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= Non-interacting fermions d=1 in external (confining) potential V(x)
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variance: microscopic, macroscopic scales, edge random matrix theory
5 =2
semi-classical calculation => Gaussian free field /

application: variance sphere in higher dimension d>1 for central potential V(r)
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® Interacting fermions in d=l1

for some special V(x), interactions W(x,x") obtain full counting statistics

higher cumulants of -/\[[a,,b]

3 =2 entanglement entropy d=1 and d>1 in presence of V(x) and W=0



Counting statistics of non-interacting fermions
in external potential V(x)



Why the recent interest in non-interacting fermions ?

in a trap V(x): Fermi gas inhomogeneous and has an edge

at edge density vanishes: => LDA, linear bosonization fail
strong quantum and thermal fluctuations

Pauli exclusion principle need other methods => universal edge correlations

(effective repulsive interaction) bulk: inhomogeneous bosonisation

relations to RMT (ground state) and to KPZ equation (edge finite T)
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Experiments on ultra-cold atoms: confining potentials

- harmonic trap but can tune arbitrary shape potential

- can reach non-interacting limit for spinless fermions

— ~0.15 2D
- can reach low temperature, low entropy % ~ k’B”{% Iy 0.3 1D

- measure momentum distribution from time of flight

- can image position of each fermion in 2D or 1D (quantum microscope)
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® Direct imaging of spatial fluctuations of the positions of fermions

® Counting statistics of fermions

n1.0

0.5

M. Greiner et al., PRL 2015

single-atom sensitivity, sub-micron resolution and more than 95% fidelity



N spinless noninteracting fermions in a 1d harmonic trap at T=0
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® The N-particle GS wave function is given by a N X N Slater determinant
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Connection with RMT HO - GUE(N)

1
ground state wavefunction Yo(zi,z2, - ,2n) = —=det|p;(x;)] 0<i<N -1
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® Probability density function (PDF) of the positions ;S H (2j — ;)
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® Let M bea N x N random Hermitian matrix with Gaussian (complex)
entries. The PDF of the (real) eigenvalues \’s is given by

1 2
Pome A+ ) = = [[00 =A% =X B =2
1<

The positions of the fermions behave statistically like the

AT, T QLT Ao, o A
eigenvalues of GUE random matrices ( 15 2> N) ( Ly A2, ) N)

Spatial correlations of NI fermions in harmonic trap at T=0 can be obtained from known results in RMT



Other potentials V(x) related to matrix models

® Laguerre unitary ensemble can be realized with

V(x):a(a_l) - Bz, x>0

r2

® More general |acobi unitary ensemble can be realized with

o —1/4  p*-1/4
’sin®(z/2) 8cos?(w/2)

, x € (0,m)
V(z) =

+00 , x ¢ (0,m)
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Correlations of NI fermions i p__|_v(x)

In general potential

Slater determinant Uo(xy,...,oN) =
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Correlations of NI fermions 2 2
N o H=E+V(z)  ¥x®) {ealr-12..
general potential
1
Slater determinant Uo(z1,...,TN) = i 1<de.t<N¢i($j)
AL
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all n-point correlations functions are determinants k>1lu Fermi energy
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POINT PROCESS

o kernel is self-reproducing
n=1 average density is

N [ vk (e Kny. ) = Kn(o. )

p(a) =3 (6 — 20 = K (z,2)

1=1



Counting statistics N
1) mean number (Np)o = /D dop(z)  ple) =3 6z — )

1=1

N >1 Fermienergy [ is large

local Fermi momentum
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semi-classics T
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- macroscopic scales ? x

VarN, ) = H (a,a) + H (b,b) — 2H (a,b)
VarM_co.q) = VarNy, 1ooj=H(a, a)

K, (z,y)* = —0,0,H(z,y) + d(z — y)p(x)



Kernel on macroscopic scales

semi-classical (WKB) form for eigenfunctions

v
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Kernel on macroscopic scales 0 — %_H/(a:) (@) {€xtr=1,2,..

semi-classical (WKB) form for eigenfunctions
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Kernel on macroscopic scales

semi-classical (WKB) form for eigenfunctions
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expand WKB phase around Fermi level
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Kernel on macroscopic scales 2 dy

2 ~~ 2 ~
CNem = CON = ——

N-1 approximate prefactors m AN
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1d HO kernel Harmonic oscillator
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fv (x, ) rapidly oscillating
with unit amplitude
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1d HO kernel Harmonic oscillator
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fn (x, ) rapidly oscillating

e Using N > 1 Plancherel-Rotach asymptotics of with unit amplitude

Hermite polynomials [Forrester (2006)] (WKB
approximation), one obtains (for N > 1):

agrees with our general formula

Xy
/ 2N —
2
x5 () e

/ GUE  Brezin zee (1993)
| x], |3’| <VZN French Mello Pandey (1978) Beenakker (1994)




Recovering the sine kernel qu(a;):/x dz kp(z)

towards microscopic scales |z —y|~1/kp ()
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Fermion height field for general V(x) and 2d Gaussian free field

h(z) = M-, g S dz/ke(2) { =0
X = X J—

height covariance H(x,y) = Cov|h(x),h(y)] fxf dz/kr(2) Op+ =
H(x,y) ~ 2—; <log sin bu 10y | _ log |sin b — Oy > kr(z) = 2(n—V(x))




Fermion height field for general V(x) and 2d Gaussian free field

x =7 XT _
height covariance H(x,y) = Cov|h(x),h(y)] fwj dz/kr(2) Op+ =
H(x,y) ~ 2—; (log sin On +0y | log |sin Oz — 0y > kr(x) = \/2(,u —Vi(x))

H - ¢ C(zw) = — o= log |2 Y] 2=
(x’y)_; (2 ) S0 = o 8 T i0
w=e"Y

2D Gaussian free field (GFF)

Gaussian process on 2d domain D here domain D is upper-half plane

with covariance kernel Dirichlet BC on real axis
= Green function of Laplacian on D

map from interval to unit circle in complex upper-half plane



Fermion height field for HO/GUE and 2d Gaussian free field

Harmonic oscillator  V(z)

)
)

GUE ensemble €T

ke(z) = /21— x? _\/ﬂ \/ﬂ

—Z
k
p(z) = F(2) cosl, = \/—2_,“ map from interval to unit circle in complex upper-half plane




Fermion height field for HO/GUE and 2d Gaussian free field
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Harmonic oscillator  V(x) = Y /\Zie y
GUE ensemble | X
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Theorem As 212, L>oo,
Unscaled fluctuations =
Gaussian (massless)

Free Field on [H| with

zero boundary conditions

2\ // /4

e Gaussianity follows from (more general) results of [Guionnet 'O2]
e GFF structure for GUE follows from [B-Fervari, 2008], for GUE/GOE type
Wigner matrices GFF fluctuations are proved in [B, 2010] Why GFF?
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Applications: number variance in interval in d=1 kr(z) = V200 — V(@)

VarMaab] = H (a,a) + H (b,b) — 2H (a,b) also needs H(a,a) => ple) =2
needs H(a,b) for |a-bl microscopic
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Applications: number variance in interval in d=1 kr(z) = V200 — V(@)
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VarN|_ o o) = VarN, 4 oo = H(a, a)

solution on microscopic scales |z —y| ~ 1/kp(x)
which matches macroscopic x->y

K, (z,y)* = —0,0,H(z,y) + 6(x — y)p(x) F (@) sinf,
“y ' H(o.0)= 55 | Ulhr () — ) +log 25020

insert sine-kernel neglect variations U”(z) = 2sin? /22

of kF(x) U(z>1) = —logz+o(1)
U0)=—x

-> 1) number variance for microscopic interval

"2VarN, ~ U(0) - U(kp(a)la — b)
U(z)=Ci(22)+22Si(22) —log z+1—2sin?(2) — 72

~ logkr(a)la — b| + ¢ recovers
gkr(a) ‘ ? co =U(0) =vg +1+log2

kp(a)la—b]>1 Dyson-Mehta
-> 2) number variance for macroscopic interval attention: a,b are in bulk !
kp(a)? sin 6 a,b near edge =>
1 2kp(a)“sinf, . C .
H(a,a) = VarNg o[ 52 (log dp /AN + c2> edge regime is different !

+

5 T dz sin? Za_fe
(27°)VarN, ) = 21og | 2kr(a)kr (D) + log P +9b | sin @, sin 6p| | + 2¢2 + o(1)

- mkp (Z) sin



1d HO results: Var(]\f[a,oo))

o 0.4
2 0.3

30.2 ’

- :

o o 0.1 _:
- VaN 0 vy 0.0 .
0.0 0.2 0.4 0.6 0.8 1.0

a/NN2N

Blue markers — numerics (N=100), red line — our prediction,
green line — previously known edge prediction

1 3 a’
Var(]\/‘[a,oo))zm lnN+§ln 1_ﬁ +y+1+31n2

Subleading term 1s important at large (but not huge) N

26 Naftali R. Smith December 2021



( arccos( =) V(z) =32 , 25 ==+2pu
— arccos(\/ﬂf__a”za_l)) , Viz)=%+ O‘(;mgl) ;o (F)? =p - ala—1)
cos(mx/L)—A 2 a2 -1 b2 _ 1
\ arccos( ( éL) ) ) V(CC) — I (SSin2(7Tw4/2L) T 80082(7T92L/2L)) ’ COS(iji/L) =A¥B

Particular examples (W =

x?> ala—1) V(x) = particle in a box [0, L]

V(x) — 7 T 2y 2 (JUE random matrices)

(LUE random matrices)

&
)

Var(N[(),a])
=)
N

0.1 , 05 06 07 08 09 1.0
| , a/L
7 Var(]\f[o,a]) = 2—;2 [lnN + In ‘sin%a‘ +y+1+4+2In 2]

0.0 .
0.0 02 04 06 0.8

a/N2u

1
Var(]\f[o,a]) >~ Ing +1n (

(1—&2—Tz>
A4 22
1-12

a a

1 ~
Whereuy = 2N+ a+-=, d =— =
H 2’ J2u’
31 Naftali R. Smith December 2021



Applications : d>1 central potential V(r) , _ 1 A L V()

N R number of fermions in sphere r=|z|
. (o~ NU/d ol Nalil o
of radius R centered at r=|x|=0

angular modes fluctuate independently L? ((l+d—2)
¢t=0,1,..
1d, V ’
Var N = ng( Var./;f ‘ for all cumulants ga(l > 1) ~ %
£>0 ~
number of fermions in [O,R] for 1d problem Hy= —%83 -+ VK(T)

with Fermi energy [ ¢4 4 ) (g 4 d )




Applications : d>1 central potential V(r) , _ 1 A L V()

NER number of fermions in sphere r=|x|

of radius R centered at r=|x|=0

angular modes fluctuate independently L? t(+d-2)
¢t=0,1,..

1d, V d—2
Var Np = ng( Var./;f ‘ for all cumulants ga(l > 1) ~ %
£>0 ~
number of fermions in [O,R] for 1d problem Hy= —%63 -+ VK(T)

with Fermi energy [

(+ 43 (0+ 1)

1) free fermions V(r)=0

1 d—1
~ krR log (kpR) +0b
VarNR 7T2F(d) ( F ) [Og( F )_I_ d]
kF — v/ 2,u
— Leading-order term was known YE d+1
[Gioev o Klich, PRL %06] v bg = 2log2 — 5+ 1 — —ZD(O) (T)
Widom
we obtained exact result Var(NR) — ud(kpR)

from d-dim version of sine-kernel



2) d>1 harmonic oscillator

NE number of fermions in sphere

of radius R centered at r=|x|=0

Var N = Z ga(¢) Var j\/'[%)fl};]/e
. Hy= =307 + Vi)

number of fermions in [O,R] for 1d problem

e Vg(?”‘) D) ™ 972
60! N =p(p+1)/2 = 5050 | <-> Laguerre-Wishart LUE ensemble
= 100
‘ Sﬂf d=2 VarN g
40 15 o, X d—1 3 :
T ;15 | Y [Ad (R) log 1 + By (R) —I—o(l)}
E |
20; = -5 \“
; > -1 ______¥ R=R/\/2 u
10 0.0 0.2 0.4 0.6 0.8 1.0
o m N aiy= e )
00 02 04 06 08 1.0 mI'(d)

6 . .
R /‘/ 2 1 2x10° simulations

Inset: the sub-leading term B2(R)

272 By (x) = me{log [( 64z )2 14’

1 — 222

o =2 b g [ L2 22VLZ 2]
— O
B N\ T2



Extrema of counting staircases



Counting staircase (height funtion) for eigenvalues of Circular g-Ensemble CUEg(NV)

8 = 2 random unitary matrix U(N)

. 1T ; |
eigenvalues € "7 —m<z; <7 j=1...N

P(x1,...,xN) ~ H "% — !k |P
1<j<k<N
R. Killip and I. Nenciu. (2004)

(Dumitriu-Edelman tridiag matrices)



Counting staircase (height funtion) for eigenvalues of Circular g-Ensemble CUEg(NV)

8 = 2 random unitary matrix U(N) P = |¥y|* quantum proba

eigenvalues € 77 —m<z; <7 j=L...N ground state for fermions on the circle

P(xy,...,xNn) ~ H e/%i — '@k |P H———Z Z )
L<i<h<N 168111 5 it

R. Killip and I. Nenciu. (2004) Sutherland model 5 — 2 free fermions

(Dumitriu-Edelman tridiag matrices) 6 # 2 ln.l.erac.l.lng



Counting staircase (height funtion) for eigenvalues of Circular g-Ensemble CUEg(NV)

8 = 2 random unitary matrix U(N)

= |Wp|* quantum proba
ia;j

—7T<ZL'j§7T j=1,....N

| | |6za;j — e
1<j<k<N
R. Killip and I. Nenciu. (2004)

eigenvalues € ground state for fermions on the circle

H___Z 2168111 wj

2

P(CIZl,... ixk|5

7CUN) ~

Sutherland model

(Dumitriu-Edelman tridiag matrices)

B # 2 interacting

T — /V{xA,x] is number of eigenvalues in [T 4 ,7]

6 = 2 free fermions

_ L N(x —x
5N:EA (w) — MxA,x] E(M$A7$]) EWNgaa) = ( 5 4)
10
E:= ECBE gl
(] #0;
o5 @ 27 _ NoIH
2
5 oo s |
o8k S
At ) % x X i ‘5 Ay
1 05 0 05 B , . . .
R 0.5 15 25 3



Counting staircase (height funtion) for eigenvalues of Circular S-Ensemble CUEg(V)

3 = 2 random unitary matrix U(N) P = |¥y|? quantum proba
1
. ] . . . ) .
eigenvalues € T<zism j=L....N ground state for fermions on the circle
Poran)~ [ 16— en)? H——-z z )
| <i<k<N 168111 —5
(Dumitriu-Edelman tridiag matrices) 6 # 2 |n‘|‘erac1'|ng
r — MwA,x] is number of eigenvalues in [T 4 ,7] .
is a log-correlated field
B Nl L.
Nz, () = Nigy 2] — ENjgy 2]) E (N ) = o 24) some realization of GFF
10 i | | | | | |
E:=Ecsr 3 2}
< 8
11 . e ® o . 13k Al | = 17
0.5 o ¢ 2¢ _@ 1 3 0
~< ° ) 1 N 1
o ]
% —~ 0 2
-0.5¢ NN i'?o, \
At x -3 -2 -1 0 1 2 3
1 05 0 05 1 60
-1 -0.5 0 0.5 1 ! | ! . . |
RA 0 05 1 PR Question: statistics of the maximum
ON;, = max 6N, (x)
rE€[rA,xB]

max 0N, ()| Kolmogorov-Smirnov statistics
xe[anxB]



Question: iind PDF of maximum

on some interval [x 4,z B]

ON,, = max OMN, (z) = |
N>> 1 CBE[QUA,:UB] A( ) %ko |

3 2 a4 0o 1 2 3
0
is a log-correlated field

some realization of GFF



Question: iind PDF of maximum

on some interval [x 4,z B]

N> 1 rE[ra,TB] go
1
ONa(x) = ;ImlogﬁN(a:)—(x%a:A) 5l

Env(z) =det(I — e U)

1 7é i)
(Imlog&n(21), Imlogn (w2)) — (W (x1), W(x2))
N >1
Cov(W(z1)W(xs2)) = ;—51 log(4 sin® ot ;@)

5 — 2 Hughes, Keating, O’Connell. Commun. Math. Phys. (2001)

general (3 Chhaibi, Madaule, Najnudel. Duke Math. J. (2018)

ON;, = max  IN,, (x) i

-3 -2 -1 0 1 2 3

0
is a log-correlated field

some realization of GFF



Question: iind PDF of maximum

on some interval [x 4,z B]

N>1 TE[T A0 5] S o
1
ONa(x) = ;ImlogﬁN(a:)—(x%a:A) 5l

Env(z) =det(I — e U)

ON;, = max  IN,, (x) i

-3 -2 -1 0 1 2 3

0
is a log-correlated field

some realization of GFF

T # T2
(Imlog £x (21), Imlog Ex (22)) — (W (21), W (o)) fractional Brownian motion
N >1 with Hurst index H =0
1 T — X9 fBmO Fyodorov, Khoruzhenko, N. J. Simm,
Cov(W (x )W (zs)) = — log(4 sin?
(W (z1)W (2)) 28 &l 9 ) Ann. Probab. (2016).

0 = 2 Hughes, Keating, O’Connell. Commun. Math. Phys. (2001) 5NxA (33 — ZCA) — 0 pinned fBmO

general (3 Chhaibi, Madaule, Najnudel. Duke Math. J. (2018)

[xa,xB] =| — 7w, |  fBmMO bridge

1
L <l

{ =x5 —x4

fBmO on interval

Cao, Fyodorov, Le Doussal. Phys. Rev. E (2018)
Fyodorov, Le Doussal, J. Stat. Phys. (2016).



To find maximum: statistical mechanics

partition sum at inverse temperature b

Zy

N

27

B

A

2mby/ 50Nz , (1) _ 1 ez
dy ?™VENAW) 7 onbn/B2 0
ON,, = lim F

b—+o0



To find maximum: statistical mechanics 7, — ﬁ °p dy 62wb\/§5NxA(y) F = ! log Z,
21 J.. 21b\/B/2
partition sum at inverse temperature b A
ON,, = lim F
b—+o0

n replicas

N vB n
E[Zgb] — (g)n / dyl c . dyn E[eQﬂ_b\/gzazl 5N[$Aaya]] E = Ecgg
TA /
N
e~V i Ne=za) x B[] | g())]
=1

J

g(gj) — 627Tb\/§ 2321 ]l[mA,ya](m)



To find maximum: statistical mechanics N (T8 o /EoN., (1) 1
— ™ x F = 1 A
Zb 27_‘_ dye 2 A 27‘(’[)\//87/2 08 Zp
partition sum at inverse temperature b
N, = lim F
n replicas b— 00
N vB 5
E[Zgb] — (_)’I’L dyl .« o o dy,n E[eQﬂ_b\/; Zazl 5N[CUA>?JCL]] K = ECBE
2T _ /
B v ( ) 27Tb\/_ Za 1 ]l[a?A Ya ] (5’3)
e—b\/;Z  N(ya—za) ¢ R H g\&
i=1 symbol
\5 Toenlit smooth symbol => Svego theorem
oeplitz o
= det g; log g(x) = 3_ epe’”
N XN pEZ

— oNeo 62p21 pcpc_p+o(l)

singular symbol => Fisher-Hartwig
(1969)

jumps, power laws
Deift, Its, Krasovsky (2011)



To find maximum: statistical mechanics N (T8 o /EoN., (1) 1
_— ™ x F = log Z
Zb — 27_‘_ dye 2 A 27‘(‘[)\//87/2 08 Zp
partition sum at inverse temperature b
N, = lim F
n replicas b—+00
N vB 5 —n
E[Zgb] — (_)’I’L dyl .« o o dy,n E[@Qﬂ-b\/; Zazl 5N[CUA>?JCL]] K = ECBE
2T _ /
B \—n il g( ) 27Tb\/_za 1 La g ya (2)
e_b\/;Zazl N(ya—za) X K H g 37]
symbol
71=1
\5 Toenlit smooth symbol => Svego theorem
oeplitz |
_ 1PIT
= det_g;_s log g(x) = Zcpe
N XN pEZ

— oNeo 62p21 pcpc_p+o(l)

singular symbol => Fisher-Hartwig
(1969)

jumps, power laws
Deift, Its, Krasovsky (2011)

rational 6 conjecture

Forrester, Frankel, J. Math. Phys. (2004).



Using Forrester-Frankel conjecture

we find for  3/2 = s/r sr mutually prime G(z) is Barnes function

1) for n=1 Gz 4 1) = T(2)G(2)
b2
Nio]y%QAﬁ(b)zAﬁ(_b)Q <4 2 —;m) SN, (2) = Nia s o — ENip, a)

FCS for number of fermions in interval

v+t
A —1%/2 ﬁ 81—11 + i ,,,\/7 for Sutherland model
-2+ B=2 As(t) = G(1+it)

v=0 p=0
Ivanov, Abanov, Phys. Rev. B (2013)

6 — 4 Stephan, Pollmann, Phys. Rev. B (2017)



Using Forrester-Frankel conjecture

we find for  3/2 = s/r sr mutually prime G(z) is Barnes function

1) for n=1 Glz 4 1) = T(=)G(2)
b2
NiO]ywAﬁ(b)zAﬁ(_b)g <4 2 —;m) SN, (2) = Nia s o — ENip, a)

FCS for number of fermions in interval

r—1 s— v+t
! 1 G(1— 2 4+ \/7 for Sutherland model

Ag( /2 r
HH g""?) N B=2 As(t) = G(1+it)

v=0 p=0
Ivanov, Abanov, Phys. Rev. B (2013)

we found extension
to any real /B 0 =4 Stephan, Pollmann, Phys. Rev. B (2017)



Using Forrester-Frankel conjecture

we find for  3/2 = s/r sr mutually prime G(z) is Barnes function

1) for n=1 Gz 4 1) = T(2)G(2)
b2
Nio]y%QAﬁ(b)zAﬁ(_b)Q <4 2 —;m) SN, (2) = Nia s o — ENip, a)

FCS for number of fermions in interval

v+t
r—1 s— 1 + \/7 for Sutherland model

Ag( /2 r
HH g"‘;) N B=2 As(t) = G(1+it)

v=0 p=0
Ivanov, Abanov, Phys. Rev. B (2013)

we found extension
to any real /B 0 =4 Stephan, Pollmann, Phys. Rev. B (2017)

2) any n nb* < 1

[ Z§] = G e [ Ag (B Ag (b))

27
N — 400
xg N | ,
2 —_— —_—
>< de |1 _ez(ya ZUA)‘2TLb H ’1 L GZ(ya yc)’ 2b
t4 a=l 1<a<c<n

Coulomb gas integrals for n replica



Maximum on the full circle H T'(1 — 2ab — jb2)I(1 — (j + 1)b?)

(n.a.0) = 11 =" Fa—ap —jo2)2r(1 — 12)
s =
2 : 2
du. 11 — e (Ya—za)|2nb 1 — ¢i(va—ve)|—2b B (5t b
/ H vel ‘ 1<a1;[c<n Generalized Barnes function T'(bzx)= bfx )
—7m a=l1 Gb(:l?)

— M(n,a = —nb, b)

Morris integral

E[Z] ~ ("N | A5(6)[27| Ag(bn)|> M(n,a = —nb, b)



Maximum on the full circle H T'(1 — 2ab — jb2)I(1 — (j + 1)b?)
(n,a,0) T(1 — ab— jb2)20(1 — b?)

7T :

du. 11 — ez(ya z4)|2nb 11— €i<ya_yc)‘_2b2 & ;

/ H vel ‘ 1<a1;[c<n Generalized Barnes function T'(bzx)= bSCE 9
—7m a=l1 Gb(:l?)

— M(n,a = —nb, b)

Morris integral
E[Z] ~ ("N | A5(6)[27| Ag(bn)|> M(n,a = —nb, b)

DSLT of the free energy
in high temperature phase b<l

o/ E(F_F, o AT—tQ4t2 B Gp(Q — 2t)Gy(Q)*
) (6 2/ B (F F)t> ~ NI AL (4) Ag(—t) DO+ 10) o e (0

— —bn Q:b—F%




Maximum on the full circle H T'(1 — 2ab — jb2)I(1 — (j + 1)b?)

(n.a.0) = 11 =" Fa—ap —jo2)2r(1 — 12)
s =
du. 11 — ¢t Wa—za) ) |2nb? 11— eft'(ya—yc)‘—%2 & ;
/ H vel ‘ 1<a1;[c<n Generalized Barnes function T'(bzx)= bfx 9
—7m a=l1 Gb(:l?)

— M(n,a = —nb, b)

Morris integral
E[Z] ~ ("N | A5(6)[27| Ag(bn)|> M(n,a = —nb, b)

DSLT of the free energy
in high temperature phase b<l

0 (6—277\/?(?—?1)15> ~ NI 4 (1) Ay (—t) T(1 + th) Q= 2DGHQ)”

= —bn Q= b+

Gp(Q — 1)°Gp(Q + 1)
Multiply both sides by T'(1+ %)

=> Se[F_dual b N ]./b => Freezes 01- b:].



Freezing transition for log-correlated fields

Freezing transition in the REM Derrida => Log correlated field approximated as some REM Chamon et al.

Directed polymer on the Cayley-tree Derrida-Spohn (hierarchical log-correlated)

Carpentier, Le Doussal. Glass transition of a particle in a random potential, front selection in nonlinear renormalization group, and
entropic phenomena in Liouville and sinh Gordon models. Phys. Rev. E (2001)

Fyodorov, Bouchaud. Freezing and extreme-value statistics in a random energy model with logarithmically correlated potential.
J. Phys. A: Math. Theor. (2008)

gb(y) — E(e_ebyzb) freezes at b=l

Fy—b7'G freezes Fioo=Fi—G <o Ee VI 4 1) = B mV 3



Freezing transition for log-correlated fields

Freezing transition in the REM Derrida => Log correlated field approximated as some REM Chamon et al.

Directed polymer on the Cayley-tree Derrida-Spohn (hierarchical log-correlated)

Carpentier, Le Doussal. Glass transition of a particle in a random potential, front selection in nonlinear renormalization group, and
entropic phenomena in Liouville and sinh Gordon models. Phys. Rev. E (2001)

Fyodorov, Bouchaud. Freezing and extreme-value statistics in a random energy model with logarithmically correlated potential.
J. Phys. A: Math. Theor. (2008)

gb(y) — E(e_ebyzb) freezes at b=l

Fy—b7'G freezes Fioo=Fi—G <o Ee VI 4 1) = B mV 3

Fyodorov, Le Doussal, Rosso. Statistical Mechanics of Logarithmic REM: Duality, Freezing and Extreme Value Statistics of 1/f Noises
Generated by Gaussian Free Fields. J. Stat. Mech. Theor. Exp. (2009)

FDC: all self-dual thermodynamic quantities freeze P(xy,) = lim E(py(x))
b—1
Fyodorov, Le Doussal. Moments of the position of the maximum... J. Stat. Phys. (2016) Cao et al. Liouville
Math: lstep RSB

Madaule, Rhodes, Vargas. Glassy phase and freezing of log-correlated Gaussian
potentials. Ann. Appl. Probab. (2016)



Maximum on the full circle H T'(1 — 2ab — jb2)I(1 — (j + 1)b?)

(n.a.0) = 11 =" Fa—ap —jo2)2r(1 — 12)
s =
du. 11 — ¢t Wa—za) ) |2nb? 11— eft'(ya—yc)‘—%2 & ;
/ H vel ‘ 1<a1;[c<n Generalized Barnes function T'(bzx)= bfx 9
—7m a=l1 Gb(:l?)

— M(n,a = —nb, b)

Morris integral
E[Z] ~ ("N | A5(6)[27| Ag(bn)|> M(n,a = —nb, b)

DSLT of the free energy
in high temperature phase b<l

0 (6—277\/?(?—?1)15> ~ NI 4 (1) Ay (—t) T(1 + th) Q= 2DGHQ)”

= —bn Q= b+

Gy(Q —1)°G(Q + 1)

Multiply both sides by T'(1+ %)

=> se[F_dual b N ]./b => Freezes 01- b:].

2 2 —
E(e—ZW\/géNmt) ~ N2ttt BCtAg(t)AB(—t) Ié(lz—ttz)g(gé —I_Qtt))




Maximum on the full circle H T'(1 — 2ab — jb2)I(1 — (j + 1)b?)
(n,a,0) T(1 — ab— jb2)20(1 — b?)

7T :

du. 11 — ¢t Wa—za) ) |2nb? 11— 6%’(ya—yc)‘—2b2 & ;

/ H vel ‘ 1<a1;[c<n Generalized Barnes function T'(bzx)= bfx 9
—7m a=l1 Gb(:l?)

— M(n,a = —nb, b)

Morris integral
E[Z] ~ ("N | A5(6)[27| Ag(bn)|> M(n,a = —nb, b)

DSLT of the free energy
in high temperature phase b<l

o/ E(F_F, o AT—tQ4t2 B Gp(Q —2t)Gy(Q)°
7 (6 2/ B (F J-“)t> ~ NI AL (4) Ag(—t) DO+ 10) o e (0

— —bn Q:b+%

Multiply both sides by T'(1+ %)

=> Se[F_dual b N ]./b => lcreeZeS 01- b:].

2 2 —
E(e—ZW\/géNmt) ~ N2ttt BCtAg(t)AB(—t) Ié(lz—ttz)g(gé —I_Qtt))

1 n
Similar result for the small interval Selberg integral / (2772 da;] 11w —z; —2b
0 =1 1<J



Summary of results for statistics of the maximum 0N, = max N, , ()

xE[CCA,CCB]
QW\/gE(&\/' )~ 2log N — §log log N + C(B) ONza (@) = Nizso) = EWNjz g .2))

fermionic, micro fBmO, meso/macro

: / /

E°(SN2) ~ Sy (2los N + CiP + Oy
9k /2 .
k (B)



Summary of results for statistics of the maximum 0N, = max N, , ()

rE[ra,rB]

QW\/gE((W )~ 2log N — > > loglog N + P 0Nz (2) = Nz y 2 = BNz 4 ,21)
fermionic, micro fBmO, meso/macro
EC(GAN2) &~ (2log N + 0(5{+ CA/C“” ~ 2log2 + 2vp +2TZ1 Z 55/2 S
B(2m)? o =1 Vg +q) 1+ v
EE(SAF) ~ ok/2 (é(ﬁ) +C(0)) G — (1) +1a(ap — 1) i i 1
722k p 2 B g



Summary of results for statistics of the maximum 0N, = max N, , ()

rE[ra,rB]

2W\/§E(5N )~ 2log N — > > loglog N + P 0Nz (2) = Nz y 2 = BNz 4 ,21)
fermionic, micro fBmO, meso/macro
E°(SNZ) ~ - -(2log N + 0(5}{4r CA/C(B) ~ 2log 2 + 27 +2rz:1 S 65/2 SR
B(2m)? Voql(V§+q)2 1+ v
EE(SAF) ~ ok/2 (é(ﬁ) +C(0)) G — (1) +1a(ap — 1) i i 1
72 (am)R Ok : o TE g oy

éég) _ (_2)1—10510 iw@p—l)(l + @) — (_2)p+1i Zw@p—l)(@)

=0

maximum over the full circle

¢ = 27 L d T(1+)2G(2 — 2t)
Cr2m) = (~D)} —rli0log | oo | (2
FBMO bridge 2-tPGE+) | (T s, )}
maximum over a mesoscopic interval Cr(€) ~ 21og £ 6},
1 el g d 2I'(1 + t)2G(2 — 2t)
NSES +H1! dtk|t 0[G(2+t)2G(2—t)G(4—t)

fBmO interval Cao, Fyodorov, Le Doussal. Phys. Rev. E (2018) {2 8¢(3) — 8 +1_7 —72¢(3) + ﬁJr @}
4’ 34 5 8



numerical checks for the fBmO part

(a)l circullar

Mﬁ—o—o—._._. :

0.00 002 004 006 008 010 012 0.4
1/ log, M

Cao, Fyodorov, Le Doussal. Phys. Rev. E (2018)

000 002 004 006 008 010 012
1/log, M




Full counting statistics
for some models of interacting fermions
in fraps in d=1



Hamiltonian for spinless fermions d=1 - in external potential V(x)
N - with two-body interaction W(x,y)
2
Z P; Z
1= 1<J

find V, W so that ground state wavefunction has one and two-body form
X in real line, half-line, circle

To(D)F = VD U@ = ot + Vlein)

1<J

example: Calogero-Sutherland model V' (z) = % Wi(z,y) = ﬁf_‘y@
2



Hamiltonian for spinless fermions d=1 - in external potential V(x)

v - with two-body interaction W(x,y)
b;
i =3 |5+ V (@) + W (i)
i=1 1<

find V, W so that ground state wavefunction has one and two-body form
X in real line, half-line, circle

WD) = VD U@ = ot + Lwlein)

1<J

example: Calogero-Sutherland model V() = %2 W(z,y) = ﬁf__yz))z
v(a:) — 2 w(x,y) = —Flog \:13 — v

larger class: can be mapped to RMT ensemble

- e_F(X) — N
P =—- F(X) = ; Vo(Ai) - B%log PR
N\ = )\(ZC@) v(z) = Vo(A(z)) — log [N ()|

w(z,2') = —Blog|A(z) — A(z')



Fermion Hamiltonian

RMT eigenvalue JPDF

D; 5 e -
Hy =) [§+V<asz~>] D Wwiw) PN =-——  FO) =3 V) =B log|h - Al
=1 <J N i=1 i<j
Fermions’| Fermion poten- | Fermion interaction | RMT en- | Matrix po- | Map A(x)
domain | tial V() Wiz,y) semble tential V()
reR z? /2 % GSE BA2/2 A\ = %a’;
zel0,L] | 0 (37)" 2 CBE 0 A=t T
2 1
r € RT % + B(E-2) [(m_ly)g (xfy)z] WLSE g)\ —~ylogh | A= %xZ
= [0’ 7T] % (;i2 é + Zo%s;%: ) 5(516_2) ( . zlw—y : 21m+y ) JBE log A1 (11—>\)’Y2 >\ — 1_CQOS:E
2 2 sin 5 sin< —5—=




Fermion Hamiltonian

RMT eigenvalue JPDF

N r 9 _F(X) N
Hy =) [gw@-)] + > W (2, ) P(Y) = — F(X) =Y Vo(h) — B log|xi — Ay

=1 <J N i=1 i<j
Fermions’| Fermion poten- | Fermion interaction | RMT en- | Matrix po- | Map A(x)
domain | tial V() Wiz,y) semble tential V()
reR z? /2 % GSE BA2/2 A\ = %$
zel0,L] | 0 (37)" 2 CBE 0 A=t T

L
reRY |2 44 8- [ 1, 1 WLBE | ZA—qlogh | A= 222
2 22 4 (x—y)? (z+y)? 2 7108 B
= [O’ 7T] % (;i;% + Zo%s;%> ﬁ(516_2) ( . zlw—y + = 21w+y ) JBE log A1 (11—>\)’Y2 >\ — 1_%Osx
Sin 5 Sin 5

Density from Coulomb gas any beta

o(A) = 5 225(0(A = X))
Calogero-Sutherland GSE — ,O(ZE) = N)\,(ZIZ‘)O'()\(ZIZ))

pla) = —/(NB= %),

WLGE () = YEZOG =2)
pla) ~ 20 JoNG o) = Bowy (2 20) 2z
0 + 53 BN’ BN (e = (1+£VIToe)?



Full counting statistics from formula for n=1 replica

fermions on the circle (sutherland model)
based on Forrester-Frankel conjecture

8 _ b—
1og <627T\/:t(/\/[a,b] <Ma,b]>)> _ 2t2 logN+t2 log (481112 ’ 5 a‘) + QIOg‘Aﬁ(t)‘Q




Full counting statistics from formula for n=1 replica

fermions on the circle (sutherland model)
based on Forrester-Frankel conjecture

8 _ b—
log <627T\/:t<N[a,b] <Ma,b]>)> _ 2t2 logN+t2 log <4Sin2 ’ 5 a‘) + 210g\A5(t)\2

for COE but in fact for any model in the Table (conjecture)

even cumulants 4 and higher universality conjecture

(8) \ P ’ 2 ~(B) higher cumulants come
(N ) — & )
[a,b] (2Bmw2)P =P only from micro-scales
. 1 & 2q
C’ég) — (—2)20-1-1 ﬁ Z ¢(2p—1) (E) CE=D _ _19c(3), OPY = %4 Coac@). G o) - %4



Full counting statistics from formula for n=1 replica

fermions on the circle (sutherland model)
based on Forrester-Frankel conjecture

b —
log< 2”\/775 (Ma,b)— > — 2t21og N + t?log (481112 | 5 a\) + 210g\A5(t)\2

for COE but in fact for any model in the Table (conjecture)

even cumulants 4 and higher universality conjecture

(8) \ P ’ 2 ~(B) higher cumulants come
(N ) — & .
[a,b] (2Bmw2)P =P only from micro-scales
1 — 2q
Cé? (— 2)p+1 @ Z ¢(2p_1) (E) =2 = —12¢(3), VY = %4 —24¢(3), CPTY = —24¢(3) - %4
q=1

second cumulant

5=2) ) a =a+\/2/5

2
b Var/\/'(ﬁ) —cg = WzVarN(

—co + 0o(1) -
a’,b'] in the bulk
2 b = b\/2/8
[ i 2
+oo | +o0 v
/2 1 cp =log2+vg+1— —
cs=log2 + 5+ 3 |3 5/ - ;
v=0 _q:1 (V—+Q) ] 02:10g2—|—7E—|—1
1 2
—7E+log5+2[ w(”(ﬁ)—gl c4:210g2+ny+1+%



Calogero-Sutherland model

57T ——VarN,, = log

+ log

3

Tlog [ (1-a%) (1-)]
4la — b
1 —ab+ \/(1 — a2)(1 — b?)

N +

+ cs + o(1)

Var(]V”[O’oo)) - Agreement with numerics

* [ dependence for

N=2001

(and their average)
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Entanglement entropy S, (D) —
our conjecture (=0)

54(D) - bipartite Rényi entanglement entropy between a domain D
and the rest of the system D

1
Sq(D) =
/(D) = 7=

InTr(pj),  pp = Trz(p)

* For non-interacting fermions (#W=0), S, (D) determined entirely by
the distribution of Ny [Calabrese Mmtchev and Vicari, EPL 2012]

5q(D) = Z sSO(NE)
n=1

with known coefficients S(q)
Our conjecture for the cumulants leads to the

conjecture
(1, d=1,D=][ab]

1
m?qg+1 = d=17D =
S,(D) = c 1 Var(INp) + E; X < 2’ ' [a, eo),
(kpR)*1

d>1,D=B(0,R),

ek
(E; 1s known exactly)

For some potentials (HO, free fermions,...) we
proved this conjecture



d=1 height function, counting staircase Conclusion

- non-interacting fermions in general V(x)

d=1 height covariance from 1st principle WKB semi-classics -> inhomogeneous GFF

Variance to leading and subleading order (V dependent)

For some V(x) connects to RMT ensembles -> FCS and entanglement entropy
FH/universality conjecture

Extension of these results for spherical domain in d>1 | . proba ds1

Gouraud,PLD,Schehr arXiv:2104.08574



d=1 height function, counting staircase Conclusion

- non-interacting fermions in general V(x)

d=1 height covariance from 1st principle WKB semi-classics -> inhomogeneous GFF

Variance to leading and subleading order (V dependent)

For some V(x) connects to RMT ensembles -> FCS and entanglement entropy
FH/universality conjecture

Extension of these results for spherical domain in d>1 | . proba ds1

Gouraud,PLD,Schehr arXiv:2104.08574
- statistics extrema of height function

log correlated field contributions micro (fermionic stat) and macro (fBmO)

- in’rerac’ring fermions some V(X), W(X,Y) -> FCS Forrester-Frankel/universality conjectures

- Extension: variance in edge regime d>l

Conjectures numerical tests FCS any beta: matching bulk <-> edge results of
Bothner,Buckingham (2018) 8 =1,2,4

Beyond: HO also valid for statistics momenta p, beyond HO? (TOF)

Tonks Girardeau, spin, dynamics, linear stat, large dev, any domain d»>1,rotating LLL,...



