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Cellular Automata
J. Von Neumann and A. W. Burks, “Theory of self-reproducing automata” 1966
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Thus, von Neumann initiated the field of cellular automata. He also made central contributions to the mathematical
foundations of quantum mechanics and, in a sense von Neumann’s quantum logic ideas were an early attempt at
defining a computational model of physics. But he did not pursue this, and did not go in the directions that have led
to modern ideas of quantum computing in general or quantum cellular automata in particular.

The idea of quantum computation is generally attributed to Feynman who, in his now famous lecture in 1981, pro-
posed a computational scheme based on quantum mechanical laws (2). A contemporary paper by Benioff contains the
first proposal of a quantum Turing machine (3). The general idea was to devise a computational device based on and
exploiting quantum phenomena that would outperform any classical computational device. These first proposals were
sequentially operating quantum mechanical machines imitating the logical operations of classical digital computation.
The idea of parallelizing the operations was found in classical cellular automata. However, how to translate cellular
automata into a quantum mechanical framework turned out not to be trivial. And to a certain extent how to do this
in general remains an open question until today.

The study of quantum cellular automata (QCA) started with the work of Grössing and Zeilinger who coined the
term QCA and provided a first definition (4). Watrous developed a different model of QCA (5). His work lead
to further studies by several groups (6; 7; 8). Independently of this, Margolus developed a parallelizable quantum
computational architecture building on Feynman’s original ideas (9). For various reasons to be discussed below, none
of these early proposals turned out to be physical. The study of QCA gained new momentum with the work by
Richter, Schumacher, and Werner (10; 11) and others (12; 13; 14) who avoided unphysical behavior allowed by the
early proposals (11; 14). It is important to notice that in spite of the over two-decade long history of QCA there is no
single agreed-upon definition of QCA, in particular of higher-dimensional QCA. Nevertheless, many useful properties
have been shown for the various models. Most importantly, quite a few models are shown to be computationally
universal, i.e. they can simulate any quantum Turing machine and any quantum circuit efficiently (5; 6; 12; 15; 16).
Very recently, their ability to generate and transport entanglement has been illustrated (17).

A comment is in order on a class of models which is often labeled as QCA but in fact are classical cellular automata
implemented in quantum mechanical structures. They do not exploit quantum effects for the actual computation. To
make this distinction clear they are now called quantum-dot QCA. These types of QCA will not be discussed here.

V. CELLULAR AUTOMATA

Definition (Cellular Automata). A cellular automaton (CA) is a 4-tuple (L, Σ,N , f) consisting of (1) a d-
dimensional lattice of cells L indexed i ∈ Zd, (2) a finite set of states Σ, (3) a finite neighborhood scheme N ⊂ Zd,
and (4) a local transition function f : ΣN → Σ.

A CA is discrete in time and space. It is space and time homogeneous if at each time step the same transition
function, or update rule, is applied simultaneously to all cells. The update rule is local if for a given lattice L and
lattice site x, f(x) is localized in x + N = {x + n|x ∈ L, n ∈ N}, where N is the neighborhood scheme of the CA. In
addition to the locality constraint the local transition function f must generate a unique global transition function
mapping a lattice configuration Ct ∈ ΣL at time t to a new configuration Ct+1 at time t + 1: F : ΣL → ΣL. Most CA
are defined on infinite lattices or, alternatively, on finite lattices with periodic boundary conditions. For finite CA
only a finite number of cells is not in a quiescent state, i.e. a state that is not effected by the update.

The most studied CA are the so-called elementary CA – 1-dimensional lattices with a set of two states and a
neighborhood scheme of radius 1 (nearest-neighbor interaction). i.e. the state of a cell at point x at time t + 1 only
depends on the state of cells x − 1, x, and x + 1 at time t. There are 256 such elementary CA, easily enumerated
using a scheme invented by Wolfram (18). As an example and for later reference, the update table of rule 110 is given
in Table I. CA with update rule ’110’ have been shown to be computationally universal, i.e. they can simulate any
Turing machine in polynomial time (19).

M
110 =

111 110 101 100 011 010 001 000
0 1 1 0 1 1 1 0

TABLE I Update table for CA rule ’110’ (the second row is the decimal number ’110’ in binary notation).

A possible approach to constructing a QCA would be to simply “quantize” a CA by rendering the update rule
unitary. There are two problems with this approach. One is, that applying the same unitary to each cell does not
yield a well-defined global transition function nor necessarily a unitary one. The second problem is the synchronous
update of all cells. “In practice”, the synchronous update of, say, an elementary CA can be achieved by storing the
current configuration in a temporary register, then update all cells with odd index in the original CA, update all cells
with even index in the register and finally splice the updated cells together to obtain the original CA at the next

K. Wiesner, Quantum Cellular Automata. In: Meyers R. (eds.) Encyclopedia of Complexity and Systems Science.



Quantum cellular automata
Problems

B. Schumacher and R.F. Werner, arXiv:quant-ph/040517
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Local update rule
Consequence of the definition

• TTT TTT TTTTTTT T lllll llll <latexit sha1_base64="8MgodiM3sRTEluwhZD76nXI8vmg="></latexit>

Vx : Ax ! AN+(x)

Vx(Bx) := V(Bx)
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Wrapping lemma
Reduces the local rule to that of a finite QCA
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Wrapping lemma
Reduces the local rule to that of a finite QCA

• Local algebras commute and so must do their images under

• Necessarily

• Also the converse is true 
 
 

• The commutation condition is local

• Wrapping lemma
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Wrapping lemma
Unitarity of QCAs
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Wrapping lemma
Unitarity of QCAs

• The commutation condition is local

• The same for infinite/finite QCA

• By Stinespring theorem in the finite case 
 
 
 

• In the infinite case the local action is the same
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V1(BR) =
X

i

Y

x2R

Ux(I ⌦B(i)
x )U †

x

= W (I ⌦BR)W
†



Example
Qubit QCA in 1 dimension

• EEEEE EEEE EE E EEEEE

• TTT TTTTT TTT TT TTTTTTTT TT TTTTTTTT <latexit sha1_base64="C0jRcs3Hp+1Aqf4HmKf6Zu9uKPQ="></latexit>

x 2 Z <latexit sha1_base64="zWa0czEaHF+4d+RCgV+Yy5vRoXo="></latexit>x
<latexit sha1_base64="TbjoYEiMJJfjW+0CfTVwgBLY1Ec="></latexit>

x� 1
<latexit sha1_base64="wBVj40TQc0W28VxZeFBHur5mHao="></latexit>

x+ 1 <latexit sha1_base64="i7JtVXzaFWnL4DHxBRKxly95a+Y="></latexit>. . .<latexit sha1_base64="i7JtVXzaFWnL4DHxBRKxly95a+Y="></latexit>. . .



Example
Qubit QCA in 1 dimension

• EEEEE EEEE EE E EEEEE

• TTT TTTTT TTT TT TTTTTTTT TT TTTTTTTT <latexit sha1_base64="C0jRcs3Hp+1Aqf4HmKf6Zu9uKPQ="></latexit>

x 2 Z

• LLLLL LLLL <latexit sha1_base64="ajJypKRmiNS/q3bLtvo2bz/70us="></latexit>

Vx : Ax ! Ax�1 ⌦ Ax ⌦ Ax+1

<latexit sha1_base64="zWa0czEaHF+4d+RCgV+Yy5vRoXo="></latexit>x
<latexit sha1_base64="TbjoYEiMJJfjW+0CfTVwgBLY1Ec="></latexit>

x� 1
<latexit sha1_base64="wBVj40TQc0W28VxZeFBHur5mHao="></latexit>

x+ 1 <latexit sha1_base64="i7JtVXzaFWnL4DHxBRKxly95a+Y="></latexit>. . .<latexit sha1_base64="i7JtVXzaFWnL4DHxBRKxly95a+Y="></latexit>. . .



Example
Qubit QCA in 1 dimension

• EEEEE EEEE EE E EEEEE

• TTT TTTTT TTT TT TTTTTTTT TT TTTTTTTT <latexit sha1_base64="C0jRcs3Hp+1Aqf4HmKf6Zu9uKPQ="></latexit>

x 2 Z

• LLLLL LLLL <latexit sha1_base64="ajJypKRmiNS/q3bLtvo2bz/70us="></latexit>

Vx : Ax ! Ax�1 ⌦ Ax ⌦ Ax+1

•
<latexit sha1_base64="vK/s9XFozWicnRR0mW7gTPYArkI="></latexit>

Vx(�
(x)
1 ) = I(x�1) ⌦ �(x)

3 ⌦ I(x+1), Vx(�
(x)
3 ) = �(x�1)

3 ⌦ �(x)
1 ⌦ �(x+1)

3

<latexit sha1_base64="zWa0czEaHF+4d+RCgV+Yy5vRoXo="></latexit>x
<latexit sha1_base64="TbjoYEiMJJfjW+0CfTVwgBLY1Ec="></latexit>

x� 1
<latexit sha1_base64="wBVj40TQc0W28VxZeFBHur5mHao="></latexit>

x+ 1 <latexit sha1_base64="i7JtVXzaFWnL4DHxBRKxly95a+Y="></latexit>. . .<latexit sha1_base64="i7JtVXzaFWnL4DHxBRKxly95a+Y="></latexit>. . .



Example
Qubit QCA in 1 dimension

• EEEEE EEEE EE E EEEEE

• TTT TTTTT TTT TT TTTTTTTT TT TTTTTTTT <latexit sha1_base64="C0jRcs3Hp+1Aqf4HmKf6Zu9uKPQ="></latexit>

x 2 Z

• LLLLL LLLL <latexit sha1_base64="ajJypKRmiNS/q3bLtvo2bz/70us="></latexit>

Vx : Ax ! Ax�1 ⌦ Ax ⌦ Ax+1

•
<latexit sha1_base64="vK/s9XFozWicnRR0mW7gTPYArkI="></latexit>

Vx(�
(x)
1 ) = I(x�1) ⌦ �(x)

3 ⌦ I(x+1), Vx(�
(x)
3 ) = �(x�1)

3 ⌦ �(x)
1 ⌦ �(x+1)

3

•
<latexit sha1_base64="qSdqSjwYv5toIfTp9n+rgYQBAk4="></latexit>

) Vx(�
(x)
2 ) = ��(x�1)

3 ⌦ �(x)
2 ⌦ �(x+1)

3        
<latexit sha1_base64="YrAxiyItw7LG1TCDwo+hto9CeXQ="></latexit>

Vx(�
(x)
2 ) = �iVx(�

(x)
3 �(x)

1 ) = �iVx(�
(x)
3 )Vx(�

(x)
1 )]

<latexit sha1_base64="zWa0czEaHF+4d+RCgV+Yy5vRoXo="></latexit>x
<latexit sha1_base64="TbjoYEiMJJfjW+0CfTVwgBLY1Ec="></latexit>

x� 1
<latexit sha1_base64="wBVj40TQc0W28VxZeFBHur5mHao="></latexit>

x+ 1 <latexit sha1_base64="i7JtVXzaFWnL4DHxBRKxly95a+Y="></latexit>. . .<latexit sha1_base64="i7JtVXzaFWnL4DHxBRKxly95a+Y="></latexit>. . .



Example
Qubit QCA in 1 dimension

• EEEEE EEEE EE E EEEEE

• TTT TTTTT TTT TT TTTTTTTT TT TTTTTTTT <latexit sha1_base64="C0jRcs3Hp+1Aqf4HmKf6Zu9uKPQ="></latexit>

x 2 Z

• LLLLL LLLL <latexit sha1_base64="ajJypKRmiNS/q3bLtvo2bz/70us="></latexit>

Vx : Ax ! Ax�1 ⌦ Ax ⌦ Ax+1

•
<latexit sha1_base64="vK/s9XFozWicnRR0mW7gTPYArkI="></latexit>

Vx(�
(x)
1 ) = I(x�1) ⌦ �(x)

3 ⌦ I(x+1), Vx(�
(x)
3 ) = �(x�1)

3 ⌦ �(x)
1 ⌦ �(x+1)

3

•
<latexit sha1_base64="qSdqSjwYv5toIfTp9n+rgYQBAk4="></latexit>

) Vx(�
(x)
2 ) = ��(x�1)

3 ⌦ �(x)
2 ⌦ �(x+1)

3        
<latexit sha1_base64="YrAxiyItw7LG1TCDwo+hto9CeXQ="></latexit>

Vx(�
(x)
2 ) = �iVx(�

(x)
3 �(x)

1 ) = �iVx(�
(x)
3 )Vx(�

(x)
1 )]

• CCCCC CCCC <latexit sha1_base64="MjQXPuw0/VhIOrkr1mvhqkzCujE="></latexit>

[Vx(Ax),Vy(By)] = 0, x 6= y

<latexit sha1_base64="zWa0czEaHF+4d+RCgV+Yy5vRoXo="></latexit>x
<latexit sha1_base64="TbjoYEiMJJfjW+0CfTVwgBLY1Ec="></latexit>

x� 1
<latexit sha1_base64="wBVj40TQc0W28VxZeFBHur5mHao="></latexit>

x+ 1 <latexit sha1_base64="i7JtVXzaFWnL4DHxBRKxly95a+Y="></latexit>. . .<latexit sha1_base64="i7JtVXzaFWnL4DHxBRKxly95a+Y="></latexit>. . .



Example
Qubit QCA in 1 dimension

• Every cell is a qubit

• The cells can be labelled by integers <latexit sha1_base64="C0jRcs3Hp+1Aqf4HmKf6Zu9uKPQ="></latexit>

x 2 Z

• Local rule <latexit sha1_base64="ajJypKRmiNS/q3bLtvo2bz/70us="></latexit>

Vx : Ax ! Ax�1 ⌦ Ax ⌦ Ax+1

•
<latexit sha1_base64="vK/s9XFozWicnRR0mW7gTPYArkI="></latexit>

Vx(�
(x)
1 ) = I(x�1) ⌦ �(x)

3 ⌦ I(x+1), Vx(�
(x)
3 ) = �(x�1)

3 ⌦ �(x)
1 ⌦ �(x+1)

3

•  [indeed ]
<latexit sha1_base64="qSdqSjwYv5toIfTp9n+rgYQBAk4="></latexit>

) Vx(�
(x)
2 ) = ��(x�1)

3 ⌦ �(x)
2 ⌦ �(x+1)

3

<latexit sha1_base64="YrAxiyItw7LG1TCDwo+hto9CeXQ="></latexit>

Vx(�
(x)
2 ) = �iVx(�

(x)
3 �(x)

1 ) = �iVx(�
(x)
3 )Vx(�

(x)
1 )

• Check that <latexit sha1_base64="MjQXPuw0/VhIOrkr1mvhqkzCujE="></latexit>

[Vx(Ax),Vy(By)] = 0, x 6= y

• Problem: what is  (such that  )?<latexit sha1_base64="zKfrgM/qXNTyvTdr88z/w6pE8FU="></latexit>

Ux

<latexit sha1_base64="91jilQEA3tlFPSqz2yI+yyZLmw0="></latexit>

Vx(A) = Ux(Ix�1 ⌦A⌦ Ix+1)U
†
x

<latexit sha1_base64="zWa0czEaHF+4d+RCgV+Yy5vRoXo="></latexit>x
<latexit sha1_base64="TbjoYEiMJJfjW+0CfTVwgBLY1Ec="></latexit>

x� 1
<latexit sha1_base64="wBVj40TQc0W28VxZeFBHur5mHao="></latexit>

x+ 1 <latexit sha1_base64="i7JtVXzaFWnL4DHxBRKxly95a+Y="></latexit>. . .<latexit sha1_base64="i7JtVXzaFWnL4DHxBRKxly95a+Y="></latexit>. . .



Margolus decomposition

• LLL LL LLLLLLLL L LLL <latexit sha1_base64="3ecx5YiUyUwglIAPnXrGgUJuTKw="></latexit>V   <latexit sha1_base64="YAsvIcJMpJY49u9q9FjSHosniTY="></latexit>Z



Margolus decomposition

• Let us consider a QCA  on  <latexit sha1_base64="3ecx5YiUyUwglIAPnXrGgUJuTKw="></latexit>V <latexit sha1_base64="YAsvIcJMpJY49u9q9FjSHosniTY="></latexit>Z

• It admits a Margolus decomposition if it corresponds to a FDQC

=
<latexit sha1_base64="3ecx5YiUyUwglIAPnXrGgUJuTKw="></latexit>V



• LLL LL L LLL LL <latexit sha1_base64="y4wcr3tXdiTKDXIR8xv4ZHzbV0M="></latexit>

Zd         <latexit sha1_base64="9Ks/xoGTPAQkkM/fNKkyUHIM+IQ="></latexit>

H ' Cr

Unitarity and locality imply Margolus

<latexit sha1_base64="3ecx5YiUyUwglIAPnXrGgUJuTKw="></latexit>V

P. Arrighi, V. Nesme, R.F. Werner,  J. Comput. Syst. Sci. 77, 372–378 (2011)



• LLL LL L LLL LL <latexit sha1_base64="y4wcr3tXdiTKDXIR8xv4ZHzbV0M="></latexit>

Zd         <latexit sha1_base64="9Ks/xoGTPAQkkM/fNKkyUHIM+IQ="></latexit>

H ' Cr

• CCCCCCCC CCC CCC
<latexit sha1_base64="4qXr7ovTpEWkC2ifsqYA//sAk/0="></latexit>

V ⌦ V�1   <latexit sha1_base64="y4wcr3tXdiTKDXIR8xv4ZHzbV0M="></latexit>

Zd         <latexit sha1_base64="FiDAiZVeAHmrg62XuX02FIQMNww="></latexit>

H ' Cr ⌦ Cr

Unitarity and locality imply Margolus

<latexit sha1_base64="3ecx5YiUyUwglIAPnXrGgUJuTKw="></latexit>V

P. Arrighi, V. Nesme, R.F. Werner,  J. Comput. Syst. Sci. 77, 372–378 (2011)



• Let     be a QCA on  with cell <latexit sha1_base64="y4wcr3tXdiTKDXIR8xv4ZHzbV0M="></latexit>

Zd <latexit sha1_base64="9Ks/xoGTPAQkkM/fNKkyUHIM+IQ="></latexit>

H ' Cr

• Consider the QCA  on  with cell 
<latexit sha1_base64="4qXr7ovTpEWkC2ifsqYA//sAk/0="></latexit>

V ⌦ V�1
<latexit sha1_base64="y4wcr3tXdiTKDXIR8xv4ZHzbV0M="></latexit>

Zd
<latexit sha1_base64="FiDAiZVeAHmrg62XuX02FIQMNww="></latexit>

H ' Cr ⌦ Cr

• Since ,  where , and   
 
             

<latexit sha1_base64="fVSpGqrltLlNu0yrDlmWObfPstE="></latexit>

V ⌦ V �1 = (V ⌦ I)S(V �1 ⌦ I)S
<latexit sha1_base64="mYFrE21SMjMTPHzz2AP1KSAvGqY="></latexit>

S|�i| i := | i|�i
<latexit sha1_base64="D/4IxQM8z/nkdpsk/MEwU89dexw="></latexit>

S =
O

x

Sx

Unitarity and locality imply Margolus

<latexit sha1_base64="3ecx5YiUyUwglIAPnXrGgUJuTKw="></latexit>V

<latexit sha1_base64="VhmR7uW2RUeKKji7ofaXhb3/Srk="></latexit>

V ⌦ V �1 =
Y

x

(S0
x)

O

y

Sy

<latexit sha1_base64="bD4CCAIWtDI6nWDpJH+nRgSxrPQ="></latexit>

S0
x := (V ⌦ I)Sx(V

�1 ⌦ I)

P. Arrighi, V. Nesme, R.F. Werner,  J. Comput. Syst. Sci. 77, 372–378 (2011)



• Let     be a QCA on  with cell <latexit sha1_base64="y4wcr3tXdiTKDXIR8xv4ZHzbV0M="></latexit>

Zd <latexit sha1_base64="9Ks/xoGTPAQkkM/fNKkyUHIM+IQ="></latexit>

H ' Cr

• Consider the QCA  on  with cell 
<latexit sha1_base64="4qXr7ovTpEWkC2ifsqYA//sAk/0="></latexit>

V ⌦ V�1
<latexit sha1_base64="y4wcr3tXdiTKDXIR8xv4ZHzbV0M="></latexit>

Zd
<latexit sha1_base64="FiDAiZVeAHmrg62XuX02FIQMNww="></latexit>

H ' Cr ⌦ Cr

• Since ,  where , and   
 
             

<latexit sha1_base64="fVSpGqrltLlNu0yrDlmWObfPstE="></latexit>

V ⌦ V �1 = (V ⌦ I)S(V �1 ⌦ I)S
<latexit sha1_base64="mYFrE21SMjMTPHzz2AP1KSAvGqY="></latexit>

S|�i| i := | i|�i
<latexit sha1_base64="D/4IxQM8z/nkdpsk/MEwU89dexw="></latexit>

S =
O

x

Sx

Unitarity and locality imply Margolus

<latexit sha1_base64="3ecx5YiUyUwglIAPnXrGgUJuTKw="></latexit>V

<latexit sha1_base64="VhmR7uW2RUeKKji7ofaXhb3/Srk="></latexit>

V ⌦ V �1 =
Y

x

(S0
x)

O

y

Sy

<latexit sha1_base64="bD4CCAIWtDI6nWDpJH+nRgSxrPQ="></latexit>

S0
x := (V ⌦ I)Sx(V

�1 ⌦ I)

P. Arrighi, V. Nesme, R.F. Werner,  J. Comput. Syst. Sci. 77, 372–378 (2011)

<latexit sha1_base64="nkh+CpINwmOz6rDGHQ7ddIURK8k="></latexit>

V

<latexit sha1_base64="b+kozM/XqWWvCa1d8/sm5tMA5RU="></latexit>

V �1

<latexit sha1_base64="vBVi5QC/tZEH3ax/ZaD5yPD9fiw="></latexit>

Sx



• Let     be a QCA on  with cell <latexit sha1_base64="y4wcr3tXdiTKDXIR8xv4ZHzbV0M="></latexit>

Zd <latexit sha1_base64="9Ks/xoGTPAQkkM/fNKkyUHIM+IQ="></latexit>

H ' Cr

• Consider the QCA  on  with cell 
<latexit sha1_base64="4qXr7ovTpEWkC2ifsqYA//sAk/0="></latexit>

V ⌦ V�1
<latexit sha1_base64="y4wcr3tXdiTKDXIR8xv4ZHzbV0M="></latexit>

Zd
<latexit sha1_base64="FiDAiZVeAHmrg62XuX02FIQMNww="></latexit>

H ' Cr ⌦ Cr

• Since ,  where , and   
 
             

<latexit sha1_base64="fVSpGqrltLlNu0yrDlmWObfPstE="></latexit>

V ⌦ V �1 = (V ⌦ I)S(V �1 ⌦ I)S
<latexit sha1_base64="mYFrE21SMjMTPHzz2AP1KSAvGqY="></latexit>

S|�i| i := | i|�i
<latexit sha1_base64="D/4IxQM8z/nkdpsk/MEwU89dexw="></latexit>

S =
O

x

Sx

Unitarity and locality imply Margolus

<latexit sha1_base64="3ecx5YiUyUwglIAPnXrGgUJuTKw="></latexit>V

<latexit sha1_base64="VhmR7uW2RUeKKji7ofaXhb3/Srk="></latexit>

V ⌦ V �1 =
Y

x

(S0
x)

O

y

Sy

<latexit sha1_base64="bD4CCAIWtDI6nWDpJH+nRgSxrPQ="></latexit>

S0
x := (V ⌦ I)Sx(V

�1 ⌦ I)

=

<latexit sha1_base64="b+kozM/XqWWvCa1d8/sm5tMA5RU="></latexit>

V �1
<latexit sha1_base64="nkh+CpINwmOz6rDGHQ7ddIURK8k="></latexit>

V

<latexit sha1_base64="V4pScoTlytsha28mGB9/lJcDig0="></latexit>x

<latexit sha1_base64="ckjiDGdHYXCkIURKDvL/7zJLG/E="></latexit>

S0
x

<latexit sha1_base64="V4pScoTlytsha28mGB9/lJcDig0="></latexit>x

P. Arrighi, V. Nesme, R.F. Werner,  J. Comput. Syst. Sci. 77, 372–378 (2011)

<latexit sha1_base64="nkh+CpINwmOz6rDGHQ7ddIURK8k="></latexit>

V

<latexit sha1_base64="b+kozM/XqWWvCa1d8/sm5tMA5RU="></latexit>

V �1

<latexit sha1_base64="vBVi5QC/tZEH3ax/ZaD5yPD9fiw="></latexit>

Sx



QCA and quantum field theories
Two purposes

Foundations Simulations
•QCA: microscopic model, QFT and 

space-time emerge


•QCAs underpin spacetime


•Revisit homogeneity


•Revisit the geometry of cell array

•QCAs are approximations


•“Hamiltonian” model vs. Lagrangian 

or Action


•Find appropriate “discretization”


•Tools for the analysis



Causal influence and neighbourhood
For a fundamental approach

• WW WWWWW WWWW W WWWWWWWWWWW WWWWWWWWWW WW WWWWWWW WWWWWWW

<latexit sha1_base64="7xRHCELMS5bW4MTolopD/XLwWRc="></latexit>

A2

<latexit sha1_base64="lNqe9uscuSQFAb+dP4fD5yNNok0="></latexit>

A3

<latexit sha1_base64="AhD0IIzmhbsidIgZHKv4jDswwAY="></latexit>

A4

<latexit sha1_base64="im7TWQOPJp8nGfvSfF7QB/YWsQQ="></latexit>

A5

<latexit sha1_base64="XB4BtroqMaMx1+bi1oPVbgIp7Xk="></latexit>

A6
<latexit sha1_base64="+JCxooKy/VluwSvYLHD5NPaJs4c="></latexit>

Ak

<latexit sha1_base64="suhyyT8Inmv3frm8d9QEKRElS0Q="></latexit>

A1



Causal influence and neighbourhood
For a fundamental approach

• WW WWWWW WWWW W WWWWWWWWWWW WWWWWWWWWW WW WWWWWWW WWWWWWW

• GGGGG GG GGGGGGGGGGGG GG GGG GGGGGGGGGGG GGGGGGG

<latexit sha1_base64="7xRHCELMS5bW4MTolopD/XLwWRc="></latexit>

A2

<latexit sha1_base64="lNqe9uscuSQFAb+dP4fD5yNNok0="></latexit>

A3

<latexit sha1_base64="AhD0IIzmhbsidIgZHKv4jDswwAY="></latexit>

A4

<latexit sha1_base64="im7TWQOPJp8nGfvSfF7QB/YWsQQ="></latexit>

A5

<latexit sha1_base64="XB4BtroqMaMx1+bi1oPVbgIp7Xk="></latexit>

A6
<latexit sha1_base64="+JCxooKy/VluwSvYLHD5NPaJs4c="></latexit>

Ak

<latexit sha1_base64="suhyyT8Inmv3frm8d9QEKRElS0Q="></latexit>

A1



Causal influence and neighbourhood
For a fundamental approach

• WW WWWWW WWWW W WWWWWWWWWWW WWWWWWWWWW WW WWWWWWW WWWWWWW

• GGGGG GG GGGGGGGGGGGG GG GGG GGGGGGGGGGG GGGGGGG

• FFF FFFFF FFFF FF FFFFF FFF FFFFFFFFFFFFF
<latexit sha1_base64="7xRHCELMS5bW4MTolopD/XLwWRc="></latexit>

A2

<latexit sha1_base64="lNqe9uscuSQFAb+dP4fD5yNNok0="></latexit>

A3

<latexit sha1_base64="AhD0IIzmhbsidIgZHKv4jDswwAY="></latexit>

A4

<latexit sha1_base64="im7TWQOPJp8nGfvSfF7QB/YWsQQ="></latexit>

A5

<latexit sha1_base64="XB4BtroqMaMx1+bi1oPVbgIp7Xk="></latexit>

A6
<latexit sha1_base64="+JCxooKy/VluwSvYLHD5NPaJs4c="></latexit>

Ak

<latexit sha1_base64="suhyyT8Inmv3frm8d9QEKRElS0Q="></latexit>

A1



Causal influence and neighbourhood
For a fundamental approach

• WW WWWWW WWWW W WWWWWWWWWWW WWWWWWWWWW WW WWWWWWW WWWWWWW

• GGGGG GG GGGGGGGGGGGG GG GGG GGGGGGGGGGG GGGGGGG

• FFF FFFFF FFFF FF FFFFF FFF FFFFFFFFFFFFF

• <latexit sha1_base64="gEbEGEqkLzsq4Ie9w6qhFpe3Aho="></latexit>

N�(x0)                                
<latexit sha1_base64="LbHCvE+FuafhbtAhbayhk1YIYps="></latexit>

U�1Ax0U = AN�(x0) ⌦ Ix̄0

<latexit sha1_base64="7xRHCELMS5bW4MTolopD/XLwWRc="></latexit>

A2

<latexit sha1_base64="lNqe9uscuSQFAb+dP4fD5yNNok0="></latexit>

A3

<latexit sha1_base64="AhD0IIzmhbsidIgZHKv4jDswwAY="></latexit>

A4

<latexit sha1_base64="im7TWQOPJp8nGfvSfF7QB/YWsQQ="></latexit>

A5

<latexit sha1_base64="XB4BtroqMaMx1+bi1oPVbgIp7Xk="></latexit>

A6
<latexit sha1_base64="+JCxooKy/VluwSvYLHD5NPaJs4c="></latexit>

Ak
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Causal influence and neighbourhood
For a fundamental approach
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Causal influence and neighbourhood
For a fundamental approach

• We start with a denumerable collection of systems (cells)

• Given an automorphism of the quasi-local algebra

• For every cell we check its neighbourhood

•  is the smallest set of cells such that 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• For every “neighbourhood” relation we draw an arrow

• What we obtain is a graph of causal relations dictated by the evolution rule
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Causal influence graph
Homogeneity and Cayley graphs

• SSSSSSSS SSSS SSS SSSSSSSSS SSSS SS SSS SSSSSSSSS a aaaaaa aaaaa———— —————



Causal influence graph
Homogeneity and Cayley graphs

• SSSSSSSS SSSS SSS SSSSSSSSS SSSS SS SSS SSSSSSSSS a aaaaaa aaaaa———— —————

• HHHHHHHHHHH: :::::: :::: :: ::::::: :: ::: :::: :::: ::::: :::::::::

PP, Quantum 4, 294 (2020)



Causal influence graph
Homogeneity and Cayley graphs

• SSSSSSSS SSSS SSS SSSSSSSSS SSSS SS SSS SSSSSSSSS a aaaaaa aaaaa———— —————
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• II III III II IIIIIIIIIII III IIIII II III CCCCCC CCCCC CC C CCCCC
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Causal influence graph
Homogeneity and Cayley graphs

• Starting from the evolution rule we can construct a metric space—the graph

• Homogeneity: “every cell is treated in the same way” (made rigorous)

• If the FCA is homogeneous the graph is the Cayley graph of a group

• The group of translations on the graph itself

g

h

gh

<latexit sha1_base64="mC/iC7dCuo1Sv1W+BgjzjqmW0g4="></latexit>

hr, b|r5, b5, (rb)2i

PP, Quantum 4, 294 (2020)



Emergent space
Geometric group theory
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Emergent space
Geometric group theory

• Metric spaces can be grouped in equivalence classes modulo quasi-isometry 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• Every Cayley graph of the same group is in the same class

• In every class there is an essentially unique smooth manifold



Fermionic theory
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Fermionic theory
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Fermionic theory

• The theory is meant to provide a realisation of the fermion (CAR) algebra 
 
                                         
                                                         
for an arbitrary finite number N of Local Fermionic Modes (LFM)  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Jordan-Wigner representation
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Jordan-Wigner representation
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Fermionic CA
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Fermionic CA
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Fermionic CA
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Fermionic CA

• Local algebra of cell  is generated by <latexit sha1_base64="zWa0czEaHF+4d+RCgV+Yy5vRoXo="></latexit>x
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• Any reversible evolution must preserve CAR 
 

• In the finite case this is an iff condition

• Wrapping lemma: the iff condition holds also in the infinite case
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Linear FCAs
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Quantum walks
Field operators


second quantization

Wavefunctions

first quantization
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Quantum walks
Field operators


second quantization

Wavefunctions

first quantization

<latexit sha1_base64="lFldLyiyP6kgMC8azEogik1vfys="></latexit>

 †
i,t+1|⌦i =

X

j2N�
i

A⇤
i,j 

†
j,t|⌦i

<latexit sha1_base64="UnLyZ4AlI+9OU55fSYFSvR3ZZy8="></latexit>

 †
i,t+1 =

X

j2N�
i

A⇤
i,j 

†
j,t

’s: blocks of a “matrix” representing a 

unitary operator on the space of wavefunctions 


(single-particle excitations):


Quantum Walk
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Bravais lattices

• Cayley graphs in Euclidean geometry: abelian group


• 2-d: square, hexagonal


• 3-d: orthorhombic, PC, BCC



Diagonalising the walk

• From translation invariance [Th ⌦ I,W ] = 0

Wk :=
X

h2S

e�ik·hAh

Brillouin zone

W =

Z

B
dd k |kihk|⌦Wk



Unitarity conditions for a QW

• Locality:


• Unitarity: 


• in the reciprocal representation 
                 

• in the direct representation 

W †
kWk = WkW

†
k = Is

8
>><

>>:

X

h2S

A†
hAh =

X

h2S

AhA
†
h = Is

X

h�h0=h00

A†
hAh0 =

X

h�h0=h00

AhA
†
h0 = 0

Wk :=
X

h2S

e�ih·kAh



Solving the equations
For d=3

• MMMMMMM MMMMMMMMMM

• UUUUUUUUU U UUUUUUUU UUUUUUUUUUU UUU UU UUUUUU           
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G. M. D’Ariano and PP, Phys. Rev. A 90, 062106 (2014)
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Solving the equations
For d=3

• Minimal complexity

• Unitarity + locality constraints can be solved only for BCC

• Brillouin zone

s = 2

W±
k = e

�i
kxp
3
�x
e
⌥i

kyp
3
�y
e
�i

kzp
3
�z

G. M. D’Ariano and PP, Phys. Rev. A 90, 062106 (2014)
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Dispersion relations

si := sin kip
3

ci := cos kip
3

W±
k | ±

k i = e�i!±
k | ±

k iEigenvalue equation for the  quantum walk

!±
k = arccos(cxcycz ⌥ sxsysz)Dispersion relation

G. M. D’Ariano and PP, Phys. Rev. A 90, 062106 (2014)



Interpolation

• Interpolating Hamiltonian


• Differential equation


• Small wave-vector

i@t (k) = Hk (k)

i@t (k) ' k · � (k)

Weyl’s equation

W
±
k = e

�iH
±
k

H
±
k = n±

k · �
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Weyl’s equation

Weyl

QCA

k

k

Weyl QCA Helicity Group velocity
Exact QCA
Small |k| limit

G. M. D’Ariano and PP, Phys. Rev. A 90, 062106 (2014)



Combining Weyl QCA

Dirac Maxwell

Z±
k =

✓
nW±

k imI
imI nW±†

k

◆

n2 +m2 = 1

M±
k = A±

k ⌦A±⇤
k



Dirac’s equation

• Interpolating Hamiltonian for 
 
 
 

• In the limit |k| ⌧ ⇡

Z±
k =

✓
nW±

k imI
imI nW±†

k

◆

H
±
k = n↵ · n±

k +m�

i@t'(k, t) = (n↵ · k+m�)'(k, t)

G. M. D’Ariano and PP, Phys. Rev. A 90, 062106 (2014)



Two Weyl fields

• CCCCCCCC CCC CCCCCCCCC CoCCC 'i(x),  i(x) i = R,L

 (x) :=

✓
 R(x)
 L(x)

◆
'(x) :=

✓
'R(x)
'L(x)

◆

A. Bisio, G. M. D’Ariano, and PP, Ann. Phys. 368, pagg.177-190 (2016)



Two Weyl fields

• Consider two Fermionic fields

• Evolution in the Fourier representation

'i(x),  i(x) i = R,L

 (x) :=

✓
 R(x)
 L(x)

◆
'(x) :=

✓
'R(x)
'L(x)

◆

 (k, t+ 1) = Ak (k, t)

'(k, t+ 1) = A⇤
k'(k, 0)

Ak = A±
k

A. Bisio, G. M. D’Ariano, and PP, Ann. Phys. 368, pagg.177-190 (2016)



Tensor Product of Weyl QCA

• CCCCCCCC CCC CCCCCCCCC �0 := IH
µ(k) := '
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k
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�
�
µ
 
�
k
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�

A. Bisio, G. M. D’Ariano, and PP, Ann. Phys. 368, pagg.177-190 (2016)



Tensor Product of Weyl QCA

• CCCCCCCC CCC CCCCCCCCC

• TTTTT TTTTTTTTT TT H
0(k, t+ 1) = H

0(k, t) H(k, t+ 1) = MkH(k, t)
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A. Bisio, G. M. D’Ariano, and PP, Ann. Phys. 368, pagg.177-190 (2016)



Tensor Product of Weyl QCA

• CCCCCCCC CCC CCCCCCCCC

• TTTTT TTTTTTTTT TT
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@t ReH(x, t) = r⇥ ImH(x, t),
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Tensor Product of Weyl QCA

• Consider the functions

• Their evolution is

• For small |k|, interpolating the discrete space-time lattice

• The functions do not satisfy Bosonic commutation relations 

H
0(k, t+ 1) = H

0(k, t) H(k, t+ 1) = MkH(k, t)

@t ReH(x, t) = r⇥ ImH(x, t),

@t ImH(x, t) = �r⇥ ReH(x, t),
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Electromagnetic field
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Electromagnetic field

• SSSSSSSS SSSSSS SSS SSSSSSSS SSSSSSSSS SS SSS

• MMMMMMMMM MMMMMMMMM MMMM sssss sssssssssss

• BBBBBBB BBBBBBBBBBB BBBBBBBBB BBBB sssss sssssssssss

• II IIII IIIIIIIII

• CCCCCCCCC CCCCCCCCC CCCCC CCCCCCC
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Electromagnetic field

• Slightly modify the bilinear functions to get

• Maxwell’s equations with small corrections

• Bosonic commutation relations with small corrections

• Is this possible?

• Composite particles (e.g. nuclei)

• Neutrino theory of light (De Broglie, Jordan, Pauli, Kronig)

A. Bisio, G. M. D’Ariano, and PP, Ann. Phys. 368, pagg.177-190 (2016)



Evolution

• TTT TTT TTTTTTTT TTTTTTTTT TTT
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Evolution

• The new bilinear functions are

• Their evolution is given by

Fµ(k) :=
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Maxwell’s equations

• EEEEEEEE EEE EEEEEEEE ElEE EEEEEEEEE

E := |nk
2
|(F T + F †

T ), B := i|nk
2
|(F †

T � F T ),

2|nk
2
|F T = E + iB.
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Maxwell’s equations

• Electric and magnetic field operators

• Free e.m. field dynamics in the relativistic limit |k|≪1

E := |nk
2
|(F T + F †

T ), B := i|nk
2
|(F †

T � F T ),

2|nk
2
|F T = E + iB.

r ·E = 0 r ·B = 0

@tE = cr⇥B @tB = �cr⇥E .
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Bosonic commutation relations

• WW WWW WWWWWWWW WWWWWWWWWW WWWWWWWW WWWWWWWWW
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Bosonic commutation relations

• WW WWW WWWWWWWW WWWWWWWWWW WWWWWWWW WWWWWWWWW
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Bosonic commutation relations

• We now consider elementary bilinear functions

• Their commutation relations are

• The correction is small when we satisfy
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Interactions
Non-linear evolution
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Interactions
Non-linear evolution

• Relevant interactions introduce non-linearity 


1.The analysis is much harder


• We need approximation techniques


2.Defining the continuum limit is harder


• E.g. the small wave-vector regime might not be invariant


• Both problems can be faced in a unified treatment


• Discrete time perturbation theory
A. Bisio, N. Mosco, and PP, Phys. Rev. Lett. 126, 250503 (2021)



Local nonlinear evolution

• From a fundamental point of view


• Local gauge theory


• 


• Quantum simulations: Lie-Trotter


• Interaction hamiltonian  


•
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• Ignore bound states—focus on scattering

Scattering
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Scattering
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Scattering theory

Removes bound states
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Scattering theory

Removes bound states
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Scattering theory

Removes bound states
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Scattering theory

Removes bound states

•Check conditions for the existence of Møller operators

•Under suitable conditions S is unitary
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Convergence
Comparison of discrete and continuous time theories

• 


• 


•
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Comparison
Perturbation theory for QCA

• Target: compare the scattering matrices


• Tool: perturbation theory for QCA (beyond Hamiltonian framework)


• Perturbative expansion for  allows for the comparison


• Sufficient conditions for convergence of  to 


•  Bounded energy spectrum for  


•  [where ]
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• QCA


• FCA


• Quantum Walks and free QFTs


• Weyl/Dirac


• Maxwell


• Interactions


• Perturbation theory for discrete 
time
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