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Outline

Matrix models : large N expansion , applications

2 .
Tensor models : large N expansion , random geometry

3
.
Melanie CFTS : SYK - like models

,
tensor field theories .
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Large N expansion of matrix models

Hermitien matrices

ZN (d) = 5dm exp

-MÉTH + ¥Trot )
HN

→ (Trmm) .

.
- TRINH > ?

→ Gaussian measure .

✗ = ◦ <MijMke> = Pij , ke =¥ÜM e-ETÀMijMke
=/↓-SieS



Graphical representation : ribbon graphs
Pijikl = f- Siesjk → ij# %

ie

interaction NTRM
"
→ j¥¥%

Mij MÊM keMei j k

enter " > = + Œ⑤+'D⑤⑧
=vÊ×ÜË2 ( N3 -1N ? + N ) = 2N2+1



Ribbon graphs vs Combinatorial maps

Ribbon graph → Combinatorialmap → embedded graph

¥ → § →② g-- ◦

4E☒ → ⑧ →

g-
s

genus

Scaling un N : N
V - E -1F

=

nËᵈʰ charentaistic
= N2

- 2g



Topologiecal expansion

ZN (d) = 5dm e-NI Jtr
MY 1- Trm4)

= { ç% N2
- 2g(G)

f- sym - factor .
→ large N expansion

E (d)KG)ln ZN 4) = 2 N
2- 2g g≈g☒ᵈᵉ graphs of genus g

GEN GConnectedÀ
g (G) =g

→ Dominated by planar graphs -



Random surfaces
. Génerale quadhangulation : dual graph

Ë=¥ → space -
time geometry .

Large N limit : planar quadrangulation



Quantum gravity in D= 2

Critica regimes : de continuum linit

Double -scaling : large N , d-> de
sum over non - trivial topologies .

⇒ Universality : converge to Browniam sphere.

↳ Random geometry behind Liouville QG



https://hef.ru.nl/~tbudd/gallery/

Browman sphere
d
spectral = 2du-ausdoigf-4.tn→ "

fractalmess
"

effective domo scaling of the volume

diffusion process
w.at distance

Credit : T - Budd



Other applications

. Strongly coupled QFT
N : large nb of fields /sym .

↳ mon - pertmbativelyu.nl

→ Probe for holographie dualités .

Gauge Einstein

↳ 2nd lecture
_



What about tensons ?

F41 = lnfdt e-
Tabctabc + Taebtbfctadtdfa

( Ambjorn ,Durhnss Jonsson
Gross

,
SaSaku '

90s)
→ No nice large N expansion !
→ Cannot use matrix techniques

Progress : Guran
,
Rivasseau , Bonzon ho

→ more sym .

UCNI ☐
: ≠ tensor fields, distinguaishindices .

→ Universal large N expansion forany D≥ 3



2
. Complex colonel

tensor models



Trace invariants
D

Tae -
e

- ad
Tan

. .
-
- Ars

•• AÏKIK

Invariants UCNP
,
bubble diagrams

☐=3
•⇔ ;fÎ¥ Ïˢ) pattern

(ofconti

Flip) = lnfdte
-
N°-1 ÎT + § '¥WTrB(TTT)

Fixi ttohauealaynexpo



Feynman graphs
Pairing with prop . → dashededge ( color o ) ,

"

ÏË
.

dual to stranded representation
☐=3

of - - - -
- of En

lsimilaetoribbon graphs for
matrices)

.



Scaling in N

free sum for fans
of color àTaraÏ•ËÎ

tatouez

1
}

←
8 bzcz

Tbnbabzi
_
.

-

!

↳ fbncnsbzczsbz.cz

✗ µ
§ foi - (D- 1) p - EgHB)



Jackets
(D+1)
Colonel graph + cydic permutait o on the colors

( except o)

⇒ Combinatorial map Jo called jacket ,
D ! jackets

↳ have uuell - defined motion of genus _



Guan degree
w (G) = 21 § g ( Jo)

-

positive integer (orientable
surface ) ,

✗ = V - E -1F = 2- 2g
nb of prop .

C
w (G) = (D-1÷ ( D + MALI - f)

Enb of
faces



Prof Takeo jacket J : IVJI = /Vol = 2ps
IEJI = IEG / = ( ☐+1) p

⇒ Fj = 2- 2g , + E -V = 2-2g,- t ID- 1)p
G has D ! jackets and each face belongs to 2lb -11 ! jackets[ Face ij belongs to Jo if dit j on oljti )
>

§ → 210-11 ! F = 2D ! - Gul G) + D ! (D- e) p

⇒ WCGI =
(

Dj ! [D - F + ☐lD2 p ]



Large N expansion

FUB) = LNJDT e
ND-1 [ -ÎT + ¥, n'

¥21 !"" )
Trjglt,

=
E ND

-¥-1 !
"

Fulda )
WEN

Proofs
. D-1

- 2- WLB) per bubble .

(D-21 !
- ( D-1) per prop .

• 1- per face of color ou .

d- ✗ N
? Foi _ § ( D-1 -¥À - À1p

D-1 - Fpz
+ IDÉE?)pp



✗ N

F - ☐¥I) P
, N

☐
_

(Ê !
w (G)

.



heading onder

ND
- ¥11 !"" → LO : w (G) = 0

Theremin G a ( ☐ +1)- colonel graph WCG 1=0

iff G is melanie
_

☐ =3 →¥ • Melons

→ subset of planar diagram -

→ nota topologie invariant



Random geometry applications



Colonel triangulations
D- colonel graph → colonel triangulation

→ unambiguous identification
of sub -sumplies and gluing -

Feynman graph Des - colonel graph → triangulation
ofdim D-

⇒ generalisation of genus expansion of matias -
w
-

-0 → generale D-sphere



heading onder
→ special triangulation of the D - sphere .

↳ tree - like combinatorial structure .

why? For each edge can or cannot inserta melon .

→ Random Trees → bran Ched polymerscontinuous limit



https://igor-kortchemski.perso.math.cnrs.fr/
images.html

Branched polymers
d spectral = 413 d

Hausdorff = 2

Credit : I. Kortchemski



Farthen results

• Combinatorial class ° w> 0
,
double -scaling

. Appa to Group Field Theory ( Ori ti ) .

. Beyond branded polymeus → open question.

Summary
.

TM : well -defined generalitat of matrixmodes
.
Melanie large N limit .

.
Dominated by branded polymers _

. Nomen universality class so feu
what about in hi ghee dim ? QM models à QFTS .



3
.

Melanie CFTS

→ SYK - like model

→ OCNP bosonictensrmodd



Gwen - Wilten model 16W . 09758

SYK : QM model of N Majorana fermions strongly-

interactions .

↳ large N limit dominated by melons .

↳ linked to quantum chaos , near external BH
↳ Pb : average over disorder _

•au

Ë4 Nail

az~laz~la4.wiHIS-fdtll-2~a.baAUabc + Habitacle✗ fbétfdd
→ same uiticalbehavior as SYK model but nodisorder

_

→ prompte numerous Studios and extended to d dimension



CTKT model

carrozza-tanasa.klebanov-tarnopdsky.CI
: 1512.06718

KT : 1611 .

08915

1707
. 03866 +Giambi



Action D= 3 OCNP
sym .

bosons
-

la
, azaz

→ l'bnbzbz = OÎÎSN 02%203%3 Qanaza }

5- Sddx 2- Zillabchlo.be + Sint

→ 3 possible bubbles ,

sont
= d-

• •

+

"⇔
+ ¥. =4Mf12 •

•

4N3.IT
tetrahedron

doublepillau
-trace



→ int
.
:
bubble diaqoms 3- colonel graphs .

→ Feynman graphs : 4- colonel graphs
propagations dashededgss - - - - .

↳ needed for scaling in N
↳ shrink bubbles to apoint , usual
4-valent Feynman graphs → enough to
compute integral -



Large N expansion
one factor N pa face of color oi

Pillau and d- t : radiative corrections from tetra.

ËËËÏË ⇔ ÏÏÏ
i.
.

:
8

ÏËÏËËÏÏ ⇔ : → §



G → Ô with coney tetrahedron -

d- ( Ô) ✗ N

Foi tôt - 2- mtlô )

•
3 jackets bydeletimg color C of Ô

✗ = 2- g
FLJ c) = El Jc) - V ( Jc ) + 2- gljc)

,

•

4- valent graph → 4V= 2E
•
each face belongs to two jackets .

degree ≥ ◦
halfinteguFoi (ÔI = 2- me LÔI + 3 - ÊÇgCJw(ô )

.

⇒ N3 - WLÔ) .

p
u ( Ê ) = 0 igf
Ô is melanie _



Melon - tadpeles
Lo : melons in terms of tetrahedron ventiles
→ Back to original graph : melon - tadpole

tetrahedron

÷
.
- •tË÷.

. . .

← pillow or double - trace
_



Divergences and renormalisation scheme

quantic model → same power country as usual if !
↳ D= 4 2pct foto : power div .

4pt ft : log div
≥ 6 pt : vu conv .

Dimensional régularisation : d = 4- E

sub tract at zero momentum
,
mass regulator ¢ -



5DE p2

Glp )
-

1-

= TÊ _ Elp)

↓ decorated by
Elp) = H

.
.

-

•Tg .

. .kz?f.fop.-dp.?:.-dd ?i.
:

→ in the

"

large Nlimit> escale pd/2

UV : Glp)
-
^
~ p2 → free scaling

IR ; G (p)
-1
~ pdt → anomalus scaling #oue function

renomalizato
Neglect Clp)

- 1
in the IR

,
salve SDE G (p) = ¥2

⇒ 2- = ( dk.IE?YI.-Ig;-YY4



4- point function
Tetrahedron : at large N-monadiati.ve corrections .

Pillar
,
double - trace : barre expansion .

◦ = :*.

rencard .

↑

- " À - •E• + • + Dora _ (
↑ ↑

pillowboue one
ond -t - €°

Reparametrization : Xp = ¥ and dz = ddtdp
↳ orthogonal .



Beta functions
91 = µ

- { Z2 p
' " " ( o

,
o
,
o
,
o)

, gz = G-
{
Z} " '" lo

,
o
,
o
,
o)

Pgi = Élu gi

⇒ Pt = - Eg + 2g
}

131 = -

Ega + 2g
?
+ 2g? - 2g2g ,

P2 = - Egz + 692 + 2g} - log 292



Fixed peints
• Trivial solo

. Non - vanishing tetrahedron : g
*
= ¥

⇒ g.
*

= ± if
got = ± i FÉ

→ purebyvinaginarygn.gr → pb because of reflet Positivity
→ dimension of o = laba laba

Do = -1212kt -2) +2g,*) = 2 ± ira + ok)
→ unstable

,
mon - unitaey CFT .



Long - range model

Basedow
.

1903.03578 2011.11276

1909.07767 2111.11792

2002.07652



Action

5=12 fddx label- D)Shabat Sint / sameasforctkt
model

.

→ long_ range model .

0491 1- preserve
→ Vastarrayofappo , LR Ising

↑ reflet positivity 0907-0323 Campa , Dauxois
hell -defined Ruffo .

theemodyniamic
limit

Canonical demi of the field Dq = 9-22-9
↳ quantic into : irrelevantycd.ly → meam - field behowior

relevant 9 > d / 4

- imaginal |y-
→
"P) = À IR scaling



Power countimg
for 9=41 d < 4

→ 2pt : power div , 4 pt : log div , ≥ Gpt : Uv convergent .

Dim reg : Fix d
,

Y = ᵈ+4ˢ
Sub traction at zero momentum

, regulator µ .



2- point function
devoted by full
↓ 2.pt . foto

G (p)
- 1

= p
»

- Î - - -TE .

.

. +

dPF-j.IN?u?m?:-ug
.7- d4 .

↑
have same scaling

ad : ¥, ⇒ ¥ - ¥ = ÊTA T.IE/!Y-pYmite-
⇒ No Wave function renormalisation .

l finite rexaling .



Beta functions
↳ notum from wave foto renormalisation -

Pts [
" ◦ → LE

Pr = +219^2+94+44,09192 = 241941-41%1
132 = +21924394 -112dg ,◦ gzgz -41^-1 .

L

→ g free parameter . g--
2-2d

gc-h-rlt-dklfhxldldh.IN?d-g )]
"

⇒ 7=1 - 9¥
Areal : Xlglinvatibletoglifaanys , 2- → ◦

d-sxfmpmjnayixlglinvatibkuptolgk3.tl/2gc.

Zbounded
-



Fixed points
gs
*
= ±F- as

, ◦ g
?

+ 01g
? )

gz
*
= ± MFF2 - 3g? xs, ◦ + dogs ) .

→ gneal : gn
*
, gif . imaginary .

gpmely imaginary : gingival

Four lines of fixed points _



Critica exposants
→ trianguler stability matrix

rdpnlg-4=1--04-7 + dogs)
2K1g

# / = 4K3gr +0cg
}) }
# f9 Pauly imaginary .

→ one IR attractive stable FP
.

• . •

19^+92+1 ( ga , ga)
Ign - Art

•

^
• lapin 927Kfr -192 )



Non - perturbative result

Edea : chain 1-Virreducible pieces .

3 types : pure ladders (II.
'

-

'

DI) Mlg) -_ g20 -1g'AI) + . .

.

caps • C) Slg) = de + ing
'

# + .
- -

.

double- caps not • Tlgt-di.at/tig2TI.t .
.

g. = - utg) -1/441%912-4, → exact

⇒ pgi-P-G-2p-Ggr-P-sgipquadraticc.mg?
Series in of .



Pid
,
B
,

9 pas → finite atall ordas ,
sum is also finite

( multi -escaleanalysés , taylor sub° operated .

⇒ Lines of FP : mon - perturbative .

↳ stable FP → strongly - coupled FP
.



Unitarity ?
◦ PE coeff .

% beats Qbert = E Foz.
oprimary

confond4 pt function CFT + i x block
Mme ~

Levee> = < le>< QQ> + & § .iq?i--I-u-polhitGi?teil
Évalues ofthehpt
kernel

.

Defovm the contour and pickup plus .

→ only contribution g poles hmp-s.tk (hm ,,
-À = 1

↳ dim ° of bi linearis
2

↳ nesi due at these poles are cm
, j

: Square of the ◦ PE
coeff



Kennel is known in the large N loint .

K = - Xp >• - Xd >. +3À III.
'

.

↳ diagonalead by the 3 pt functions .

→ Dimo of bi linearis : ho ± = dz ± ✗
◦ tfg

'

-1dg 3)
hm = ¥ + 2m +xng

?

-1dg3)

→ g pureby imaginary : real dimensions
.

→ Real OPE coeff .



Finthen Worth

NLOI-OLNH.SK?-smallN:vectoi-likelargeN
: anÎÎanÊËÛÎ }

mo FP

withnon
2h0

• matrix -like :

tetnaheohdcoupbing.SE: NW
→ criticalexp acquiseavalpart

→ tue stable F-P
.

Lydd : Nw → critica exp get complex correct.
→ breaking unitautyat NW .



F- theorem

→ generalisation in d=3 of the c- theorem , a- theorem .

(d = 4)
→ sphere free energy TteueaxalongdÂne RG flow .

.

⇒ (B)
&
on the Sphere?

→ is satisfied for the long - range OCNPmodel .

↳ peuturbatiudy as a reversal of sigri of a comptines
est

.

⇒ More hints of unitauty at large N -



Other models

sextic.nl?-.u(M3
SR : two stable FP

'

→ Montiel exist
.

→ LR : line of Fftp.moprecusor.OCNF
→ SRKR : gaussian FP →

rank imp .

parameter .



→ supersymmetnic models ( Popov ,
Lettera -Vicki)

→ Felmionic models (Prakash
,
Sinha .

→ Tensoriel
.

Gross - Neveu lBenedetti , Canova
,
Guran

,

Sfondrini , Delporte) ,

→ Multi -matrix ( Ferrari , Rivasseau ,Tanasa ,Toriumi ,
Valette)

,



Conclusion

Tensor models for strongly - coupled QFTS ;

→ third family of largeN theories , both rich and
tractable

_

→ Cam reproduira SYK - like physio wilhoit disorder .
→ New family of CFTS

"

melanie CFTS
" that can be

situ died analytically .

↳ LR OCN) 3
,
unitany at large N .

→ Allows vs to test properties of QFT in rigolons
set ups → F- theorem

-



Open questions :
• Higher onder into : can we find similar FP ?
• Diff . sym . : rank 3

,
J

, sym .

trace less tensonsIanti - sym
↳ what about QFT based on this models ?

• WHAT about the Ads dual?
↳ Mello-Koch

.

↳ Hard question i: factoriel glow th of the invariant


