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SYMMETRY RESOLVED
ENTANGLEMENT ENTROPY



ENTANGLEMEN T ENTROPY: DEFINITIONS

B et us consider a bipartite quantum system S = A U B in a pure state p = |y){(y/|

® Reduced density matrix of A: py = Irgp

B Measures of entanglement for bipartite pure states:

B Entanglement Entropy (EE): S=—Trp,logp,

A !
Renyi Entropies (RE): S, = 1 log Trpy
—n

® The EE isthe limitn — 1 of the RE.
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SYMMETRY RESOLVED ENTANGLEMENT
ENTROPY: DEFINITIONS

= Bipartite system with U(1) internal symmetry generated by a charge Q = Q, + Op

10,p] =0 = [04,psl =0= p, has block diagonal structure

11, projector on the

pa=®, M p, =D, [p(@)pa@)], p(q) = Tl py) -
elgenspace of ¢
® Symmetry Resolved Entanglement Entropy q1
5(q) = = Trlps(@Inp,(g)] 42
. . PA —
# Symmetry Resolved Renyi Entropies q3
S (q) = —— log Tripa(g)]”
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SYMMETRY DECOMPOSITION OF
ENTANGLEMENT

® Decomposition of EE:
Number entanglement Configurational entanglement

(0000||/0000) (0000 00)

_|_

(000 V|©000) (0QOVLO||000O0)

S= ) p@)S(q)— ) p@logp(g) = S + 5"
q q

S¢: configurational entanglement
subsystem A subsystem B subsystem A subsystem B

S" . number entanglement
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SYMMETRY DECOMPOSITION OF

M. Greiner, Science 364, 6437 (2019).

1.0

Number entanglement Configurational entanglement 08
(cooo][0c000) (00o0o][®@C00) L ' — s
+ s
(0000]@000) (0©00][@000)
subsystem A subsystem B subsystem A subsystem B 0'8_;1 e Y S

time (27tJt)

The study of the symmetry resolution of the entanglement measures is a fundamentdl
tool for a more refined description of the entanglement content of a quantum system.
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PATH INTEGRAL APPROACH

* M. Goldstein, E. Sela, Phys.Rev.Lett. 120 (2018) 20, 200602

N ™ |
f ————— \( | / ® Charged moments™: Z (a) = Tr[el“QApX]
L N T da
e " ® Fourier transform: £, (q) = Tr[ll p,] = [ —ae_“]“Zn(a)
ﬁ W —7 2
| i _____ \\\ = Symmetry resolved Renyi and Entanglement Entropies:
= / 1 z 7
A - S (q) = In [ (4) ], Sn(@) =—0, [ () ]
l—n [Z(g)" Zy" | _,
® Single interval A = [0,7], (1 +1)D CFT:
- A 1
Z (@) = (T (£.0)F, (0,0)), A=A +-% A =—(n-=
’ ’ ’ n 24 n
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ENTANGLEMENT EQUIPARTITION

: 2
. _g<n_i>_2Aa+Aa _ l [ «
Charged moments:  Z(a) ~¢ °\ 7 " A=A, =—|— ] K

_c ,,_L> Ne @ (0’
® Q,-resolved moments: £, (q) ~ ¢ 6< " \/ € 2KIn7

Equipartition of entanglement™:

1. (2K ; 1. (2K ;
S(@)=S,~~In(—Ins)+0¢"),  S@=5--In(—In¢)+0()
T T

*J. C. Xavier, F. C. Alcaraz, and G. Sierra, Phys. Rev. B 98 , 0401106 (2018)
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SYMMETRY RESOLVED ENTANGLEMENT
FOR THE XX CHAIN WITH PBC

A B Free fermion chain via Jordan-Wigner transformation

e e o | e e e o e o |0 o o 0o 1
H=— cle  + —2h S
2 oo s = (-3

2.07

Nyt _ nn’(q = §)*

zn(q) — Zn(O) \/ . e 2(nQ7|sinkp|) - 272nyy(n)) : .
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2(In(27 | sin kg | ) — 272ny,(n))

1.6

® Symmetry Resolved Entanglement Entropy: ~Ag=q—q §1.4-

------ S(q = {/2) leading
q=1/2)
q=10/2+1)

(

(

1.2 (
(g=1¢/2+2)

(

(

S(

q = {/2) numerical

L /2 X D+ (1
S(g) =S ——=1In (— In 5,(27 | sin k| )) - 2 (D) + (D)) 4 ..
2 \=7 ' 27 In2 k(27 | sinkp| ) L0,

0.8+

R. B., P Ruggiero and P Calabrese, |. Phys. A: Math. Theor. 52,475302 (2019). ! 500 1000 15%) 2000 2500 3000
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ENTANGLEMENT NEGATIVITY

— (Al UAz) U Ba ,UA — Ter

>~ {|e!)} orthonormal basis of Zn
= l - = ‘s g {\ejz)} orthonormal basis of %Az
m Bosonic system: (| el.l, e].z)(ekl, elz 1)1 = | ekl, e].z)(eil, elz |
T
Pa = Z (e, ,ez\pA\ekel ) e, 932><€ | —— P, = Z <€;€196]-2‘PA‘61 %) | e; 962><ekel
ijkl ijkl
y Trp, ' — 1
= Negativity: N = Pa
2
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FERMIONIC PARTIAL TRANSPOSE™

™ H. Shapourian, K. Shiozaki, S. Ryu, Phys. Rev. B 95(16) 165101

® Fermionic system:

B A, B A, B

) ly - ls ] S=AUAYUB,  p,y=Trgp

Example: occupation number basis | {1} ey » {7} ea,) = ( f,j,ll)”ml---( f,j,lll)nmll( f’;i)”mi---( f’jll, ) ™2 | 0)
—_ —_ R _
UAI(‘ {nj}jeA19 {nj}jeA2><{nj}jeA19 {nj}jeA2 ‘) 1U21 —

= [{A;}iea,» {m}iea,) (i} jeas {7} en, | (= PN g n; € {0,1}

T r\/pf(pAl)T 1
® (Fermionic )Negativity:
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SYMMETRY DECOMPOSITION OF NEGATIVITY™

-, Cornfeld, M. Goldstein, E.Sela ,Phys. Rev. A 98,032302
® Single particle in one out of three boxes: (A; UA,) U B he system is in a pure state

| W) = a|100) + £]010) +y\001)
(00)  (01) (10) (10) (00) (11) (01)

0\ /\Oé|2 0| 0 0\ 10

pil _| 0 |y[lis*e0
0 0 [ an
\O 0 10 |ﬁ|%/ (01)

= [he p, has block diagonal structure according to the eigenvalues g = ¢g; + ¢, .

= [he pjl has block diagonal structure according to the eigenvalues g = ¢, — ¢q; -
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SYMMETRY DECOMPOSITION OF NEGATIVITY

(10) (00) (11) (01)

[P, 0, — Qfl] =0 = pjfl has block decomposition /|a\2 01 0 0\ (10)
R 2| 2%
e Ipfm, pa' = 0 _Dis"a 0 | w
P, (@) = . P@ =TrdLp) 0 "Bl 0 0 ay
Tl \o 0|0 15
® Charge imbalance resolved negativity: # Charge imbalance resolved logarithmic negativity:
Tripy'(@] —1 . -
WG = 112 (2‘1 )| %) =log Tr| pf(3) |
® Charge imbalance resolved Renyl negativity:
f @) = Tr(py @ps @ ..o @Dps (@), n even,
: Tr(ps @px' @' ...p3" (@), n odd,
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DEFINITION OF CHARGED MOMENTS

S. Murciano, R. B. and P Calabrese, SciPost Phys. 10, | [ | (2021).

Tr(plflpfﬁ---pjflpfﬁe"éf\“), if 1 Is even

# Charged moments of the partial TR transpose: N, (&) = - I
Tr(pAlpAlT---pAle’QA“), if nis odd

(kL o , . .
Y € . (”+2m)¢k = Multivalued field ¥ = (y, -++, ;)" on a single-sheet spacetime.
U S U U2
22.\ (kg SO)@D e G ® Around the endpoints the field transforms according to Tgl and 1,
€ ™\ nT"2rn" 2r 7.
n—1
® Charged moments: .
° N = [] Z, @
k:_n—l

2

P
® Partition function in terms of vertex operators: Zp () = (H Vi) V_i ,(v))
i=1
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SYMMETRY RESOLU TION: MAIN QUANTITIES

Charged LN: &(a)

® Charged Renyl LN: & (a) = log N (a)

"da .. . . -
= Fourier transforms: Zp ,(q) = J Z—ﬂe"q“Nn(a), e A Rl(Q) — hml £ Rl,ne(Q)
—TT ne_)
} N "da
# (Charged probabillity: Ni(a) = Tr(pfle’QA“) ety D(G) = J 2—6 YN ()
T
— 7T
| . o A ZRl,n(Q)
m Charge imbalance resolved Renyi negativity: N,(q) = — Gy
p(q)"

= (Charge imbalance resolved negativity and logarithmic negativity:

1 zR (q) A ZR ()
ﬂ/ — 1 1 % — l : ’
@) 2( (@) ) @) Og( (@) )
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DYNAMICS OF SYMMEITRY RESOLVED
ENTANGLEMENT ENTROPY AND
MU TUAL INFORMATION AFTER A

QUENCH



TIME EVOLUTION

L
® Hamiltonian: #Z = Z (cjciH + cl.Lci), 1Cis c;} = §;;
i=1

® Quench from:

the Néel state: INY= || |0)

Majumdar-Gosh dimer state: | D) = H T |10)
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QUENCH FROM I'HE NEEL STATE

G. Parez, R. Bonsignori, P. Calabrese, Phys. Rev. B 103, L041104

B Correlation matrix:

Oy (=1 (" dk .. ... S,
C (1 — e 4 _ezk(x—x)+4ltcosk: 25675 + [J.(¢ ,
[ A( )]x,x 2 2 J_ﬂ 271_ 2 [ A( )]x,x
® We evaluate: In (Tr[ei“QApX]) =logZ (a) = Z Cpo(m) Tty
m=0

®= Charged moments:

cos(a/2) d o , dk
Z () = S e’ 7, J =C=TrJ,(1)" = 2—ﬂm1n[f,2vkt]
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SYMMETRY RESOLVED ENTROPIES

B Symmetry resolved EE and RE:
' For the Néel quench, the entropies

5:(q) = Flog2 +log Z(g) do not depend on n

® Using the explicit form of:

I'(f+1)

F<f+22Aq+2)F<j—22Aq+2>

' The entropies start to grow dfter
a time delay t;, = | Ag|/4

S,(q) = log

® Forlarge £ and small |Ag| < 7

S(q) =7 logz—z(‘Aq‘)2
7

* For small | Aq | there is effective
equipartition of entanglement
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Time evolution of the symmetry-resolved entanglement and Renyi 2 entropies,
after a quench from the Neel state:
Analytical predictions vs numerical results

0.6 _—-zzz —
<~ 0.4 ”~
~—
~~
SH
—
—
CQ analytical /. — Aq =0
02 ®=  numerical - Aq — 10
/ —— Ag =20
y ior 01 ' — Ag=30
J o E 0 25 A — 40
0.0 -t Aq 1=
0.0 0.2 0.4 0.6 0.8 1.0
t/¢

G. Parez, R. Bonsignori, P. Calabrese, Phys. Rev. B 103, L041104
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CrT RESULTS™

*P. Calabrese and J. Cardy, J. Stat. Mech. (2005) P04010

® Charged moments:
lOg Z’iVeel/Dimer( Cl) _ lOg Zr]l\feel/Dimer(O) _ a2 jO/n

Ka? min[2vt, £]

log Z T (ar) = log ZE7(0)
dnn 70

® Observations for the CFT case:
Equipartition of entanglement
Absence of delay time

CFT captures only the universal properties of the charged moments
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SYMMETRY RESOLVED MUTUAL
‘ N FO RMATl O N G. Parez, R. Bonsignori, P. Calabrese, J. Stat. Mech. 2021, 093102 (2021).41104

B A, B A, B

Mutual Information:

>

- 7 > - 2 > IA12A2 — SAl 4 SA2 _ SA1UA2

B Symmetry Resolved Mutual Information:

q
Ifh:Az(C]) = Z p(q1,q — 611)(5141(611) + sz(q - ql)) = Sf‘IUAZ(Q)

q,=0 |
. DOUDIE FoOurier

transform of

Z?IUAZ(Q) ZfIZAz(O(, ﬁ) — Tr[pAeiaQAl_l_iﬁQAz]

® [otal Mutual Information:

11412142 — Zp(q)lflAz(q) + SAl,I’l + SAZ,I’Z _ SA1UA2,71 — ZP(Q)IfIAz(Q) + IAIZAZJZ

q q
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Time evolution of the symmetry-resolved Mutual Information
after a quench from the Neel state:
Analytical predictions vs numerical results

G. Parez, R. Bonsignori, P. Calabrese, J. Stat. Mech. 2021, 093102

St  ag—o (2021).41104
0.150- — Ag=20
- Aq:40 o)
0.1251 , 1 FAaFAT AFnFa,—Fmys 1 1
Ag = 60 ]Al-Az _ _ 1 2__<1 1< 44 )_ 1 2 ( _)

~0.100 O =T S m Sdloez =g lee 8.7 4 fﬂfm
S
3 007 oap{(Fat e lay L (T e n e 1 L)
< 27 q 7 A, 27 q I, Fa)
~570.050

0.025

0.000+

0.0 0.2 0.4 0.6 0.8 1.0
t/€

® At the leading order there Is equipartition of the symmetry resolved Mutual Information.
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QUASIPARTICLE PICTURE™

*P. Calabrese and J. Cardy, J. Stat. Mech. (2005) P0O4010

N
S
B

time

B [he entanglement between a subsystem A and its complement B is proportional to the number of
entangled pairs of quasiparticles shared between A and B

dk dk dk

S(t) = 2t — vs(k) + ¢ — s(k) = | —s(k) min[2v,1, 7]
i<t 27 nit>t 27 27

® For free-fermion models:

1
s(k) = 2—( n, logn, — (1 — nylog(l — ny))
T
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QUASIPARTICLE PICTURE

time

® [he expression obtained for the charged moments has the form:

. dk .
logZ () = i{(Qy)ax + Jz— Juo(k) min|[2v,z, £
T

® [he result confirms the existence of a delay time f,, that in the quasiparticle picture can be seen as the
time needed to change the charge by an amount | Ag | within the subsystem A.
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DYNAMICS OF CHARGE-IMBALANCE-
RESOLVED ENTANGLEMENT
NEGATIVITY AFTER A QUENCH



DISJOINT INTERVALS

H. Shapourian, K. Shiozaki, S. Ryu, Phys. Rev. B 95(16) 165101
G. Parez, R. Bonsignori, P. Calabrese, arXiv:2202.05309

Jii J —Ji FiJp 1
s = <Jz1 Jzz)’ 5 <ii121 J2) he= QL A D),

®= Charged Renyi logarithmic negativity:

fa VAR A | —J \71 n, 4+ J\2 | —J\?%
log N, (a) = zlerlog( 5 )e’“:( ) | Trlog( > >+< > )

® Charged logarithmic negativity:

£ I+ J N7 . | —J \77 1 4 JN\2 | — J\2
s == i il (L5 e (52 ]+ e (52 + (57)

¢ | |
® Charged probability: log N,(a) = — i 2“ - Trlog | ———* el
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CHARGED PROBABILITY

dk
# Charged probability:  &(@) = Jz—ﬂRﬁ[h1,a(xk)](min(f 1,2Vi) + min(&,2vir))+

G. Parez, R. Bonsignori, P. Calabrese, arXiv:2202.05309

dk 1
— J —Relh () — =h () I(max(d,2vf) + max(d + £,2v;t) — max(d + ¢1,2vit) — max(d + £5,2v;1))

27 2
| 1+x\" . 1 —x J
where &, (x) = log e’ +
’ 2 2
Néel quench Dimer quench
Neel __ —0.11 —0.051
X, = 0
= 02 >
Dimer __ k ~ —~—0.101
X, = COS 3 &
303 — a=05 N 4= 05
— a=0.8 aput - —0.151 — a=0.8
—041 — a=1 — a =1
_ — 1.3
o=y —0.20° @
051 —— a=15 — a=1.9
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

t/¢ t/l
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CHARGED RENYI LOGARITHMIC NEGATIVITIES

® Charged Renyi logarithmic negativities:

& (a) = J%Re[hn,a(xk)](min(f 1,2Vit) + min(Z,,2v,1))+

27

dk
— Jz—Re[hn,a(xk) — h,g,za)[(xk)](max(d,2vkt) + max(d + £,2v;t) — max(d + £,2vt) — max(d + £,,2v1))
T

I

—h,,,(x,), odd n,
Whel”e hr(lzcz(x]{) _ h''n,2 k

R o (), even n.

® For m,,— 1 — charged probability & (a)

® Forn,, — 1 » charged logarithmic negativity &(a)

even
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CHARGED RENYI LOGARITHMIC NEGATIVITIES

Néel quench Dimer quench
OO | a=05 OOO — a=0.5
| — a=08 —0.05| — a=08
\ a=1.3 a=1.3
SEn \ — a=15 > —015) 4 — a=15
S \ S —0.20 \\
36 W-025
—0.301
—0.8" —0.35]
—0.401
00 02 04 06 08 10 0.0 02 04 06 08 1.0
L0 L/
Néel quench Dimer quench
0.001 4 —05
—0.951 — a =038
— a=1
—0.501 a=1.3
SN A - _
\ a=1.D
=075
S \
= \
0wy —1.00 \
—1.25]
—1.501

0.0 0.2 0.4 0.6 0.8 1.0
t/€
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CHARGED LOGARITHMIC NEGATIVITY

Néel quench

0.05-
0.00-
—0.05-
XV
=_0.10-
S
W —0.15{ — a=0.5
— a =028
—0.20- .
— Y =
—0.25- a=13
— a = 1.5
—0.30 | | | | |
0.0 0.2 0.4 0.6 0.8 1.0
t/l

0.050
0.025
0.000

= —0.0251
S —0.050-
—0.075
—0.100
—0.125
—0.150

Dimer quench

a = 0.5
a = 0.8
o =

a=1.3
a=1.5

0.0

0.2

0.4 0.6
t/l

0.8

1.0
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CHARGE-IMBALANCE-RESOLVED
L OGARITHMIC NEGATIVITY

(q) = B(0) - 2A 2( 1 1 )+11 ( T+ T )
q) = — q — 102
gV gD gim gD g J T T D gDy g

Néel quench Dimer quench
0.08  Ag=0 0.07 '
_ — Ag = 20
0.07 Aq Y LG
0.06- 1=
0.05-
0.05- =
< ~0.04
" 0.04" =
V) 0.03. <y 0.03;
0.02- 0.02
0.01- 0.01-
0.00{ setssusd 0.00] ==s=es
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
t/{ t/¢

Equipartition of %(q) for early and large times, broken at order Ag*/¢ for intermediate

times
Riccarda Bonsignori




QUASIPARTICLE DYNAMICS FOR
LOGARITHMIC NEGATIVITY

® [he Quasiparticle prediction for the logarithmic negativity is™
& = Jdk e(k)(max(d,2v,t) + max(d + £,2v,t) — max(d + £,2v,t) — max(d + ¢,,2v,1))

B For free-fermion models:

%, Neel quench,
E(k) — h1/290(2nk — 1), nk —

,  Dimer guench

*V. Alba, P. Calabrese, PNAS 114, 7947 (2017).
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QUASIPARTICLE DYNAMICS FOR &,

dk
& = J—en(k)(min(f 1,2V, 1) + min(Z,,2v,1) )+

" 27

dk
— J'z—ﬂ(en(k) — €'7(k))(max(d,2vit) + max(d + £,2v,1) — max(d + £,,2v,1) — max(d + £5,2v,1))

1
@ f0) = Een(k), odd n,
" 6%(16), even n

*S. Murciano, V. Alba, P. Calabrese, arXiv:2110.14589.
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QUASIPARTICLE DYNAMICS FOR &, (a)

dk
& (a) = J—en,a(k)(min(f 1,2Vit) + min(,,2v, 1)

27

dk
_ J 2_]T(gn,a(k) — ef&(k))(max(d,kat) + max(d + ¢ ,2vt) — max(d + £ ,2v,t) — max(d + £,,2v,1))

1
s ) 7€n2K),  0dd n,
€, (k) =
| 6%,0[(]{), cven n.

® Our results for can be understood in the framework of the quasiparticle picture for the
entanglement dynamics

® [he conjecture is expected to hold for a large variety of integrable models
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CONCLUSIONS

® The study of the symmetry resolution of the entanglement medasures gives a deeper

B Wit

ent
arb

Existence of delay time t,

Equipartition for small | Ag]|

N
ge

by and charged Renyi

N the quasiparticle pict

® Dynamics of charge-imbalance-resolved negativity

ure, we conjectured a
oganthmm negatlvntles

trary integrable models and predicts:

the

understanding of the entanglement dynamics of many-body quantum systems.

® Dynamics of symmetry-resolved entanglement entropy and mutual information

“quipartition with violations of order Ag?/¢ at intermediate times

eneral formula for the charged
at I1s expected to hold for
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