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T-system and Q-system for sl

Fusion relations for Heisenberg model transfer matrices, Ty (¢), V(¢)= auxiliary space.
® Commuting family {7}k := Ty (kw,)(¢C),J € Z, k > 0}, satisfy
T-system: Tiks1Tj -1 =Tjr16Tj—16 — 1.
® Asymptotics of TBA ¢ — oo: T}, — Qp, satisfy
Q-system: Qret+1Qr—1 = Q7 — 1.
Discrete evolution in “time” k

Qr1 = (Q2 — QL. Initial data {Qo =1, Q1}

1. Integrable: There is a conserved quantity H1(Qg, Qx+1), independent of k;
2. Cluster algebra: {Q;} are cluster variables in CA corresponding to the Kronecker quiver
O — 0

3. Canonical quantization: Discrete, non-commutative integrable evolution equation.



T-system and Q-system for sl

Transfer matrices {7} ; 1 = Tv(kwi)(qjg) i €[1,N—1],j € Z,k > 0}.

T-system: T} ;pi1T5 561 =T j01,6T5 1,6~ Ti1,5,6Ti1,5,6, Lo 0 =1=TN11j k-

Asymptotics ¢ — 00, T j x — Qi ,k:

Q-system: Qi k+1Qik—1 = Q?,k —Qi—1,kQit1,k Qo =1 = QN1
O—0O—0 Cluster algebras: Q-system quiver
/\/_> is T-system quiver wrapped
around a cylinder of radius 2
O—O—0)




T-system and Q-system for sl
Transfer matrices {7} ; 1 = Tv(kwi)(qjg) i €[1,N—1],j € Z,k > 0}.

T-system: T ; ,i1T; k-1 =T jr1,6Tij—1,6—Tic1,j,6Tiv1,5k, Toj0 =1 =TNp15 k-

Asymptotics ¢ — 0o, T j r — Qi,k:

2 }
Q-system: Qik+1Qik—1 = Qi — Qi—1,kQit1,6: Qo =1=Qns1 -

Discrete evolution equations in k:
1. Integrable: (Poisson-commuting) Hamiltonians {Ha}i\]:_l1 independent of k;
2. Cluster algebra: Q; j, cluster variables, equations are mutations;

3. Canonical Quantization of CA: Discrete, non-commutative integrable evolution.



Other classical root systems

There is a T-systems and Q-systems for each affine

root system:
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Quantum Q-systems: g — (R, R*).
(1) (1) (1) (1) (2) (2) (2)
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Q-systems?

7C a
Qa,k+1Qa,k—1 = Qik — H Qy x ba 1<a<r, k€EZ
b#a

(C = Cartan matrix of R)

Except for
l?‘[\” © QN1 1QN—1k—1 = QR — Qn—2.6Qn .2k
I er1QN & =Q%,—Q L 1Q o ;
QN k+1QN k-1 Nk Vo1, & v | B
('U) : QN _1.k QN-1,k— *Qz —QNn—2,kQ Q k 3
N N-1,k+1QN—-1,k—1 N—1.k N—2, \ng \{#J
QN 1QN k-1 = Q& — QN —1.2k5
;\.(;1" b QN k+1QN k-1 = Q?\.,,. QN -1.:QN k-
Mostly cluster algebra mutations
Our goals:

® |ntegrable structure for all g, commuting Hamiltonians;

® Quantization Q; ;s — Q;  non-commuting: Solutions Q; 3?7 Hamiltonians?

Unifying framework: Macdonald-Koornwinder equations.

2Kirillov-Reshtikhin, Kuniba, Nakanishi, Suzuki; Hatayama et al.



Quantization of Q-systems Qg +1Qqk—1 = sz — M,

Canonical quantization of the associated cluster algebra3.
Commutations relations:

abi—Aba

A i ..
Qa,tak+i Qb tyk+i = ‘b tyk+7 Lastok+is 43 =0,1.

Agp = w) - Wp, wa, w, fundamental weights of R, R*

to = 2 for short roots, t, = 1 for long roots

Evolution equations:

un.a Qak+1%a,k—1 = Qik— My, a€llLkelZ

: M, :=normal ordered product
.4
Example: A" |
in(a.B)i )
Qu Qi = gD, .,0,y, i=0,1;
2
“Qak+19ak-1 = Qui— -1,6%+1k- Qo,x =1, QN+1,6 =0

SBerenstein—ZeIevinsky, Gekhtman-Shapiro-Vainshtein



The program

For each affine root system:
1. Prove integrability of quantum Q-systems;
2. Find Hamiltonians (quantum relativistic Toda);

3. Find solutions of quantum Q-systems (g-difference operators in sSDAHA).

The following program in type Ag\})_l generalizes to the classical affine root systems
x{), X = ABCD, r = 1,2.
Ingredients:

1. Duality in Macdonald (Koornwinder) theory

2. "Fourier transform”

3. SL2(Z)-action on DAHA commutes with Toda Hamiltonians

4. g-Whittaker limit: Functional representation of quantum cluster variables



Macdonald’s equations and universal solutions

Macdonald's commuting difference operators:

te; —x .
Z H : JFI, Iy xj =q%€lx;T.

1e,N] ier i T T
[I|=a J¢&I

elements in functional representation of spherical DAHA.

Eigenvalue equation: D1 (X)Py\(X) = e1(S)Pr(X), (a=1,..,N,s; =tV

Unique monic, polynomial solution Py (X;q,t) for A dominant integral.

Universal solutions: P, (X) ~ P(X|S) in formal variables s; = ¢V ~igi
Theorem: Up to normalization, the eigenvalue equation

D1(X)P(X|S) = e1(S)P(X|S)
has a unique solution as a series in {X % = z;41/x;} of the form

P(X[S)=g"* Y ca(S)X P, my=tNTighi
BEQL



Two normalizations for universal function P(X|S):
1. Macdonald polynomials:

POX[S) = 3 ()X F, o =1.
BeEQL

When X € P4 the series truncates:

A—EK()(% Pi = N 1.

PO xS
€Py

Any Macdonald polynomial is a specialization of the universal solution P(l)(X|S).
2. Self-dual solutions:

POXIS) = 3 @)X, A =am)- [[ L

—1lng—a
BEQy o€ Ry t=hg"S
n>

Theorem (Duality for the universal function*)
P?)(X|5) = PA)(5|X).

> . P ’ o Py(g"t?) /"/‘((1/\/,/’)
When A\, u € Py: this is Macdonald's duality: Pr(tp) = P.P) -

4Cherednik, Noumi, Shiraishi



From duality to Pieri rules

Starting from the Macdonald eigenvalue equations

Da(X)PP(X|S) = ea(S)PP) (X]S) 1)
Rename the variables X « S,

Da(S)PP) (8]X) = ea(X)PP) (8] X)
Use duality P (S|X) = P (X|S):

Da(S)PP(X]9) = ea (X)PP)(X]S9). )

Pieri rule — Specialize to A\ € Py: Ha(S)Pr(X) = ea(X)Pr(X),
Pieri operators Ha(S) = tPAATL(S) Da(S) A(S)t—P A,

Theorem
Equation (2) has a unique solution, up to normalization, as a series in {S~%i}.

The two series, in X ~% and S~%¢, must be equal!



The g-Whittaker limit ¢ — oo

Symmetry of Macdonald polynomials Py (X;q,t) = Py(X;q~1,t71)
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Duality and eigenvalue equations in the g-Whittaker limit ¢ — co

Duality: We lose symmetry: (s; = tN~=i¢g*)

AS) =c(5) =1, AX) = AX)= [ 1 -g"Xx).

PO (X|8)=PA(S|1X)  —  TXN)=AX)KAX),  Ai=q.

In terms of series: Z (:‘g(l\)ij = A(X) Z (73(4\')A\7j. cop =¢co = 1.
feqy FEQy

Eigenvalue equations:

Do (X)I(X|A) = A% II(X]A), = > 11
I€[1,N] i€l
[I|=a J¢&I

aci—ac]

The unique series solution TI(X|A) = X* ZﬂeQ+ cs(A)X 8 with co = 1 truncates
when X € Py to a class-l g-Whittaker polynomial.



Pieri rules in the g-Whittaker limit

Ha(A)K(AIX) = ea(X)K(AX)

Commuting operators Hg(A) = relativistic quantum Toda Hamiltonians

51
N-1
Hi(A) = > (1— AT, AT =0, T;A; = gA\;T;.
i=0
H,(A) = (1— A=%i-1)Ty.
IC[1,N] €Il
|I|=a i—1¢I

Unique series solution

KAIX)=X* > ég(X)A7
BEQ

with &y = 1: fundamental g-Whittaker functions with weight y where X = g#+°.

5Etingof



SLy(Z)-action: Time translation operator

T4+ € SL2(Z) acts on the functional rep of DAHA via adjoint action of the Gaussian ~:

N 2
(og zq)
(X)) = H e 2loga | Ady(z:) =2, Ad -1 (T) = %1,
a=1
Define ok
Da,k(X) = q_T’YikDa(X)’Yk'

Theorem (Di Francesco-K, 19)
The difference operators D, }, satisfy the AS\})_I quantum Q-system.

(1) DaiDyiy1 =q™" ) Dy, 1Dy, (q-Commutation relations)

(2) q“Do j+1Da k-1 = D2, — Dat1,5Da—1,k, (Recursion relations)

The following proof is generalizable to other root systems.



“Fourier Transform:” From X to A variables

Useful trick: The Universal g-Whittaker functions are “complete”:
If {fi(X)}: are g-difference operators in X satisfying relations R, with

Fi@TI(X|A) = fi(A)TI(X]A),

then {f;(A)}; satisfy relations R°P with opposite multiplication.

Define ﬁa,k: Solutions of the quantum Q°P-system with initial data:
1. 50,,0 = ﬁa = A%a;
2. Ba,l = A¥aT%a where T¥a A% = gdab A TWa;

3. [A)a,k, k € Z defined from Q°P-system
q“Dak—1Dg k41 = Di,k —Dat1,8Da—1k-

We already know Dg o(X)II(X|A) = f)mo(A)H(X\A) (eigenvalue equation)



Fourier transform of the Gaussian: Time translation operator

Theorem
1. There exists a unique g-difference operator g(A,T) such that

9Dk (Mg~ = q¥/%Dy 1 11(A)

Explicitly:

a=1 a=1 n>0
2. g(A) commutes with the quantum Toda Hamiltonians Hq(A).
3. g(A) is the Fourier transform of the Gaussian v(X):

Y(XOT(X[A) = g(A)TI(X[A).

Proof:
(1) Is by explicit calculation using Q°P-system; (2) by using explicit form of
Hamiltonians.



Proof of (3): 7(X)II(X|A) = g(A)II(X|A).

1. The Pieri rule H1(A)K(A|X) = e1(X)K(A|X) has a unique solution.
2. Act on Pieri with g(A), using [g(A), H1(A)] = 0:
g(MHi(A)K(A[X) = Hi(A)g(M) K (AX) = ea(X)g(A) K (A X),
i.e. g(A)K(A|X) is also a solution of the Pieri equation:
g(A)K(A|X) = const K(A|X).

3. Use expression of K(A|X) as a series in A=, with leading term 2*, and the
relation

g(A)z g(A) ™! = v(x)(1 + lower) => const = ~(X). O

Corollary:
ak

~ _ak ES . _ak
L FT of Doy =q~ 2 g(A)Da,0g(A) ™" is Do = ¢~ 2 7(X) ™ Da0v(X).
2. D, ) satisfy the quantum Q-system.

3. [g(A), Hqa(A)] = 0: Conserved quantities of qQ-system are the Toda
Hamiltonians.



Generalization to other root systems

1. Use Koornwinder operators + higher g-difference operators.

2. Depend on parameters (a, b, c,d): Specialize for each g:

g g* a b c d R R*
Dg\}) ngl) 1 -1 q% *q% Dy Dy
BE\}) CI(\P t -1 q% 7,1% Bn Cn
o | BW |2 | -2 |12 | —hqr | on | Bw

A(221\>/—1 Agzz\)171 t% *t% q% *q% CnN CN
Dﬁlrl Dg\fz»l t -1 tq% —q% By By
AZ | A® | v | -1 | ered | =2 | Box | BOw

3. Koornwinder operators act on the space of BC-symmetric Laurent polynomials
(symmetric under permutations of variables and inversion).

4. Find time translation operators in g-Whittaker limit for each g.



Universal Koornwinder function: Eigenvalue equations

N
Koornwinder operator: Dga’b’c’d)(X) = Z Z ;. (X)T5 + (X)),
e=+1:=1
o peall—azs) [(L‘?/(I‘(,/ -1
D (X) = =270 - —LJ____ series in {X i}, )
<) (1- 41'%)(1 — (1;1:]2*) /13 1?/(; -1 { ) “i€llpy
ef=+1 ’
Eigenvalue equation
N
D;a’b’c’d) (X)P(a,b,C,d) (X]S) =& (S)P(a,b,C,d) (X|S), @a(S) = Z(sl + 3;1)
=1

has a unique solution, up to scalar ¢(S), of the form

plbed(x|gy=gMr N cp(S)X P
BEQ(BnN)



Duality

Two natural normalizations of Universal Koornwinder function:
1. co(S) =1: If A € Py (Cy), with s; = %W—iq*i:

plabed(X|8) — P)(‘a‘b‘c’d>(X) symmetric Laurent polynomial under the Weyl
group of C'y (Koornwinder polynomial).

2. Choosing
N (725 @)oo (ﬁ;q)oo
Co(S) — A(a 0% c*.d )(S) — H z3 - qz%
i=1 (E»Q)oo Ez‘:<irj1 (E;q)"o

a=a,b,c,d

N abcd _ [qac [qac [qad
(a,b,c,d)* = (\/7(1 , ba *\ bd >\ e ).

Duality for Koornwinder:%

P(X|S) = P*(8]X).

® Using eigenvalue equation + duality gives Pieri rules.
® Specialize, take g-Whittaker limit ¢ — oo : Commuting Hamiltonians.

® Compute g%(A): FT of time translation operator for each g, commute with
Hamiltonians.

5Macdonald conjecture; Cherednik; van Diejen; Sahi; Di Francesco-K for Universal function



Summary

1. Solutions of gQ-systems are 7-translated Macdonald-Koornwinder operators in
g-Whittaker limit with specialized (a, b, ¢, d).

2. Elements in the spherical DAHA: Cluster algebra structure in sDAHA.
3. Integrability: Hamiltonians = Pieri operators in g-Whittaker limit.

4. Time translation operators g(A) = “Baxter Q" at specialized spectral parameter
(c.f. Schrader-Shapiro).

5. Homework: Exceptional types.



Exchange matrices for the Q-systems

For g = X]g), the quiver/exchange matrix is skew-symmetric:

with C the Cartan matrix of R.

For g = Ag\),_l or Dgﬂ_l,

For g = A(Q): Not a cluster algebra.
2N
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