
Bootstrapping Lieb-Schultz-Mattis anomalies   
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Basic setup
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<latexit sha1_base64="n4PmHCYe5KcGNs3Bm0VZEO2LbKw=">AAACF3icbVDLSgMxFM3UV62vqhvBTbAIrsqMiLoRim66rGAf0A5DJk3b0EwyJHeEMtT/cO9Wf8GduHXpH/gZZtoubOuBwMk595GcMBbcgOt+O7mV1bX1jfxmYWt7Z3evuH/QMCrRlNWpEkq3QmKY4JLVgYNgrVgzEoWCNcPhXeY3H5k2XMkHGMXMj0hf8h6nBKwUFI86AwK4im9wxyRRwPH0HvCgWHLL7gR4mXgzUkIz1ILiT6eraBIxCVQQY9qeG4OfEg2cCjYudBLDYkKHpM/alkoSMeOnkx+M8alVurintD0S8ET925GSyJhRFNrKiMDALHqZ+J/XTqB37adcxgkwSaeLeonAoHAWB+5yzSiIkSWEam7fiumAaELBhja3JZsNSgkzttF4i0Esk8Z52bsse/cXpcrtLKQ8OkYn6Ax56ApVUBXVUB1R9IRe0Ct6c56dd+fD+ZyW5pxZzyGag/P1C72on00=</latexit>

Ĥ =
X

i

Ĥi

• Bosonic tensor product Hilbert space  

• Hamiltonian sum of local terms

<latexit sha1_base64="Jq/GgVxyx1Ch2d4CnR5sPQsTzOE=">AAACJXicbVDLSsNAFJ34rPUVdelmsCiuSiKiboSimy4r2Ac0JUymk3boJBNmboRS+gf+h3u3+gvuRHDl1s9w0ga0rRcGDufce8+dEySCa3CcT2tpeWV1bb2wUdzc2t7Ztff2G1qmirI6lUKqVkA0EzxmdeAgWCtRjESBYM1gcJvpzQemNJfxPQwT1olIL+YhpwQM5dsnXkSgT4nAVXyNvYD3JPCIaZ/jX8Xnvl1yys6k8CJwc1BCedV8+9vrSppGLAYqiNZt10mgMyIKOBVsXPRSzRJCB6TH2gbGxHh2RpP/jPGxYbo4lMq8GPCE/TsxIpHWwygwndmNel7LyP+0dgrhVWfE4yQFFtOpUZgKDBJn4eAuV4yCGBpAqOLmVkz7RBEKJsIZl2w3SCn02ETjzgexCBpnZfei7N6dlyo3eUgFdIiO0Cly0SWqoCqqoTqi6BE9oxf0aj1Zb9a79TFtXbLymQM0U9bXD3f9pYE=</latexit>

H =
O

i

Hi

<latexit sha1_base64="VsbbVujIMwPxet8cVn4qgTwz8A0=">AAACBXicbVDLSsNAFL3xWeur6tLNYBFclUREXRbddFnBPqANZTKdtkMnmTBzI5TQtXu3+gvuxK3f4R/4GU7aLGzrgYHDOfc1J4ilMOi6387a+sbm1nZhp7i7t39wWDo6bhqVaMYbTEml2wE1XIqIN1Cg5O1YcxoGkreC8X3mt564NkJFjziJuR/SYSQGglG0Urs7okhqPdErld2KOwNZJV5OypCj3iv9dPuKJSGPkElqTMdzY/RTqlEwyafFbmJ4TNmYDnnH0oiG3Pjp7N4pObdKnwyUti9CMlP/dqQ0NGYSBrYypDgyy14m/ud1Ehzc+qmI4gR5xOaLBokkqEj2edIXmjOUE0so08LeStiIasrQRrSwJZuNSkkztdF4y0GskuZlxbuueA9X5epdHlIBTuEMLsCDG6hCDerQAAYSXuAV3pxn5935cD7npWtO3nMCC3C+fgF6XZll</latexit>

Ĥi

• May have global symmetries 
<latexit sha1_base64="N0pd8GcW9mpr/+A5U1SFUUqmcQE=">AAACJ3icbVDLSgMxFM34flt16SZYhApSZkTUjSC60GUFawudodxJ0zY0k4zJHaGU/oL/4d6t/oI70aU7P8P0sVDrgcDhnPvKiVMpLPr+hzc1PTM7N7+wuLS8srq2ntvYvLU6M4yXmZbaVGOwXArFyyhQ8mpqOCSx5JW4czHwK/fcWKHVDXZTHiXQUqIpGKCT6rlCrVxo7e2HbUB6FdFT6tPw7i6DBg2b2oCUtEVDoehlPZf3i/4QdJIEY5InY5Tqua+woVmWcIVMgrW1wE8x6oFBwSTvL4WZ5SmwDrR4zVEFCbdRb/ijPt11SoO6C9xTSIfqz44eJNZ2k9hVJoBt+9cbiP95tQybJ1FPqDRDrthoUTOTFDUdxEMbwnCGsusIMCPcrZS1wQBDF+KvLYPZqLW0fRdN8DeISXJ7UAyOisH1Yf7sfBzSAtkmO6RAAnJMzsgVKZEyYeSBPJFn8uI9eq/em/c+Kp3yxj1b5Be8z2/7IqSB</latexit>

[U(g), Ĥ] = 0 8g 2 G

In the thermodynamic limit,    
<latexit sha1_base64="nITDAKIAl5dOq4SbYdMT9G0tFLs=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjMi6rLopssK9gHtUDJppo3NJENyRyhDl+7d6i+4E7d+iH/gZ5hpZ2FbDwQO59xXThALbsB1v53C2vrG5lZxu7Szu7d/UD48ahmVaMqaVAmlOwExTHDJmsBBsE6sGYkCwdrB+C7z209MG67kA0xi5kdkKHnIKQErtXojArjeL1fcqjsDXiVeTiooR6Nf/ukNFE0iJoEKYkzXc2PwU6KBU8GmpV5iWEzomAxZ11JJImb8dHbtFJ9ZZYBDpe2TgGfq346URMZMosBWRgRGZtnLxP+8bgLhjZ9yGSfAJJ0vChOBQeHs63jANaMgJpYQqrm9FdMR0YSCDWhhSzYblBJmaqPxloNYJa2LqndV9e4vK7XbPKQiOkGn6Bx56BrVUB01UBNR9Ihe0Ct6c56dd+fD+ZyXFpy85xgtwPn6BeuEmIk=</latexit>

Ĥ

• Gapped (trivial) 
• Spontaneously breaks (discrete) symmetry 
• Gapless

<latexit sha1_base64="89uyVlUkirxK5HP80DtJf708VGI="></latexit>

G = Gint ⇥Glat



(Generalized) Lieb-Schultz-Mattis (LSM) Theorem: 

   cannot have a unique, symmetric, gapped ground 
state. 

Generalized Lieb-Schultz Mattis Theorems
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• Assume     is translation-invariant 

• Internal global symmetry         

       Generators: 

• Internal symmetry realized projectively at each site 

<latexit sha1_base64="nITDAKIAl5dOq4SbYdMT9G0tFLs=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjMi6rLopssK9gHtUDJppo3NJENyRyhDl+7d6i+4E7d+iH/gZ5hpZ2FbDwQO59xXThALbsB1v53C2vrG5lZxu7Szu7d/UD48ahmVaMqaVAmlOwExTHDJmsBBsE6sGYkCwdrB+C7z209MG67kA0xi5kdkKHnIKQErtXojArjeL1fcqjsDXiVeTiooR6Nf/ukNFE0iJoEKYkzXc2PwU6KBU8GmpV5iWEzomAxZ11JJImb8dHbtFJ9ZZYBDpe2TgGfq346URMZMosBWRgRGZtnLxP+8bgLhjZ9yGSfAJJ0vChOBQeHs63jANaMgJpYQqrm9FdMR0YSCDWhhSzYblBJmaqPxloNYJa2LqndV9e4vK7XbPKQiOkGn6Bx56BrVUB01UBNR9Ihe0Ct6c56dd+fD+ZyXFpy85xgtwPn6BeuEmIk=</latexit>

Ĥ

<latexit sha1_base64="Rpqa48EO+36tEYcWwIZy38/yuko=">AAAB/XicbVBNS8NAEJ3Ur1q/4sfNy2IRPJVERL0IRS8eK9g20Iaw2W7apZts2N0INRT/ihcPinj1f3jz37htc9DWBwOP92aYmRemnCntON9WaWl5ZXWtvF7Z2Nza3rF391pKZJLQJhFcSC/EinKW0KZmmlMvlRTHIaftcHgz8dsPVComkns9Sqkf437CIkawNlJgH3joCnVD1heaxVQFDHkBC+yqU3OmQIvELUgVCjQC+6vbEySLaaIJx0p1XCfVfo6lZoTTcaWbKZpiMsR92jE0wWaVn0+vH6Njo/RQJKSpRKOp+nsix7FSozg0nTHWAzXvTcT/vE6mo0s/Z0maaZqQ2aIo40gLNIkC9ZikRPORIZhIZm5FZIAlJtoEVjEhuPMvL5LWac09r7l3Z9X6dRFHGQ7hCE7AhQuowy00oAkEHuEZXuHNerJerHfrY9ZasoqZffgD6/MHPiyUdQ==</latexit>

X =
O

i

Xi

<latexit sha1_base64="D4hueYk1FyffB0jfFjZ28L7tcYc=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIqBuh6MZlBfugbQiT6aQdOsmEmRuhhuKvuHGhiFv/w51/47TNQlsPXDiccy/33hMkgmtwnG+rsLS8srpWXC9tbG5t79i7ew0tU0VZnUohVSsgmgkeszpwEKyVKEaiQLBmMLyZ+M0HpjSX8T2MEuZFpB/zkFMCRvLtgza+wt2A9yXwiGmf47bPfbvsVJwp8CJxc1JGOWq+/dXtSZpGLAYqiNYd10nAy4gCTgUbl7qpZgmhQ9JnHUNjYlZ52fT6MT42Sg+HUpmKAU/V3xMZibQeRYHpjAgM9Lw3Ef/zOimEl17G4yQFFtPZojAVGCSeRIF7XDEKYmQIoYqbWzEdEEUomMBKJgR3/uVF0jituOcV9+6sXL3O4yiiQ3SETpCLLlAV3aIaqiOKHtEzekVv1pP1Yr1bH7PWgpXP7KM/sD5/AERmlHk=</latexit>

Z =
O

i

Zi

<latexit sha1_base64="EPXK0OOYLhshSVnO+JX8gfkopjk=">AAACB3icbVDLSsNAFL3xWesr6lKQwSK4qkkRdSMU3biSCvaBbQyT6aQdOnkwMxFK6M6Nv+LGhSJu/QV3/o3TNAttPXDhcM693HuPF3MmlWV9G3PzC4tLy4WV4ura+samubXdkFEiCK2TiEei5WFJOQtpXTHFaSsWFAcep01vcDn2mw9USBaFt2oYUyfAvZD5jGClJdfca7kM3ek6R/Q+rXRihtjR9SiTtOWaJatsZUCzxM5JCXLUXPOr041IEtBQEY6lbNtWrJwUC8UIp6NiJ5E0xmSAe7StaYgDKp00+2OEDrTSRX4kdIUKZerviRQHUg4DT3cGWPXltDcW//PaifLPnJSFcaJoSCaL/IQjFaFxKKjLBCWKDzXBRDB9KyJ9LDBROrqiDsGefnmWNCpl+6Rs3xyXqhd5HAXYhX04BBtOoQpXUIM6EHiEZ3iFN+PJeDHejY9J65yRz+zAHxifP9pRl2Y=</latexit>

XiZi = e2⇡i/NZiXi

<latexit sha1_base64="CPeJwnb2K3pYH8c55Lo+01A/ysI=">AAACFnicbZDLSsNAFIYn9VbrLerChZvBIghCSUTUjVB002UFe4E2hMl00g6dZMLMiVBC3sO9W30Fd+LWrW/gY5i0WdjWAwMf/3/OnJnfiwTXYFnfRmlldW19o7xZ2dre2d0z9w/aWsaKshaVQqquRzQTPGQt4CBYN1KMBJ5gHW98n/udJ6Y0l+EjTCLmBGQYcp9TApnkmkf9EQHccDm+xQUm/NxOXbNq1axp4WWwC6iiopqu+dMfSBoHLAQqiNY924rASYgCTgVLK/1Ys4jQMRmyXoYhCZh2kukHUnyaKQPsS5WdEPBU/TuRkEDrSeBlnQGBkV70cvE/rxeDf+MkPIxiYCGdLfJjgUHiPA084IpREJMMCFU8eyumI6IIhSyzuS353SCl0Hk09mIQy9C+qNlXNfvhslq/K0Iqo2N0gs6Qja5RHTVQE7UQRSl6Qa/ozXg23o0P43PWWjKKmUM0V8bXL8h+nsY=</latexit>

Ĥi = Ĥi+1

[Lieb, Schultz, Mattis, 1961]
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[Oshikawa, 2000] 
[Hastings, 2004] 

[Chen,Gu,Wen, 2011] 
[Else, Thorngren, 2019] 

[Prakash, 2020] 
[Ogata, Tachikawa, Tasaki, 2020] 

[Gioia, Wang, 2022]

<latexit sha1_base64="+7T2U+00+OtDfcF85Im0J5FPgy0=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRS48V7Ae0oWy2m3btJht2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqGZVqxptMSaU7ATVcipg3UaDknURzGgWSt4Px3cxvP3FthIofcJJwP6LDWISCUbRSqzeiSOr9csWtunOQVeLlpAI5Gv3yV2+gWBrxGJmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LY1pxI2fza+dkjOrDEiotK0YyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J442ciTlLkMVssClNJUJHZ62QgNGcoJ5ZQpoW9lbAR1ZShDahkQ/CWX14lrYuqd1X17i8rtds8jiKcwCmcgwfXUIM6NKAJDB7hGV7hzVHOi/PufCxaC04+cwx/4Hz+APohjr0=</latexit>

Ĥ

<latexit sha1_base64="/FwDHVa0RBE7al+ABDkU1Y0khu0=">AAACDHicbVDLSgMxFL3js9ZX1aWbYBFakDIjom6EohuXFZy20A4lk2ZmQjMPkoxQhn6AG3/FjQtF3PoB7vwbM+0stPVAyOGcc0nucRPOpDLNb2NpeWV1bb20Ud7c2t7Zreztt2WcCkJtEvNYdF0sKWcRtRVTnHYTQXHoctpxRze533mgQrI4ulfjhDoh9iPmMYKVlgaVqj1gNb+O8iuooyvUxzwJcM0/CWaiH9R1ymyYU6BFYhWkCgVag8pXfxiTNKSRIhxL2bPMRDkZFooRTiflfippgskI+7SnaYRDKp1suswEHWtliLxY6BMpNFV/T2Q4lHIcujoZYhXIeS8X//N6qfIunYxFSapoRGYPeSlHKkZ5M2jIBCWKjzXBRDD9V0QCLDBRur+yLsGaX3mRtE8b1nnDujurNq+LOkpwCEdQAwsuoAm30AIbCDzCM7zCm/FkvBjvxscsumQUMwfwB8bnD+zxmGI=</latexit>

Ui(g)Ui(h) = ↵(g, h)Ui(gh)
<latexit sha1_base64="vnzt3aqbSfb4FSNTRxEyK6KdrH0=">AAACLXicbVBNSwMxEM36bf2qehG8BItQQcpuEfUoerDHClaFdi2zaWpDs8mSzCplqb/Gq/prPAji1X8hprUHqz4YeLw3w8y8KJHCou+/ehOTU9Mzs3PzuYXFpeWV/OrahdWpYbzGtNTmKgLLpVC8hgIlv0oMhziS/DLqngz8y1turNDqHHsJD2O4UaItGKCTmvmNegNk0oGQNoSilety8XS3Vgx2dpr5gl/yh6B/STAiBTJCtZn/bLQ0S2OukEmwth74CYYZGBRM8n6ukVqeAOvCDa87qiDmNsyGH/TptlNatK2NK4V0qP6cyCC2thdHrjMG7Njf3kD8z6un2D4MM6GSFLli34vaqaSo6SAO2hKGM5Q9R4AZ4W6lrAMGGLrQxrbEqURh9N3YJ1mkdRchsv2cCyz4Hc9fclEuBful4GyvcHQ8im6ObJItUiQBOSBHpEKqpEYYuScP5JE8ec/ei/fmvX+3TnijmXUyBu/jCyO0p28=</latexit>

[↵] 2 H
2(G,U(1))

<latexit sha1_base64="o75oW23LEkTAnFp2UW3egF29Izk=">AAACJXicbVBNS8NAEN34bf2KevSyWARPJRFRL4LoxZNUsK2QxjLZbtulm2zYnVRK6D/xqv4abyJ48p+I24+DtT4YeLw3w8y8KJXCoOd9OnPzC4tLyyurhbX1jc0td3unalSmGa8wJZW+j8BwKRJeQYGS36eaQxxJXou6V0O/1uPaCJXcYT/lYQztRLQEA7RSw3WDOsi0A+HDDT2ngRc23KJX8kags8SfkCKZoNxwv+tNxbKYJ8gkGBP4XophDhoFk3xQqGeGp8C60OaBpQnE3IT56PIBPbBKk7aUtpUgHam/J3KIjenHke2MATvmrzcU//OCDFtnYS6SNEOesPGiViYpKjqMgTaF5gxl3xJgWthbKeuABoY2rKktcSZRaPU49UkeKdVFiMygYAPz/8YzS6pHJf+k5N8eFy8uJ9GtkD2yTw6JT07JBbkmZVIhjPTIE3kmL86r8+a8Ox/j1jlnMrNLpuB8/QCvYaVK</latexit>

[↵]N = [0]

<latexit sha1_base64="N6gx3aQ/q7CGrKY+7LkZB91bu2k="></latexit>

Gint = Z2
N

<latexit sha1_base64="T8J2T/yg2G7bFmbw3aDNRArY6FA=">AAACJnicbVDLSgMxFM3UV62vqS7dBIvgqsyIqBuh6EY3UsE+sB1LJk3b0MxkSO5YytBPcat+jTsRd36JmLazsK0HQg7n3Mu99/iR4Boc58vKLC2vrK5l13Mbm1vbO3Z+t6plrCirUCmkqvtEM8FDVgEOgtUjxUjgC1bz+1djv/bElOYyvIdhxLyAdEPe4ZSAkVp2vt7ij7f4Aj+k/03LLjhFZwK8SNyUFFCKcsv+abYljQMWAhVE64brROAlRAGngo1yzViziNA+6bKGoSEJmPaSyeojfGiUNu5IZV4IeKL+7UhIoPUw8E1lQKCn572x+J/XiKFz7iU8jGJgIZ0O6sQCg8TjHHCbK0ZBDA0hVHGzK6Y9oggFk9bMlCAWwJUczFyS+FL2gfh6lDOBufPxLJLqcdE9Lbp3J4XSZRpdFu2jA3SEXHSGSugalVEFUTRAz+gFvVpv1rv1YX1OSzNW2rOHZmB9/wJQSaUG</latexit>

XN
i = ZN

i = I



Generalized Lieb-Schultz Mattis Theorems

5

Intuition behind LSM ingappability/anomaly:

Take system to obey: 
•    
• Assume ground state       is unique 
• At most 

<latexit sha1_base64="yD6uy3Ziey7TVMv8+CcAd3Jv4KA=">AAACJnicbVBNSwMxEM36WevXVo9egkVoL2VXRL0IRS8eK7htoV1KNk3b0OxmSWYtZelP8ar+Gm8i3vwlYtruwbY+CHm8N8PMvCAWXIPjfFlr6xubW9u5nfzu3v7BoV04qmuZKMo8KoVUzYBoJnjEPOAgWDNWjISBYI1geDf1G09MaS6jRxjHzA9JP+I9TgkYqWMXvFK/jL3SoIxvzNcflDt20ak4M+BV4makiDLUOvZPuytpErIIqCBat1wnBj8lCjgVbJJvJ5rFhA5Jn7UMjUjItJ/OVp/gM6N0cU8q8yLAM/VvR0pCrcdhYCpDAgO97E3F/7xWAr1rP+VRnACL6HxQLxEYJJ7mgLtcMQpibAihiptdMR0QRSiYtBamhIkAruRo4ZI0kHIIJNCTvAnMXY5nldTPK+5lxX24KFZvs+hy6ASdohJy0RWqontUQx6iaISe0Qt6td6sd+vD+pyXrllZzzFagPX9Cx4qpFY=</latexit>

U(g)U(h) = U(gh)

Adding a site amounts to adding translation symmetry defect

<latexit sha1_base64="+hnKDaExsWZHbUluuhpILGx+vXk=">AAACJHicbVDLSgMxFM34rPXRqks3wSK4KjMi6rLoxmUF+4BOKZk004ZmkiG5UcrYL3Grfo07ceHGTxHTx8K2HrhwOOde7r0nSgU34Ptf3srq2vrGZm4rv72zu1co7h/UjbKashpVQulmRAwTXLIacBCsmWpGkkiwRjS4GfuNB6YNV/IehilrJ6QnecwpASd1ioWnMDW844eayJ5guFMs+WV/ArxMghkpoRmqneJP2FXUJkwCFcSYVuCn0M6IBk4FG+VDa1hK6ID0WMtRSRJm2tnk8BE+cUoXx0q7koAn6t+JjCTGDJPIdSYE+mbRG4v/eS0L8VU74zK1wCSdLoqtwKDwOAXc5ZpREENHCNXc3Yppn2hCwWU1tyWxArhWj3OfZJFSAyCRGeVdYMFiPMukflYOLsrB3Xmpcj2LLoeO0DE6RQG6RBV0i6qohiiy6Bm9oFfvzXv3PrzPaeuKN5s5RHPwvn8BXB+lvQ==</latexit>

| 0i
<latexit sha1_base64="AEc8xH1D2FzTMGfmop5RNQbcrUk="></latexit>

U(g)| 0i = ei↵| 0i

• Dangling site transforms in projective representation 
• Irreducible projective representations have dimension > 1 

• Symmetry spoiled in presence of non-trivial translation background 
• Signal of mixed ’t Hooft anomaly

Need non-trivial low-energy theory to saturate 
i.e. CFT



LSM at c = 1 and beyond
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Simplest examples of 1+1d CFTs with discrete LSM anomaly are c = 1 compact bosons

Known to describe e.g. anti-ferromagnetic Heisenberg chain (        ) and related models
<latexit sha1_base64="B3Y7K9TpVoazctR01DBi2W+kH9Q=">AAACJ3icbVDLSsNAFJ3UV62vWJdugkWom5IUUZdFNy4r2Ae0IUymk3boJBNmbtQS+itu1a9xJ7r0R8RJm4VtPTBwOOde7pnjx5wpsO0vo7C2vrG5Vdwu7ezu7R+Yh+W2EokktEUEF7LrY0U5i2gLGHDajSXFoc9pxx/fZH7ngUrFRHQPk5i6IR5GLGAEg5Y8s9wPMYwCicepSqbV+pnneGbFrtkzWKvEyUkF5Wh65k9/IEgS0ggIx0r1HDsGN8USGOF0WuonisaYjPGQ9jSNcEiVm86yT61TrQysQEj9IrBm6t+NFIdKTUJfT2ZJ1bKXif95vQSCKzdlUZwAjcj8UJBwC4SVFWENmKQE+EQTTCTTWS0ywhIT0HUtXAkTDkyKx4WfpL4QY8C+mpZ0Yc5yPaukXa85FzXn7rzSuM6rK6JjdIKqyEGXqIFuURO1EEFP6Bm9oFfjzXg3PozP+WjByHeO0AKM7199SKbQ</latexit>

su(2)1

<latexit sha1_base64="mkUQ+sTo1jtjwu0tBIuI16ZDQ+8="></latexit>

Ĥ =
X

i

JxXiXi+1 + JyYiYi+1 + JzZiZi+1

• These models have  

• Gapped (SSB) unless microscopic U(1) present (i.e.               etc.) 

•                  LSM anomaly matched in lattice and continuum

<latexit sha1_base64="Bk/Ys8Hzka7h0kM67JvSTBAwNik=">AAACIXicbVDLSgMxFM3UV62vqks3wSK4KjMi6kYouhFXFewD2rFk0kwbmpkMyR11mPY/3Kpf407cif8ipu0sbPVAyOGce7n3Hi8SXINtf1q5hcWl5ZX8amFtfWNzq7i9U9cyVpTVqBRSNT2imeAhqwEHwZqRYiTwBGt4g8ux37hnSnMZ3kISMTcgvZD7nBIw0t3wuvM4xOfY/MkQd4olu2xPgP8SJyMllKHaKX63u5LGAQuBCqJ1y7EjcFOigFPBRoV2rFlE6ID0WMvQkARMu+lk6xE+MEoX+1KZFwKeqL87UhJonQSeqQwI9PW8Nxb/81ox+GduysMoBhbS6SA/FhgkHkeAu1wxCiIxhFDFza6Y9okiFExQM1OCWABX8mHmktSTcgDE06OCCcyZj+cvqR+VnZOyc3Ncqlxk0eXRHtpHh8hBp6iCrlAV1RBFCj2hZ/RivVpv1rv1MS3NWVnPLpqB9fUDQ+ikqg==</latexit>

|Jx| = |Jy|

<latexit sha1_base64="LnufmVQw0DRDHCwIT7TpoXHQUfo="></latexit>

Z2
2 ⇢ Gint

<latexit sha1_base64="65XNAT6yFk8Dl2EIxt8BWqKjdq4="></latexit>

Z2
2 ⇥ Ztrans
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For N = 3 the story is more rich

Many gapless models have c = 2 compact 
boson descriptions 

Taken from [Alavirad, Barkeshli, 2019]

<latexit sha1_base64="oK3zkH6k/NJqtnZ8UxtWhOC5+34="></latexit>

Ĥ =
X

i

⇣
JxXiX

†
i+1 + JzZiZ

†
i+1

⌘
+ h.c.

• Above models gapless with only                
microscopically 

• With more terms and enhanced symmetry, 
described by  

<latexit sha1_base64="fNgu6AaJ1mPoM9m/OV49JfUWleM="></latexit>

Z2
3 ⇥ Ztrans

<latexit sha1_base64="Vk9gdU9SkqtkV/lXsys7UTi9NgQ=">AAACJ3icbVDLSgMxFM3UV62vWpduBotQN2VGRV0W3bisYB/QliGTZtowmWRI7qhl6K+4Vb/GnejSHxHTdha29UDgcM693JPjx5xpcJwvK7eyura+kd8sbG3v7O4V90tNLRNFaINILlXbx5pyJmgDGHDajhXFkc9pyw9vJn7rgSrNpLiHUUx7ER4IFjCCwUhesdSNMAwDhcNUJ+PK2YnnesWyU3WmsJeJm5EyylD3ij/dviRJRAUQjrXuuE4MvRQrYITTcaGbaBpjEuIB7RgqcER1L51mH9vHRunbgVTmCbCn6t+NFEdajyLfTE6S6kVvIv7ndRIIrnopE3ECVJDZoSDhNkh7UoTdZ4oS4CNDMFHMZLXJECtMwNQ1dyVKODAlH+d+kvpShoB9PS6YwtzFepZJ87TqXlTdu/Ny7TqrLo8O0RGqIBddohq6RXXUQAQ9oWf0gl6tN+vd+rA+Z6M5K9s5QHOwvn8Bfvum0Q==</latexit>

su(3)1

[Qin, Leinaas, Ryu, Ardonne, Xiang, Lee, 2012]

Story not clear beyond N = 3, no numerics for models with just  
<latexit sha1_base64="BFK1HxLIR6NpPaqMV8XbtkcRuA0=">AAACIHicbVDLTgIxFO3gC/GFunTTSExckRli1CXRjSuDiTwijKQtBRo607G9oyETvsOt+jXujEv9GGMHWAh4kiYn59ybe3poJIUB1/1yMkvLK6tr2fXcxubW9k5+d69mVKwZrzIllW5QYrgUIa+CAMkbkeYkoJLX6eAy9euPXBuhwlsYRtwPSC8UXcEIWMlvBQT6lOK79vV9qZ0vuEV3DLxIvCkpoCkq7fxPq6NYHPAQmCTGND03Aj8hGgSTfJRrxYZHhA1IjzctDUnAjZ+MQ4/wkVU6uKu0fSHgsfp3IyGBMcOA2sk0pJn3UvE/rxlD99xPRBjFwEM2OdSNJQaF0wZwR2jOQA4tIUwLmxWzPtGEge1p5koQSxBaPc38JKFKDYBQM8rZwrz5ehZJrVT0TovezUmhfDGtLosO0CE6Rh46Q2V0hSqoihh6QM/oBb06b8678+F8TkYzznRnH83A+f4FliikUQ==</latexit>

Z2
N



Anomaly matching for N = 2
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<latexit sha1_base64="flE9m3xcG5yrQ5H+TJvanQsNODE=">AAACJHicbVDLSsNAFJ3UV62vqEs3o0VwISUpooIIRTcuK9oHNGmYTKbt0MmDmUmxhH6MG3/FjQsfuHDjtzhpg9TWAwOHc+69c+9xI0aFNIwvLbewuLS8kl8trK1vbG7p2zt1EcYckxoOWcibLhKE0YDUJJWMNCNOkO8y0nD716nfGBAuaBjcy2FEbB91A9qhGEklOfrF3aVFAwmtfei1yw/QOoZWhLikiDmWH0NrgHjUo79ie0p09KJRMsaA88TMSBFkqDr6u+WFOPZJIDFDQrRMI5J2kk7GjIwKVixIhHAfdUlL0QD5RNjJ+MgRPFSKBzshV08tPFanOxLkCzH0XVXpI9kTs14q/ue1Ytk5txMaRLEkAZ581IkZlCFME4Me5QRLNlQEYU7VrhD3EEdYqlwLKgRz9uR5Ui+XzNOSeXtSrFxlceTBHjgAR8AEZ6ACbkAV1AAGj+AZvII37Ul70T60z0lpTst6dsEfaN8/YCykHg==</latexit>

S =

Z
d2x @µ'@

µ'
<latexit sha1_base64="a8F2IO0uvQNs7ajyupHBFhU83dM=">AAACBnicbVDLSgMxFM3UV62vUZciBIsgCGWmiLosunFZxT6gU0omzbShSSYkmUIZunLjr7hxoYhbv8Gdf2PajqCtBy6cnHMvufeEklFtPO/LyS0tr6yu5dcLG5tb2zvu7l5dx4nCpIZjFqtmiDRhVJCaoYaRplQE8ZCRRji4nviNIVGaxuLejCRpc9QTNKIYGSt13MNgiJTsUxhoyuHP4xSWA0nhXccteiVvCrhI/IwUQYZqx/0MujFOOBEGM6R1y/ekaadIGYoZGReCRBOJ8AD1SMtSgTjR7XR6xhgeW6ULo1jZEgZO1d8TKeJaj3hoOzkyfT3vTcT/vFZiost2SoVMDBF49lGUMGhiOMkEdqki2LCRJQgraneFuI8UwsYmV7Ah+PMnL5J6ueSfl/zbs2LlKosjDw7AETgBPrgAFXADqqAGMHgAT+AFvDqPzrPz5rzPWnNONrMP/sD5+AZlt5fI</latexit>

' ⇠ '+ 2⇡R

Action Local operators

<latexit sha1_base64="0cuktE2MnW0QPIoFcouF6M8ynZU=">AAACLXicbVDLSgMxFM34rONr1KWbYBHqpsyIqBuhqAspLqrYB3SGIZNm2tDMgyQj1NIfcuOviOCiIm79DTPTEWrrhZDDOefe5B4vZlRI0xxrC4tLyyurhTV9fWNza9vY2W2IKOGY1HHEIt7ykCCMhqQuqWSkFXOCAo+Rpte/SvXmI+GCRuGDHMTECVA3pD7FSCrKNa6rpacjeAHtGHFJEYMt9zZlbFu3PcRhtZRdE0+Kpoz3v5prFM2ymRWcB1YOiiCvmmu82Z0IJwEJJWZIiLZlxtIZppMxIyPdTgSJEe6jLmkrGKKACGeYbTuCh4rpQD/i6oQSZux0xxAFQgwCTzkDJHtiVkvJ/7R2Iv1zZ0jDOJEkxJOH/IRBGcE0OtihnGDJBgogzKn6K8Q9xBGWKmBdhWDNrjwPGsdl67Rs3Z0UK5d5HAWwDw5ACVjgDFTADaiBOsDgGbyCMfjQXrR37VP7mlgXtLxnD/wp7fsHVT2klw==</latexit>

J(z) = @XL(z)

J̄(z̄) = @̄XR(z̄)

<latexit sha1_base64="OnlooI0Kj+KkbtplDvouWSE0W0I=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4kJKIqMuiG5cV7AObUCbTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHCmtON8W0vLK6tr66WN8ubW9s6uXdlrqTiVhDZJzGPZCbCinAna1Exz2kkkxVHAaTsYXed++4FKxWJxp8cJ9SM8ECxkBGsj9eyKOImQxwTyIqyHQYDue3bVqTlToEXiFqQKBRo9+8vrxySNqNCEY6W6rpNoP8NSM8LppOyliiaYjPCAdg0VOKLKz6bRJ+jIKH0UxtI8odFU/b2R4UipcRSYyTygmvdy8T+vm+rw0s+YSFJNBZkdClOOdIzyHlCfSUo0HxuCiWQmKyJDLDHRpq2yKcGd//IiaZ3W3POae3tWrV8VdZTgAA7hGFy4gDrcQAOaQOARnuEV3qwn68V6tz5mo0tWsbMPf2B9/gDbaZMZ</latexit>

n,m 2 Z
<latexit sha1_base64="nE1RtKCrLmCo2V2ee4GnJPnNn2g="></latexit>

'(z, z̄) = XL(z) +XR(z)

<latexit sha1_base64="u9dcRr+g6wFInDaE91CnqmHzyak="></latexit>

Vn,m(z, z̄) =: e
i
⇣
n
R+

mR
2

⌘
XL(z)+i

⇣
n
R�mR

2

⌘
XR(z̄)

:

Global Symmetries

Winding/momentum U(1) symmetries

<latexit sha1_base64="gdIUaEdGQUydhEQljKaEb8VLStQ=">AAACKnicbVDNS8MwHE3n16xfVY9egkMQxNGKqMepFw8e5nBbYS0lzdItLP0gSYVR+vd48V/xsoMyvPqHmG496OYPQh7vvR/Je37CqJCmOdUqK6tr6xvVTX1re2d3z9g/6Ig45Zi0ccxibvtIEEYj0pZUMmInnKDQZ6Trj+4LvftCuKBx9CzHCXFDNIhoQDGSivKMW9t7hI6MYXGfQSfgCGcOYskQ5Vkrh44DddtrlZYWPF+yeEbNrJuzgcvAKkENlNP0jInTj3EakkhihoToWWYi3QxxSTEjue6kgiQIj9CA9BSMUEiEm82i5vBEMX0YxFydSMIZ+3sjQ6EQ49BXzhDJoVjUCvI/rZfK4MbNaJSkkkR4/lCQMqhyF73BPuUESzZWAGFO1V8hHiJVhVTt6qoEazHyMuhc1K2ruvV0WWvclXVUwRE4BqfAAtegAR5AE7QBBq/gHXyAT+1Nm2hT7WturWjlziH4M9r3DztYpWM=</latexit>

XL ! XL +
↵

R

XR ! XR � ↵

R

<latexit sha1_base64="lyLP9GdLrT42nbcM47L8uk4+dM0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKqMegF48R3CSQLGF2MpuMmccyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KU86M9f1vb2V1bX1js7BV3N7Z3dsvHRw2jMo0oSFRXOlWjA3lTNLQMstpK9UUi5jTZjy8nfrNJ6oNU/LBjlIaCdyXLGEEWyc1wkpw1hXdUtmv+jOgZRLkpAw56t3SV6enSCaotIRjY9qBn9pojLVlhNNJsZMZmmIyxH3adlRiQU00nl07QadO6aFEaVfSopn6e2KMhTEjEbtOge3ALHpT8T+vndnkOhozmWaWSjJflGQcWYWmr6Me05RYPnIEE83crYgMsMbEuoCKLoRg8eVl0jivBpfV4P6iXLvJ4yjAMZxABQK4ghrcQR1CIPAIz/AKb57yXrx372PeuuLlM0fwB97nD2mfjl8=</latexit>

U(1)m
<latexit sha1_base64="hua2iQ5MtpdYQy4S1wAjf8LpUXI=">AAACLnicbVDNS8MwHE39nPWr6tFLcAiCMNoh6nEoggcPc7itsJaSZukWln6QpMIo/Yu8+K/oQVARr/4ZplsPuu0HIY/33o/kPT9hVEjTfNeWlldW19YrG/rm1vbOrrG33xFxyjFp45jF3PaRIIxGpC2pZMROOEGhz0jXH10XeveRcEHj6EGOE+KGaBDRgGIkFeUZN7Z3Bx0Zw+I+hU7AEc4cxJIhgq08q+fQcaBue63S1Fpo8oyqWTMnA+eBVYIqKKfpGa9OP8ZpSCKJGRKiZ5mJdDPEJcWM5LqTCpIgPEID0lMwQiERbjaJm8NjxfRhEHN1Igkn7N+NDIVCjENfOUMkh2JWK8hFWi+VwaWb0ShJJYnw9KEgZVAlL7qDfcoJlmysAMKcqr9CPESqDKka1lUJ1mzkedCp16zzmnV/Vm1clXVUwCE4AifAAhegAW5BE7QBBk/gBXyAT+1Ze9O+tO+pdUkrdw7Av9F+fgEQpqYt</latexit>

XL ! XL +
↵R

2

XR ! XR +
↵R

2

<latexit sha1_base64="lp5I7l2jw+5c8bpw49icu6qEApc=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrjHokevGIiQsksCHd0oVKt920XQ3Z8B+8eNAYr/4fb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHTS1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSsc3Uz91iNVmklxb8YJDWI8ECxiBBsrNf2qd9p76pUrbs2dAS0TLycVyNHolb+6fUnSmApDONa647mJCTKsDCOcTkrdVNMEkxEe0I6lAsdUB9ns2gk6sUofRVLZEgbN1N8TGY61Hseh7YyxGepFbyr+53VSE10FGRNJaqgg80VRypGRaPo66jNFieFjSzBRzN6KyBArTIwNqGRD8BZfXibNs5p3UfPuziv16zyOIhzBMVTBg0uowy00wAcCD/AMr/DmSOfFeXc+5q0FJ585hD9wPn8AeMeOaQ==</latexit>

U(1)w

<latexit sha1_base64="nGA73T5/IjhbUj89eJU1KBrSpFk=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIbqyJiLosunHhoop9QBvCZDpph04mYWYilFDwV9y4UMSt3+HOv3HaZqGtBwbOnHMv994TJJwp7TjfVmFhcWl5pbhaWlvf2Nyyt3caKk4loXUS81i2AqwoZ4LWNdOcthJJcRRw2gwG12O/+UilYrF40MOEehHuCRYygrWRfHuv5We3J/cj1NExOkb5z7fLTsWZAM0TNydlyFHz7a9ONyZpRIUmHCvVdp1EexmWmhFOR6VOqmiCyQD3aNtQgSOqvGyy/ggdGqWLwliaJzSaqL87MhwpNYwCUxlh3Vez3lj8z2unOrz0MiaSVFNBpoPClCNz6jgL1GWSEs2HhmAimdkVkT6WmGiTWMmE4M6ePE8apxX3vOLenZWrV3kcRdiHAzgCFy6gCjdQgzoQyOAZXuHNerJerHfrY1pasPKeXfgD6/MHFDaURw==</latexit>

XL/R ! �XL/R

Charge conjugation 
<latexit sha1_base64="+MDiCHKUC1V4d2X7KEwOeu56nNs=">AAAB9HicbVDLSsNAFL2pr1pfUZduBovgqiRF1GWxG5cV7APbWCbTSTt0Mokzk0IJ/Q43LhRx68e482+ctFlo64GBwzn3cs8cP+ZMacf5tgpr6xubW8Xt0s7u3v6BfXjUUlEiCW2SiEey42NFORO0qZnmtBNLikOf07Y/rmd+e0KlYpG419OYeiEeChYwgrWRvF6I9cj30UO/+ljv22Wn4syBVombkzLkaPTtr94gIklIhSYcK9V1nVh7KZaaEU5npV6iaIzJGA9p11CBQ6q8dB56hs6MMkBBJM0TGs3V3xspDpWahr6ZzEKqZS8T//O6iQ6uvZSJONFUkMWhIOFIRyhrAA2YpETzqSGYSGayIjLCEhNteiqZEtzlL6+SVrXiXlbcu4ty7SavowgncArn4MIV1OAWGtAEAk/wDK/wZk2sF+vd+liMFqx85xj+wPr8Ac3TkXg=</latexit>

ZC
2

<latexit sha1_base64="pii6Uk/mh6ggwyAhK82FIpEROrs=">AAACF3icbVA9T8MwEHXKVylfAUYWiwqpXaKkQsCCVNEBxiKRtqIJkeM6rVXnQ7YDqqr+Cxb+CgsDCLHCxr/BSTtAy5MsvXt357t7fsKokKb5rRWWlldW14rrpY3Nre0dfXevJeKUY2LjmMW84yNBGI2ILalkpJNwgkKfkbY/bGT59j3hgsbRjRwlxA1RP6IBxUgqydONy/OKXbGq3gN0JA2JgHkUVqHDp7ETIjnwfXjr1e4anl42DTMHXCTWjJTBDE1P/3J6MU5DEknMkBBdy0ykO0bqc8zIpOSkgiQID1GfdBWNkBrpjvO7JvBIKT0YxFy9SMJc/d0xRqEQo9BXldmSYj6Xif/luqkMztwxjZJUkghPBwUpgzKGmUmwRznBko0UQZhTtSvEA8QRlsrKkjLBmj95kbRqhnViWNfH5frFzI4iOACHoAIscArq4Ao0gQ0weATP4BW8aU/ai/aufUxLC9qsZx/8gfb5A3L2nQY=</latexit>

G = (U(1)w ⇥ U(1)m)o ZC
2Internal symmetry group at generic R:

carries LSM anomaly
<latexit sha1_base64="683MnX6V2BRA480+0zfpGJdvivU=">AAACKnicbVBNT8JAEN36ifiFevSykZh4Ii0x6hHloEdM5CNSJNtlCxu222Z3qiENv8eLf8ULBw3x6g9xCxwQeMkkL+/NZGaeFwmuwbbH1tr6xubWdmYnu7u3f3CYOzqu6TBWlFVpKELV8IhmgktWBQ6CNSLFSOAJVvf65dSvvzKleSifYBCxVkC6kvucEjBSO3frBgR6noef28WXN+wCD5jG82KwSixjV8eeZoDv27m8XbAnwMvEmZE8mqHSzo3cTkjjgEmggmjddOwIWglRwKlgw6wbaxYR2idd1jRUErO8lUxeHeJzo3SwHypTEvBEnZ9ISKD1IPBMZ3quXvRScZXXjMG/aSVcRjEwSaeL/FhgCHGaG+5wxSiIgSGEKm5uxbRHFKFg0s2aEJzFl5dJrVhwrgrO42W+dDeLI4NO0Rm6QA66RiX0gCqoiih6R5/oC31bH9bIGls/09Y1azZzgv7B+v0DRdml8A==</latexit>

Zw
2 ⇥ Zm

2 ⇥ ZC
2 ⇢ G
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To see anomaly, look at twisted sectors

Twist boundary conditions by      symmetry (assume IR action of lattice translation)

The winding mode is now is quantized as 
<latexit sha1_base64="Eud8fhD8CQNzpngd1hd4o2CnAw8=">AAACBHicbVDLSsNAFJ3UV62vqMtuBosgCCUpoi6LblxWsA9sQplMJ+3QmUmYmQglZOHGX3HjQhG3foQ7/8ZJm4W2HrhwOOde7r0niBlV2nG+rdLK6tr6RnmzsrW9s7tn7x90VJRITNo4YpHsBUgRRgVpa6oZ6cWSIB4w0g0m17nffSBS0Ujc6WlMfI5GgoYUI22kgV3l0KMCehzpcRDA+1MvlAinbpY2soFdc+rODHCZuAWpgQKtgf3lDSOccCI0ZkipvuvE2k+R1BQzklW8RJEY4Qkakb6hAnGi/HT2RAaPjTKEYSRNCQ1n6u+JFHGlpjwwnfmxatHLxf+8fqLDSz+lIk40EXi+KEwY1BHME4FDKgnWbGoIwpKaWyEeI5OCNrlVTAju4svLpNOou+d19/as1rwq4iiDKjgCJ8AFF6AJbkALtAEGj+AZvII368l6sd6tj3lrySpmDsEfWJ8/dJ+XWQ==</latexit>

m 2 Z+
1

2

<latexit sha1_base64="NJc6LmMwBEb2mZgY7kpeKmGyAHw="></latexit>

'(e2⇡iz, e�2⇡iz̄) = '(z, z̄) + 2⇡(m+
1

2
)R

<latexit sha1_base64="recSz+F2DKSZxBTeQwpwbZRvYQ8="></latexit>

Vn,m
ZC
2�! V�n,�m

Zw
2�! (�1)�mV�n,�m

Vn,m
Zw
2�! (�1)mVn,m

ZC
2�! (�1)mV�n,�m

Charge conjugation and winding symmetry do not commute in twisted sector!

               realized projectively
<latexit sha1_base64="u18XOz4uJSp/PKhhvAhy6pr6SSk=">AAACGXicbVC7TsMwFHV4lvIKsMFiUSExVUmFgLGiC2OR6EO0IXJct7XqxJF9A6qqSvwHOyv8AhtiZeIP+AycNgNtuZKl43Pu9bk+QSy4Bsf5tpaWV1bX1nMb+c2t7Z1de2+/rmWiKKtRKaRqBkQzwSNWAw6CNWPFSBgI1ggGlVRvPDCluYxuYRgzLyS9iHc5JWAo3z5shwT6QYDv7h/9Em4DD5k2l4pf8u2CU3QmhReBm4ECyqrq2z/tjqRJyCKggmjdcp0YvBFRwKlg43w70SwmdEB6rGVgRIyVN5r8YYxPDNPBXanMiQBP2L8TIxJqPQwD05lurOe1lPxPayXQvfRGPIoTYBGdGnUTgUHiNBDc4YpREEMDCFXc7IppnyhCwcQ245K+DVIKPTbRuPNBLIJ6qeieF92bs0L5Kgsph47QMTpFLrpAZXSNqqiGKHpCL+gVvVnP1rv1YX1OW5esbOYAzZT19QveNaB1</latexit>

Zw
2 ⇥ ZC

2

<latexit sha1_base64="uwKeF/gJWxQIGdGVF9RRUhyWVQ4=">AAACC3icbVDLTgIxFL2DL8QX6tJNIzFxRWaIUZdENy4xkUeEgXRKBxo67aTtmBDCJ7h3q7/gzrj1I/wDP8MOzELAkzQ5Oefe3pMTxJxp47rfTm5tfWNzK79d2Nnd2z8oHh41tEwUoXUiuVStAGvKmaB1wwynrVhRHAWcNoPRbeo3n6jSTIoHM46pH+GBYCEj2Fip24mwGQYBeuxVulGhVyy5ZXcGtEq8jJQgQ61X/On0JUkiKgzhWOu258bGn2BlGOF0WugkmsaYjPCAti0VOKLan8xST9GZVfoolMo+YdBM/bsxwZHW4yiwk2lKveyl4n9eOzHhtT9hIk4MFWR+KEw4MhKlFaA+U5QYPrYEE8VsVkSGWGFibFELV9K/jZRcT2013nIRq6RRKXuXZe/+olS9yUrKwwmcwjl4cAVVuIMa1IGAghd4hTfn2Xl3PpzP+WjOyXaOYQHO1y9y55uC</latexit>

Zm
2

<latexit sha1_base64="aQ9T95F4s/dpHaKUPSRtjTo0LHg=">AAACE3icbZDLSsNAFIYnXmu9xcvOzWAR6qIlEVGXRTcuK9gLtLFMppN26FzCzESooY/h3q2+gjtx6wP4Bj6GSZqFbf1h4OM/58w5/H7IqDaO820tLa+srq0XNoqbW9s7u/beflPLSGHSwJJJ1faRJowK0jDUMNIOFUHcZ6Tlj27SeuuRKE2luDfjkHgcDQQNKEYmsXr2Ybninj5w2BUEZhhX+KRnl5yqkwkugptDCeSq9+yfbl/iiBNhMENad1wnNF6MlKGYkUmxG2kSIjxCA9JJUCBOtBdn10/gSeL0YSBV8oSBmft3IkZc6zH3k06OzFDP11Lzv1onMsGVF1MRRoYIPF0URAwaCdMoYJ8qgg0bJ4CwosmtEA+RQtgkgc1sSf82UjKdRuPOB7EIzbOqe1F1785Ltes8pAI4AsegDFxwCWrgFtRBA2DwBF7AK3iznq1368P6nLYuWfnMAZiR9fULPdeczQ==</latexit>

(�1)m 6= (�1)�m

Anomaly matching for N = 2



Questions for bootstrap
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What is the space of CFTs with LSM anomalies?

For any N odd and prime, abundance of examples at c = N - 1 

Assume in the IR                           looking for CFTs with internal  
<latexit sha1_base64="nnvY2AFEN+R5VWh+dTucD4ZWxss="></latexit> Ztrans ! ZN

Hard Question: For any N is there any CFT with the LSM anomaly 
with c < N - 1?  

<latexit sha1_base64="FebuaegGKkGQymGHOGeYbjjh6EI=">AAACHHicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqMegF48RzEOSJcxOJsmQeSwzvUpY8hVe1a/xJl4Ff0acJHswiQ0NRVU31V1RLLgF3//2ciura+sb+c3C1vbO7l5x/6BudWIoq1EttGlGxDLBFasBB8GasWFERoI1ouHNRG88MmO5VvcwilkoSV/xHqcEHPXQ5tK5MIs7xZJf9qeFl0GQgRLKqtop/rS7miaSKaCCWNsK/BjClBjgVLBxoZ1YFhM6JH3WclARyWyYTg8e4xPHdHFPG9cK8JT9u5ESae1IRm5SEhjYRW1C/qe1EuhdhSlXcQJM0ZlRLxEYNJ58j7vcMApi5AChhrtbMR0QQyi4jOZcZCKAG/0090kaaT0EEtlxwQUWLMazDOpn5eCiHNydlyrXWXR5dISO0SkK0CWqoFtURTVEkUTP6AW9em/eu/fhfc5Gc162c4jmyvv6BSSNoxc=</latexit>

=)
<latexit sha1_base64="1qwILPKREWB5iG26Z6+ZOQi0P1M=">AAACJnicbVDLSgMxFM34rPU11aWbYBFclRkVdSMUXehKKtgHtrUkadqGZiZDcsdShn6KW/Vr3Im480vE9LGwrQcCh3Pu5Z4cGklhwPO+nIXFpeWV1dRaen1jc2vbzeyUjIo140WmpNIVSgyXIuRFECB5JdKcBFTyMu1eDf3yE9dGqPAe+hGvB6QdipZgBKzUcDPX+ALXAgIdSvFD4/bxuOFmvZw3Ap4n/oRk0QSFhvtTayoWBzwEJokxVd+LoJ4QDYJJPkjXYsMjwrqkzauWhiTgpp6Mog/wgVWauKW0fSHgkfp3IyGBMf2A2slhSDPrDcX/vGoMrfN6IsIoBh6y8aFWLDEoPOwBN4XmDGTfEsK0sFkx6xBNGNi2pq4EsQShVW/qJwlVqguEmkHaFubP1jNPSkc5/zTn351k85eT6lJoD+2jQ+SjM5RHN6iAioihHnpGL+jVeXPenQ/nczy64Ex2dtEUnO9f/++lbw==</latexit>

G = Z3
N

For N not prime, we point out other free boson theories with lower c

Easier Question: Is there a universal upper bound on the lightest 
charged operator in theories with the LSM anomaly as a function of c?  
[Lin, Shao, 2019,2021]

[Alavirad, Barkeshli, 2019]



Symmetries and topological defect lines
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Internal symmetries in (1+1)d CFT implemented via topological line operators called 
topological defect lines (TDLs)

=

Lg Lh Lgh

Lines can fuse and form junctions

L̄g L̄h

Lgh

v

�

L

= L̂ · �

<latexit sha1_base64="c1l3enLgCKIRY09JDuZR6QOsV5U=">AAACQnicbVBJS8NAGJ241rpFPXoZLIIHKYmIeiz24sFDBbtAE8JkOkmHTmbCzKRQQn6Q/8O7V/sPxJt49WDS9tDtwcDjvW+b58eMKm1ZY2Njc2t7Z7e0V94/ODw6Nk9OW0okEpMmFkzIjo8UYZSTpqaakU4sCYp8Rtr+oF747SGRigr+qkcxcSMUchpQjHQueWZ9CB3KYctLnQjpPkYMPntp2M+uoeMjOadmXrhGS/tZ5pkVq2pNAFeJPSMVMEPDM7+cnsBJRLjGDCnVta1YuymSmmJGsrKTKBIjPEAh6eaUo4goN518NoOXudKDgZD54xpO1PmOFEVKjSI/ryzuVMteIa7zuokOHtyU8jjRhOPpoiBhUAtYJAd7VBKs2SgnCEua3wpxH0mEdZ7vwpZithaCqSIaezmIVdK6qdp3VfvltlJ7nIVUAufgAlwBG9yDGngCDdAEGLyBD/AJxsa78W38GL/T0g1j1nMGFmD8/QP0cbHs</latexit>

v 2 VLgh,L̄g,L̄h

Assume each TDL corresponds to group element          for finite group G 
<latexit sha1_base64="T3878Re2bAU2PbO03inhDmczBXQ=">AAACBXicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiC11WsLXQDiWTpm1oJhmSO0IZunbvVn/Bnbj1O/wDP8P0sbCtBwKHc+4rJ0qksOj7315uZXVtfSO/Wdja3tndK+4f1K1ODeM1pqU2jYhaLoXiNRQoeSMxnMaR5I/R4GbsPz5xY4VWDzhMeBjTnhJdwSg6qdEjLaHIbaFdLPllfwKyTIIZKcEM1Xbxp9XRLI25Qiaptc3ATzDMqEHBJB8VWqnlCWUD2uNNRxWNuQ2zyb0jcuKUDulq455CMlH/dmQ0tnYYR64ypti3i95Y/M9rpti9CjOhkhS5YtNF3VQS1GT8edIRhjOUQ0coM8LdSlifGsrQRTS3ZTwbtZZ25KIJFoNYJvWzcnBRDu7PS5XrWUh5OIJjOIUALqECd1CFGjCQ8AKv8OY9e+/eh/c5Lc15s55DmIP39Qt8HJjH</latexit>

g 2 G

[Frölich, Fuchs, Runkel, Schweigert, 2004]

[Chang,Lin,Shao,Wang,Yin,2018]
[Gaiotto, Kapustin, Seiberg, Willett, 2015]



’t Hooft anomalies with TDLs
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Different internal configurations of TDLs with four external TDLs related by F-move

=
L̄gh

Lg

Lh Lk

L̄ghk Lg

Lh Lk

L̄ghk

u
v

w

z

L̄hk!(g, h, k)

Phase difference is a 3-cocycle
<latexit sha1_base64="0NvaRWXtXRMSFFsvFLf/qZlZyPs=">AAACFXicbVBLS0JBGJ1rL7PXraBNmyEJFELuraiWUotcGuQD1GTuOFcH53GZmRuI+Tvat62/0C7atu4f9DMa9S5SO/DB4ZzvxQkiRrXxvG8ntbS8srqWXs9sbG5t77i7e1UtY4VJBUsmVT1AmjAqSMVQw0g9UgTxgJFa0L8Z+7VHojSV4t4MItLiqCtoSDEyVmq7B03JSRfBJhWw9HCWuz2p5Px8vu1mvYI3AVwkfkKyIEG57f40OxLHnAiDGdK64XuRaQ2RMhQzMso0Y00ihPuoSxqWCsSJbg0n/4/gsVU6MJTKljBwov6dGCKu9YAHtpMj09Pz3lj8z2vEJrxqDamIYkMEnh4KYwaNhOMwYIcqgg0bWIKwovZXiHtIIWxsZDNXxruNlEyPbDT+fBCLpHpa8C8K/t15tnidhJQGh+AI5IAPLkERlEAZVAAGT+AFvII359l5dz6cz2lryklm9sEMnK9f38mdpQ==</latexit>

! 2 H
3(G,U(1))

G is anomalous if     cohomologically non-trivial <latexit sha1_base64="fWgznKFFh5Ad+bKlgSzNqdAkpMM=">AAACA3icbVC7SgNBFL3rM8ZX1NJmMAhWYVdELYM2lhHMA5IlzE4myZh5LDOzQlhS2tvqL9iJrR/iH/gZziZbmMQDA4dz7mtOFHNmrO9/eyura+sbm4Wt4vbO7t5+6eCwYVSiCa0TxZVuRdhQziStW2Y5bcWaYhFx2oxGt5nffKLaMCUf7DimocADyfqMYOukRkcJOsDdUtmv+FOgZRLkpAw5at3ST6enSCKotIRjY9qBH9swxdoywumk2EkMjTEZ4QFtOyqxoCZMp9dO0KlTeqivtHvSoqn6tyPFwpixiFylwHZoFr1M/M9rJ7Z/HaZMxomlkswW9ROOrELZ11GPaUosHzuCiWbuVkSGWGNiXUBzW7LZViluJi6aYDGIZdI4rwSXleD+oly9yUMqwDGcwBkEcAVVuIMa1IHAI7zAK7x5z9679+F9zkpXvLznCObgff0CjCSY7Q==</latexit> !

Anomalous discrete symmetries affect symmetry properties of defect operators



Defect operators
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Lg

|'gi
'g

• TDLs can terminate on point-like defect operators 

• Spectrum of defect operators encoded in defect Hilbert space 
<latexit sha1_base64="pWA5FOxJg/Vv5JagD11NusB/+rU=">AAACGHicbVDLSsNAFL3xWesr6krcDBbBVUlE1GXRTRcuKtgHtCFMptN26CQTZiZCCcX/cO9Wf8GduHXnH/gZTtogtvXAwOGc+5oTxJwp7Thf1tLyyuraemGjuLm1vbNr7+03lEgkoXUiuJCtACvKWUTrmmlOW7GkOAw4bQbDm8xvPlCpmIju9SimXoj7EesxgrWRfPuwE2I9IJijqp/+8lu/P/btklN2JkCLxM1JCXLUfPu70xUkCWmkCcdKtV0n1l6KpWaE03GxkygaYzLEfdo2NMIhVV46+cIYnRili3pCmhdpNFH/dqQ4VGoUBqYyO1LNe5n4n9dOdO/KS1kUJ5pGZLqol3CkBcryQF0mKdF8ZAgmkplbERlgiYk2qc1syWZrIbjKonHng1gkjbOye1F2785Lles8pAIcwTGcgguXUIEq1KAOBB7hGV7g1Xqy3qx362NaumTlPQcwA+vzB12OoNQ=</latexit>

HLg



Defect operators
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O
g

Lg

Lh

=

L̂
g
h ·O

g

Lg

• Can act on defect operators with other TDLs via “lasso” 

• Anomalies imply failure of the group law in  

• Defect operators carry fractionalized/projective representations when G is anomalous

<latexit sha1_base64="pWA5FOxJg/Vv5JagD11NusB/+rU=">AAACGHicbVDLSsNAFL3xWesr6krcDBbBVUlE1GXRTRcuKtgHtCFMptN26CQTZiZCCcX/cO9Wf8GduHXnH/gZTtogtvXAwOGc+5oTxJwp7Thf1tLyyuraemGjuLm1vbNr7+03lEgkoXUiuJCtACvKWUTrmmlOW7GkOAw4bQbDm8xvPlCpmIju9SimXoj7EesxgrWRfPuwE2I9IJijqp/+8lu/P/btklN2JkCLxM1JCXLUfPu70xUkCWmkCcdKtV0n1l6KpWaE03GxkygaYzLEfdo2NMIhVV46+cIYnRili3pCmhdpNFH/dqQ4VGoUBqYyO1LNe5n4n9dOdO/KS1kUJ5pGZLqol3CkBcryQF0mKdF8ZAgmkplbERlgiYk2qc1syWZrIbjKonHng1gkjbOye1F2785Lles8pAIcwTGcgguXUIEq1KAOBB7hGV7g1Xqy3qx362NaumTlPQcwA+vzB12OoNQ=</latexit>

HLg

<latexit sha1_base64="VqNfq/LmMcU+xTBV0CW1rti/ij0="></latexit>

L̂g
hL̂

g
k = �g(h, k)L̂g

hk



anomalies

15

Simplest possible anomalous symmetry in (1+1)d is 

<latexit sha1_base64="ZRyDD24+zqKtB4qRJ2LxdZl7j34=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiGzdCBfvA6VAyaaYNzSRDkhHK0M9w40IRt36NO//GTDsLbT0QOJxzLzn3hAln2rjut1NaWV1b3yhvVra2d3b3qvsHbS1TRWiLSC5VN8SaciZoyzDDaTdRFMchp51wfJP7nSeqNJPiwUwSGsR4KFjECDZW8nsxNqMwRI/9u3615tbdGdAy8QpSgwLNfvWrN5AkjakwhGOtfc9NTJBhZRjhdFrppZommIzxkPqWChxTHWSzyFN0YpUBiqSyTxg0U39vZDjWehKHdjKPqBe9XPzP81MTXQUZE0lqqCDzj6KUIyNRfj8aMEWJ4RNLMFHMZkVkhBUmxrZUsSV4iycvk/ZZ3buoe/fntcZ1UUcZjuAYTsGDS2jALTShBQQkPMMrvDnGeXHenY/5aMkpdg7hD5zPH7CykN4=</latexit> ZM

<latexit sha1_base64="ZRyDD24+zqKtB4qRJ2LxdZl7j34=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiGzdCBfvA6VAyaaYNzSRDkhHK0M9w40IRt36NO//GTDsLbT0QOJxzLzn3hAln2rjut1NaWV1b3yhvVra2d3b3qvsHbS1TRWiLSC5VN8SaciZoyzDDaTdRFMchp51wfJP7nSeqNJPiwUwSGsR4KFjECDZW8nsxNqMwRI/9u3615tbdGdAy8QpSgwLNfvWrN5AkjakwhGOtfc9NTJBhZRjhdFrppZommIzxkPqWChxTHWSzyFN0YpUBiqSyTxg0U39vZDjWehKHdjKPqBe9XPzP81MTXQUZE0lqqCDzj6KUIyNRfj8aMEWJ4RNLMFHMZkVkhBUmxrZUsSV4iycvk/ZZ3buoe/fntcZ1UUcZjuAYTsGDS2jALTShBQQkPMMrvDnGeXHenY/5aMkpdg7hD5zPH7CykN4=</latexit> ZM

<latexit sha1_base64="wJEDu6CC0tMjeN8CdCOr43Mqssc=">AAACDHicbVDLSgMxFL3js9ZX1aWbYBFakDKjom6EoptuhApOW2zHkkkzbWjmQZIRytAPcOOvuHGhiFs/wJ1/Y6btorYeCBzOOZfce9yIM6lM88dYWFxaXlnNrGXXNza3tnM7uzUZxoJQm4Q8FA0XS8pZQG3FFKeNSFDsu5zW3f516tcfqZAsDO7UIKKOj7sB8xjBSkvtXL7ycFJo+Vj1XBfdt2+O7IJVLKJLNKXplFkyR0DzxJqQPExQbee+W52QxD4NFOFYyqZlRspJsFCMcDrMtmJJI0z6uEubmgbYp9JJRscM0aFWOsgLhX6BQiN1eiLBvpQD39XJdEU566Xif14zVt6Fk7AgihUNyPgjL+ZIhShtBnWYoETxgSaYCKZ3RaSHBSZK95fVJVizJ8+T2nHJOitZt6f58tWkjgzswwEUwIJzKEMFqmADgSd4gTd4N56NV+PD+BxHF4zJzB78gfH1C0SXmJk=</latexit>

H
3(ZM , U(1)) = ZM

<latexit sha1_base64="9PwiY2n4x0/cpx+l5/B/4Sb4+u4=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovQgpRERV0W3XQjVLAPbGOYTCft0MkkzEyEErpz46+4caGIW3/BnX/jpM1CWw9cOJxzL/fe40WMSmVZ30ZuYXFpeSW/Wlhb39jcMrd3mjKMBSYNHLJQtD0kCaOcNBRVjLQjQVDgMdLyhlep33ogQtKQ36pRRJwA9Tn1KUZKS6653xk6sEs5rN2flLoBUgPPg3fu9VGjZJfL0DWLVsWaAM4TOyNFkKHuml/dXojjgHCFGZKyY1uRchIkFMWMjAvdWJII4SHqk46mHAVEOsnkjzE81EoP+qHQxRWcqL8nEhRIOQo83ZleKme9VPzP68TKv3ASyqNYEY6ni/yYQRXCNBTYo4JgxUaaICyovhXiARIIKx1dQYdgz748T5rHFfusYt+cFquXWRx5sAcOQAnY4BxUQQ3UQQNg8AiewSt4M56MF+Pd+Ji25oxsZhf8gfH5A8j3lrA=</latexit>

[k] 2 H
3(ZM , U(1)) leads defect operators to have restricted spin 

For defect operator living on defect generating the       :
<latexit sha1_base64="ZRyDD24+zqKtB4qRJ2LxdZl7j34=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiGzdCBfvA6VAyaaYNzSRDkhHK0M9w40IRt36NO//GTDsLbT0QOJxzLzn3hAln2rjut1NaWV1b3yhvVra2d3b3qvsHbS1TRWiLSC5VN8SaciZoyzDDaTdRFMchp51wfJP7nSeqNJPiwUwSGsR4KFjECDZW8nsxNqMwRI/9u3615tbdGdAy8QpSgwLNfvWrN5AkjakwhGOtfc9NTJBhZRjhdFrppZommIzxkPqWChxTHWSzyFN0YpUBiqSyTxg0U39vZDjWehKHdjKPqBe9XPzP81MTXQUZE0lqqCDzj6KUIyNRfj8aMEWJ4RNLMFHMZkVkhBUmxrZUsSV4iycvk/ZZ3buoe/fntcZ1UUcZjuAYTsGDS2jALTShBQQkPMMrvDnGeXHenY/5aMkpdg7hD5zPH7CykN4=</latexit> ZM

<latexit sha1_base64="wQo4IqLsVSA09OhuXOsxXi9vWSU=">AAACGHicbVDLSgMxFM3UV62vUVfiJlgEQWhniqjLohs3hQr2gW0tmTTThmaSIckIZSj+h3u3+gvuxK07/8DPMNPOwrYeCBzOua8cL2RUacf5tjJLyyura9n13Mbm1vaOvbtXVyKSmNSwYEI2PaQIo5zUNNWMNENJUOAx0vCG14nfeCRSUcHv9CgknQD1OfUpRtpIXftAwTblcFisPJTgKWwHSA88D94XK1077xScCeAicVOSBymqXfun3RM4CgjXmCGlWq4T6k6MpKaYkXGuHSkSIjxEfdIylKOAqE48+cIYHhulB30hzeMaTtS/HTEKlBoFnqlMTlTzXiL+57Ui7V92YsrDSBOOp4v8iEEtYJIH7FFJsGYjQxCW1NwK8QBJhLVJbWZLMlsLwdTYROPOB7FI6qWCe15wb8/y5as0pCw4BEfgBLjgApTBDaiCGsDgCbyAV/BmPVvv1of1OS3NWGnPPpiB9fULV7+e/w==</latexit>

s 2 k/M2 + Z/M
<latexit sha1_base64="iseY3N0/RKuaOxIwAGhi7vaT7JE="></latexit>

=) �min = min(
|k|
M2

,
|k �M |
M2

)Unitarity

Successfully incorporated into modular bootstrap by Lin, Shao [Lin, Shao, 2019,2021]

Note: for general group G and anomaly       <latexit sha1_base64="gOhfs16H5HsTlNvhUl/QEHoLivY=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYhA8hV0R9Rj04jGCeUCyhNlJbzJmHsvMrBBC/sGLB0W8+j/e/BsnyR40saChqOqmuytOOTM2CL69ldW19Y3NwlZxe2d3b790cNgwKtMU61RxpVsxMciZxLpllmMr1UhEzLEZD2+nfvMJtWFKPthRipEgfckSRol1UqOjBPZJt1QOKsEM/jIJc1KGHLVu6avTUzQTKC3lxJh2GKQ2GhNtGeU4KXYygymhQ9LHtqOSCDTReHbtxD91Ss9PlHYlrT9Tf0+MiTBmJGLXKYgdmEVvKv7ntTObXEdjJtPMoqTzRUnGfav86et+j2mklo8cIVQzd6tPB0QTal1ARRdCuPjyMmmcV8LLSnh/Ua7e5HEU4BhO4AxCuIIq3EEN6kDhEZ7hFd485b14797HvHXFy2eO4A+8zx+SKY8h</latexit> !
<latexit sha1_base64="KOtojTj21CZ5aOSwA6X20xEQWxU=">AAACKHicfVDLSsNAFJ3UV62vqEs3g0VwVRIRdWepGzdCBfvAJoTJdJIOnUzCzEQosZ/jxl9xI6JIt36JkzYLbcUDFw7n3Mu99/gJo1JZ1sQoLS2vrK6V1ysbm1vbO+buXlvGqcCkhWMWi66PJGGUk5aiipFuIgiKfEY6/vAq9zsPREga8zs1SogboZDTgGKktOSZl04ckRA5DRo+epkTITXwfXjv3UBH0YhI+L809syqVbOmgIvELkgVFGh65pvTj3EaEa4wQ1L2bCtRboaEopiRccVJJUkQHqKQ9DTlSG90s+mjY3iklT4MYqGLKzhVf05kKJJyFPm6M79Rznu5+JfXS1Vw4WaUJ6kiHM8WBSmDKoZ5arBPBcGKjTRBWFB9K8QDJBBWOtuKDsGef3mRtE9q9lnNvj2t1htFHGVwAA7BMbDBOaiDa9AELYDBE3gB7+DDeDZejU9jMmstGcXMPvgF4+sbS7imGQ==</latexit>

!
���
ZM⇥ZM⇥ZM

determines spin selection rule for 
<latexit sha1_base64="WBTBGczbw9VV5YdbNu5vreeKWmk=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiQi6rLoQjdCBfvAJoTJdNIOnUzCzI1QQsFfceNCEbd+hzv/xknbhbYeGDiccy/3zAlTwTU4zre1sLi0vLJaWiuvb2xubds7u02dZIqyBk1Eotoh0UxwyRrAQbB2qhiJQ8Fa4eCq8FuPTGmeyHsYpsyPSU/yiFMCRgrsfS8m0A9D/BDcYk9noWaArwO74lSdMfA8caekgqaoB/aX101oFjMJVBCtO66Tgp8TBZwKNip7mWYpoQPSYx1DJYmZ9vNx/BE+MkoXR4kyTwIeq783chJrPYxDM1mE1bNeIf7ndTKILvycyzQDJunkUJQJDAkuusBdrhgFMTSEUMVNVkz7RBEKprGyKcGd/fI8aZ5U3bOqe3daqV1O6yihA3SIjpGLzlEN3aA6aiCKcvSMXtGb9WS9WO/Wx2R0wZru7KE/sD5/ABY3lOw=</latexit>

ZM ⇢ G



• Representative cocycle for LSM 
anomaly: 

LSM anomalies
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<latexit sha1_base64="KeoXJ+l18sBM5loiS/bbUCwQN/M="></latexit>

!(g, h, k) = e
2⇡i
N g1h2k3

<latexit sha1_base64="n8rYFErUTFXj8nWfpA4zfWt2dkQ=">AAACIHicbVDLSgMxFM3UV62vUZduokWoIGWmFXUjFN24kgr2gW0dMmk6Dc0kQ5IRSuna/3DvVn/BnbjUL/AzzLRd2NYDFw7n3Jt7c/yIUaUd58tKLSwuLa+kVzNr6xubW/b2TlWJWGJSwYIJWfeRIoxyUtFUM1KPJEGhz0jN710lfu2RSEUFv9P9iLRCFHDaoRhpI3n2fnCRCzz3OPAKpopHsEk5bIZId30f3ns3D0XPzjp5ZwQ4T9wJyYIJyp7902wLHIeEa8yQUg3XiXRrgKSmmJFhphkrEiHcQwFpGMpRSFRrMPrKEB4apQ07QpriGo7UvxMDFCrVD33TmRypZr1E/M9rxLpz3hpQHsWacDxe1IkZ1AImucA2lQRr1jcEYUnNrRB3kURYm/SmtiRvayGYGppo3Nkg5km1kHdP8+7tSbZ0OQkpDfbAAcgBF5yBErgGZVABGDyBF/AK3qxn6936sD7HrSlrMrMLpmB9/wL8qaHx</latexit>

g = (g1, g2, g3) 2 Z3
N

Lg3

Lg2

O
g1

Lg2

Lg3

O
g1

= e2⇡i/N

Lg1Lg1

• LSM anomaly leads to projective representations of       for defect operators 

• This is essentially the only signature for odd N 

• Modular bootstrap insensitive to LSM anomaly for odd N 

• For even N some defects may have      anomalies 

<latexit sha1_base64="BFK1HxLIR6NpPaqMV8XbtkcRuA0=">AAACIHicbVDLTgIxFO3gC/GFunTTSExckRli1CXRjSuDiTwijKQtBRo607G9oyETvsOt+jXujEv9GGMHWAh4kiYn59ybe3poJIUB1/1yMkvLK6tr2fXcxubW9k5+d69mVKwZrzIllW5QYrgUIa+CAMkbkeYkoJLX6eAy9euPXBuhwlsYRtwPSC8UXcEIWMlvBQT6lOK79vV9qZ0vuEV3DLxIvCkpoCkq7fxPq6NYHPAQmCTGND03Aj8hGgSTfJRrxYZHhA1IjzctDUnAjZ+MQ4/wkVU6uKu0fSHgsfp3IyGBMcOA2sk0pJn3UvE/rxlD99xPRBjFwEM2OdSNJQaF0wZwR2jOQA4tIUwLmxWzPtGEge1p5koQSxBaPc38JKFKDYBQM8rZwrz5ehZJrVT0TovezUmhfDGtLosO0CE6Rh46Q2V0hSqoihh6QM/oBb06b8678+F8TkYzznRnH83A+f4FliikUQ==</latexit>

Z2
N

<latexit sha1_base64="jWUJDFxqBYXIjUx3tUr5H1uRNYo=">AAACHnicbVBNSwMxEM36WetX1aOXYBE8lV0R9Vj04kWoYD+wXUqSZtvQ7GZJZpWy9Gd4VX+NN/Gqf0bMtnuwrQ8GHu/NMDOPxlIYcN1vZ2l5ZXVtvbBR3Nza3tkt7e03jEo043WmpNItSgyXIuJ1ECB5K9achFTyJh1eZ37zkWsjVHQPo5j7IelHIhCMgJXanZDAgFL80L3tlspuxZ0ALxIvJ2WUo9Yt/XR6iiUhj4BJYkzbc2PwU6JBMMnHxU5ieEzYkPR529KIhNz46eTkMT62Sg8HStuKAE/UvxMpCY0ZhdR2ZieaeS8T//PaCQSXfiqiOAEesemiIJEYFM7+xz2hOQM5soQwLeytmA2IJgxsSjNbwkSC0Opp5pOUKjUEQs24aAPz5uNZJI3Tinde8e7OytWrPLoCOkRH6AR56AJV0Q2qoTpiSKFn9IJenTfn3flwPqetS04+c4Bm4Hz9Ak7fo6w=</latexit> ZM

<latexit sha1_base64="zF+fJDQuY1nbdEG8TAf0ESyYN10=">AAAB9HicbVDLSsNAFL2pr1pfUZduBovgqiQq6rLoxpVUsA9sY5lMJ+3QySTOTAol9DvcuFDErR/jzr9x0mahrQcGDufcyz1z/JgzpR3n2yosLa+srhXXSxubW9s79u5eQ0WJJLROIh7Jlo8V5UzQumaa01YsKQ59Tpv+8DrzmyMqFYvEvR7H1AtxX7CAEayN5HVCrAe+jx66t4+nXbvsVJwp0CJxc1KGHLWu/dXpRSQJqdCEY6XarhNrL8VSM8LppNRJFI0xGeI+bRsqcEiVl05DT9CRUXooiKR5QqOp+nsjxaFS49A3k1lINe9l4n9eO9HBpZcyESeaCjI7FCQc6QhlDaAek5RoPjYEE8lMVkQGWGKiTU8lU4I7/+VF0jipuOcV9+6sXL3K6yjCARzCMbhwAVW4gRrUgcATPMMrvFkj68V6tz5mowUr39mHP7A+fwDgO5GE</latexit>

Z3
N



Why expect a bound?
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Place theory on a torus with symmetry twists

<latexit sha1_base64="at/xBMaJteaBltsp1rfX2g7tcUE="></latexit>

ZLg (⌧, ⌧̄) = TrHLg

⇣
qL

g
0�

c
24 q̄L̄

g
0�

c
24

⌘
=

X

h,h̄

ng
h,h̄

�h,h̄(⌧, ⌧̄)

<latexit sha1_base64="CnBOqOU6psbdWycImStAxcI77kg="></latexit>

Z(⌧, ⌧̄) = TrH
⇣
qL0�

c
24 q̄L̄0�

c
24

⌘
=

X

h,h̄

nh,h̄�h,h̄(⌧, ⌧̄)

<latexit sha1_base64="cvnFOx4K9eLWrs1iheQkQuS5+54="></latexit>

ZLg (⌧, ⌧̄) = TrH
⇣
L̂gq

L0�
c
24 q̄L̄0�

c
24

⌘
=

X

h,h̄,⇢

n⇢
h,h̄

�⇢(g)�h,h̄(⌧, ⌧̄)
Lg

Lg



Why expect a bound?
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Lg

Lg

<latexit sha1_base64="iZYxjwSLBlU5DlCAdFedLUNJWyM=">AAACIHicbVDLTgIxFO3gC/GFunRTJSauyIwadUl048pgIo8IOOmUAg2ddtLeMSGEtf/h3q3+gjvjUr/Az7ADswD0JE1OzrmvniAS3IDrfjmZhcWl5ZXsam5tfWNzK7+9UzUq1pRVqBJK1wNimOCSVYCDYPVIMxIGgtWC/lXi1x6ZNlzJOxhErBWSruQdTglYyc/vN0MCvSDA9/4Nbpo4MAzwlPZw4ucLbtEdA/8lXkoKKEXZz/8024rGIZNABTGm4bkRtIZEA6eCjXLN2LCI0D7psoalkoTMtIbjr4zwoVXauKO0fRLwWJ3uGJLQmEEY2MrkSDPvJeJ/XiOGzkVryGUUA5N0sqgTCwwKJ7ngNteMghhYQqjm9lZMe0QTCja9mS3JbFBKmJGNxpsP4i+pHhe9s6J3e1ooXaYhZdEeOkBHyEPnqISuURlVEEVP6AW9ojfn2Xl3PpzPSWnGSXt20Qyc7199kaNs</latexit>

ZN ⇢ Z3
NChoose some subgroup               and suppose it acts trivially (no charged operator)

Then

=

But then

S= Lg = S =

Defect ground state N-fold degenerate but bulk vacuum is unique
<latexit sha1_base64="Zjsvh7Rr9tl86OFxVFaV9LmsBrQ=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1DJoYxnBxEByhL3NXLJkd+/c3RNCyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSgU31ve/vcLK6tr6RnGztLW9s7tX3j9omiTTDBssEYluRdSg4AoblluBrVQjlZHAh2h4M/UfnlAbnqh7O0oxlLSveMwZtU5qdbh0W9B0yxW/6s9AlkmQkwrkqHfLX51ewjKJyjJBjWkHfmrDMdWWM4GTUiczmFI2pH1sO6qoRBOOZ/dOyIlTeiROtCtlyUz9PTGm0piRjFynpHZgFr2p+J/Xzmx8FY65SjOLis0XxZkgNiHT50mPa2RWjByhTHN3K2EDqimzLqKSCyFYfHmZNM+qwUU1uDuv1K7zOIpwBMdwCgFcQg1uoQ4NYCDgGV7hzXv0Xrx372PeWvDymUP4A+/zB0QjkB8=</latexit>

=) Must have a charged operator, c = 0 forbidden

Assume we have a CFT with unique vacuum and LSM anomaly
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Crossing symmetry

<latexit sha1_base64="Vsa9UXvkBqmi0ZD+mN55uQFqwx4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68dii/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LBjBP0IzqQPOSMGivV73ulsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDsB2M3Q==</latexit>

S

Constraints on (1+1)d CFTs with global symmetries

Lg

Lg=

Modular covariance 

'g1
1

'g2
2 'g3

3

'g1g2g3
�1

4 'g1
1

'g1g2g3
�1

4

'g3
3'g2

2

= !(g�1
1 , g�1

2 , g�1
3 )

[Cardy, 1986]

[Zamolodchikov, Zamoldchikov, 1989]

[Chang,Lin,Shao,Wang,Yin,2018]

[Lin, Shao, 2019,2021]
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Correlator bootstrap 

Modular bootstrap
<latexit sha1_base64="goP+Qw373P42V82pb0PT3lwHunc="></latexit> X

j,�,s

nj
h,h̄

Mj
�,s(⌧, ⌧̄) = 0

• Constraint for each irreducible representation of G and each  
• Positive coefficients encode degeneracy of Virasoro primaries 
• Able to rule out combination of gaps in local/defect operator sectors 
• I.e. universal upper bound on scalar gap

<latexit sha1_base64="vmIlt0S+RO3QVQ8HN1oqTQ0kW+w=">AAACAnicbZDLSsNAFIZP6q3WW9SVuBksgquSiKjLopsuXFSwF2hLmEwn7dDJJMxMhBKKG1/FjQtF3PoU7nwbJ20Qbf1h4OM/5zDn/H7MmdKO82UVlpZXVteK66WNza3tHXt3r6miRBLaIBGPZNvHinImaEMzzWk7lhSHPqctf3Sd1Vv3VCoWiTs9jmkvxAPBAkawNpZnH3RDrIcEc1Tz0h++8QYTzy47FWcqtAhuDmXIVffsz24/IklIhSYcK9VxnVj3Uiw1I5xOSt1E0RiTER7QjkGBQ6p66fSECTo2Th8FkTRPaDR1f0+kOFRqHPqmM1tSzdcy879aJ9HBZS9lIk40FWT2UZBwpCOU5YH6TFKi+dgAJpKZXREZYomJNqmVTAju/MmL0DytuOcV9/asXL3K4yjCIRzBCbhwAVWoQR0aQOABnuAFXq1H69l6s95nrQUrn9mHP7I+vgHF6JcI</latexit>

HLg

<latexit sha1_base64="bKnIyl7RcQJ+pAy7GKMG9FkBOu8="></latexit> X

R

X

OR

�T
OR

·V�D
R,�OR

,sOR
(x, x̄) · �OR = 0

Bootstrapping LSM anomalies

[Lin, Shao, 2019,2021]
[Collier, Lin, Yin, 2016]

[Chang,Lin,Shao,Wang,Yin,2018]

[Chang,Lin,Shao,Wang,Yin,2018]

[Rattazzi, Rychkov, Tonni, Vichi, 2008]
[El-Showk, Paulos, Poland, Richkov, Simmons-Duffin, Vichi, 2012]

• Fix some external operators (may be defect or local) 
• Obtain upper bounds on dimension of operators appearing in OPE  
• May also bound e.g. OPE coefficients, consequently lower bound central charge



Assume we have CFT obeying: 
1. Central charge c 3. Scalar defect operator2. LSM anomaly 
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Bootstrapping LSM anomalies

Lightest scalar 
defect operator

Scalar local 
operator spectrum

0 0
OPE

<latexit sha1_base64="Xm52LvtbnBA1rjup8mderTY1L/U=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KomIeizag8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9cS1EbF6wHHC/YgOlAgFo2ildrfGJdJerVcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3gk5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTJ8nfaE5Qzm2hDIt7K2EDammDG1ERRuCt/jyMmmeV7zLind/Ua7e5HEU4BhO4Aw8uIIq3EEdGsBAwjO8wpvz6Lw4787HvHXFyWeO4A+czx+oaI+5</latexit>

�D

Correlator 
bootstrap 

allowed region 
for scalar gap 

<latexit sha1_base64="4WCxhBhv0Uh7C+46La/wvhor1/I=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4Krsi6rHoxWMF+yHtWrJptg1NsiHJFsrSX+HFgyJe/Tne/Dem7R609cHA470ZZuZFijNjff/bW1ldW9/YLGwVt3d29/ZLB4cNk6Sa0DpJeKJbETaUM0nrlllOW0pTLCJOm9Hwduo3R1QblsgHO1Y0FLgvWcwItk567IywVgP21O+Wyn7FnwEtkyAnZchR65a+Or2EpIJKSzg2ph34yoYZ1pYRTifFTmqowmSI+7TtqMSCmjCbHTxBp07poTjRrqRFM/X3RIaFMWMRuU6B7cAselPxP6+d2vg6zJhUqaWSzBfFKUc2QdPvUY9pSiwfO4KJZu5WRAZYY2JdRkUXQrD48jJpnFeCy0pwf1Gu3uRxFOAYTuAMAriCKtxBDepAQMAzvMKbp70X7937mLeuePnMEfyB9/kD9/GQhQ==</latexit>

'g

Conversely… assuming scalar gap leads to lower bound on lightest defect operator

Ultimately want universal upper bound on e.g. scalar gap 
• Can restrict to lightest charged/symmetric operator

<latexit sha1_base64="5bn3U9gweg3hYUVWVnomtbj+D2k=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegHjxGMA9IljA7mU2GzOwuM71CCAF/wavevYlXf8WrX+JssgdNLGgoqrqppoJECoOu++UUVlbX1jeKm6Wt7Z3dvfL+QdPEqWa8wWIZ63ZADZci4g0UKHk70ZyqQPJWMLrJ/NYj10bE0QOOE+4rOohEKBhFK7W6t1wiLfXKFbfqzkCWiZeTCuSo98rf3X7MUsUjZJIa0/HcBP0J1SiY5NNSNzU8oWxEB7xjaUQVN/5k9u6UnFilT8JY24mQzNTfFxOqjBmrwG4qikOz6GXiv16gFpIxvPInIkpS5BGbB4epJBiTrAvSF5ozlGNLKNPC/k7YkGrK0DaWleItVrBMmmdV76Lq3Z9Xatd5PUU4gmM4BQ8uoQZ3UIcGMBjBM7zAq/PkvDnvzsd8teDkN4fwB87nD+7olbw=</latexit>

�
<latexit sha1_base64="5bn3U9gweg3hYUVWVnomtbj+D2k=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegHjxGMA9IljA7mU2GzOwuM71CCAF/wavevYlXf8WrX+JssgdNLGgoqrqppoJECoOu++UUVlbX1jeKm6Wt7Z3dvfL+QdPEqWa8wWIZ63ZADZci4g0UKHk70ZyqQPJWMLrJ/NYj10bE0QOOE+4rOohEKBhFK7W6t1wiLfXKFbfqzkCWiZeTCuSo98rf3X7MUsUjZJIa0/HcBP0J1SiY5NNSNzU8oWxEB7xjaUQVN/5k9u6UnFilT8JY24mQzNTfFxOqjBmrwG4qikOz6GXiv16gFpIxvPInIkpS5BGbB4epJBiTrAvSF5ozlGNLKNPC/k7YkGrK0DaWleItVrBMmmdV76Lq3Z9Xatd5PUU4gmM4BQ8uoQZ3UIcGMBjBM7zAq/PkvDnvzsd8teDkN4fwB87nD+7olbw=</latexit>

�

<latexit sha1_base64="4WCxhBhv0Uh7C+46La/wvhor1/I=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4Krsi6rHoxWMF+yHtWrJptg1NsiHJFsrSX+HFgyJe/Tne/Dem7R609cHA470ZZuZFijNjff/bW1ldW9/YLGwVt3d29/ZLB4cNk6Sa0DpJeKJbETaUM0nrlllOW0pTLCJOm9Hwduo3R1QblsgHO1Y0FLgvWcwItk567IywVgP21O+Wyn7FnwEtkyAnZchR65a+Or2EpIJKSzg2ph34yoYZ1pYRTifFTmqowmSI+7TtqMSCmjCbHTxBp07poTjRrqRFM/X3RIaFMWMRuU6B7cAselPxP6+d2vg6zJhUqaWSzBfFKUc2QdPvUY9pSiwfO4KJZu5WRAZYY2JdRkUXQrD48jJpnFeCy0pwf1Gu3uRxFOAYTuAMAriCKtxBDepAQMAzvMKbp70X7937mLeuePnMEfyB9/kD9/GQhQ==</latexit>

'g

<latexit sha1_base64="XNF8wt58B5MnJASv5lVA28XwEtE=">AAAB/3icbVC7SgNBFL3rM8ZX1NJmMQhWYVdELYNaWFhEMA9IljA7mU2GzMwuM3eFsKTwF2y1txNbP8XWL3GSbKGJBy4czrmXczlhIrhBz/tylpZXVtfWCxvFza3tnd3S3n7DxKmmrE5jEetWSAwTXLE6chSslWhGZChYMxxeT/zmI9OGx+oBRwkLJOkrHnFK0Eqtzg0TSLp33VLZq3hTuIvEz0kZctS6pe9OL6apZAqpIMa0fS/BICMaORVsXOykhiWEDkmftS1VRDITZNN/x+6xVXpuFGs7Ct2p+vsiI9KYkQztpiQ4MPPeRPzXC+VcMkaXQcZVkiJTdBYcpcLF2J2U4fa4ZhTFyBJCNbe/u3RANKFoKyvaUvz5ChZJ47Tin1f8+7Ny9SqvpwCHcAQn4MMFVOEWalAHCgKe4QVenSfnzXl3PmarS05+cwB/4Hz+ABS/lmc=</latexit>

�L
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Defect crossing symmetry leads to a stronger assumption beyond unitarity on 
defect spectrum gap when scalar gap is assumed

Bootstrapping LSM anomalies

Ask modular bootstrap to rule out combination of defect and local operator gaps

<latexit sha1_base64="pASqBKcANQQmJizaZBvmhR+NyWI=">AAACLHicbVDLSgMxFM3UV62vUZdugkVwY5kRUTdC0U0XLirYB3SGIZOmbWgmGZKMUIZ+hf/h3q3+ghsRt+JnmGln0YcHAifn3Jt7c8KYUaUd59MqrKyurW8UN0tb2zu7e/b+QVOJRGLSwIIJ2Q6RIoxy0tBUM9KOJUFRyEgrHN5lfuuJSEUFf9SjmPgR6nPaoxhpIwX2mRchPcCIwVpwD2+gF9K+iFmiAk8OBJxxs3tgl52KMwFcJm5OyiBHPbB/va7ASUS4xgwp1XGdWPspkppiRsYlL1EkRniI+qRjKEcRUX46+dYYnhilC3tCmsM1nKizHSmKlBpFoanM1lSLXib+53US3bv2U8rjRBOOp4N6CYNawCwj2KWSYM1GhiAsqdkV4gGSCGuT5NyU7G0tBFNjE427GMQyaZ5X3MuK+3BRrt7mIRXBETgGp8AFV6AKaqAOGgCDZ/AK3sC79WJ9WF/W97S0YOU9h2AO1s8fVYuojA==</latexit>

HL =
M

⇢

H⇢

<latexit sha1_base64="wpAScitIw0+wl08SXKeqYh8zOwo=">AAACF3icbVDLSsNAFJ34rPUVdSO4CRbBVUlE1GVRFy4r2Ac0tUymt+3QyUyYuRFLqP/h3q3+gjtx69I/8DNM2i5s64ELh3PunTv3BJHgBl3321pYXFpeWc2t5dc3Nre27Z3dqlGxZlBhSihdD6gBwSVUkKOAeqSBhoGAWtC/yvzaA2jDlbzDQQTNkHYl73BGMZVa9r5/DQJpy9c9dZ/4CI+YhFwOhy274BbdEZx54k1IgUxQbtk/fluxOASJTFBjGp4bYTOhGjkTMMz7sYGIsj7tQiOlkoZgmsnogqFzlCptp6N0WhKdkfp3IqGhMYMwSDtDij0z62Xif14jxs5FM+EyihEkGy/qxMJB5WRxOG2ugaEYpIQyzdO/OqxHNWWYhja1JXsblRImi8abDWKeVE+K3lnRuz0tlC4nIeXIATkkx8Qj56REbkiZVAgjT+SFvJI369l6tz6sz3HrgjWZ2SNTsL5+ATT7oWo=</latexit>

�min
⇢Gaps

<latexit sha1_base64="7xsEW8MpfdnazTON4kEnVU2EeFw=">AAACM3icbVDLSsNAFJ3UV62vqEs3g0VwVRIp6kYo6qILFxXsA5oQJtNpOnSSCTMToYT+iP/h3q3+gbgTF278BydtkD48MHA4577m+DGjUlnWu1FYWV1b3yhulra2d3b3zP2DluSJwKSJOeOi4yNJGI1IU1HFSCcWBIU+I21/eJP57UciJOXRgxrFxA1RENE+xUhpyTOrTojUACMG694tvIKOTwMes0R6AZyx0j9+5wVjzyxbFWsCuEzsnJRBjoZnfjs9jpOQRAozJGXXtmLlpkgoihkZl5xEkhjhIQpIV9MIhUS66eR3Y3iilR7sc6FfpOBEne1IUSjlKPR1ZXakXPQy8T+vm6j+pZvSKE4UifB0UT9hUHGYRQV7VBCs2EgThAXVt0I8QAJhpQOd25LNVpwzmUVjLwaxTFpnFfu8Yt9Xy7XrPKQiOALH4BTY4ALUQB00QBNg8ARewCt4M56ND+PT+JqWFoy85xDMwfj5BcEHq0c=</latexit>

HD =
M

g

HLg

Local operators Defect operators

<latexit sha1_base64="I5zlXDdNKAhlBQIAuN4UM1sTLY8=">AAACG3icbVC7TsMwFHV4lvIKMMJgUSExVQlCwFgBAwNDkehDakvkuG5r1bEj+wapirrwH+ys8AtsiJWBP+AzcNoOtOVIlo/Oudf3+oSx4AY879tZWFxaXlnNreXXNza3tt2d3apRiaasQpVQuh4SwwSXrAIcBKvHmpEoFKwW9q8yv/bItOFK3sMgZq2IdCXvcErASoF70LxmAshD2oy4HAb2ItCjRODboDsM3IJX9EbA88SfkAKaoBy4P822oknEJFBBjGn4XgytlGjgVLBhvpkYFhPaJ13WsFSSiJlWOvrFEB9ZpY07StsjAY/Uvx0piYwZRKGtzJY0s14m/uc1EuhctFIu4wSYpONBnURgUDiLBLe5ZhTEwBJCNbe7YtojmlCwwU1Nyd4GpYTJovFng5gn1ZOif1b0704LpctJSDm0jw7RMfLROSqhG1RGFUTRE3pBr+jNeXbenQ/nc1y64Ex69tAUnK9fiQuikA==</latexit>

�min
Lg

Gaps

If successful, we have upper bound on local scalar gap



Correlator bootstrap with defect operators
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Want to quantify the consequences of a single scalar defect operator in the spectrum 
living on an order-N, non-anomalous defect line

• Two such defect operators mutually local 
• Treat as local operators transforming in 

representations of non-Abelian groups 
<latexit sha1_base64="vR8MyWdXBWjBxxsNkq5J/9e482g="></latexit>

0 ! ZN ! G̃ ! Z2
N ! 0 'g1

Lg1

<latexit sha1_base64="mA8QRuBCVCjGpV9MBy2bJFun5ng=">AAACMXicbVDLSgNBEJz1GeMr6lEPg0FQkLCroh6DXjxJBKNiEuLMpGOGzO4sM71qWHLxa7yqX+NNvPoP4uRxMGpBQ1HVTXcXj5W06Ptv3tj4xOTUdGYmOzs3v7CYW1q+sDoxAspCK22uOLOgZARllKjgKjbAQq7gkrePe/7lHRgrdXSOnRhqIbuNZFMKhk6q59ZubqoID5ieQHdzd7saMmxxTq/rp1vrtJ7L+wW/D/qXBEOSJ0OU6rmvakOLJIQIhWLWVgI/xlrKDEqhoJutJhZiJtrsFiqORiwEW0v7X3TphlMatKmNqwhpX/05kbLQ2k7IXWfvSvvb64n/eZUEm4e1VEZxghCJwaJmoihq2ouENqQBgarjCBNGulupaDHDBLrgRraEiUJp9P3IJynXuo2M227WBRb8jucvudgpBPuF4GwvXzwaRpchq2SdbJKAHJAiOSElUiaCPJIn8kxevFfvzXv3PgatY95wZoWMwPv8Bvn9qgA=</latexit>

“He(3,ZN )” [Bhardwaj, Tachikawa, 2017]

• Take external operators to transform in the N-dimensional rep 
• Anomaly ensures OPE of defect operators contains charged local operators 

• One-dimensional irreps of                  are       representations 
• Without anomaly, just have i.e. 

<latexit sha1_base64="pzD/m0gV/wvv4WPHrvjwanRdNeY=">AAACHnicbVDLSsNAFJ3UV62vqEs3g6UgCCERUZdFN7qrYB/QxDKZTNKhM0mYmQgl9Av8CX/Bre7diVvd+iVO2iy09cDA4Zx7OXeOnzIqlW1/GZWl5ZXVtep6bWNza3vH3N3ryCQTmLRxwhLR85EkjMakrahipJcKgrjPSNcfXRV+94EISZP4To1T4nEUxTSkGCktDcyGmw4pdBXlRMKC37sBiiIioCsphzfwGFqWNTDrtmVPAReJU5I6KNEamN9ukOCMk1hhhqTsO3aqvBwJRTEjk5qbSZIiPEIR6WsaIx3v5dPvTGBDKwEME6FfrOBU/b2RIy7lmPt6kiM1lPNeIf7r+XwuWYUXXk7jNFMkxrPgMGNQJbDoCgZUEKzYWBOEBdW3QzxEAmGlG63pUpz5ChZJ58Ryzizn9rTevCzrqYIDcAiOgAPOQRNcgxZoAwwewTN4Aa/Gk/FmvBsfs9GKUe7sgz8wPn8AXpOhCA==</latexit>

�⇥ �† ⇠ I + ...

<latexit sha1_base64="mA8QRuBCVCjGpV9MBy2bJFun5ng=">AAACMXicbVDLSgNBEJz1GeMr6lEPg0FQkLCroh6DXjxJBKNiEuLMpGOGzO4sM71qWHLxa7yqX+NNvPoP4uRxMGpBQ1HVTXcXj5W06Ptv3tj4xOTUdGYmOzs3v7CYW1q+sDoxAspCK22uOLOgZARllKjgKjbAQq7gkrePe/7lHRgrdXSOnRhqIbuNZFMKhk6q59ZubqoID5ieQHdzd7saMmxxTq/rp1vrtJ7L+wW/D/qXBEOSJ0OU6rmvakOLJIQIhWLWVgI/xlrKDEqhoJutJhZiJtrsFiqORiwEW0v7X3TphlMatKmNqwhpX/05kbLQ2k7IXWfvSvvb64n/eZUEm4e1VEZxghCJwaJmoihq2ouENqQBgarjCBNGulupaDHDBLrgRraEiUJp9P3IJynXuo2M227WBRb8jucvudgpBPuF4GwvXzwaRpchq2SdbJKAHJAiOSElUiaCPJIn8kxevFfvzXv3PgatY95wZoWMwPv8Bvn9qgA=</latexit>

“He(3,ZN )”
<latexit sha1_base64="d/AzZJOujbNbcUGWJfVM0DX5IgM=">AAACBHicbVC7SgNBFL0bXzG+opY2g0GwCrtB1DJoYyURzAOTNcxMJsmQmd11ZlYIS1p/wVZ7O7H1P2z9EmeTLTTxwIXDOfdyD4dEgmvjul9Obml5ZXUtv17Y2Nza3inu7jV0GCvK6jQUoWoRrJngAasbbgRrRYphSQRrktFl6jcfmdI8DG7NOGK+xIOA9znFxkp+R2IzJATdda/vK91iyS27U6BF4mWkBBlq3eJ3pxfSWLLAUIG1bntuZPwEK8OpYJNCJ9YswnSEB6xtaYAl034yDT1BR1bpoX6o7AQGTdXfFwmWWo8lsZtpSD3vpeK/HpFzn03/3E94EMWGBXT2uB8LZEKUNoJ6XDFqxNgSTBW32REdYoWpsb0VbCnefAWLpFEpe6dl7+akVL3I6snDARzCMXhwBlW4ghrUgcIDPMMLvDpPzpvz7nzMVnNOdrMPf+B8/gBYPpgp</latexit>

Z2
N

<latexit sha1_base64="Et4GfZgZCkjlA1htEWhd3fV8TFE="></latexit>

[N ]⌦ ¯[N ] =
M

⇢2Rep(He(3,ZN ))

⇢ 1d

⇢



Implementation

24

Used autoboot to generate correlator bootstrap constraints 
• Assume external operators transforming in N dimensional rep  

[Go, Tachikawa, 2019]

# vector constraints DimensionN
2
3
4
5
6

6

6

3

Computations performed on Hyak cluster at UW
• For central charge bounds at          each call took 1 hour on 40-core node for N = 5 
• Thousands of calls to generate plots

<latexit sha1_base64="u490qm8fBEq01gevCl0FgCezHJ0=">AAACH3icbVDLSsNAFJ3UV62vqks3g0VwVRLxtRGKbly4qGAf0IQymUzaoZNMmLlRSuhvuFW/xp247c+I0zYL23pg4HDOudw7x08E12DbY6uwsrq2vlHcLG1t7+zulfcPmlqmirIGlUKqtk80EzxmDeAgWDtRjES+YC1/cDfxW89MaS7jJxgmzItIL+YhpwSM5LoPJhoQfIOdi265YlftKfAycXJSQTnq3fKPG0iaRiwGKojWHcdOwMuIAk4FG5XcVLOE0AHpsY6hMYmY9rLpzSN8YpQAh1KZFwOeqn8nMhJpPYx8k4wI9PWiNxH/8zophNdexuMkBRbT2aIwFRgknhSAA64YBTE0hFDFza2Y9okiFExNc1uiVABX8mXuJ5kv5QCIr0clU5izWM8yaZ5Vncuq83heqd3m1RXRETpGp8hBV6iG7lEdNRBFCXpFb+jd+rA+rS/rexYtWPnMIZqDNf4FuE6jRg==</latexit>

⇤ = 15

3
12

15 33

18 36

28

Modular bootstrap constraints obtained with character theory
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Upper bound on dimension of lightest local operator 
appearing in OPE of defect operators computed at          
and              . 
 

Local operators from defect operators
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<latexit sha1_base64="W1C7hyuwoc9bnRjq+mckUYcdsWU=">AAACH3icbVDLSsNAFJ34rPVVdelmsAiuSlJ8bYSiGxcuKtgHNKFMJpN26CQTZm6UEvobbtWvcSdu+zPitM3Cth4YOJxzLvfO8RPBNdj22FpZXVvf2CxsFbd3dvf2SweHTS1TRVmDSiFV2yeaCR6zBnAQrJ0oRiJfsJY/uJv4rWemNJfxEwwT5kWkF/OQUwJGct0HEw0IvsHVi26pbFfsKfAycXJSRjnq3dKPG0iaRiwGKojWHcdOwMuIAk4FGxXdVLOE0AHpsY6hMYmY9rLpzSN8apQAh1KZFwOeqn8nMhJpPYx8k4wI9PWiNxH/8zophNdexuMkBRbT2aIwFRgknhSAA64YBTE0hFDFza2Y9okiFExNc1uiVABX8mXuJ5kv5QCIr0dFU5izWM8yaVYrzmXFeTwv127z6groGJ2gM+SgK1RD96iOGoiiBL2iN/RufVif1pf1PYuuWPnMEZqDNf4Fuf+jRw==</latexit>

⇤ = 25
<latexit sha1_base64="Jyye0JuK4WX7xWeFxSUb7Z3qKWE=">AAACDXicbVDJSgNBFOyJW4zbuNy8NAbBU5gRt4sQ9OIxolkgCaGn00madPcM3W8kcZhv8Be86t2bePUbvPoldpaDJhY8KKreox4VRIIb8LwvJ7OwuLS8kl3Nra1vbG652zsVE8aasjINRahrATFMcMXKwEGwWqQZkYFg1aB/PfKrD0wbHqp7GEasKUlX8Q6nBKzUcvfuWkkD2AASSQZpii/xqYdbbt4reGPgeeJPSR5NUWq53412SGPJFFBBjKn7XgTNhGjgVLA014gNiwjtky6rW6qIZKaZjL9P8aFV2rgTajsK8Fj9fZEQacxQBnZTEuiZWW8k/usFciYZOhfNhKsoBqboJLgTCwwhHlWD21wzCmJoCaGa298x7RFNKNgCc7YUf7aCeVI5LvhnBf/2JF+8mtaTRfvoAB0hH52jIrpBJVRGFD2iZ/SCXp0n5815dz4mqxlnerOL/sD5/AEHH5sq</latexit>

Smax = 50



Lower bounds on central charge
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• Scan over local, scalar operator gap (light to dark = low to high gap) 
• Impose same gap for all charge sectors

Lower bounds on central charge assuming varying gap in all local operators as a function of 
lightest defect operator dimension. Computed at          and             . 
 

<latexit sha1_base64="u490qm8fBEq01gevCl0FgCezHJ0=">AAACH3icbVDLSsNAFJ3UV62vqks3g0VwVRLxtRGKbly4qGAf0IQymUzaoZNMmLlRSuhvuFW/xp247c+I0zYL23pg4HDOudw7x08E12DbY6uwsrq2vlHcLG1t7+zulfcPmlqmirIGlUKqtk80EzxmDeAgWDtRjES+YC1/cDfxW89MaS7jJxgmzItIL+YhpwSM5LoPJhoQfIOdi265YlftKfAycXJSQTnq3fKPG0iaRiwGKojWHcdOwMuIAk4FG5XcVLOE0AHpsY6hMYmY9rLpzSN8YpQAh1KZFwOeqn8nMhJpPYx8k4wI9PWiNxH/8zophNdexuMkBRbT2aIwFRgknhSAA64YBTE0hFDFza2Y9okiFExNc1uiVABX8mXuJ5kv5QCIr0clU5izWM8yaZ5Vncuq83heqd3m1RXRETpGp8hBV6iG7lEdNRBFCXpFb+jd+rA+rS/rexYtWPnMIZqDNf4FuE6jRg==</latexit>

⇤ = 15
<latexit sha1_base64="gp1QyHtrch1i76Zq72CH/Aw6fdo=">AAACDHicbVDLSsNAFJ3UV62vaJduBovgqiQq6kYounFZ0T6gLWUynbRDZ5IwcyMNIb/gL7jVvTtx6z+49Uuctllo9cCFwzn3ci7HiwTX4DifVmFpeWV1rbhe2tjc2t6xd/eaOowVZQ0ailC1PaKZ4AFrAAfB2pFiRHqCtbzx9dRvPTCleRjcQxKxniTDgPucEjBS3y7f9dMusAmkkkyyDF/iE6dvV5yqMwP+S9ycVFCOet/+6g5CGksWABVE647rRNBLiQJOBctK3ViziNAxGbKOoQGRTPfS2fMZPjTKAPuhMhMAnqk/L1IitU6kZzYlgZFe9Kbiv54nF5LBv+ilPIhiYAGdB/uxwBDiaTN4wBWjIBJDCFXc/I7piChCwfRXMqW4ixX8Jc3jqntWdW9PK7WrvJ4i2kcH6Ai56BzV0A2qowaiKEFP6Bm9WI/Wq/Vmvc9XC1Z+U0a/YH18A6VEmv4=</latexit>

Smax = 30



• Known theory         saturates bound at c = 1 
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<latexit sha1_base64="PBYZI1AjOFEGpbi8PR3aiaKdTMo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGUS9C0IsniWgekCxhdtJJhszOLjOzQljyCV48KOLVL/Lm3zhJ9qCJBQ1FVTfdXUEsuDau++3kVlbX1jfym4Wt7Z3dveL+QUNHiWJYZ5GIVCugGgWXWDfcCGzFCmkYCGwGo5up33xCpXkkH804Rj+kA8n7nFFjpYe7q0q3WHLL7gxkmXgZKUGGWrf41elFLAlRGiao1m3PjY2fUmU4EzgpdBKNMWUjOsC2pZKGqP10duqEnFilR/qRsiUNmam/J1Iaaj0OA9sZUjPUi95U/M9rJ6Z/6adcxolByeaL+okgJiLTv0mPK2RGjC2hTHF7K2FDqigzNp2CDcFbfHmZNCpl77zs3Z+VqtdZHHk4gmM4BQ8uoAq3UIM6MBjAM7zCmyOcF+fd+Zi35pxs5hD+wPn8AZt3jVs=</latexit>

N = 2
Charged

<latexit sha1_base64="EZfm3dpt3Hxvlscjg7pF37EGFyo=">AAAB+3icbVBNS8NAFHypX7V+xXr0sliEeilJEfVY9OKxgq2FNoTNdtMu3WzC7kYsoX/FiwdFvPpHvPlv3LQ5aOvAwjDzHm92goQzpR3n2yqtrW9sbpW3Kzu7e/sH9mG1q+JUEtohMY9lL8CKciZoRzPNaS+RFEcBpw/B5Cb3Hx6pVCwW93qaUC/CI8FCRrA2km9XBxHW41DiSabSWb155ru+XXMazhxolbgFqUGBtm9/DYYxSSMqNOFYqb7rJNrLsNSMcDqrDFJFE0wmeET7hgocUeVl8+wzdGqUIQpjaZ7QaK7+3shwpNQ0CsxknlQte7n4n9dPdXjlZUwkqaaCLA6FKUc6RnkRaMgkJZpPDcFEMpMVkTGWmGhTV8WU4C5/eZV0mw33ouHendda10UdZTiGE6iDC5fQgltoQwcIPMEzvMKbNbNerHfrYzFasoqdI/gD6/MHYteUAg==</latexit>

su(2)1

Bounds on scalar operators:

27

<latexit sha1_base64="HGz3VWPxWv0bow23+7Xe7zlN/ok=">AAAB9HicbVC7TsMwFL0pr1JeBUYWiwqJqUoKAsYKFsYi0YdoQ+W4TmvVcYLtVKqifgcLAwix8jFs/A1OmgFajmTp6Jx7dY+PF3GmtG1/W4WV1bX1jeJmaWt7Z3evvH/QUmEsCW2SkIey42FFORO0qZnmtBNJigOP07Y3vkn99oRKxUJxr6cRdQM8FMxnBGsjub0A65HnoYd+7fGsX67YVTsDWiZOTiqQo9Evf/UGIYkDKjThWKmuY0faTbDUjHA6K/ViRSNMxnhIu4YKHFDlJlnoGToxygD5oTRPaJSpvzcSHCg1DTwzmYZUi14q/ud1Y+1fuQkTUaypIPNDfsyRDlHaABowSYnmU0MwkcxkRWSEJSba9FQyJTiLX14mrVrVuag6d+eV+nVeRxGO4BhOwYFLqMMtNKAJBJ7gGV7hzZpYL9a79TEfLVj5ziH8gfX5A7WTkWg=</latexit>

Z3
2

<latexit sha1_base64="Jg2fWnr8g5BLTBsLYu9ipi5YOQ8=">AAACJnicbVDLSgMxFM3UV62vsS7dDBahbspMEXVZdOOygn1AW0omzbRhMpMhuVHLML/i1n6NOxF3/ohg+ljY1gOBwzn3ck+On3CmwHW/rNzG5tb2Tn63sLd/cHhkHxebSmhJaIMILmTbx4pyFtMGMOC0nUiKI5/Tlh/eTf3WE5WKifgRxgntRXgYs4ARDEbq28VuhGEUSBymSmfl6kXf69slt+LO4KwTb0FKaIF63/7pDgTREY2BcKxUx3MT6KVYAiOcZoWuVjTBJMRD2jE0xhFVvXSWPXPOjTJwAiHNi8GZqX83UhwpNY58MzlNqla9qfif19EQ3PRSFicaaEzmhwLNHRDOtAhnwCQlwMeGYCKZyeqQEZaYgKlr6UqkOTApnpd+kvpChIB9lZm+vNV21kmzWvGuKt7DZal2u2guj07RGSojD12jGrpHddRABL2gV/SGJtbEerc+rM/5aM5a7JygJVjfv+HwpsA=</latexit>

su(2)1

<latexit sha1_base64="W1C7hyuwoc9bnRjq+mckUYcdsWU=">AAACH3icbVDLSsNAFJ34rPVVdelmsAiuSlJ8bYSiGxcuKtgHNKFMJpN26CQTZm6UEvobbtWvcSdu+zPitM3Cth4YOJxzLvfO8RPBNdj22FpZXVvf2CxsFbd3dvf2SweHTS1TRVmDSiFV2yeaCR6zBnAQrJ0oRiJfsJY/uJv4rWemNJfxEwwT5kWkF/OQUwJGct0HEw0IvsHVi26pbFfsKfAycXJSRjnq3dKPG0iaRiwGKojWHcdOwMuIAk4FGxXdVLOE0AHpsY6hMYmY9rLpzSN8apQAh1KZFwOeqn8nMhJpPYx8k4wI9PWiNxH/8zophNdexuMkBRbT2aIwFRgknhSAA64YBTE0hFDFza2Y9okiFExNc1uiVABX8mXuJ5kv5QCIr0dFU5izWM8yaVYrzmXFeTwv127z6groGJ2gM+SgK1RD96iOGoiiBL2iN/RufVif1pf1PYuuWPnMEZqDNf4Fuf+jRw==</latexit>

⇤ = 25
<latexit sha1_base64="Jyye0JuK4WX7xWeFxSUb7Z3qKWE=">AAACDXicbVDJSgNBFOyJW4zbuNy8NAbBU5gRt4sQ9OIxolkgCaGn00madPcM3W8kcZhv8Be86t2bePUbvPoldpaDJhY8KKreox4VRIIb8LwvJ7OwuLS8kl3Nra1vbG652zsVE8aasjINRahrATFMcMXKwEGwWqQZkYFg1aB/PfKrD0wbHqp7GEasKUlX8Q6nBKzUcvfuWkkD2AASSQZpii/xqYdbbt4reGPgeeJPSR5NUWq53412SGPJFFBBjKn7XgTNhGjgVLA014gNiwjtky6rW6qIZKaZjL9P8aFV2rgTajsK8Fj9fZEQacxQBnZTEuiZWW8k/usFciYZOhfNhKsoBqboJLgTCwwhHlWD21wzCmJoCaGa298x7RFNKNgCc7YUf7aCeVI5LvhnBf/2JF+8mtaTRfvoAB0hH52jIrpBJVRGFD2iZ/SCXp0n5815dz4mqxlnerOL/sD5/AEHH5sq</latexit>

Smax = 50
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<latexit sha1_base64="PBYZI1AjOFEGpbi8PR3aiaKdTMo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGUS9C0IsniWgekCxhdtJJhszOLjOzQljyCV48KOLVL/Lm3zhJ9qCJBQ1FVTfdXUEsuDau++3kVlbX1jfym4Wt7Z3dveL+QUNHiWJYZ5GIVCugGgWXWDfcCGzFCmkYCGwGo5up33xCpXkkH804Rj+kA8n7nFFjpYe7q0q3WHLL7gxkmXgZKUGGWrf41elFLAlRGiao1m3PjY2fUmU4EzgpdBKNMWUjOsC2pZKGqP10duqEnFilR/qRsiUNmam/J1Iaaj0OA9sZUjPUi95U/M9rJ6Z/6adcxolByeaL+okgJiLTv0mPK2RGjC2hTHF7K2FDqigzNp2CDcFbfHmZNCpl77zs3Z+VqtdZHHk4gmM4BQ8uoAq3UIM6MBjAM7zCmyOcF+fd+Zi35pxs5hD+wPn8AZt3jVs=</latexit>

N = 2
Symmetric

<latexit sha1_base64="EZfm3dpt3Hxvlscjg7pF37EGFyo=">AAAB+3icbVBNS8NAFHypX7V+xXr0sliEeilJEfVY9OKxgq2FNoTNdtMu3WzC7kYsoX/FiwdFvPpHvPlv3LQ5aOvAwjDzHm92goQzpR3n2yqtrW9sbpW3Kzu7e/sH9mG1q+JUEtohMY9lL8CKciZoRzPNaS+RFEcBpw/B5Cb3Hx6pVCwW93qaUC/CI8FCRrA2km9XBxHW41DiSabSWb155ru+XXMazhxolbgFqUGBtm9/DYYxSSMqNOFYqb7rJNrLsNSMcDqrDFJFE0wmeET7hgocUeVl8+wzdGqUIQpjaZ7QaK7+3shwpNQ0CsxknlQte7n4n9dPdXjlZUwkqaaCLA6FKUc6RnkRaMgkJZpPDcFEMpMVkTGWmGhTV8WU4C5/eZV0mw33ouHendda10UdZTiGE6iDC5fQgltoQwcIPMEzvMKbNbNerHfrYzFasoqdI/gD6/MHYteUAg==</latexit>

su(2)1

• Known theory         saturates bound at c = 1 
• Relevant, symmetric scalar if 1 < c < 3.5565  

Bounds on scalar operators:

28

<latexit sha1_base64="HGz3VWPxWv0bow23+7Xe7zlN/ok=">AAAB9HicbVC7TsMwFL0pr1JeBUYWiwqJqUoKAsYKFsYi0YdoQ+W4TmvVcYLtVKqifgcLAwix8jFs/A1OmgFajmTp6Jx7dY+PF3GmtG1/W4WV1bX1jeJmaWt7Z3evvH/QUmEsCW2SkIey42FFORO0qZnmtBNJigOP07Y3vkn99oRKxUJxr6cRdQM8FMxnBGsjub0A65HnoYd+7fGsX67YVTsDWiZOTiqQo9Evf/UGIYkDKjThWKmuY0faTbDUjHA6K/ViRSNMxnhIu4YKHFDlJlnoGToxygD5oTRPaJSpvzcSHCg1DTwzmYZUi14q/ud1Y+1fuQkTUaypIPNDfsyRDlHaABowSYnmU0MwkcxkRWSEJSba9FQyJTiLX14mrVrVuag6d+eV+nVeRxGO4BhOwYFLqMMtNKAJBJ7gGV7hzZpYL9a79TEfLVj5ziH8gfX5A7WTkWg=</latexit>

Z3
2

<latexit sha1_base64="Jg2fWnr8g5BLTBsLYu9ipi5YOQ8=">AAACJnicbVDLSgMxFM3UV62vsS7dDBahbspMEXVZdOOygn1AW0omzbRhMpMhuVHLML/i1n6NOxF3/ohg+ljY1gOBwzn3ck+On3CmwHW/rNzG5tb2Tn63sLd/cHhkHxebSmhJaIMILmTbx4pyFtMGMOC0nUiKI5/Tlh/eTf3WE5WKifgRxgntRXgYs4ARDEbq28VuhGEUSBymSmfl6kXf69slt+LO4KwTb0FKaIF63/7pDgTREY2BcKxUx3MT6KVYAiOcZoWuVjTBJMRD2jE0xhFVvXSWPXPOjTJwAiHNi8GZqX83UhwpNY58MzlNqla9qfif19EQ3PRSFicaaEzmhwLNHRDOtAhnwCQlwMeGYCKZyeqQEZaYgKlr6UqkOTApnpd+kvpChIB9lZm+vNV21kmzWvGuKt7DZal2u2guj07RGSojD12jGrpHddRABL2gV/SGJtbEerc+rM/5aM5a7JygJVjfv+HwpsA=</latexit>

su(2)1

<latexit sha1_base64="W1C7hyuwoc9bnRjq+mckUYcdsWU=">AAACH3icbVDLSsNAFJ34rPVVdelmsAiuSlJ8bYSiGxcuKtgHNKFMJpN26CQTZm6UEvobbtWvcSdu+zPitM3Cth4YOJxzLvfO8RPBNdj22FpZXVvf2CxsFbd3dvf2SweHTS1TRVmDSiFV2yeaCR6zBnAQrJ0oRiJfsJY/uJv4rWemNJfxEwwT5kWkF/OQUwJGct0HEw0IvsHVi26pbFfsKfAycXJSRjnq3dKPG0iaRiwGKojWHcdOwMuIAk4FGxXdVLOE0AHpsY6hMYmY9rLpzSN8apQAh1KZFwOeqn8nMhJpPYx8k4wI9PWiNxH/8zophNdexuMkBRbT2aIwFRgknhSAA64YBTE0hFDFza2Y9okiFExNc1uiVABX8mXuJ5kv5QCIr0dFU5izWM8yaVYrzmXFeTwv127z6groGJ2gM+SgK1RD96iOGoiiBL2iN/RufVif1pf1PYuuWPnMEZqDNf4Fuf+jRw==</latexit>

⇤ = 25
<latexit sha1_base64="Jyye0JuK4WX7xWeFxSUb7Z3qKWE=">AAACDXicbVDJSgNBFOyJW4zbuNy8NAbBU5gRt4sQ9OIxolkgCaGn00madPcM3W8kcZhv8Be86t2bePUbvPoldpaDJhY8KKreox4VRIIb8LwvJ7OwuLS8kl3Nra1vbG652zsVE8aasjINRahrATFMcMXKwEGwWqQZkYFg1aB/PfKrD0wbHqp7GEasKUlX8Q6nBKzUcvfuWkkD2AASSQZpii/xqYdbbt4reGPgeeJPSR5NUWq53412SGPJFFBBjKn7XgTNhGjgVLA014gNiwjtky6rW6qIZKaZjL9P8aFV2rgTajsK8Fj9fZEQacxQBnZTEuiZWW8k/usFciYZOhfNhKsoBqboJLgTCwwhHlWD21wzCmJoCaGa298x7RFNKNgCc7YUf7aCeVI5LvhnBf/2JF+8mtaTRfvoAB0hH52jIrpBJVRGFD2iZ/SCXp0n5815dz4mqxlnerOL/sD5/AEHH5sq</latexit>

Smax = 50
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<latexit sha1_base64="Fu3MRuzjie/M67NrYwmXt0GrHhI=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUTUlU1GXRjcsK9gFtKJPppB06mYSZiVhCfsWNC0Xc+iPu/BsnbRbaemDgcM693DPHjzlT2nG+rZXVtfWNzdJWeXtnd2/fPqi0VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntONPbnO/80ilYpF40NOYeiEeCRYwgrWRBnalH2I9DiSepCrJauenA3dgV526MwNaJm5BqlCgObC/+sOIJCEVmnCsVM91Yu2lWGpGOM3K/UTRGJMJHtGeoQKHVHnpLHuGTowyREEkzRMazdTfGykOlZqGvpnMk6pFLxf/83qJDq69lIk40VSQ+aEg4UhHKC8CDZmkRPOpIZhIZrIiMsYSE23qKpsS3MUvL5P2Wd29rLv3F9XGTVFHCY7gGGrgwhU04A6a0AICT/AMr/BmZdaL9W59zEdXrGLnEP7A+vwBZF6UAw==</latexit>

su(3)1

Charged

Local

<latexit sha1_base64="6tgsrLrpB1sTTs18lG/CclLkR28=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqBch6MWTRDQPSJYwO+kkQ2Znl5lZISz5BC8eFPHqF3nzb5wke9DEgoaiqpvuriAWXBvX/XZyS8srq2v59cLG5tb2TnF3r66jRDGssUhEqhlQjYJLrBluBDZjhTQMBDaC4c3Ebzyh0jySj2YUox/SvuQ9zqix0sPd1WmnWHLL7hRkkXgZKUGGaqf41e5GLAlRGiao1i3PjY2fUmU4EzgutBONMWVD2seWpZKGqP10euqYHFmlS3qRsiUNmaq/J1Iaaj0KA9sZUjPQ895E/M9rJaZ36adcxolByWaLeokgJiKTv0mXK2RGjCyhTHF7K2EDqigzNp2CDcGbf3mR1E/K3nnZuz8rVa6zOPJwAIdwDB5cQAVuoQo1YNCHZ3iFN0c4L8678zFrzTnZzD78gfP5A5z7jVw=</latexit>

N = 3

Bounds on scalar operators:

29

<latexit sha1_base64="0+kclSIzbFddbuOdLMPoHa58zJM=">AAAB9HicbVC7TsMwFL0pr1JeBUYWiwqJqUooAsYKFsYi0YdoQ+W4TmvVcYLtVKqifgcLAwix8jFs/A1OmgFajmTp6Jx7dY+PF3GmtG1/W4WV1bX1jeJmaWt7Z3evvH/QUmEsCW2SkIey42FFORO0qZnmtBNJigOP07Y3vkn99oRKxUJxr6cRdQM8FMxnBGsjub0A65HnoYd+7bHWL1fsqp0BLRMnJxXI0eiXv3qDkMQBFZpwrFTXsSPtJlhqRjidlXqxohEmYzykXUMFDqhykyz0DJ0YZYD8UJonNMrU3xsJDpSaBp6ZTEOqRS8V//O6sfav3ISJKNZUkPkhP+ZIhyhtAA2YpETzqSGYSGayIjLCEhNteiqZEpzFLy+T1lnVuag6d+eV+nVeRxGO4BhOwYFLqMMtNKAJBJ7gGV7hzZpYL9a79TEfLVj5ziH8gfX5A7cZkWk=</latexit>

Z3
3

• Known theory         at prominent kink  
• Charged operator bound impossible with modular bootstrap alone!

<latexit sha1_base64="FgvxZG0MQ+XFxXi6my+u7lIe93I=">AAACJnicbVDLSsNAFJ3UV62vWJdugkWom5KoqMuiG5cV7APaUCbTSTt0kgkzN2oJ+RW39mvcibjzRwQnbRa29cDA4Zx7uWeOF3GmwLa/jMLa+sbmVnG7tLO7t39gHpZbSsSS0CYRXMiOhxXlLKRNYMBpJ5IUBx6nbW98l/ntJyoVE+EjTCLqBngYMp8RDFrqm+VegGHkSzxOVJxWL876Tt+s2DV7BmuVODmpoByNvvnTGwgSBzQEwrFSXceOwE2wBEY4TUu9WNEIkzEe0q6mIQ6ocpNZ9tQ61crA8oXULwRrpv7dSHCg1CTw9GSWVC17mfif143Bv3ETFkYx0JDMD/kxt0BYWRHWgElKgE80wUQyndUiIywxAV3XwpUg5sCkeF74SeIJMQbsqVT35Sy3s0pa5zXnquY8XFbqt3lzRXSMTlAVOega1dE9aqAmIugFvaI3NDWmxrvxYXzORwtGvnOEFmB8/wLjoqbB</latexit>

su(3)1

<latexit sha1_base64="W1C7hyuwoc9bnRjq+mckUYcdsWU=">AAACH3icbVDLSsNAFJ34rPVVdelmsAiuSlJ8bYSiGxcuKtgHNKFMJpN26CQTZm6UEvobbtWvcSdu+zPitM3Cth4YOJxzLvfO8RPBNdj22FpZXVvf2CxsFbd3dvf2SweHTS1TRVmDSiFV2yeaCR6zBnAQrJ0oRiJfsJY/uJv4rWemNJfxEwwT5kWkF/OQUwJGct0HEw0IvsHVi26pbFfsKfAycXJSRjnq3dKPG0iaRiwGKojWHcdOwMuIAk4FGxXdVLOE0AHpsY6hMYmY9rLpzSN8apQAh1KZFwOeqn8nMhJpPYx8k4wI9PWiNxH/8zophNdexuMkBRbT2aIwFRgknhSAA64YBTE0hFDFza2Y9okiFExNc1uiVABX8mXuJ5kv5QCIr0dFU5izWM8yaVYrzmXFeTwv127z6groGJ2gM+SgK1RD96iOGoiiBL2iN/RufVif1pf1PYuuWPnMEZqDNf4Fuf+jRw==</latexit>

⇤ = 25
<latexit sha1_base64="Jyye0JuK4WX7xWeFxSUb7Z3qKWE=">AAACDXicbVDJSgNBFOyJW4zbuNy8NAbBU5gRt4sQ9OIxolkgCaGn00madPcM3W8kcZhv8Be86t2bePUbvPoldpaDJhY8KKreox4VRIIb8LwvJ7OwuLS8kl3Nra1vbG652zsVE8aasjINRahrATFMcMXKwEGwWqQZkYFg1aB/PfKrD0wbHqp7GEasKUlX8Q6nBKzUcvfuWkkD2AASSQZpii/xqYdbbt4reGPgeeJPSR5NUWq53412SGPJFFBBjKn7XgTNhGjgVLA014gNiwjtky6rW6qIZKaZjL9P8aFV2rgTajsK8Fj9fZEQacxQBnZTEuiZWW8k/usFciYZOhfNhKsoBqboJLgTCwwhHlWD21wzCmJoCaGa298x7RFNKNgCc7YUf7aCeVI5LvhnBf/2JF+8mtaTRfvoAB0hH52jIrpBJVRGFD2iZ/SCXp0n5815dz4mqxlnerOL/sD5/AEHH5sq</latexit>

Smax = 50
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<latexit sha1_base64="Fu3MRuzjie/M67NrYwmXt0GrHhI=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUTUlU1GXRjcsK9gFtKJPppB06mYSZiVhCfsWNC0Xc+iPu/BsnbRbaemDgcM693DPHjzlT2nG+rZXVtfWNzdJWeXtnd2/fPqi0VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntONPbnO/80ilYpF40NOYeiEeCRYwgrWRBnalH2I9DiSepCrJauenA3dgV526MwNaJm5BqlCgObC/+sOIJCEVmnCsVM91Yu2lWGpGOM3K/UTRGJMJHtGeoQKHVHnpLHuGTowyREEkzRMazdTfGykOlZqGvpnMk6pFLxf/83qJDq69lIk40VSQ+aEg4UhHKC8CDZmkRPOpIZhIZrIiMsYSE23qKpsS3MUvL5P2Wd29rLv3F9XGTVFHCY7gGGrgwhU04A6a0AICT/AMr/BmZdaL9W59zEdXrGLnEP7A+vwBZF6UAw==</latexit>

su(3)1

Symmetric

<latexit sha1_base64="6tgsrLrpB1sTTs18lG/CclLkR28=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqBch6MWTRDQPSJYwO+kkQ2Znl5lZISz5BC8eFPHqF3nzb5wke9DEgoaiqpvuriAWXBvX/XZyS8srq2v59cLG5tb2TnF3r66jRDGssUhEqhlQjYJLrBluBDZjhTQMBDaC4c3Ebzyh0jySj2YUox/SvuQ9zqix0sPd1WmnWHLL7hRkkXgZKUGGaqf41e5GLAlRGiao1i3PjY2fUmU4EzgutBONMWVD2seWpZKGqP10euqYHFmlS3qRsiUNmaq/J1Iaaj0KA9sZUjPQ895E/M9rJaZ36adcxolByWaLeokgJiKTv0mXK2RGjCyhTHF7K2EDqigzNp2CDcGbf3mR1E/K3nnZuz8rVa6zOPJwAIdwDB5cQAVuoQo1YNCHZ3iFN0c4L8678zFrzTnZzD78gfP5A5z7jVw=</latexit>

N = 3

Bounds on scalar operators:

30

<latexit sha1_base64="0+kclSIzbFddbuOdLMPoHa58zJM=">AAAB9HicbVC7TsMwFL0pr1JeBUYWiwqJqUooAsYKFsYi0YdoQ+W4TmvVcYLtVKqifgcLAwix8jFs/A1OmgFajmTp6Jx7dY+PF3GmtG1/W4WV1bX1jeJmaWt7Z3evvH/QUmEsCW2SkIey42FFORO0qZnmtBNJigOP07Y3vkn99oRKxUJxr6cRdQM8FMxnBGsjub0A65HnoYd+7bHWL1fsqp0BLRMnJxXI0eiXv3qDkMQBFZpwrFTXsSPtJlhqRjidlXqxohEmYzykXUMFDqhykyz0DJ0YZYD8UJonNMrU3xsJDpSaBp6ZTEOqRS8V//O6sfav3ISJKNZUkPkhP+ZIhyhtAA2YpETzqSGYSGayIjLCEhNteiqZEpzFLy+T1lnVuag6d+eV+nVeRxGO4BhOwYFLqMMtNKAJBJ7gGV7hzZpYL9a79TEfLVj5ziH8gfX5A7cZkWk=</latexit>

Z3
3

• Must contain relevant symmetric scalar if c < 2 

<latexit sha1_base64="W1C7hyuwoc9bnRjq+mckUYcdsWU=">AAACH3icbVDLSsNAFJ34rPVVdelmsAiuSlJ8bYSiGxcuKtgHNKFMJpN26CQTZm6UEvobbtWvcSdu+zPitM3Cth4YOJxzLvfO8RPBNdj22FpZXVvf2CxsFbd3dvf2SweHTS1TRVmDSiFV2yeaCR6zBnAQrJ0oRiJfsJY/uJv4rWemNJfxEwwT5kWkF/OQUwJGct0HEw0IvsHVi26pbFfsKfAycXJSRjnq3dKPG0iaRiwGKojWHcdOwMuIAk4FGxXdVLOE0AHpsY6hMYmY9rLpzSN8apQAh1KZFwOeqn8nMhJpPYx8k4wI9PWiNxH/8zophNdexuMkBRbT2aIwFRgknhSAA64YBTE0hFDFza2Y9okiFExNc1uiVABX8mXuJ5kv5QCIr0dFU5izWM8yaVYrzmXFeTwv127z6groGJ2gM+SgK1RD96iOGoiiBL2iN/RufVif1pf1PYuuWPnMEZqDNf4Fuf+jRw==</latexit>

⇤ = 25
<latexit sha1_base64="Jyye0JuK4WX7xWeFxSUb7Z3qKWE=">AAACDXicbVDJSgNBFOyJW4zbuNy8NAbBU5gRt4sQ9OIxolkgCaGn00madPcM3W8kcZhv8Be86t2bePUbvPoldpaDJhY8KKreox4VRIIb8LwvJ7OwuLS8kl3Nra1vbG652zsVE8aasjINRahrATFMcMXKwEGwWqQZkYFg1aB/PfKrD0wbHqp7GEasKUlX8Q6nBKzUcvfuWkkD2AASSQZpii/xqYdbbt4reGPgeeJPSR5NUWq53412SGPJFFBBjKn7XgTNhGjgVLA014gNiwjtky6rW6qIZKaZjL9P8aFV2rgTajsK8Fj9fZEQacxQBnZTEuiZWW8k/usFciYZOhfNhKsoBqboJLgTCwwhHlWD21wzCmJoCaGa298x7RFNKNgCc7YUf7aCeVI5LvhnBf/2JF+8mtaTRfvoAB0hH52jIrpBJVRGFD2iZ/SCXp0n5815dz4mqxlnerOL/sD5/AEHH5sq</latexit>

Smax = 50
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<latexit sha1_base64="ueSVhUs7ekAIBJgeCdw28oUvf4s=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OJJKtgPaEPZbDft0t1N2J0IpfQvePGgiFf/kDf/jUmbg7Y+GHi8N8PMvCCWwqLrfjuFldW19Y3iZmlre2d3r7x/0LRRYhhvsEhGph1Qy6XQvIECJW/HhlMVSN4KRreZ33rixopIP+I45r6iAy1CwShm0v31ealXrrhVdwayTLycVCBHvVf+6vYjliiukUlqbcdzY/Qn1KBgkk9L3cTymLIRHfBOSjVV3PqT2a1TcpIqfRJGJi2NZKb+nphQZe1YBWmnoji0i14m/ud1Egyv/InQcYJcs/miMJEEI5I9TvrCcIZynBLKjEhvJWxIDWWYxpOF4C2+vEyaZ1Xvouo9nFdqN3kcRTiCYzgFDy6hBndQhwYwGMIzvMKbo5wX5935mLcWnHzmEP7A+fwB006NcQ==</latexit>

N = 4
Charged

<latexit sha1_base64="+pwJ4MjFMfW4ncVf2qdSlSg/T9Q=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUTUmkqMuiG5cV7APaECbTSTt0MgkzE7GE/oobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8W2vrG5tb26Wd8u7e/sGhfVTpqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3OZ+95FKxWLxoKcJ9SI8EixkBGsj+XZlEGE9DiWeZCqd1RrnvuvbVafuzIFWiVuQKhRo+fbXYBiTNKJCE46V6rtOor0MS80Ip7PyIFU0wWSCR7RvqMARVV42zz5DZ0YZojCW5gmN5urvjQxHSk2jwEzmSdWyl4v/ef1Uh9dexkSSairI4lCYcqRjlBeBhkxSovnUEEwkM1kRGWOJiTZ1lU0J7vKXV0nnou5e1t37RrV5U9RRghM4hRq4cAVNuIMWtIHAEzzDK7xZM+vFerc+FqNrVrFzDH9gff4AZeWUBA==</latexit>

su(4)1

Bounds on scalar operators:
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<latexit sha1_base64="UvUUYsaZPIeBVhBlN48P4NnY2c4=">AAAB9HicbVBNT8JAFHzFL8Qv1KOXjcTEE2mVqEeiF4+YWCBCJdtlCxu227q7JSENv8OLB43x6o/x5r9xCz0oOMkmk5n38mbHjzlT2ra/rcLK6tr6RnGztLW9s7tX3j9oqiiRhLok4pFs+1hRzgR1NdOctmNJcehz2vJHN5nfGlOpWCTu9SSmXogHggWMYG0krxtiPfR99NCrPZ73yhW7as+AlomTkwrkaPTKX91+RJKQCk04Vqrj2LH2Uiw1I5xOS91E0RiTER7QjqECh1R56Sz0FJ0YpY+CSJonNJqpvzdSHCo1CX0zmYVUi14m/ud1Eh1ceSkTcaKpIPNDQcKRjlDWAOozSYnmE0MwkcxkRWSIJSba9FQyJTiLX14mzbOqc1F17mqV+nVeRxGO4BhOwYFLqMMtNMAFAk/wDK/wZo2tF+vd+piPFqx85xD+wPr8AbifkWo=</latexit>

Z3
4

• Kinks near c = 1.12,1.65––unexplained 

<latexit sha1_base64="W1C7hyuwoc9bnRjq+mckUYcdsWU=">AAACH3icbVDLSsNAFJ34rPVVdelmsAiuSlJ8bYSiGxcuKtgHNKFMJpN26CQTZm6UEvobbtWvcSdu+zPitM3Cth4YOJxzLvfO8RPBNdj22FpZXVvf2CxsFbd3dvf2SweHTS1TRVmDSiFV2yeaCR6zBnAQrJ0oRiJfsJY/uJv4rWemNJfxEwwT5kWkF/OQUwJGct0HEw0IvsHVi26pbFfsKfAycXJSRjnq3dKPG0iaRiwGKojWHcdOwMuIAk4FGxXdVLOE0AHpsY6hMYmY9rLpzSN8apQAh1KZFwOeqn8nMhJpPYx8k4wI9PWiNxH/8zophNdexuMkBRbT2aIwFRgknhSAA64YBTE0hFDFza2Y9okiFExNc1uiVABX8mXuJ5kv5QCIr0dFU5izWM8yaVYrzmXFeTwv127z6groGJ2gM+SgK1RD96iOGoiiBL2iN/RufVif1pf1PYuuWPnMEZqDNf4Fuf+jRw==</latexit>

⇤ = 25
<latexit sha1_base64="Jyye0JuK4WX7xWeFxSUb7Z3qKWE=">AAACDXicbVDJSgNBFOyJW4zbuNy8NAbBU5gRt4sQ9OIxolkgCaGn00madPcM3W8kcZhv8Be86t2bePUbvPoldpaDJhY8KKreox4VRIIb8LwvJ7OwuLS8kl3Nra1vbG652zsVE8aasjINRahrATFMcMXKwEGwWqQZkYFg1aB/PfKrD0wbHqp7GEasKUlX8Q6nBKzUcvfuWkkD2AASSQZpii/xqYdbbt4reGPgeeJPSR5NUWq53412SGPJFFBBjKn7XgTNhGjgVLA014gNiwjtky6rW6qIZKaZjL9P8aFV2rgTajsK8Fj9fZEQacxQBnZTEuiZWW8k/usFciYZOhfNhKsoBqboJLgTCwwhHlWD21wzCmJoCaGa298x7RFNKNgCc7YUf7aCeVI5LvhnBf/2JF+8mtaTRfvoAB0hH52jIrpBJVRGFD2iZ/SCXp0n5815dz4mqxlnerOL/sD5/AEHH5sq</latexit>

Smax = 50
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Local

<latexit sha1_base64="rvfGMtbDo4hs94QBHAxOkOoDa9I=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUTUnE17LoxmUF+4A2lMl00g6dTMLMRCwhv+LGhSJu/RF3/o2TNgttPTBwOOde7pnjx5wp7Tjf1srq2vrGZmmrvL2zu7dvH1TaKkokoS0S8Uh2fawoZ4K2NNOcdmNJcehz2vEnt7nfeaRSsUg86GlMvRCPBAsYwdpIA7vSD7EeBxJPUpVktYvTgTuwq07dmQEtE7cgVSjQHNhf/WFEkpAKTThWquc6sfZSLDUjnGblfqJojMkEj2jPUIFDqrx0lj1DJ0YZoiCS5gmNZurvjRSHSk1D30zmSdWil4v/eb1EB9deykScaCrI/FCQcKQjlBeBhkxSovnUEEwkM1kRGWOJiTZ1lU0J7uKXl0n7rO5e1t3782rjpqijBEdwDDVw4QoacAdNaAGBJ3iGV3izMuvFerc+5qMrVrFzCH9gff4AZ2yUBQ==</latexit>

su(5)1

<latexit sha1_base64="cvioP6uCbOpXX4spGudpAqkXwek=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OJJIpoHJEuYnXSSIbOzy8ysEJZ8ghcPinj1i7z5N06SPWhiQUNR1U13VxALro3rfju5peWV1bX8emFjc2t7p7i7V9dRohjWWCQi1QyoRsEl1gw3ApuxQhoGAhvB8GbiN55QaR7JRzOK0Q9pX/IeZ9RY6eHu6qxTLLlldwqySLyMlCBDtVP8ancjloQoDRNU65bnxsZPqTKcCRwX2onGmLIh7WPLUklD1H46PXVMjqzSJb1I2ZKGTNXfEykNtR6Fge0MqRnoeW8i/ue1EtO79FMu48SgZLNFvUQQE5HJ36TLFTIjRpZQpri9lbABVZQZm07BhuDNv7xI6idl77zs3Z+WKtdZHHk4gEM4Bg8uoAK3UIUaMOjDM7zCmyOcF+fd+Zi15pxsZh/+wPn8AaADjV4=</latexit>

N = 5
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Bounds on scalar operators:
<latexit sha1_base64="SGxHMuMBoukuMH7Nwj9TZb/YhPs=">AAAB9HicbVC7TsMwFL0pr1JeAUYWiwqJqUp4jxUsjEWiD9GGynGd1qrjBNupVEX9DhYGEGLlY9j4G5w2A7QcydLROffqHh8/5kxpx/m2CkvLK6trxfXSxubW9o69u9dQUSIJrZOIR7LlY0U5E7Sumea0FUuKQ5/Tpj+8yfzmiErFInGvxzH1QtwXLGAEayN5nRDrge+jh+7542nXLjsVZwq0SNyclCFHrWt/dXoRSUIqNOFYqbbrxNpLsdSMcDopdRJFY0yGuE/bhgocUuWl09ATdGSUHgoiaZ7QaKr+3khxqNQ49M1kFlLNe5n4n9dOdHDlpUzEiaaCzA4FCUc6QlkDqMckJZqPDcFEMpMVkQGWmGjTU8mU4M5/eZE0TiruRcW9OytXr/M6inAAh3AMLlxCFW6hBnUg8ATP8Apv1sh6sd6tj9lowcp39uEPrM8fuiWRaw==</latexit>

Z3
5

• Sharp kink near c = 2.8––unexplained 
•        ruled out at            and  

<latexit sha1_base64="DWSJp8Xxi/p9ib/UjNVNL0334dE=">AAACEHicbVDLSsNAFJ3UV62vVJduBotQNyUpoi6LblxWsA9oQ5hMJ+3QSSbM3Cil9Cfcu9VfcCdu/QP/wM9w0mahrQcGDufcO/dwgkRwDY7zZRXW1jc2t4rbpZ3dvf0Du3zY1jJVlLWoFFJ1A6KZ4DFrAQfBuoliJAoE6wTjm8zvPDCluYzvYZIwLyLDmIecEjCSb5er/YjAKFRkjId+/cx3fbvi1Jw58Cpxc1JBOZq+/d0fSJpGLAYqiNY910nAmxIFnAo2K/VTzRJCx2TIeobGJGLam86jz/CpUQY4lMq8GPBc/b0xJZHWkygwk1lOvexl4n9eL4XwypvyOEmBxXRxKEwFBomzHvCAK0ZBTAwhVHGTFdMRUYSCaevPlexvkFLomanGXS5ilbTrNfei5t6dVxrXeUlFdIxOUBW56BI10C1qohai6BE9oxf0aj1Zb9a79bEYLVj5zhH6A+vzB/o4nMo=</latexit>

(g2)1
<latexit sha1_base64="/Qe2qYN9PhbzWZUA6MtzIQoY8QM=">AAACA3icbVC7SgNBFL0bXzG+opY2g0GwCrsS1EYI2lhYRDAPyC5hdnY2GTIzu8zMCiGk9BdstbcTWz/E1i9xkmyhiQcuHM45l3s5YcqZNq775RRWVtfWN4qbpa3tnd298v5BSyeZIrRJEp6oTog15UzSpmGG006qKBYhp+1weDP1249UaZbIBzNKaSBwX7KYEWys5Pt3NhphdIVqXq9ccavuDGiZeDmpQI5Gr/ztRwnJBJWGcKx113NTE4yxMoxwOin5maYpJkPcp11LJRZUB+PZzxN0YpUIxYmyIw2aqb83xlhoPRKhTQpsBnrRm4r/eqFYuGziy2DMZJoZKsn8cJxxZBI0LQRFTFFi+MgSTBSzvyMywAoTY2sr2VK8xQqWSeus6p1XvftapX6d11OEIziGU/DgAupwCw1oAoEUnuEFXp0n5815dz7m0YKT7xzCHzifP5ULlx0=</latexit>

⇤ = 41
<latexit sha1_base64="0kE8vhcypVIun2PsxzJxiOIZWLA=">AAACDHicbVC7SgNBFJ2Nrxhf0ZQ2g0GwCrsimkYI2lhGNA9IQpidzCZDZmaXmbuSZdlf8BdstbcTW//B1i9x8ig0euDC4Zx7OZfjR4IbcN1PJ7eyura+kd8sbG3v7O4V9w+aJow1ZQ0ailC3fWKY4Io1gINg7UgzIn3BWv74euq3Hpg2PFT3kESsJ8lQ8YBTAlbqF0t3/bQLbAKpJJMsw5e46vaLZbfizoD/Em9BymiBer/41R2ENJZMARXEmI7nRtBLiQZOBcsK3diwiNAxGbKOpYpIZnrp7PkMH1tlgINQ21GAZ+rPi5RIYxLp201JYGSWvan4r+fLpWQIqr2UqygGpug8OIgFhhBPm8EDrhkFkVhCqOb2d0xHRBMKtr+CLcVbruAvaZ5WvPOKd3tWrl0t6smjQ3SETpCHLlAN3aA6aiCKEvSEntGL8+i8Om/O+3w15yxuSugXnI9vrS2bAw==</latexit>

Smax = 80

<latexit sha1_base64="W1C7hyuwoc9bnRjq+mckUYcdsWU=">AAACH3icbVDLSsNAFJ34rPVVdelmsAiuSlJ8bYSiGxcuKtgHNKFMJpN26CQTZm6UEvobbtWvcSdu+zPitM3Cth4YOJxzLvfO8RPBNdj22FpZXVvf2CxsFbd3dvf2SweHTS1TRVmDSiFV2yeaCR6zBnAQrJ0oRiJfsJY/uJv4rWemNJfxEwwT5kWkF/OQUwJGct0HEw0IvsHVi26pbFfsKfAycXJSRjnq3dKPG0iaRiwGKojWHcdOwMuIAk4FGxXdVLOE0AHpsY6hMYmY9rLpzSN8apQAh1KZFwOeqn8nMhJpPYx8k4wI9PWiNxH/8zophNdexuMkBRbT2aIwFRgknhSAA64YBTE0hFDFza2Y9okiFExNc1uiVABX8mXuJ5kv5QCIr0dFU5izWM8yaVYrzmXFeTwv127z6groGJ2gM+SgK1RD96iOGoiiBL2iN/RufVif1pf1PYuuWPnMEZqDNf4Fuf+jRw==</latexit>

⇤ = 25
<latexit sha1_base64="Jyye0JuK4WX7xWeFxSUb7Z3qKWE=">AAACDXicbVDJSgNBFOyJW4zbuNy8NAbBU5gRt4sQ9OIxolkgCaGn00madPcM3W8kcZhv8Be86t2bePUbvPoldpaDJhY8KKreox4VRIIb8LwvJ7OwuLS8kl3Nra1vbG652zsVE8aasjINRahrATFMcMXKwEGwWqQZkYFg1aB/PfKrD0wbHqp7GEasKUlX8Q6nBKzUcvfuWkkD2AASSQZpii/xqYdbbt4reGPgeeJPSR5NUWq53412SGPJFFBBjKn7XgTNhGjgVLA014gNiwjtky6rW6qIZKaZjL9P8aFV2rgTajsK8Fj9fZEQacxQBnZTEuiZWW8k/usFciYZOhfNhKsoBqboJLgTCwwhHlWD21wzCmJoCaGa298x7RFNKNgCc7YUf7aCeVI5LvhnBf/2JF+8mtaTRfvoAB0hH52jIrpBJVRGFD2iZ/SCXp0n5815dz4mqxlnerOL/sD5/AEHH5sq</latexit>

Smax = 50
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<latexit sha1_base64="EF9dRmQ4GtHA0/nfEeUXG+iIUYk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IsniWgekCxhdjJJhszOLjO9QljyCV48KOLVL/Lm3zhJ9qCJBQ1FVTfdXUEshUHX/XZyK6tr6xv5zcLW9s7uXnH/oGGiRDNeZ5GMdCughkuheB0FSt6KNadhIHkzGN1M/eYT10ZE6hHHMfdDOlCiLxhFKz3cXVW6xZJbdmcgy8TLSAky1LrFr04vYknIFTJJjWl7box+SjUKJvmk0EkMjykb0QFvW6poyI2fzk6dkBOr9Eg/0rYUkpn6eyKloTHjMLCdIcWhWfSm4n9eO8H+pZ8KFSfIFZsv6ieSYESmf5Oe0JyhHFtCmRb2VsKGVFOGNp2CDcFbfHmZNM7KXqXs3Z+XqtdZHHk4gmM4BQ8uoAq3UIM6MBjAM7zCmyOdF+fd+Zi35pxs5hD+wPn8AaGHjV8=</latexit>

N = 6
Charged

<latexit sha1_base64="LfLw9aV1y4j8LQUGdlNu2ENyfBU=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUTUlEqsuiG5cV7APaECbTSTt0MgkzE7GE/oobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8W2vrG5tb26Wd8u7e/sGhfVTpqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3OZ+95FKxWLxoKcJ9SI8EixkBGsj+XZlEGE9DiWeZCqd1RrnvuvbVafuzIFWiVuQKhRo+fbXYBiTNKJCE46V6rtOor0MS80Ip7PyIFU0wWSCR7RvqMARVV42zz5DZ0YZojCW5gmN5urvjQxHSk2jwEzmSdWyl4v/ef1Uh9dexkSSairI4lCYcqRjlBeBhkxSovnUEEwkM1kRGWOJiTZ1lU0J7vKXV0nnou426u79ZbV5U9RRghM4hRq4cAVNuIMWtIHAEzzDK7xZM+vFerc+FqNrVrFzDH9gff4AaPOUBg==</latexit>

su(6)1

<latexit sha1_base64="z7TVcNvJQek0AFvfQHYgPIxIulo=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0WoC0tSRV0W3bisYB/QhDKZTtqhk5kwMxFK6Fe48VfcuFDErbjzb5y0WdjWAxcO59zLvfcEMaNKO86PVVhZXVvfKG6WtrZ3dvfs/YOWEonEpIkFE7ITIEUY5aSpqWakE0uCooCRdjC6zfz2I5GKCv6gxzHxIzTgNKQYaSP17DMvQnoYSjRKVTKp1E57LvSEphFRcN46N1bPLjtVZwq4TNyclEGORs/+9voCJxHhGjOkVNd1Yu2nSGqKGZmUvESRGOERGpCuoRyZvX46fWsCT4zSh6GQpriGU/XvRIoipcZRYDqzS9Wil4n/ed1Eh9d+SnmcaMLxbFGYMKgFzDKCfSoJ1mxsCMKSmlshHiKJsDZJlkwI7uLLy6RVq7qXVff+oly/yeMogiNwDCrABVegDu5AAzQBBk/gBbyBd+vZerU+rM9Za8HKZw7BHKyvX18jnts=</latexit>

su(2)1 ⌦ su(3)1
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Bounds on scalar operators:

• Kinks near c = 1.08,1.85––unexplained 

<latexit sha1_base64="Okw7CKP4rE/QcSnAperJsSxx7/k=">AAAB9HicbVBNT8JAFHzFL8Qv1KOXjcTEE2nVoEeiF4+YWCBCJdtlCxu227q7JSENv8OLB43x6o/x5r9xCz0oOMkmk5n38mbHjzlT2ra/rcLK6tr6RnGztLW9s7tX3j9oqiiRhLok4pFs+1hRzgR1NdOctmNJcehz2vJHN5nfGlOpWCTu9SSmXogHggWMYG0krxtiPfR99NCrPZ73yhW7as+AlomTkwrkaPTKX91+RJKQCk04Vqrj2LH2Uiw1I5xOS91E0RiTER7QjqECh1R56Sz0FJ0YpY+CSJonNJqpvzdSHCo1CX0zmYVUi14m/ud1Eh1ceSkTcaKpIPNDQcKRjlDWAOozSYnmE0MwkcxkRWSIJSba9FQyJTiLX14mzbOqU6s6dxeV+nVeRxGO4BhOwYFLqMMtNMAFAk/wDK/wZo2tF+vd+piPFqx85xD+wPr8AburkWw=</latexit>

Z3
6



Summary & Outlook
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• LSM anomalies imply bounds on charged operators 
• Quantified relationship between central charge (ground state quantity) and scaling 

of energy gap in gapless spin chains 
• LSM tells us               , we make this more precise 

• State-of-the-art way of bootstrapping (1+1)d CFTs with global symmetry

<latexit sha1_base64="DcVUQ5cd/NLsSzjuVFHuw1r/rI8=">AAACKXicbVDLSgMxFM3UV62v8bFzEyxC3dQZEXVZdONCsIJ9QFtKJk3b0GQyJHeUOvRf3Kpf407d+h9i+ljY1gOBwzn3ck9OEAluwPM+ndTC4tLySno1s7a+sbnlbu+UjYo1ZSWqhNLVgBgmeMhKwEGwaqQZkYFglaB3NfQrD0wbrsJ76EesIUkn5G1OCVip6e7VDZe4Lgl0KRH4NucfHd803ayX90bA88SfkCyaoNh0f+otRWPJQqCCGFPzvQgaCdHAqWCDTD02LCK0RzqsZmlIJDONZJR+gA+t0sJtpe0LAY/UvxsJkcb0ZWAnhzHNrDcU//NqMbQvGgkPoxhYSMeH2rHAoPCwCtzimlEQfUsI1dxmxbRLNKFgC5u6ImMBXKvHqZ8kgVI9IIEZZGxh/mw986R8kvfP8v7dabZwOakujfbRAcohH52jArpGRVRCFD2hZ/SCXp035935cL7GoylnsrOLpuB8/wJzdaau</latexit>

⇠ O(1)/L

• Extend to non-invertible symmetries (ongoing Lin, Shao) 
• Study interesting N = 5 kink 
• Anomalous symmetries constrain conformal boundary conditions 

• Leverage this for possible anomaly-dependent c bound? 
• Is this a roadmap for anomalies in bootstrap in higher d?  

• Line operators in (2+1)d? 

[Thorngren, Wang, 2020]
[Collier, Mazac, Wang, 2021]



Spin-selection rules
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<latexit sha1_base64="Gtzvn9LMYJz2nXMul+BZv45t4q0="></latexit>

Subgroup generated by g 2 G

G Z2 Z3 Z4 Z5 Z6

Z3
2

1 if g = (1, 1, 1) � � � �
0 else

Z3
3 � 0 � � �

Z3
4 0 � 2 if gi odd � �

0 else

Z3
5 � � � 0 �

Z3
6

1 if g = (3, 3, 3)
0 � � 3 if gi odd

0 else 0 else


