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* Well posedness: [Bertini-Giacomin

'97], [Hairer 11], [Gubinelli-Perkowski-
Imkeller ’12]
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KPZ equation : exact solutions
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 Narrow wedge Iinitial conditions

0,h ==02h+—(0,h)> + 1
h(x,0) = log(o,)

 [Amir-Corwin-Quastel, Calabrese-Le Doussal, Dotsenko,
Sasamoto-Spohn '11]
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KPZ equation : exact solutions

 Narrow wedge initial conditions in half

A 0.h(x, )
f

space
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h(x,0) = log(o,),
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X € IR,



KPZ equation : exact solutions
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 Narrow wedge initial conditions in half

space

1 1
o h =<0 h+=(0,h)+n xeER,

h(x,0) = log(9,), 0 h(x, 1) =A
x=0
[Gueudre-Le Doussal’12, Borodin-Bufetov-Corwin’16,

Barraguand-Borodin-Corwin-Wheeler’17 (A=-1/2), Krajenbrink-
Le Doussal’19, De Nardis-Krajenbrink-Le Doussal-Thiery’20]

= leXp (_Zeh(O,I)+t/24)] — Pf (J _fK)
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K(x,y) Jx) =

2X2 matrix kernel |
(Airy-like) Fermi factor

1 +ext'""/7



KPZ equation : exact solutions

Narrow wedge Iinitial conditions

Narrow wedge Initial conditions in half space

Mysterious relations between free
fermions and KPZ equation

Apparent only from the solutions

Can we establish connections between
KPZ eq. and free fermions a priori?
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KPZ equation : exact solutions

Narrow wedge Initial conditions = |exp (—ze! @0 +124)

Narrow wedge initial conditions in half space s |exp (—ze O+

Mysterious relations between free
fermions and KPZ equation Ansatz (BA)

Apparent only from the solutions

ZA(R)

| =PE(/=fK) o,

* Solutions are obtained through Bethe

 BA is very powerful but requires difficult

calculations and (often) non-rigorous

Can we establish connections between arguments
KPZ eq. and free fermions a priori?

 Can we create an elementary theory to

solve the KPZ eq.?
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How to solve the KPZ equation rigorously?

KPZ is very irregular, also moments diverge fast!
KPZ eq. can be approximated by discrete solvable models

* Solvable polymer models (e.g. Log-Gamma polymers)

e Solvable particle systems (ASEP, g-TASEP)

Solvable models depend on a “temperature” parameter g € (0,1).
hq(x, ) ——— h"%(x, 1)

...how to solve discrete models?
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* Typical model (FULL SPACE): g-Push TASEP [Borodin-Petrov '12]

Instantaneous push
with prob g5

el et Z h,(x,1) = n,(1)

> nn+1 nn+2

. Typical feature: Assume step initial conditions 7, (¢) =n 16000009
=0
b P (a)PL (b, g-Whittaker measure
[ (}/]n(t) — N = k) — Z LA A i IBorodin-Corwin ‘11]

D1 =W 2pH2-20)



Solvable KPZ models and symmetric functions

* Typical model (HALF SPACE): g-Push TASEP [Barraguand-Borodin-Corwin ’18]

Instantaneous Particle

ju/mi(an) oush creation (A)
| 1 q L 1 - hs
‘ | ‘ | ——+ @+ Z n h (X t) — V] (t)

RGN NG N OB ()



Solvable KPZ models and symmetric functions

* Typical model (HALF SPACE): g-Push TASEP [Barraguand-Borodin-Corwin ’18]

Instantaneous Particle

jump(a,) creation (A)
push
N Y
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Solvable KPZ models and symmetric functions

* Typical model (HALF SPACE): g-Push TASEP [Barraguand-Borodin-Corwin ’18]

Particle

Instantaneous .
creation (A)

jump(a,)

|/l|/| rl|/|| L . hs — ,,hS
@ — ‘ — @ H_Z_I_ hq (X,t)—i”]x (t)

i) ntS @ (0 n}%)

* Jypical feature: Assume Empty initial conditons

01234567

el Half space g-Whittaker
bﬂ g’ﬂ(a;A) measure

74 [BBC 18]
=k a p=_W 2p2--20)
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Solvable KPZ models and symmetric functions

el :
b, @ﬂ(a,A)

Pt —t =k = )

//i1=k

Z4

*KPZ behavior captured by marginal j¢, of the g-Whittaker measures

*In full space case formulas for 7, or y; are obtained through various

techniques (Macdonald operators, Markov duality, Bethe Ansatz, Hecke
algebras, Fock space...)
*In half space such techniques don’t work (yet). Do pfaffian formulas exist?

* GOAL : relate y; with natural statistics of a determinantal/pfaffian point
Process



Positive temperature Free Fermions

@ @, .0; .00, |© 9, 00,0
Creation Annihilation
il (1)) = 8,(= D)2 {n +e,)) Wi 1{n}) = 8, (=D& | {n — e,})
Fermion number Potential energy Hopping term

N = Z ; l/jkl//]j : H = Zk : Wkl//lj : I'y(a) = exp { an:l) Zl//k—T—nle}
k k X

n

Fermi-Dirac density

0 = exp {ﬁ(?’/ — y/l/)} (O Z,Ij X (r {QF_(b)OF (Cl)}




Positive temperature Free Fermions

e Periodic Schur measure [Borodin ’06]

1
P() = = D 45, (a)s,,(b)
a,b D

S/Up(d) = (p,c|I'(a)|A,¢c) Schur polynomials

e« P(S =k) qkz/ztk for k € Z independent of A

e (41 + S5, L+ S, 44+ 3, ...) is adeterminantal point
process

e S e

Figure from [Betea-Bouttier]




Positive temperature Free Fermions

| | | | | | | | | | I
P Wi WP Wi Wi Wil Wil Wi Wik Wik Wik

(4 +35 < r) =det(l - K)p2grit r40..1

e (41 + S5, L+ S, 44+ S,...) is adeterminantal point process with correlation

kernel

(@92 9ziw;q)

4} dw F(2) (W)
|lw|=r

_owytl F(w)

@/w,qwlz;q)  95(C5 )

@@= ] (1472

£2>0



Free boundary Schur measure

* Free boundary Schur measure [Betea-Bouttier-Nejjar-Vuletic ’17] B

"

* 1 cven
P(A) = /1 Z q ‘p‘/zs){/p(a A)

Cl A p'even

!

e P(S =k) x q2k2t2k for k € Z independent of 4

o (41 +25, 4, +25, 4, + 25, ...) is a pfaffian point
Process

000100000000+

Figure from [Betea-Bouttier]



Free boundary Schur measure

| | | | | | | | | | I
P Wi WP Wi Wi Wil Wil Wi Wik Wik Wik

k(x,y)
L(x,y) =

— Vyk(x, y) 1
k(x,y) = ——— <JE
- V. k(x,y) V., Vyk(x, y) (271) 17| =

1
V() = g(x+ 1) — g(x — D)

F(z)

A5 17 (429

(AL @ o (479D

(4 +5 <) =Pl = L)p2g1 40,

dz

KMS(z, w) =

x+3/2
e

(9,9, w/z,q2/w; q)

dw N
FI;W w2 F()F(w)xk™(z, w)

85(8%7*w?; ¢%)

(1/22,1/w2,1/zw, qwz; @) o

(825 g%)



Determinantal/Pfaffian

KPZ solvable models .
point processes

b, P (X)L ,(y)
Full space 41~ % Z Q‘p‘Sz/p(x)Sg/p(Y)
Zx,y xy p
belgj (CZ;A) S 1/1 ‘even /2
Half space  u™ ~ S AN ~ Z q"! Siplas A)

chz] A a A p'even



Determinantal/Pfaffian

KPZ solvable models .
point processes

b, ()P (y)
Full sSpace H~ S Z Q‘p‘sﬂ/p(x)s/l/p(y)
Z)?,y ” p
belgg (CZ;A) hs _ 1/1 ‘even Vo)
Half space  u™ ~ S A Z q"" Supla; A)
ZLCZI;A CZA p'even

THEOREM (Imamura-M.-Sasamoto ’21)

D D
i +xy =4 //t{ls+)(=/1{18 (%)

y independent of i, and P(y = n) = ¢"(¢"*'; q)..



THEOREM (Imamura-M.-Sasamoto ’21)
Z hs D 1hs
My +x =4 Hy T X =4

x independent of y; and P(y = n) = g" (g™ q) o

Comments on ( % ):

* Reveals the origin of determinantal formulas for KPZ solvable models at positive temperature
* Nice symmetrical relation between full and half space
* Suggests a new paradigm to solve models
 Earlier results relating KPZ models and free fermions:
e [Dean-Le Doussal-Majumdar-Schehr’15]
* [Borodin’16],[Borodin-Gorin’16],[Borodin-Ohlshanki’16],[Borodin-Corwin-
Barraquand-Wheeler’'17]



Formulas for KPZ models (full space)

* We use the correspondence between g-Whittaker measure and free fermions to get formulas

P (//11 +y+5 < ”) = det (1 — K)fz(r+l,r+2,...)

dz ; dw F(z)

wrtl F(w)

k(z, w),

K(x,y) = — O o]

7 z|=r jwl=r'



Formulas for KPZ models (full space)

* We use the correspondence between g-Whittaker measure and free fermions to get formulas

P (//11 +y+5 < ”) = det (1 — K)fz(r+1,r+2,...)

dz | dw F(2)
k(z, w),

: ®
| . ead wlar wy+l F(w) \

[
I]D(h(O,t)+ﬁ+§?§r) =det(1—%)

L2(r,+00)

& = indep . Gumbelr.v.

e I

K (x,y) =
%) J-R_d 211 Jip g 271 si[az(W — Z)]

1




Formulas for KPZ models (half space)

* We use the correspondence between g-Whittaker measure and free fermions to get formulas

¢

0000000060000 000000000-

THEOREM (Imamura-M.-Sasamoto ’22)
P (/’t{ls TXT 25 < 7‘) =PI (J - L)fz(r+1,r+2,...

. o Kxy) = Vik(xy)
V=NV k(ny) V,9ky)

)

d d
k(x, y) = : 3@ — A FOFWR" @ w)

(271-1)2 i;lzlﬂ’ Zx+3/2 W



Formulas for KPZ models (half space) (.,

1 1
o h==0 h+=0,h)°+n  x€ER,

h(x,0) = log(5),  d.h(x,p)| =A
x=0

THEOREM (Imamura-M.-Sasamoto ’22)

[
h —
I (h (0.0 + ﬁ + 9 < r) =Pt (J_ g)l]_z(r,+oo) % = 1ndep . Gumbelr.v.

FHX,Y) -0, F"X,Y)
OCZ(X’ Y) = _ hs hs
0K (X,Y) axay% (X,Y)
|
" odz AWy sin[z(Z — W)’ : 1 73\ T(5+A-2)
A0 = JiRtd 271 Jipoy 2”ie 8al2)81a (W) sin[z(Z+ W)_ Sa&) = X {5?} [(=+A+2) L
2




Idea of proof

THEOREM (Imamura-M.-Sasamoto ’21)

Y
U +x =4 /41 T Y = /lhs (%)

y independent of y; and P(y = n) = q”(q”H; q) oo

SCIING)
Full space U/ ~ % A~ >4 Z q‘plsﬂ/p(x)s/l/p(y)
Zxay XY p
b elgg (CZ;A) g 1/1 ‘even
Half space  u™ ~ L AN ~ Z q" l/zsz/p(d A)

Zg A a A p'even
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» We prove ( % ) combinatorially, developing a (bijective!) g-extension of the
RSK.

« Combinatorial formulas

S/Vp(x) = Z x! sum over semi-standard tableaux
TeSST(A/p)
J | |J | \J \ ZJ |
A«/p — | |2 1 |2 | |2 1|2
— 3 2.,.2 2.2



» We prove ( x ) combinatorially, developing a (bijective!) g-extension of the
RSK.

« Combinatorial formulas

$1/p(X) = Z x! sum over semi-standard tableaux
TeSST(Alp)
@ﬂ(x; q) = 2 q% V)V sum over “vertically strict tableaux”
T e
veystiu F = intrinsic energy
Example : y = n=3
V = ’;-—l ;L_')_ 3 | é_z 2\_3 ‘:if—}_ ;_3 _;___J_

\ \
= 0 O O O O o QO O 1

CoY — 42 2 2 2, 2 2
P (X5 q) = XX + X125 + X1 X005 + X[ X3 + X1 XX5 + X1X5 + X505 + X5 + gxyxpx;



Cauchy ldentities

p] —
) q""S31p)(X)S3,(¥) = —
%“ SN (/)
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l,]

1

(xiyj; Q)oo
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1,]
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Cauchy ldentities

H 1

. Z q‘p‘s/l/p(x)s/l/p(y) —
AP

(43 Do ;- (Xi)js Do
1
b P ()P () =
o ﬂzyq u ,u(x) /4()7) @ q)ml;[(xiyj; )

9w =] -4

>0



Cauchy ldentities

1
P _
Z q""'871,(X)8,(¥) = — H .
A,p (Qa Q)oo ij (xiyja q)oo
1
v _
q"'b, P ()P ,(y) =
Z SR (7 @)oo 1;[ (X5 Do
— 1 — )
(@ Des g< 4’2 Wty 2 e Z 715,500 = Y. q"b,P,0)P,)

//ll‘l‘l/l_k
j‘l — k



Cauchy ldentities

Z q‘p‘s/l/p(x)s/l/p(y) — . H — Z Z q\p\xPyQ
" (7> Do (xly,,q) o P.OCSSTU/)
]
b P ()P (y) =
Z q 0y, ,u(x) /4()7) (G0 1;[ (xl-yj; 7)o
— 1 — L
Gow=]l0-a% oty =h Z 0", @50 = Y q"b,2,02,()

//il‘l‘l/l_k
j‘l — k



Cauchy ldentities

Z q‘p‘s/l/p(x)s/l/p(y) — ( . ) H( ) — Z Z q\p\xPyQ

A,p 1-9 AiYj 4 Ap P,OeSST(\/p)

quulbﬂggﬂ(x)gjﬂ(y) — ( . ) H( ) _ Z Z Z q|v|+|K|+%(V)+%(W) VyW
9.4 AiYj> d uv KEF(u) V,WeVST(u)

o A(p) = K=K oK) 2K 2 Ky 1 0= i)

— |
b= @l = ), ¢or M & > K

i>1 KEK (1) K| 2 Ky 2 K3
@Pe= ][]0 -9"2)
i g e oty =4< Z qlp‘S/I/p(x)S/I/p()’) — Z qulbﬂ@ﬂ(x)g)ﬂ(y)
. ui+vi=k
o= ] -4 % i

=0



Cauchy ldentities

Z q‘p‘s/l/p(x)s/l/p(y) — ( . ) H( ) — Z Z q|p\xPyQ

A,p 19 AiYj 4 Ap P,OeSST(\/p)

quvlbﬂggﬂ(x)gjﬂ(y) — ( . ) H( ) — Z Z Z q|v|+|l<|+?f(V)+%(W) VyW
1.9 AiYj 4 uv KEF(u) V,WeVST(u)

e« F(p) =Kk =(Kp, ..., ) 1K 2 Ky T 0 = pyy g )

IDEA: (P, Q) < (V, W: K, 1)

— 1 —
(23 Do g( q Z) I +)( /11 & E qlp‘Sﬂ/p(x)S/l/p(y) — Z qulbﬂt@ﬂ(x)t@ﬂ(y)
p =k
(zq)k—Ha—qz) Al—k

=0



Properties of Y

e (P,0Q) «— (V, W; Kk, ) has the following properties
« P and V have equal content. Same for Q and W
s pl = H V) + W)+ x|+ |v] (H =\ + Ty + )

« My =p + 1



Properties of Y

e (P,0) «— (V, W;k,v) has the following properties

« P and V have equal content. Same for Q and W

s lpl=ZV)+Z W)+ ||+ |V (X =H\+Hy+ )
+ A=+
THEOREM (IMS’21) D ", 08,0 = ), ¢, P,0P,0)

‘ A, p p+uv=k

ﬂlzk



Properties of Y

e (P,0) «— (V, W;k,v) has the following properties

« P and V have equal content. Same for Q and W

e lpl=ZNV)+ZW)+ x|+ |v] (X =H + X+ )
s A=ty
THEOREM (IMS’21) Z q|p|s/1,p(x)s/1,p(y) = Z q'”'bﬂg’ﬂ(x)@ﬂ(y)
/ll_k pi+v=k
THEOREM (IMS’21) Z q"s;,(x) = Z q"'b, P (x;q°)
y u+v =k

/ll_k



Conclusion

* Correspondence between solvable non-free fermionic models and positive
temperature free fermionic models

Some achievements
e Solutions of KPZ equation derived without Bethe Ansatz

* Proof of pfaffian formulas for the KPZ equation in half space

Iffy points

* Correspondence proved for discrete models. Can it be described nicely
at the KPZ eq. Level?

* Refine the correspondence to describe multi point observables



