
I A LT AAAAAAL AL LS

Sﬁ(xl, aX6|)/1, a}/4) =+ X%X23X3XZX62 Yf}’3yz:f +oe
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Representation of Schur polynomials as Vertex Models

The operators T(x) and T(y) are ‘transfer matrices'.
They act on the Hilbert space indexed by integer partitions, as

Ml < X A/ is a ‘horizontal strip’ (no H)
( x =N\ i rizon rp- (0
<H|T(X)|>‘> - { 0 otherwise

- Vel < XA/ is a ‘vertical strip’ ( )
_Jy W= A; A/ is a ‘vertical strip’ (no m
<,u|T(y)|)\> - { 0 otherwise

S\ /(XL s Xaly1s s Ym) = (ul T(a) - T(a) T(ya) -+ T(ym)IA)
In particular (u| T(x)|\) = (/| T(x)|\)

Of course, by definition of transpose operator,
( THx)IA) = (AT )k and (u THE)IA) = (AT (x)|w)
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Schur processes

Operators T(x), T(y) and their transpose form an interesting algebra

Nle)=Tx)e)=12) (2T (x)= <®|T+(X) = (2|
[T TW)] = [T, T)] = [T(x), T(y )]
TEITH(y) = lyT+( )T TETH(y) = yT+(y)T(X)
T()TH(y) = (1+Xy)T+(y)T(X) T)THy) = (1+Xy)T+( )T(x)

This is proven through the Yang—Baxter equation for the
corresponding ‘free-fermionic 5-Vertex Model with electric fields'.
Partition functions and correlation functions of several dimer models
(lozenges, domino tilings,...) can be calculated in this way

04D A. Okounkov and N. Reshetikhin, Correlation function of Schur
process with application to local geometry of a random 3-dimensional
Young diagram, J. Amer. Math. Soc. 16 (2003)
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Littlewood—Richardson coefficients as a Vertex Model

Remarkably, also the Littlewood—Richardson coefficients are
described by an integrable Vertex Model, this time of
square-triangle tilings, with underlying Z/lq(;\l3) symmetry.
02D A. Knutson and T. Tao, Puzzles and (equivariant) cohomology of
Grassmannians, Duke Math. J. 119 (2003); P. Zinn-Justin,
Littlewood—Richardson Coefficients and Integrable Tilings, EJC 16 (2009)

The key idea is to express the two sides of the coproduct identity
s\(X1y) =2, cﬁ‘y su(X)s,/(¥) as partition functions
in a rank-2 model (i.e., with particles of three colours)
The three Schur terms, s)(X]y), s.(X) and s,/(y), are realised
within the three possible embeddings of ;/2 in sA/3
that is, the three choices of two colours among three

The identity is a consequence of commutation of transfer matrices,
which in turns comes from the Yang—Baxter equation of the rank-2 model
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Littlewood—Richardson coefficients as a Vertex Model

T(x3) /XX XS KO XK XS
o Wity
702) AV,‘I{\‘}‘A:A‘A XX
T(n1) \.«A\\\\\\LL’ ;‘{vf\“
5/\()? 1Y) A
SA(i‘y) = Z Cli\y SM(X)SV/ (}/)
v A
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Littlewood—Richardson coefficients as a Vertex Model

su(X)

709098 YA AN AVAVAVAVAVAVAVAVAY
1500 VAN AVAVANAVA
10-VANAN) YAVD VANAVAN

NN S ARSI

SR O
To O O O O *
n M
T SAXN/R

X\ /\X\/X
: SN/ NHAR
' AVANA DA
O\X\/ KX/ X/ K
To SO/ )/ X/AXR
To AN, AN A B
M

cﬁy A
o A (e o -
SA(X‘y) = Zc,uu SM(X)SV’(y) 0
v i v A
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A property of the Littlewood—Richardson coefficients

Let us come back to our “many new conjectures”. ..

Conjecture 4
OV, , =V,,,0VU, =V,,;,0V, =V, . \

Conjecture 5

When |A| 4 |p| = |,| we have W), = ci; (Littlewood—Richardson)

Are these two conjectures even compatible?
Indeed, @ and @ are simple symmetries of LR coeffs
(with @ using the fact §, = (,)),

but why on Earth should we have C[l\,u = C;‘l//?
Call T = {n}n>1 and M = {\|c), = c/i‘y, YV, v}

Lemma

T=M
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A property of the Littlewood—Richardson coefficients

Lemma J

T ={dn}tn>1 and M = {\| c Vu, v} coincide.

w/

Proof. The implication A € T = X\ ¢ M is easy
(recognise that A\ ¢ T < A =[acoeflor A= [aocee[],
call u=[cweoof] or u=[veeo ], and evaluate c;‘(z), cﬁ(l,l))
The implication A € 7 = A € M is interesting.

The crucial observation is that T(x)[0,) = T(x)|6,)

that, using the commutation of T's and T's, implies on
supersymmetric skew Schur functions s;, /,(X|y) = s5,/,(V|X)

by the coproduct definition of LR's:
ZV L su(Xly) = San/#(flf) = s5,/u(V1X) = 22, cun, su(YIX) =
u 1
S, e o sv(X]yY) = >, Cir Sv(X]y). By the linear independence of

8n — ~0n
Schur functions ¢, = ¢, O
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A mystery plot

We have mentioned that there exists several deformations of Schur
functions (Grothendiek, Hall-Littlewood, ...), many of them allow
for a representation as an integrable Vertex Model, and even some
representation 3 /a Zinn-Justin of the corresponding structure
constants (i.e., with the trick “sh embeds into sk in three ways”).

14D M. Wheeler and P. Zinn-Justin, Littlewood—Richardson coefficients
for Grothendieck polynomials from integrability, J. fiir die Reine und
Angewandte Math. 757 (2017); — Hall polynomials, inverse Kostka
polynomials and puzzles, JCT-A 159 (2018).

Maybe there exists a basis/dual-basis of symmetric functions
{f}, {g*}, which are a 7-deformation of Schur fns., such that
Uy (1) = ci”p or Wy ,(1) = dg;p, for all pairs \, p < 6,7

Maybe we will have a result of the form W, ,(7) = ZPGPM& (P)

with Py , 5, some variant of Knutson-Tao puzzles, and x(P) the
number of tiles of some kind?
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A mystery plot: collecting the hints

We shall suppose that these new functions exist, are still described
by an integrable Vertex Model, and are given by a ‘minimal’
deformation of T(x) and T(y) operators.
Which properties shall we reproduce?

The degree condition (and its corollary on which W} , do vanish)

Polynomials of defined parity

The mysterious extra symmetry V) , =WV,

The new T and T must still constitute a commuting family

(u| T(x)|A) well-defined on infinite strings --- e e @ [---]ooco---

AN

Which generalisations we do not want?
m " _ 9 ] 5n
We do not “change d," (e.g., try W ,(7) = 3 45, C)\pTI /only
2. We only investigate Vertex Models with “spin % horizontal
and vertical spaces

[y

The reason is that
we want our proof of ci';) = c/‘\SZ/ to extend to W) ,(7) almost verbatim
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5VM and 6VM RLL = LLR relations

The standard technique from Integrable Systems is to construct a
RLL = LLR relation (a version of Yang—Baxter when the spaces
are not all equal), that is, for L the tile-weights appearing in the

transfer matrices T and T, devise a matrix R such that

L(x)— —L(y)
R(x,y) = R(x,y)
L(y)— —L(x)
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5VM and 6VM RLL = LLR relations

For the (non—free-fermionic) 5-Vertex Model, this can be done
unambiguously, once we take into account:
@ weight well-defined on infinite strings;
® gauge invariance;
® covariance under reparametrisation;

T (Xi)l:l M1 T (%’)E y M1
M N M O
I N1 (21 Al
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5VM and 6VM RLL = LLR relations

For the (non—free-fermionic) 5-Vertex Model, this can be done
unambiguously, once we take into account:
@ weight well-defined on infinite strings;
® gauge invariance;
® covariance under reparametrisation;

T (Xi)l:l M1 T (%’)E y M1
I & M O
I N1 [F1 Al
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5VM and 6VM RLL = LLR relations

For the (non—free-fermionic) 5-Vertex Model, this can be done
unambiguously, once we take into account:
@ weight well-defined on infinite strings;
® gauge invariance;
® covariance under reparametrisation;

T (Xi)l:l M1 T (%’)E y M1
I & M O
[ x N1 (21 Al
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5VM and 6VM RLL = LLR relations

For the (non—free-fermionic) 5-Vertex Model, this can be done
unambiguously, once we take into account:
@ weight well-defined on infinite strings;
® gauge invariance;
® covariance under reparametrisation;

T (Xi)D M1 T (%’)E by) []1
1] 1 = a(x) 11 []
I N1 (21 Al

a(x1) —x1 = a(x2) — x2 = b(y1) — y1 = b(y2) — y2
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5VM and 6VM RLL = LLR relations

For the (non—free-fermionic) 5-Vertex Model, this can be done
unambiguously, once we take into account:
@ weight well-defined on infinite strings;
® gauge invariance;
® covariance under reparametrisation;

TSV(X,')D M1 715”()//)@ vi—r [[1
M &x-r M O
I N1 (71 Al
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Non-FF 5VM and dual Canonical Grothendieck polynomials

The FF 5VM operators T and T act on integer partitions as

A/ k] < X\;A/ph tri
_ )} X W= A;A/p hor. strip
<M|T (X)’)\> o { 0 otherwise

_ (A1l <A A t. stri
|y = A; A vert. strip
<,u|T (y)|)\> - { 0 otherwise

Sx/u(Xts e Xalyis o ym) = (UIT ()T ()T (1) T (ym)IA)

1]1[3]4[4]4]

2|3

416 X12X2X:§X21X62
6
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Non-FF 5VM and dual Canonical Grothendieck polynomials

The non-FF 5VM operators T and T act on integer partitions as

KA/ 1) (s — )M pl=K(A 1) . i
5v _ ) X (x—1) = A;A/p hor. strip
(TN = { 0 otherwise

K()‘/M)(y — 7—)‘)‘/“‘7}(()‘//") " j by ; A/,LL vert. Strip

T5v _ y
<M|T (y)|)\> - { 0 otherwise

Fa/u(XL s Xal Y1y ooy ym) = (ul T2 0a) -+ TV (xa) T (1) -+ T (ym) )

1]1[3]4[4]4]

2|3

416 X1 (leT)X2X§XL%(X4fT)2X62
6
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Schur vs. f\: an example

T(xi): A supersymmetric skew Schur function:

I:l [D 1 P TOTOTE TR T T —o——T——o——o—

T S 2 )
[E Xi E] 1 »
T(n): - A
6 Vi |:|:| 1 X5
SEE IR

|
[9 1 E] yi X PS ||
al LR [ e LUILILTLTLT L]

sﬁ(xl, s X6 Y1y e ya) = - -+xfx§><3xfxg yfy3yf 4+
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Schur vs. f\: an example

T(xi): A supersymmetric skew fy function:

I:l [D 1 P TOTOTE O TR T T —o——T——o——o—
z

|:|:| 1 EX,'—Tf;

[B Xi E] 1 »

(0 - Y1 7
T(yi): 6 S
Ey;—TI:D 1 X5

0 0 PS

|
[9 1 E] yi X PS ||
al LR [ e LUILILTLTLT L]

sﬁ(xl, s X6 Y1y e ya) = - -+X12X22X3X4X62 yfygyf
e=T)(xa=T)y1—T)(ya—T) + -
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How f,'s could possibly relate to our W, .. (7)’s

Remark: f,,,(x]y) are homogeneous of degree |A\/pu| in X;'s, y;'s and T
(so that in fact only the cases 7 = 0 (Schur) and 7 = 1 do matter)

As a result, we cannot hope that the structure constants c/\ or
dp* of the s are tout court our WV, ,(7)'s. Our best hope is that
they reproduce the leading coefficient of the polynomials,

i.e. the coefficient of degree |A| + |p| — (5) in 7.

Indeed, we have some preliminary results, that go beyond this
limitation, and involve some 6-Vertex Model generalisation of our
transfer matrices
(but this is not really working so far, so | do not show you this...)
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Towards an expansion of f\'s over Schur functions

It is easily seen that i =3° .| <y TRI=lnls, BX  with BY, € Z.
Some more work shows that (call £ = ¢()))
1. B #0only if £(X) = £(u) and |p| < |A|
(where =<' is the inclusion order)

2. Hle x; divides f\(x1, ..., x¢)
3. If \p > 2, then f)\(Xl, ,Xg) = f)\o(Xl, ,Xg) Hle(xi — 7‘),

with A\, = ()\1 —1,..., ¢ — 1)
4. 1f Ay =1, then fi(x1, .oy x0) = XxeFr, (X1, ev s Xe—1) + O(x2),

with Ao = ()\1, cee s )\5_1)

This leads to a heuristic formula for B”/\, valid for a generic

minimal alphabet (xi, ..., x¢), that you can then prove right
by determining the inverse (B~!),”" and showing that (at 7 = 1)

T5V(X) =B! T(x)B
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Expansion of f's and g's over Schur functions

I [ ]
A= = 0000000008000 -

w= ] = 0000000000000 -

L. Cantini and (A. Sportiello ) Many new conjectures on FPL's



Expansion of f's and g's over Schur functions

A= Z v s, BY g’ = Z Flu/vl (B‘l)”u 5
H=A pEv
)=t Uu)=¢E(v)

B — (~1)M det [( Ay =1 )]
pi— i+ =1)]iim1 4

(B71), = det KA" BArA 1)]
pi—1 ij=1....

A
o
Q
°
I []
A= = 0000000000000 - - (B‘l)/\u
I [ 1]
n= 1] = 0000080080000 - +#{\}
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Determinantal formulas for the f\'s

Weyl-type determinantal formula for fy

(X1 ey Xn) = det [(XJ — T)A’_l(xj"_"ﬂ—7'”_’.+15>\j,0)]

ij=1,..,n

A(R)

Jacobi—Trudi-type determinantal formula for £,

hiap] =D (i) (—7)hayp—c = [ZZTP1(1 = 72)° ]| 1 —1zx,-

c=0

The Jacobi—Trudi-type formula indeed generalises the one
for Schur, recalling that s/, = det ((hki—uﬂrj—f)
and observing that h[, ;) = hatp when 7 =0.

Also, it is stable, i.e. you can take matrices of dimension d > ¢(\)
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The fy are (a, 8) = (—1,0) Canonical Grothendieck poly’s

All these results allow to identify the f\'s with functions that have
already arised in various places in the literature

14D A. Borodin, On a family of symmetric rational functions, Adv. in
Math. 306 (2014) [Sect. 8.4, identified by the Weyl-type formula]

014D K. Motegi and T. Scrimshaw, Refined Dual Grothendieck
Polynomials, Integrability, and the Schur Measure, SLC 85 (2021)
[ex. 3.7, with t; — 7, identified by the formula for B,]

04D A. Gunna and P. Zinn-Justin, Vertex models for Canonical
Grothendieck polynomials and their duals, arXiv:2009.13172
(Sept. 2020) [Sect. 3.4.3, identified from the branching rule]
(see also 04D D. Yeliussizov, Symmetric Grothendieck polynomials, skew
Cauchy identities, and dual filtered Young graphs, JCT-A 161 (2019))

Note that in these papers the f\'s arise from a bosonic Vertex Model!
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What about the g''s?

Now that we have our favourite f)'s, how can we determine the duals gt's?
(1) you feel lucky, and search for a T-deformation of U(x) and U(y);
(2) you go the safe way, and evaluate the branching rule of the g's, that is

U (x) = BT(x)B™! (r=1)

Remark: g*/"(xX|y) are polynomials in x;'s, yj'sand T,
and homogeneous of degree |\/u| in x;'s, y;'s and 771
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Determinantal formulas for the g''s

Weyl-type determinantal formula for g*

800, = g der [(7250) ]

Jacobi-Trudi-type determinantal formula for g*/*

a+c c a —a— 1

c>0

Again, the Jacobi-Trudi-type formula generalises the one for
Schur, because also hy, 1 = hap when 7= 0.
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Our best conjecture so far. ..

So, we had hopes that the structure constants of our new basis
{fr} may be related to our UASM enumeration vectors,
but, due to the homogeneity in deg(x) + deg(7), only for the
leading coefficient of the enumeration polynomials, namely
Conjecture 6

£ (R (R) = Z (%) [Py () =

This conjecture indeed holds up to n =5

Recall that consistency with our conjectures requires
[AHP=G (W () = Wa (7)) = =0
Indeed our proof works out of the box for the coproduct coefficients,
i.e., starting from g (XU )7) = ZMV cﬁ‘l, g"(xX)g"(y),
and establishing U(x)|6,) = 0,), which implies a
“triangular=magic” Iemma aIso in this case.
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A work in progress

This is clearly a work in progress, with many things going on. ..
| recall you our three main open questions:

» How can we prove our conjectures on the Wy ,(7)
enumerations?

» There is any hope for a conjecture of the form W, ,(7) = cﬁ;,
for some family of functions?

> There is a puzzle description of the c;, and d{"’ structure
constants for the canonical Grothendieck polynomials?
[see also the work in progress of A. Gunna and P. Zinn-Justin]

Thank you for listening!
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