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General Idea

Yuri Manin, "Computable and Richard Feynman, "Simulating
Uncomputable” (1980) physics with computers" (1982)

phenomena—the challenge of explaining quantum mechanical phenomena
—has to be put into the argument, and therefore these phenomena have to
be understood very well in analyzing the situation. And I'm not happy with
all the analyses that go with just the classical theory, because nature isn’t
classical, dammit, and if you want to make a simulation of nature, you'd
better make it quantum mechanical, and by golly it’s a wonderful problem,
because it doesn’t look so easy. Thank you.



General Idea

Goal: For a given Hamiltonian H, find a (compilable) unitary U
such that forany € > 0 andt >0

U — e | < €
Allows us to simulate the time dynamics
[9(t)) = e”**[4(0))

May require ancillary qubits

sup|,¢,>||U|ﬁ>|¢> — V[0)e ¥ |y)|| < €



Simulation Methods

* Lie-Trotter-Suzuki (Trotterization)

* Linear Combination of Unitaries (LCU)

* Quantum Singular Value Transform (QSVT)
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Encodings
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Suzuki-Lie-Trotter

N-qubit k-local Hamiltonian

H=Y H, [Hi, H;| # 0
1=1

E.g. 5-qubit 2-local
H =X Y3+ ZyZs + X3Ys + Z: X5

Baker-Campbell-Hausdorff (BCH)
cAcB — €A+B+%[A,B]+%[A,[A,B]]+...
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Suzuki-Lie-Trotter

Lie-Trotter product formula

B—th — lim (e—zHlt/ne—?,Hgt/n o e—szt/n)

n— oo

Algorithm:

« Exponentiate each of the k-local terms in succession

* Repeat a large number of times
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Suzuki-Lie-Trotter

o~ tHt _ (e—qum)”

At =t/n
e—iHAt ~ e—iH1At o e—iHmAt 1+ O(AtQ)

Cx : (Max) Cost of implementing any single e ~*7i*/" term
m: Total number of k-local terms
e : Desired accuracy

2
Total Cost = nmCgy ~ O (th‘H)

€
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Suzuki-Lie-Trotter

ZZ: 100) — +]00) e™07% . 100) = e7*°|00)
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Suzuki-Lie-Trotter

XOR

Pauli Z's produce XOR in phases ' _ ' '
Zr .. Zilby) .. |be) = (—D)@=ebep )y qpy | 0i | 05 | bi Db

00 0
So that b 0 1 1
e~ 0722k |by) b)) = e DT Y by 1 ] 0 1

1 |1 0
Note also
RZ(20)|by & -+ @ by) = e~ 0D | o by b, b, =0

Controlled NOT (bitflip) produces XOR on bits
Ci-NOT;[b:)|b;) = |b:)|bi @ bj)
Ci-NOT;|b;)|b; © bj) = |bi)|b; © b; @ b;) = |bi)|bj)
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Suzuki-Lie-Trotter

Prescription to compile B_EHZI"'ZF"
k—1

- J] Ci-NOTsalb1) ... [br) = [b1)|by @ ba) ... by @ by @ - -+ D by)
1=1

© RZi(20)|b1) .. b1 @b @ - @ bi) = e DTy b @b @ - @ by

1
- I Ci—1i-NOT;b1)|by @bs)...|br @by @ - @ bg) = [b1) ... [bx)
i=k—1
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Suzuki-Lie-Trotter

o—i0Z1... Z)
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g2) é £
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Suzuki-Lie-Trotter

Note that

X=HZH

Y
502 56

Eg. e W44 — (H@ (SH)®I)e “#1%% (Hg (SH)'® )

lq1) H l l H
|g2) st— H & l l d— H S
&— RZ(20) —D

|g3)
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Suzuki-Lie-Trotter

o~ tHt _ (e—qum)”

At =t/n
e—iHAt ~ e—iH1At o e—iHmAt 1+ O(AtQ)

Cx : (Max) Cost of implementing any single e ~*7i*/" term
m: Total number of k-local terms
e : Desired accuracy

2 2
Total Cost = nmCgyg ~ O (M) ~ O (t mk)
€ €
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Suzuki-Lie-Trotter

Suzuki higher-order formulas

Sz(At) = 6_2H1At/2 L. e_iHm—lAtX2B_ZHmAtB_ZHm—1&tz2 o e—’LHl.&tf2

yields a better approximation
e HAL — Go(At) + O(At3)
Recursive definition

Sor(At) = [SQ(k—l)(pkAt)]2 Sa(k—1)(qkAL) [SQ(k—l)(pkAt)]2

pr = (4— 4= 01 dp,

e A = Soi(At) + O(AL*F+1)



Suzuki-Lie-Trotter

14+ L
cammt 2k
Total Cost ~ (« : )
€ 2k

comm = e | [, [ [ 1, ) ]

1,m



Linear Combination of Unitaries

Taylor series expansion

o~ tHt _ (e—z‘H(t/r)) r

V.= Z?:o k}! (_im)k

~ Yo i (F)

Implement f/ — Zz a;U;  suchthat HI7 — V,-H < E/T‘



Linear Combination of Unitaries

Problem

Sum of unitaries is not unitary!

ca (1+2) = 0)(0]

Solution |O) ® |'¢’)

Block encode non- f/ _ |¢)
unitary operation in a —
larger unitary : : 0

Use ancillas!
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Linear Combination of Unitaries

Given

L
A= ZCEZUZ o; > 0
1=1

Construct

1

Uprep|0) = N S /ouli)

UseLecT = Zle 2) (7| ® U;



Linear Combination of Unitaries

PREP

[]SELECT

[4) —




Linear Combination of Unitaries

PREP

‘G) 7~ UPREP U]L —

USELECT

[4) —

(ﬁzfzﬂ/a_m))@ltb)



Linear Combination of Unitaries

0) =

U PREP

) —

PREP

USELECT

T Lica Vaili) @ Uily)



Linear Combination of Unitaries

‘(_D —~ Upggp U]?:,REP ——
USELECT |
) —+
Success probability — |
A2 o [0) ® Ajg) + @)
e[

(10)(0] ®I) |®+) =0
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Linear Combination of Unitaries

Robust Oblivious Amplitude Amplification

Let W[0)|[) = {[0)V[4)) + /1 — |@F)

If ||s — 2|| ~ O(e), and ||V — V|| ~ O(e) where V is unitary, then with
the reflection operator R = 2 (|0)(0| ® I) — I,

the unitary A = WRWTRW achieves

[A[0)[4) — [0)V])[| ~ O(e)



Linear Combination of Unitaries

Reflection operator. R = 2[0)(0] — I 0) = |0)®"
|q1) O
(R®T)[0)|-) = [0)|-)
9n-1) (R I)[b)|—) = —[b)|—)
) (50) = 0
-) i 1
—) = —= (10) = 1))
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Linear Combination of Unitaries

Approximating a single step

K
_ 1 ~
V, = e T E — (—z’ﬁﬁf/'r)’Ig =V,

Total accuracy of all steps must be €

_of los(T/e) = V. -V.||~0
K=o ( 209 |V = Vil ~ O(e/7)

T=(ar+-+arp)t
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Linear Combination of Unitaries

ZZ

k=011,...

eTh ((—i)kUzl .o Ulk)

s =2+ 0(e/r) for r = {mTz]

K L
UPREP|0)=LZ > \/(t/l;)kagl...a;k|k)|l1)...|lk)



Linear Combination of Unitaries

Uprep|0) = \/_Z Z (t/"")k oy, ... oq |k .. (L)

k=01,,....1,=1

First prepare the |K) register with basis states k) = |1)®k|0) RK—k

K
L ®k|0)®K k




Linear Combination of Unitaries

Z (t/r)ku ®k|0>®K k

E.g. K=3
RY;(65)]000) = cos (6p,/2)|000) + sin (6,/2)|100)

Co—RY1(61)

> cos (A /2)]|000) + sin (Ao /2) cos (61 /2)]100)
+ sin (0 /2) sin (01 /2)|110)
C1—RY2(62) (

» cos (0o /2)|000) + sin (6y/2) cos (61/2)|100)
+ sin (6o /2) sin (61 /2) cos (62/2)[110)
+ sin (69 /2) sin (61/2) sin (62/2)|111)



Linear Combination of Unitaries

cos (0y/2) = 1/VN

1/2
} N
0<k< K

r k
sin (A9 /2) . .. sin (65_1/2) cos (65 /2) = [% !)

NK71/2
sin (0p/2) . .. sin (0 /2) = {%{3 ] IVN
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Linear Combination of Unitaries

Lo v [/
Uprepl0) = 7= 3 o o)) - k)
k=0£1,...,lk=1 )
K
1 t/r)k
Prepared —NZ (/k?;) |1)®k|0)®K_k using O(K) gates
k=0 '

QKK

Z Vaull) ) using O(KL log L) gates

Using O(K log L) qubits, prepare (

Vel Z
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Linear Combination of Unitaries

W= alk)  (L=2)

|'fh) RY(ﬁ{*) o . O *
|Q’n—1) RY(;I?E) RY(}SEQ“ 2) O !
|gn) RY (B1) RY (B3n-1) F—

21_1_1 Cfos__ s—1 2
33 = 2arcsin (\/2l_023 1| (2j—-1)2°1 4] ) Cost ~ O(L log L)
\/Zl:g |0f(j—1)23+£|2



L L (t/'r’)k a, ((_?:)kUil . Uik)

k=014,...

—
"Prepare" step "Select" step

Cost ~ O(K Llog L)



Linear Combination of Unitaries

Broadly,
L—-1

Us = > 1)l ® Us
=0

For the particular case of Taylor series approach

Userect : |k)|l) - |le)|lk1) - - [T)|)
= k)l - e les1) - - - k) ((—9)FUL, ... UL) [)

Implement via

US,j : |b3>|lj>|?7b> —> |b3>|l3>(—?,Ugj)bJ|’¢> for each 7 € {1,...,K}
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)y — —iUj —il —iUp —ily —1Uy —U; |—

Cost ~ O(mKLlogL) m : locality of U’s
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Linear Combination of Unitaries

Bolk = 0) (product state) . 1)

[ L
+B1lk =1) | ) |l1) (product state) ,_, (—iou, Uy, )|%)
| [=1
p— L 7
+Balk =2) | D |l)|l2) (product state) . _, (—4)* o, i, Us, Uy, [)
l1,l2=1 i

L

kb =K) | Y ). L) () e, - en e - Uy )

l1,...0lg=1




Linear Combination of Unitaries

Cost of single segment ~ O(K Llog L)

N Llog Llog (T /e)
(et )

Total cost ~ O(rK Llog L) T = (Z|Q’i|) t

N Llog Llog (T'/¢)
o et
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Quantum Singular Value Transform

Quantum Signal Processing

There exists a 5 = (¢o, . .., Pq) suchthat

d
ei®oZ a)eiPeZ — P(a) iQ(a)v1 — a2
I];[l e (iQ*(a)m Pﬂ

/1 — 2
where a € [—1,1] and W(a) = (\/1“72 Wl-a ) , for any polynomials P(a)
and Q(a) such that tvimda ¢

* deg(P) <d, deg(Q) <d-1

* P has parity d mod 2, and Q has parity (d-1) mod 2
. PP+ (1-a?)QF =1



Quantum Singular Value Transform

Quantum Eigenvalue Transform
Given a block encoding of Hamiltonian H = Z Ai | As) (]
I i
as U = = [H ] , given conditional phase shift qu = ei‘f’@ﬂ_n

IT [ d/2
U5 =1 [ Poly(H) - ] = H M, U, U even d
) ) k=1

(d—1)/2

H¢1U|: H H¢2kUTH¢2k+1U
k=1

Poly(#) = ) Poly(A)|A) ()|

(Poly(\) has degree d) odd d




Quantum Singular Value Transform

Explicit example

g H VT
Y/ Y
H = (0|U]0)

U=ZH+X®\I—H?

with action

U[0)[A) = Al0)|A) + V1 = A2[1)[A)
U)|A) = =A1)|A) + V1= X2[0)|A)



Quantum Singular Value Transform

Explicit example

U:[ H \/I—H2‘

VI—HE  H

v=3| i VS el

=) :\/1 — A2X + AZ} ® AV (A

=: Z R(A) ® | M| = ED R(A H has been “qubitized”
A



Quantum Singular Value Transform

But we can also construct H /||y = (1/|cl1) Zmﬂi = (g|U|g)

using the operators we constructed for LCU!

U =Usgrecr = Y _ [i){i| ® H;



Quantum Singular Value Transform

Iy = P10 = e'?|g)(g] + e*?|g™ ) (g™

-
~
fa )
4V

RZ(2¢)

a
4V
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Quantum Singular Value Transform

Iy = e*C1=D = Uprpp (]0)(0] + e ~*4|01)(0*|) UL pp

[¥) U;‘HEP 1o Uprep ULREP ITp UpreP

[
L

10) s> RZ(2¢)
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Quantum Singular Value Transform

Hamiltonian simulation

0) {T (1)
e "t = cos (Ht) — isin (Ht) : [ &

|10o) — cos (Ht) l:]—z' sin (Ht) —

Jacobi-Anger expansion

cos(xt) = Jo(t) + 2 i(—l)ngk(t)Tgk(a:)
k=1

sin(xt) = 2 Z Jgk+1 (t)Tory1(x)
k=0

J;(x) : Bessel function of order i

T;(x) : Chebyshev polynomial of order 4
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Quantum Singular Value Transform
Jacobi-Anger expansion

cos(xt) = —I—QZ )* Jok (t) Tok (z)

sin(xt) = ZZ(—l)ngkJrl(t)T%Jrl(;E)
k=0

To achieve accuracy O(E), truncate at 2k' and 2k'+1 respectively, where

log(1/e)

k' ~ Query complexity ~ O | |a|1t +




N A National Aeronautics and
e Space Administration

Summary
Costs
1+ 57
Trotterization O ((acomﬂf) )
€2k
Llog Llog (T/¢)
t
- O(|a|1 loglog (T'/€)
log(1
QSVT O | |afst + Offg/fz)
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Thank you!

Email: sohaib.alam@nasa.gov;
malam@usra.edu
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Extra slides



Qubitization

Suppose H = (g|U|g)

Then Wy = (2|§)(§| ® I, —I)U defines a step of a

"quantum walk"

U =0)(1lc® U + [1){0[c ® UT
9) = [+)clg)



Qubitization

We can construct H = {g|U]|g)

using |g) = Uprep|0) and

from the LCU construction.

U=UsgLEcT



Qubitization
Circuit for Wy,

_________ U ________  Reflection about |1)|g) _
C : Oz :: Had Had =

i I ‘ : Rq :
a~” . :E U, Uy :

| U A e L !
s 7T E
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Qubitization

Jacobi-Anger S = ZkK:_K ar (—ﬂ/VU)Fg

defines an LCU algorithm using W_U, which has been decomposed into a
direct sum of 2-dimensional subspaces, i.e. has been "qubitized"



