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1. Introduction



Non-equilibrium steady states (NESS)

open Symmetric Exclusion Process (SEP)

l
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* Boundary densities: p. = %, pr= 535

pL = pr = Equilibrium

pL # pr = Non-Equilibrium

e exactly solvable by matrix product ansatz:
[Derrida-Evans-Hakim-Pasquier], [Derrida-Lebowitz-Speer], ...



Non-equilibrium steady states (NESS)

(Q1): How different are the stationary states of a system evolving in contact with

equilibrium baths, from one evolving in contact with non-equilibrium baths?

| shall argue that, as a consequence of Markov duality, there exists a

non-local transformation relating non-equilibrium to equilibrium.

If the system is integrable, then the transformation can be explicitly written

and the NESS can be exactly solved.



Emerging properties of NESS

e Long-range correlations

e.g. in the open SEP model: nx(t) = # particles at site x at time ¢
O<y1<...<yn<1

) 1
Covariance Cov(nny, » Ny, ) ~ N (1 = y2)(pr — pr)?

1
Cumulants En(MNyy s - 5 Nyn) ~ an(}’h- - ¥n)(pr — po)"

¢ Non-local large deviation functions (Macroscopic Fluctuation Theory)
[Bertini-De Sole-Gabrielli-Landim-J.Lasinio]

e.g. in the open SEP model:

Prob [p(y)] e~ NP

I(p(y)): sup / dy[p(y) P( ) (1—,0(}/))'” P(y) 4N F’(y)

F0)=pL
F()=pp



Quantum spin chains

» Symmetric (partial) exclusion process:

integrable]

I\)\—*

H= Z[S+S,+1+S s+1+2s°s,0+1—2s] [s =

su(2) Lie algebra [S°, s*]=+8*, [S",s7]=28"

> “KMP family” of processes: (—— Franceschini talk 26/04)

H=>_ [S*S,+1 +87S,-28'8}.1 +2s } [non-integrable ...]

su(1,1) Lie algebra [8°,8¥] =48,  [S7,87]=-25



Quantum spin chains

(Q2): Is there a process with integrable Hamiltonian and su(1, 1) symmetry?
Can we add boundaries ?

> “Harmonic family” of processes (— Frassek talk 28/04)

H= 22( W(Siit1) (23)) [s > 0 integrable]
1 _ _
Siit1(Sijip1 — 1) = 8282 — E(S?S,»H +57S'4)

[Faddeey, Lipatov, Korchemsky, Derkachov, Beisert, ...]

| shall argue this is the “bosonic” exactly solvable counterpart

of the open SEP model; the su(1, 1) family is richer.




Markov duality & integrability
> su(2) Heisenberg spin chain s = 1/2: integrable, stochastic, dual process.

» Heisenberg chains with

- su(2) spins of higher values s # 1/2
- su(1,1) spins of all values s > 0

they are stochastic, they all have a dual process, none of them is integrable.

> Integrable su(2) chains of higher spin values, e.g. for spin s = 1

H= Z ( -811)2 = (S - St )>

Yet, they are not stochastic (as far as we could tell).



2. Model |



The open

symmetric ‘harmonic’ process

[FGK (2020a)] Frassek, G., Kurchan, Non-compact quantum spin chains as
integrable stochastic particle processes, J. Stat. Phys. 180, 366—397 (2020)



The basic model

Markov process {1(t), t > 0} taking values on Qy = N} with generator

N—1
L =L+ (Lt + L) + D

i=1

%&M)=kﬂﬂmfm+mm—mﬂ
Ni1
L5l = S [fr+ Koy — ki) — fn)]
k=1
ni 1 o0 5/[
Hifm) = > [ = ko) = fm)] + D =L [f(n + ko) — 1(n)]
k=1 k=1
i 1 00 6[’%
Zuf) = > 2 [ftn—kaw) = )] + > 2 [+ kow) = )]
k=1 k=1

Remark: 0 < 8., Br < 1; the holding time in n is an Exp. R.V. with parameter
Z,’.\; 2h(ni) —log(1 — BL) —log(1 — Br) h(n) =3"%_; + harmonic numbers
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The basic model

> If 5, = Br = B: equilibrium set-up. The product geometric distribution

;:12

o =TT [8"(1 - 8)] 0<p<1

i=1

is reversible, and thus stationary, with density

B
p(B) = 7/3

> If 8L # Br: boundary driven non-equilibrium
m(n) =7

Remark: non-product law (cf. standard zero-range [Levine, Mukamel,Schiitz])



The general

open symmetric ‘harmonic’ process



The general model (spin s)

N—1
Z = +Z$‘,i+1 + Iy
i=1

Zinf(n) = Z es(k, i) [f(n — kéi + Kéiy1) — f(n)}

Mi+1

Y palkoni) [f(n + ko — ko) — f(n)]
k=1

i

o
Zif(m) = 3 sk, m) [ f(n — ko) = F(m)] + 3 - [fn + ko) = £(n)]

k
k=1 k=1

r(n+1)f(n—k+2s)
r(n—k+1)r(n+2s)

1
SDS(I(? n) = E

¥(z) = FlogT(2) Y(z+1) =9(2) +
Z‘Ps(ka n) =(n+2s) — ¢(2s) = ; k+21ﬁ =: hs(n)

k=1

1
z
n



The general model (spin s)

> |[fs= % then we recover the basic model

> If 5. = Br = B: equilibrium set-up. The product negative-binomial distribution

N i
H[ﬁ 77'JFQS)(1—5)2S] 0<B<1

i=1
is reversible.

» If 51 # Pr: boundary driven particle system

w(n) =7



Relation to previous models



Relation to previous models

> The bulk part of the basic model is the g — 1 limit of the MADM model
[Sasamoto-Wadati]

MADM
Z = E L it

i€Z

Liiyif(n) = 2 [’:T [f(ﬁ — kéi + kdip1) — f(ﬁ)]
=

Mi+1 k

+ k§::1 [zj [f(n + ki — Kdjr1) — f(n)]

_ Ak
! T Lk as q—1

g-number Klq = g




Relation to previous models

» The bulk part of the spin s model is the g — 1 limit of the g-Hahn model
[Barraguand-Corwin], [Povolotsky]

LI =N B
n; i€’
L) = D& (k) [ — ko + kdiie) = ()]
k=1

Mi+1

+ ) ek, 77i+1)[f(77 + kb = Kdis1) — f(n)}
k=1

rav iy = DD @ Doy — Dor(@ Qo
N = @ e T T e (g, Do

n—1
=TT — v im (@:Q)n _ T(2s+n)

. 2s
lim "9 (k. ) = s(k, n)



Relation to previous models

Povolotsky’s g-Hahn non-compact
model [3] AZRP (2] XXX spin s

non-compact

MADM [1] XXX spin %

[FGK (2020a)], see also [Frassek '19]



3. Results



Preliminaries:

i) duality



Duality

Definition [Liggett]
(nt)t=0 Markov process on Q with generator £,

(¢+)r>0 Markov process on Q. with generator .24

&t is dual to ny with duality function D : Q x Qguar — RifVEt > 0

By (D(mt,€)) = E¢(D(n, &1)) V(n,€) € Q X Qoar

nt is self-dual if %@ = 2.

In terms of generators:

ZD(-,€)(n) = £ D(n,)(€)



Example [Lévy]

(Xt)t>0 Brownian motion on [0, co) started at x > 0, reflected at the origin
(Y?)i=0 Brownian motion on [0, co) started at y > 0, absorbed at the origin

D(x,y) = 1{x<yy (‘Sigmund’ duality fct)

Ex(D(Xt, y)) = Ey(D(x, Y1))
Pe[Xe < y] = By[Yr = x]



Example [Lévy]

(Xt)t>0 Brownian motion on [0, co) started at x > 0, reflected at the origin

(Y?)i=0 Brownian motion on [0, co) started at y > 0, absorbed at the origin

D(x,y) = 1{x<yy (‘Sigmund’ duality fct)

Ex(D(Xt, y)) = Ey(D(x, Y1))
Pe[Xe < y] = By[Yr = x]

(z+y)?

y
—e

_@? dz
2t
2t

/°° z=y?
= (e_ 2t
X

az
Vart



Duality for Markov chains

Assume state spaces Q, Qqua are countable sets,
then the Markov generator L is a matrix L(n,n’) s.t.

Ln,n') >0 if n#q, > Lm)=0

n’€Q

ZD(-,&)(n) = £*“D(n,-)(&)
amounts to

LD = DL}z



(Lie) Algebraic approach to duality

Overarching ideas:

e self-duality is derived from symmetries [Schiitz]
e duality arises as a change of representation

Abstract generator
L
/ D\
J AR e—

Original generator Dual generator

® Monograph in preparation with G. Carinci and F. Redig:
‘Duality of Markov processes: an algebraic approach’.

® The approach is constructive:
[Carinci, G., Redig, Sasamoto] quantum groups rank 1; [Kuan] higher rank quantum
groups; [Franceschini, G., Groenevelt, Redig, Sau] orthogonal polynomials

e See also [Z. Chen, J. de Gier, M. Wheeler] for Macdonald (type) polynomials



Preliminaries:

ii) factorial moments



Factorial moments

The multivariate factorial moments of order (¢4, ..., &n) € NN of an integer-valued
random vector with distribution (71, ..., nn) are defined as

F(&, .. 6n) = > Hn, i ni—&+1)

neNN Li=1

w(m, ..., nN)

Inversion formula

§i—ni
p(ne, ) = > F(&,...,&N)H( />( 1)

geNN



Factorial moments

For us it will be convenient to consider

A (mi—1) i— &+ 1
G(§1,...,§N)=Z [H sgs+1 ((gs+it1)) w(mt, .., mN)
neNN Li=1 !
At equilibrium
N
B r(77,+28) s

11[ r(2s) (1—ﬂ)] 0<pB<1
ea 3 __ _ B
GY(&1,....6n) = Hp p=rB)= 175



Preliminaries:

iii) dual absorbing process



The dual absorbing process '

Markov process {£(t), t > 0} taking values on Qy o = NN*2

Configurations: & = (&,&1, .-, &N, EN+1) € Qnso

N—-1

Generator: 2™ = 57 + > L+ Ll
i=1

&1
L531(8) = Y ws(k, ) [£(€ + koo — k1) — £(€)]

k=1

N
Linaf(€) = D sk, &n) [F(€ — kow + kone) — £(€)]

k=1

1Spohn, Presutti, De Masi ... ; for a review see [Carinci, G., Giberti, Redig, JSP13]



Results



Duality of the open symmetric harmonic process
Theorem [FGK (2020a)]

1. The open symmetric harmonic process {n(t), t > 0} with generator ¥
and the absorbing process {£(t), t > 0} with generator £%@ are dual

N
D(n,€) = p° [

7;! r(2S) EN41
[} (i — &) T(&+29) | "7
_ B _ PBr
L= PR =1 Br
Namely

E, [ D(n(t). €)] = Ee [D(n. &(1)]




Factorial moments and absorption probabilities
Theorem [FGK (2020a)]

2. Let G(&,

,én) be scaled factorial moments of non-equilibrium state pun
Consider dual configuration € = (0, &1, ..., &n, 0) with |£] Z,’L & particles.
Then
€l .
617 7§N)_ZPL p|5| p&(k)
where
p:(k) =P

[€(00) = ko + (I

Jonr | £(0) = ¢]
absorption probabilities




Factorial moments: explicit expression |
Theorem [FG (arXiv:2107.01720)]
3. Let G(&q,

Then [ assuming 2s € N ]

€]
G(&ts--- én) = me "(o = pr)"9e(n)
with
.S H<§,>H 2s(N+2—i)—j
Nyyeeny ny i=1 2S(N +2-—
> nj=n
In other words

,&n) be scaled factorial moments of non-equilibrium state pn

)—j+22’:,-nk

l¢]
pe

(k)= > (1) (,Z) ge(n)
n=k




Factorial moments: explicit expression Il
Theorem [FG (arXiv:2107.01720)]
4.

If we identify &€ = (&1, ..., &n) with the the ordered set x = (xi, X2,
with1 < x3 < x < < Xg| < N, then

A ,Xm)
€l

Zp\ﬁ\ n

§17' . 7§N)
with

— pr)"gx(n)
9x(n) =

n
1<ihi<...<ip<|¢| a=1

n—a+2s(N+1-x,)
n—a+2s(N+1)




Mapping non-equilibrium to equilibrium
Theorem [FGK(2020b),FG (arXiv:2107.01720)]

5. As a consequence of duality, there exists a matrix P such that

H* = P 'HP
where

Heq _ (Leq)T

H=1LT

» The mapping P was observed macroscopically by [Tailleur, Kurchan, Lecomte]
in the context of the MFT




MACRO:

Local Equilibrium & Fick’s law



Local equilibrium & Fick’s law
Let un be the invariant measure.

(i) For all f bounded cylindrical function on Ny
N|LF>I100 /AN(T[UN]f) = I/p(u)(f) uc (07 1)

where

e 7; translation by i
* v, is the product measure on Ny with marginals NegBin (2s, p)

e p(u) =pr+ (pr—pL)U

(i) Fick's law
4 9p(u)
J=—-Ks U ue(0,1)
where
e Ks=2s

o = M S| g i)l — ]



Proof of local equilibrium

Given (&1, ..., ¢n) € NV made of |¢] dual particles located at 1 < x; < ... < X <N

define (&f,...,&5) € NN with dual particles located at x; + [uN] < ... < X¢| + [uN]

Then we need to prove that

JmGet . €8) = [p(u)]

The explicit formula gives

lim gX”( ): lim Z H nfa+23 N+1 7X’o¢ [UN]) _ (‘i')(.l o u)n

N—oco N—oo

1<iy<...<ih<|€] a=1 —a+2s(N+1)

and therefore

€l
Jm G 6= 3ok e o) (%)t — w = o



MICRO:

Correlation functions

)

(s =

nN|—



1 dual particle : £ = dx

D(n, 6x) = nx

IE['f]x] = pL px(1) + PR px(o)

i i

Px(1)=1—N+1 PX(O)ZW
px = () = pL+ p,’\qll';”x Linear profile
PR —PL

J = 7<TIX+1777X>:7 N1 Fick's law



2 dual particles : £ = dx, + 6x,

COV(WX1 > 77X2) = E[% 77X2] - E[T]M]E[nxz]

G, = E[D(n, 65 + 0x,)] Gx, = E[D(n, dx,)]

Gx1 Xo GX1 ze if X1 7é Xo

Cov(nx, ,mx,) = .
(170 {2GX1,X1+GX1[1—GX1] it x = x

xi((N+1—x2)

“INTTRN 2P pr)? it X #x

Remark: Long range correlations

NIE)TIOO N Cov(ny,n, ny,n) = yi(1 — y2)(pr — pr)? 0<y1 <y <1



3 dual particles : £ = dx, + 0x, + 0x,

53(77X1 y Txo s 77X3) = E[% Tlxo 77)(3] + E[’q)ﬁ ]E[ﬁxz]E[nXa]
- IE["7X1 an]E[nxs] - E[n)ﬁ 77X3]E[77X2] - E[annX3]E[nX1]

Using three dual particles startedat 1 < xy < xo < x3 < N

" yo 2N —20)(N4 1 —x) oo
3\Mxq 5 Txo Tixg ) = (N+1)3(N+2)(N+3) PR PL

Remark: for0 < y; < yo < y53 <1
Jim N2 ki (11y,n, yons M) = 201 (1 = 2y2)(1 = ya)(pr — p1)°

Nn71K” ~ f”(y1 Yoo 7}/n)(PFl - pl—)n
proved by orthogonal duality in [Floreani, Redig, Sau '20]



Comparison to

inhomogeneous product meausure



Fluctuation of total mass || = ZXN:1 Tx

E[-] non-equilibrium steady state Ewe[-] inhomog. product state

®}_1NegBin(2s, px)
> average

N N
Ellnl) = Buclinl] = - px = Y 25(pu + G 4Ex) = 2sn( 27
x=1 x=1

» fluctuations
N

Var[|77\] = Z COV[%»%]

X1 ,Xp=1

. 1 T 1 S 2
Jim varlinll = lim & Varee[|nl] + & (oL — pr)

Fors = —% one recovers open SEP [Derrida, Lebowitz, Speer, PRL01]



4. Proof

(Ideas)



Algebraic description



su(1,1) Lie algebra

Non-compact Lie algebra with generators satisfying

[S°, 8% = +5* [ST,87] = —25°

Representation with co-dimensional matrices (spin s > 0)

S*in) = (2s+ n)|n+1) S7|n) = njn—1) S°|n>:(n+s)|n)
0 0 0o 1 s 0
: 2s . .2 0 s+i
i = | 9 st = ) s = o s° = .
0 2s+1 7. . " L os42



Open XXX chain with su(1, 1) spins
N—1
H=H; + Z Hiiv1 + Hn
i=1
» Bulk: [Beisert, Faddeev, Korchemsky, Derkachov ... ]
Hijw = 2(1/1(Si,i+1) - 1/)(23))
1 _ -
Sii1(Siiv1 —1) = 'Sk — 5(3,*3,41 +575%1)
» Boundary [FGK(2020a)]

H = oS oSt (1/1(3? +s) - w(23)) eSS

Hy = e Sv e#Sx (w(SR, +8)— w(2s)) e PrSh eSv

In the discrete representation
L=HT



Open XXX chain with su(1, 1) spins: rewriting of the bulk

N—1
H=H; + Z Hi i1 + Hn

i=1

» Bulk: [FG (arXiv:i2107.01720)]

— “—
Hiiv1 = Hijq + Hijq

—1

Hy, = =S (S)+9) 'Sy (1/}(82 1) ¢(23)> oS/ (S)+9)7 '8¢

—1

H;Ty _ e—S;r(SS-%—S)—‘S; (w(SB + S) _ w(zs)) es;(sg-l—s) S;



Duality explained
LD = DL

)

H™D = DHyyar

(H +H+HN>TD: D (Mg +H+ Hnir )



Bulk (self-)duality: H'D=DH

» Bulk Hamiltonian su(1, 1) symmetry:

N—1 N
H:= Z H,'y,'+1 S+ = Z S,+
i=1 i=1

H,8°]=[H,S"]=[H,S]=0

> Reversibility Hd — dH

N
d(0.6) = [ [0 oy O

i=1

» Bulk (self-)duality
H'de® = dHeS —de®'H
N
it F(2s)
d St &) = N
e 00 =115 g T 29




Boundary duality: H{D = D Hg;

(die5) T H (dheS') = e St (w(sﬁ) +s) - 1/1(23)) &St



Boundary duality: H{ D = D Hg;
(die5) T H (dheS') = e St (w(sﬁ’ +s) - 1/1(23)) &St

Two representations of su(1, 1) with intertwiner | = Zéo pfO (ol

75 = ooy +2s) 8§ 16o) = (€0 + 25|60 +1)
S0 = a9 So [€0) = oléo—1)
78 = (puiy +9) S5 lé0) = (0 + S)I%0)

& 7o TR (4(S) 4 5) — y(2s)) (0O SH
is intertwined by /y to

&S (8] + 5) — (25 ) %S = Hi



Duality to absorbing process — Isospectrality

> H=H; +H+ Hy

H=e S e (¢(S,Q +5) - w(ZS)) e "5 &S

» H=¢eS He S =H +H+H

Hi = &S (8! +5) — w(25)) e upper triangular

> HO = HP +H+ H
HY = (S) + s) — (2s) block diagonal

They all have the same spectrum (which is independent of p., pg)!
As a consequence there exists P such that

H® = P~"HP



Mapping non-equilibrium to equilibrium

The mapping holds on any graph, with multiple reservoirs

F1sp1

Tip
I3, p3

l2, p2
(p1, p2, p3)

(p,psp)

H* = P'HP




Sequence of similarity transformations

H' = €% He S~

Hy = e (p(S)+s)—u(2s)) €75 Hyy = &1 (Y(SR+8)—(2s)) ek

H' = e—/’f?s+ H ePrS™

Hy = elee=PRST (4(S89 4 5) —4)(2s)) e (L= PRIST Hi = w(Sh +s) — ¥(2s
1 1 N N

He = W-1H"W

HY = (S? + s) — (2s) Hy = 9(SY + 8) — ¥(2s)

Mapping non-equilibrium to equilibrium

P = e S—erRS+ W PS+eS-



v

v

v

Non-trivial symmetries (Quantum Inverse Scattering method)

First non-local charge:
[HH, O//] -0 O// _ Oo _ (PL _ PH)Q+

@ =8 (8" +2s-1)

N N
Q" =s8"+> s/ (sP+2> )

i=1 j=it+1
To find W such that H° = W~ H” W we rather solve
Q=w'a'w
Ansatz:
W=1+4> (oo—pr)We = [Q° Wi]=Q Wi
k=1
This difference equation can be solved

(@Y T(2(8° + 5))

B - - !
w ;(m PR) k! T(k+2(S°+s)) non-local




Back tracking

Ho|Q) =0 with |Q)=[0)®|0)®...®|0)
H'|g"y =0 with |g") = W|Q)
Hlg)=0 with |g)=e"|g")

Hig) =0 with |g)=e"S |g)

Mapping non-equilibrium to equilibrium

P = =5~ ePAS+ WS+ g5~



5. Work in progress



Energy redistribution using a Levy Beta process

Process {z(t), t > 0} taking values on Qy = R

zi(t) = energy atsite i € {1,2,... N} attime t > 0

N—1
L=+ L+ D

i=1

Giaf(z) = /0 “ da (1 - 0‘>251 [1(z a6 + adi) — 1(2)]

[e% Zi

z 2s5—1
n / " da (1 _ g) [f(z—l— adi — adip1) — f(z)}
0 z

« i

aa) = [T s —0‘)251 [#(z - ad) — 1(2)]

Zj

(%

+ /0 " da [f(z +ad) — f(z)]



Energy redistribution using a Levy Beta process
» Energy redistribution rule associated to % y = %), + %,
Ly (2, Zy) = (& — Ui Z, Z, + Uy Z)
Ly (2. 2)) = (&+ U:2,,2, — U2 Z))
Ui, U> ~ independent ‘improper’ Beta(0, 2s) distributions
» Energy redistribution rule associated to KMP model .#""
K7 (ZZ) = (V(Zc+ Z),(1 = V)(Z+ Z)))

V ~ Beta(2s, 2s) distribution

> The boundary driven process {z(t),t > 0} arise as limit of the open harmonic
process {n(t),t > 0}:

z(t) = |i_rl;}) en(t) Bi=1—¢€\



Energy redistribution using a Levy Beta process

The boundary driven process {z(t),t > 0} has the same algebraic structure of
the open symmetric ‘harmonic process’ {n(t),t > 0}, now in the representation
of the su(1, 1) Lie algebra

0
+ - O— z
S,- = Zj S,- = Ziﬁ + 28672, 8,‘ = 2487le + S

If \L = Ar = A: equilibrium set-up, product of Gamma distribution is reversible
N

eq o )\25 2s—1 —Az;
p (Z)_H[r(zs)z’ e ] A>0
i=1

If AL # Ag: Duality with absorbing harmonic process with duality function

N

_ & & r(23)
D(Z7§) - IOL[J |:i_1 Z/ I_(E,-l—ZS)

EN41
R




CONCLUSIONS

Reasoning with Lie algebras is useful for duality and its consequences.

Integrability (on top of duality) opens up the possibility of explicit formulae
for boundary-driven models, connecting non-equilibrium to equilibrium.

Some open problems:

e matrix product ansatz

e large deviations

e open chain with g # 1

¢ higher rank non-compact algebras
e connection to population dynamics

The algebraic approach to duality can be extended to quantum systems
(e.g. FGK(2021), arXiv:2008.03476, quantum symmetric exclusion process).

Thank you for your attention



