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Overview of main results
• We numerically simulated 3D Ising transition on the sphere S^2 x R.

• We observed almost perfect state-operator correspondence on an incredibly 
small system size, i.e. 16 spins. (In Sandvik’s talk 250,000 spins were simulated.)

• We identified 13 parity even primaries and 2 parity odd primaries.

Bootstrap data from Simmons-Duffin, 2017



The magic recipe: make it fuzzy!

Spherical tiling 

Spherical rotation
is broken badly.

Discretize Fuzzify 
Lowest Landau 
level projection

Spherical rotation
is kept exactly.

Sphere is a curved space.
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Outline

• Introduction 

• Spherical Landau level regularization

• Numerical results: state-operator correspondence of 3D Ising CFT

• Outlook and discussion 



Conformal symmetry and lattice models
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<latexit sha1_base64="ZNdmxti0lZApCC/9mHnkfDWr9KY="></latexit>

Polyakov 1970 Conformal symmetry

3D Ising transition is conjectured to be conformal.



State-operator correspondence

r τ
Sd−1

Sd−1

Weyl transformation

τ = log r

Radial quantization

<latexit sha1_base64="LZRE9zwcOtSffY/bgOGwYnBG564="></latexit>

Energy gaps⇠scaling dimensions: �En = En � E0 = v
R�n

<latexit sha1_base64="XBC2N4A0/YPwKlX2I22x5n0qkvI="></latexit>

Eigenstates of the quantum Hamiltonian defined on Sd�1
are

in one-to-one correspondence with CFT’s scaling operators.



Radial quantization on a lattice
2D CFT: We can just study a quantum Hamiltonian on a circle.

3D CFT: We need to put a quantum Hamiltonian on a two-sphere.

Most conformal data can be extracted.
Cardy  

But a regular lattice won’t fit since two-sphere has a curvature… 

Milsted and Vidal 2017



Spherical Landau levels
<latexit sha1_base64="plMBVRMZJ+PILhWKjCxdxPc3/WE=">AAACFnicbZDLSgMxFIYz9VbrbdSlm2ARKmKZGYq6USpuuhEq2At02pJJM21o5kKSEcowT+HGV3HjQhG34s63MdPOQlt/CHz855wk53dCRoU0jG8tt7S8srqWXy9sbG5t7+i7e00RRByTBg5YwNsOEoRRnzQklYy0Q06Q5zDScsY3ab31QLiggX8vJyHpemjoU5diJJXV109rl9B2OcKxmcTWLe9ZCSzZIeKSIta3vQieQAqvUzruWX29aJSNqeAimBkUQaZ6X/+yBwGOPOJLzJAQHdMIZTdOr8eMJAU7EiREeIyGpKPQRx4R3Xi6VgKPlDOAbsDV8SWcur8nYuQJMfEc1ekhORLztdT8r9aJpHvRjakfRpL4ePaQGzEoA5hmBAeUEyzZRAHCnKq/QjxCKiSpkiyoEMz5lRehaZXNs3LlrlKsXmVx5MEBOAQlYIJzUAU1UAcNgMEjeAav4E170l60d+1j1prTspl98Efa5w8Nc51q</latexit>
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Electrons moving under 
a magnetic monopole.
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<latexit sha1_base64="TzY6kbo5X7hpSs3pC5JIVvgNqc8=">AAACCnicbVDLSsNAFJ34rPUVdelmtAiVQklCUTdKQQQ3QgX7gDaWyXTSDp1MwsxEKCFrN/6KGxeKuPUL3Pk3TtoutPXA5R7OuZeZe7yIUaks69tYWFxaXlnNreXXNza3ts2d3YYMY4FJHYcsFC0PScIoJ3VFFSOtSBAUeIw0veFl5jcfiJA05HdqFBE3QH1OfYqR0lLXPLjq8nPY8QXCCS/ykn1cKjpZk2ni3Ih7J+2aBatsjQHniT0lBTBFrWt+dXohjgPCFWZIyrZtRcpNkFAUM5LmO7EkEcJD1CdtTTkKiHST8SkpPNJKD/qh0MUVHKu/NxIUSDkKPD0ZIDWQs14m/ue1Y+WfuQnlUawIx5OH/JhBFcIsF9ijgmDFRpogLKj+K8QDpGNROr28DsGePXmeNJyyfVKu3FYK1YtpHDmwDw5BEdjgFFTBNaiBOsDgETyDV/BmPBkvxrvxMRldMKY7e+APjM8fjQmYRg==</latexit>

En =
n(n+ 1) + (2n+ 1)s

2Mr2
Energy:

Degeneracy: <latexit sha1_base64="EgrwU5EK71ZhJOYPb1tRumTt5LY=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMgBMJuCOpJAl48RjAPSJYwO5lNhszOLjO9Qgj5CC8eFPHq93jzb5wke9DEgoaiqpvuriCRwqDrfju5jc2t7Z38bmFv/+DwqHh80jJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjO/mfvuJayNi9YiThPsRHSoRCkbRSu2qKldN2esXS27FXYCsEy8jJcjQ6Be/eoOYpRFXyCQ1puu5CfpTqlEwyWeFXmp4QtmYDnnXUkUjbvzp4twZubDKgISxtqWQLNTfE1MaGTOJAtsZURyZVW8u/ud1Uwxv/KlQSYpcseWiMJUEYzL/nQyE5gzlxBLKtLC3EjaimjK0CRVsCN7qy+ukVa14V5XaQ61Uv83iyMMZnMMleHANdbiHBjSBwRie4RXenMR5cd6dj2VrzslmTuEPnM8fzouOkQ==</latexit>

2n+ 2s+ 1

<latexit sha1_base64="nEczqTrRVzs9WErqxSwPt48z1ig=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBQym7UtSLUvDisYL9gO5SstlsG5pNliQrlNK/4cWDIl79M978N6btHrT1wcDjvRlm5oUpZ9q47rdTWFvf2Nwqbpd2dvf2D8qHR20tM0Voi0guVTfEmnImaMsww2k3VRQnIaedcHQ38ztPVGkmxaMZpzRI8ECwmBFsrOSLG7fqVX0SSaP75Ypbc+dAq8TLSQVyNPvlLz+SJEuoMIRjrXuem5pggpVhhNNpyc80TTEZ4QHtWSpwQnUwmd88RWdWiVAslS1h0Fz9PTHBidbjJLSdCTZDvezNxP+8Xmbi62DCRJoZKshiUZxxZCSaBYAipigxfGwJJorZWxEZYoWJsTGVbAje8surpH1R8y5r9Yd6pXGbx1GEEziFc/DgChpwD01oAYEUnuEV3pzMeXHenY9Fa8HJZ47hD5zPH7YLkNQ=</latexit>

n = 0, 1, · · ·Landau levels:

Lowest Landau level wave-function (monopole Harmonics)

<latexit sha1_base64="5WdgsOZwwD4Y1sS8/8L8ARaHNJM=">AAACInicbVDLSgMxFM34rPVVdekm2AqKWGaq+NhIwY07K9oqtEUy6Z02NJMMSUYopd/ixl9x40JRV4IfYzqdhbYeCBzOvefe3ONHnGnjul/O1PTM7Nx8ZiG7uLS8sppbW69pGSsKVSq5VHc+0cCZgKphhsNdpICEPodbv3s+rN8+gNJMihvTi6AZkrZgAaPEWOk+d6ojJvYLYk8XMFMKWjFl1osV2DEahEn6sAxw4fpy52C3gJU0qTfvFt0EeJJ4KcmjFJX73EejJWkc2qGUE63rnhuZZp8owyiHQbYRa4gI7ZI21C0VJATd7CcnDvC2VVo4kMo+YXCi/nb0Sah1L/RtZ0hMR4/XhuJ/tXpsgpNmn4koNiDoaFEQc2wkHuaFW0wBNbxnCaGK2b9i2iGKUGNTzdoQvPGTJ0mtVPSOiodXpXz5LI0jgzbRFtpBHjpGZXSBKqiKKHpEz+gVvTlPzovz7nyOWqec1LOB/sD5/gFmxaLz</latexit>

spin-n+ s irreducible representation of SO(3) rotation

<latexit sha1_base64="q0DyHoFEKUwuGdRj54S/PVTDlbs=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLIFjLjBR1oxTcuKxgH9AOJZPJtKF5DElGKEM3/oobF4q49TPc+Temj4W2Hrhwcs693NwTJoxq43nfTm5peWV1Lb9e2Njc2t5xd/caWqYKkzqWTKpWiDRhVJC6oYaRVqII4iEjzXBwO/abj0RpKsWDGSYk4KgnaEwxMlbqugccXsMzXbJ16pdgB0fS2JfuukWv7E0AF4k/I0UwQ63rfnUiiVNOhMEMad32vcQEGVKGYkZGhU6qSYLwAPVI21KBONFBNjlgBI+tEsFYKlvCwIn6eyJDXOshD20nR6av572x+J/XTk18FWRUJKkhAk8XxSmDRsJxGjCiimDDhpYgrKj9K8R9pBA2NrOCDcGfP3mRNM7L/kW5cl8pVm9mceTBITgCJ8AHl6AK7kAN1AEGI/AMXsGb8+S8OO/Ox7Q158xm9sEfOJ8/ss2T7A==</latexit>

m = �s,�s+ 1, · · · , s



Lowest Landau level (LLL) projection

E.g.
<latexit sha1_base64="hvxgz4QewdE08363aflplgrDZcE="></latexit>
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mĉm.Fermion annihilation:

<latexit sha1_base64="YCMG9deun8l/QWZCvI7WcMA6NLc="></latexit>
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cm2 .Fermion density:

Landau levels <latexit sha1_base64="GJGX9D9Rgtj4Yc5GZlDdlyIvbXM="></latexit>
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Physics on the LLL
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<latexit sha1_base64="y3PpQ4eoDTH+GZ6LgU9tuDgkvzE=">AAACBHicbVDLSgNBEJyNrxhfUY+5DCaCIIbdIOpJAl48RjAPSJYwO+lNhsw+mOkVQsjBi7/ixYMiXv0Ib/6Nk2QPmljQUFR101R5sRQabfvbyqysrq1vZDdzW9s7u3v5/YOGjhLFoc4jGamWxzRIEUIdBUpoxQpY4EloesObqd98AKVFFN7jKAY3YP1Q+IIzNFI3XyhV9KlTOtMCgfqgAqMKTvmACeMW7bI9A10mTkqKJEWtm//q9CKeBBAil0zrtmPH6I6ZQsElTHKdREPM+JD1oW1oyALQ7ngWYkKPjdKjfqTMhEhn6u+LMQu0HgWe2QwYDvSiNxX/89oJ+lfuWIRxghDy+SM/kRQjOm2E9oQCjnJkCONK4Dy+YhxNbzlTgrMYeZk0KmXnonx+VylWr9M6sqRAjsgJccglqZJbUiN1wskjeSav5M16sl6sd+tjvpqx0ptD8gfW5w+8nZbm</latexit>

2s+ 1-site fermionic chain
<latexit sha1_base64="q0DyHoFEKUwuGdRj54S/PVTDlbs=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLIFjLjBR1oxTcuKxgH9AOJZPJtKF5DElGKEM3/oobF4q49TPc+Temj4W2Hrhwcs693NwTJoxq43nfTm5peWV1Lb9e2Njc2t5xd/caWqYKkzqWTKpWiDRhVJC6oYaRVqII4iEjzXBwO/abj0RpKsWDGSYk4KgnaEwxMlbqugccXsMzXbJ16pdgB0fS2JfuukWv7E0AF4k/I0UwQ63rfnUiiVNOhMEMad32vcQEGVKGYkZGhU6qSYLwAPVI21KBONFBNjlgBI+tEsFYKlvCwIn6eyJDXOshD20nR6av572x+J/XTk18FWRUJKkhAk8XxSmDRsJxGjCiimDDhpYgrKj9K8R9pBA2NrOCDcGfP3mRNM7L/kW5cl8pVm9mceTBITgCJ8AHl6AK7kAN1AEGI/AMXsGb8+S8OO/Ox7Q158xm9sEfOJ8/ss2T7A==</latexit>

m = �s,�s+ 1, · · · , s
<latexit sha1_base64="z0VyGwr2/DaGld4Cqi8tJC2Djec=">AAACAHicbVC7SgNBFJ2NrxhfqxYWNoNZIRaG3ShqJQEbOyOaByRLmJ3MmiGzM8vMrBCWNP6KjYUitn6GnX/jJNlCEw9cOJxzL/feE8SMKu2631ZuYXFpeSW/Wlhb39jcsrd3GkokEpM6FkzIVoAUYZSTuqaakVYsCYoCRprB4GrsNx+JVFTwez2MiR+hB05DipE2UtfeUzHlx45yoCQxFCF07m5KJ0dO1y66ZXcCOE+8jBRBhlrX/ur0BE4iwjVmSKm258baT5HUFDMyKnQSRWKEB+iBtA3lKCLKTycPjOChUXowFNIU13Ci/p5IUaTUMApMZ4R0X816Y/E/r53o8MJPKY8TTTieLgoTBrWA4zRgj0qCNRsagrCk5laI+0girE1mBROCN/vyPGlUyt5Z+fS2UqxeZnHkwT44ACXggXNQBdegBuoAgxF4Bq/gzXqyXqx362PamrOymV3wB9bnDxXZlCA=</latexit>

spin-s rep of SO(3)

<latexit sha1_base64="WZeBhHKBY23yQrSHh+IYVjbvxKE=">AAACA3icbZDLSsNAFIYn9VbrLepON4NFcGNJpKgbpeDGZQV7gSYNk8mkHTqThJmJUELBja/ixoUibn0Jd76NkzYLbf1h4OM/53Dm/H7CqFSW9W2UlpZXVtfK65WNza3tHXN3ry3jVGDSwjGLRddHkjAakZaiipFuIgjiPiMdf3ST1zsPREgaR/dqnBCXo0FEQ4qR0pZnHjgy5V7Gr07lpC8h9njfCdAgB8+sWjVrKrgIdgFVUKjpmV9OEOOUk0hhhqTs2Vai3AwJRTEjk4qTSpIgPEID0tMYIU6km01vmMBj7QQwjIV+kYJT9/dEhriUY+7rTo7UUM7XcvO/Wi9V4aWb0ShJFYnwbFGYMqhimAcCAyoIVmysAWFB9V8hHiKBsNKxVXQI9vzJi9A+q9nntfpdvdq4LuIog0NwBE6ADS5AA9yCJmgBDB7BM3gFb8aT8WK8Gx+z1pJRzOyDPzI+fwBl+Jdb</latexit> sX
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<latexit sha1_base64="y3PpQ4eoDTH+GZ6LgU9tuDgkvzE=">AAACBHicbVDLSgNBEJyNrxhfUY+5DCaCIIbdIOpJAl48RjAPSJYwO+lNhsw+mOkVQsjBi7/ixYMiXv0Ib/6Nk2QPmljQUFR101R5sRQabfvbyqysrq1vZDdzW9s7u3v5/YOGjhLFoc4jGamWxzRIEUIdBUpoxQpY4EloesObqd98AKVFFN7jKAY3YP1Q+IIzNFI3XyhV9KlTOtMCgfqgAqMKTvmACeMW7bI9A10mTkqKJEWtm//q9CKeBBAil0zrtmPH6I6ZQsElTHKdREPM+JD1oW1oyALQ7ngWYkKPjdKjfqTMhEhn6u+LMQu0HgWe2QwYDvSiNxX/89oJ+lfuWIRxghDy+SM/kRQjOm2E9oQCjnJkCONK4Dy+YhxNbzlTgrMYeZk0KmXnonx+VylWr9M6sqRAjsgJccglqZJbUiN1wskjeSav5M16sl6sd+tjvpqx0ptD8gfW5w+8nZbm</latexit>

2s+ 1-site fermionic chain
<latexit sha1_base64="q0DyHoFEKUwuGdRj54S/PVTDlbs=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLIFjLjBR1oxTcuKxgH9AOJZPJtKF5DElGKEM3/oobF4q49TPc+Temj4W2Hrhwcs693NwTJoxq43nfTm5peWV1Lb9e2Njc2t5xd/caWqYKkzqWTKpWiDRhVJC6oYaRVqII4iEjzXBwO/abj0RpKsWDGSYk4KgnaEwxMlbqugccXsMzXbJ16pdgB0fS2JfuukWv7E0AF4k/I0UwQ63rfnUiiVNOhMEMad32vcQEGVKGYkZGhU6qSYLwAPVI21KBONFBNjlgBI+tEsFYKlvCwIn6eyJDXOshD20nR6av572x+J/XTk18FWRUJKkhAk8XxSmDRsJxGjCiimDDhpYgrKj9K8R9pBA2NrOCDcGfP3mRNM7L/kW5cl8pVm9mceTBITgCJ8AHl6AK7kAN1AEGI/AMXsGb8+S8OO/Ox7Q158xm9sEfOJ8/ss2T7A==</latexit>

m = �s,�s+ 1, · · · , s
<latexit sha1_base64="z0VyGwr2/DaGld4Cqi8tJC2Djec=">AAACAHicbVC7SgNBFJ2NrxhfqxYWNoNZIRaG3ShqJQEbOyOaByRLmJ3MmiGzM8vMrBCWNP6KjYUitn6GnX/jJNlCEw9cOJxzL/feE8SMKu2631ZuYXFpeSW/Wlhb39jcsrd3GkokEpM6FkzIVoAUYZSTuqaakVYsCYoCRprB4GrsNx+JVFTwez2MiR+hB05DipE2UtfeUzHlx45yoCQxFCF07m5KJ0dO1y66ZXcCOE+8jBRBhlrX/ur0BE4iwjVmSKm258baT5HUFDMyKnQSRWKEB+iBtA3lKCLKTycPjOChUXowFNIU13Ci/p5IUaTUMApMZ4R0X816Y/E/r53o8MJPKY8TTTieLgoTBrWA4zRgj0qCNRsagrCk5laI+0girE1mBROCN/vyPGlUyt5Z+fS2UqxeZnHkwT44ACXggXNQBdegBuoAgxF4Bq/gzXqyXqx362PamrOymV3wB9bnDxXZlCA=</latexit>

spin-s rep of SO(3)

<latexit sha1_base64="WZeBhHKBY23yQrSHh+IYVjbvxKE=">AAACA3icbZDLSsNAFIYn9VbrLepON4NFcGNJpKgbpeDGZQV7gSYNk8mkHTqThJmJUELBja/ixoUibn0Jd76NkzYLbf1h4OM/53Dm/H7CqFSW9W2UlpZXVtfK65WNza3tHXN3ry3jVGDSwjGLRddHkjAakZaiipFuIgjiPiMdf3ST1zsPREgaR/dqnBCXo0FEQ4qR0pZnHjgy5V7Gr07lpC8h9njfCdAgB8+sWjVrKrgIdgFVUKjpmV9OEOOUk0hhhqTs2Vai3AwJRTEjk4qTSpIgPEID0tMYIU6km01vmMBj7QQwjIV+kYJT9/dEhriUY+7rTo7UUM7XcvO/Wi9V4aWb0ShJFYnwbFGYMqhimAcCAyoIVmysAWFB9V8hHiKBsNKxVXQI9vzJi9A+q9nntfpdvdq4LuIog0NwBE6ADS5AA9yCJmgBDB7BM3gFb8aT8WK8Gx+z1pJRzOyDPzI+fwBl+Jdb</latexit> sX

m=�s

c†mcm
<latexit sha1_base64="B3WEirmstOOt+KxB7g2yfg1IYkU="></latexit>
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†
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cm3cm4

2-body 4-body interaction Haldane

<latexit sha1_base64="8DTEMTIxC7Muw5n7pn5vIACFPAs="></latexit>

2s� l
<latexit sha1_base64="awEmc4VPvlQJXbqNCqQkBUcrxZQ="></latexit>

Vl



Model and phase diagram

<latexit sha1_base64="cMxWJjA3P0BmGZvx5GOOWUjbltw="></latexit>

U(⌦a,⌦b) = g1 �(⌦ab) + g2 r2�(⌦ab)

<latexit sha1_base64="m4xyWaCueIZo7uIhfD0DzP6ePeo="></latexit>
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d⌦nx(✓,') !

sX

m=�s

c†m�xcm

<latexit sha1_base64="xbdDrxBCKLQx/JI2RdyQGXdr9U8="></latexit>Z
d⌦nx(✓,') !

sX

m=�s

c†m�xcm
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2s� l
<latexit sha1_base64="awEmc4VPvlQJXbqNCqQkBUcrxZQ="></latexit>
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z
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LLL projection

Similar model on fuzzy torus has been studied.
 Ippoliti, Mong, Assaad, Zaletel (2018)
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• Spherical Landau level regularization

• Numerical results: state-operator correspondence of 3D Ising CFT

• Outlook and discussion 



Symmetries and order parameter

<latexit sha1_base64="9e5N0BwnhCG/Y/Mep4y9UgxpPN8=">AAACCHicbVDLSgNBEJyNrxhfqx49OCQKghh2g6gnCXjxGME8IIZkdtIbB2dnl5leIQSPXvwVLx4U8eonePNvnDwOmljQUFR101QFiRQGPe/byczNLywuZZdzK6tr6xvu5lbNxKnmUOWxjHUjYAakUFBFgRIaiQYWBRLqwd3F0K/fgzYiVtfYT6AVsZ4SoeAMrdR2d/dK5tDfOzICgdJOJwQdWUNwym+ZUPm2W/CK3gh0lvgTUiATVNru10035mkECrlkxjR9L8HWgGkUXMJD7iY1kDB+x3rQtFSxCExrMAryQPet0qVhrO0opCP198WARcb0o8BuRgxvzbQ3FP/zmimGZ62BUEmKoPj4UZhKijEdtkK7QgNH2beEcS1wnF8zjra7nC3Bn448S2qlon9SPL4qFcrnkzqyZIfkyQHxySkpk0tSIVXCySN5Jq/kzXlyXpx352O8mnEmN9vkD5zPH/pWmBA=</latexit>

2s+ 1-site “fermionic chain”
<latexit sha1_base64="wrYyYc8HFIKl4zLHQTTviGWBNGQ="></latexit>

c†m = (c†m,", c
†
m,#)Fermions are at half filling: 

<latexit sha1_base64="DuJPqNddBmy9Lpf4BQduASsaE5E="></latexit>

N = 2s+ 1
<latexit sha1_base64="q0DyHoFEKUwuGdRj54S/PVTDlbs=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLIFjLjBR1oxTcuKxgH9AOJZPJtKF5DElGKEM3/oobF4q49TPc+Temj4W2Hrhwcs693NwTJoxq43nfTm5peWV1Lb9e2Njc2t5xd/caWqYKkzqWTKpWiDRhVJC6oYaRVqII4iEjzXBwO/abj0RpKsWDGSYk4KgnaEwxMlbqugccXsMzXbJ16pdgB0fS2JfuukWv7E0AF4k/I0UwQ63rfnUiiVNOhMEMad32vcQEGVKGYkZGhU6qSYLwAPVI21KBONFBNjlgBI+tEsFYKlvCwIn6eyJDXOshD20nR6av572x+J/XTk18FWRUJKkhAk8XxSmDRsJxGjCiimDDhpYgrKj9K8R9pBA2NrOCDcGfP3mRNM7L/kW5cl8pVm9mceTBITgCJ8AHl6AK7kAN1AEGI/AMXsGb8+S8OO/Ox7Q158xm9sEfOJ8/ss2T7A==</latexit>

m = �s,�s+ 1, · · · , s

<latexit sha1_base64="NPUbuFpuxIveOmtUEjvSsw36UmM=">AAACLHicbVDLSsNAFJ3UV62vqks3g0VwVRIRdSUFNy4r2Ac0MUwmk2boTCbMTNQS+hd+hx/gVj/BjYhb/Q0nbRe19cCFwzn3cu89Qcqo0rb9YZWWlldW18rrlY3Nre2d6u5eW4lMYtLCggnZDZAijCakpalmpJtKgnjASCcYXBV+555IRUVyq4cp8TjqJzSiGGkj+dW6y5GOgyjHI59DV9J+rJGU4gG6ivY5unuEsx1+tWbX7THgInGmpAamaPrVHzcUOOMk0ZghpXqOnWovR1JTzMio4maKpAgPUJ/0DE0QJ8rLx3+N4JFRQhgJaSrRcKzOTuSIKzXkgeksblTzXiH+6ylzSkzCufU6uvBymqSZJgmebI8yBrWARXIwpJJgzYaGICypeQDiGEmEtcm3YpJx5nNYJO2TunNWP705rTUupxmVwQE4BMfAAeegAa5BE7QABk/gBbyCN+vZerc+ra9Ja8mazuyDP7C+fwHDLKmH</latexit>

cm ! �xcm

UV model IR Ising transition

Z2 Ising symmetry

Space-time parity symmetry

<latexit sha1_base64="tYtloVwTWRMlQF7C9Dofm4o71SQ=">AAACMnicbVDLSsNAFJ3UV62vqks3g0VwVRIp6koKblxWsA9o2nIzmaRDZ5IwM1FK6I/4HX6AW/0D3YkLN36E0zYLbT1w4XDOvdx7j5dwprRtv1mFldW19Y3iZmlre2d3r7x/0FJxKgltkpjHsuOBopxFtKmZ5rSTSArC47Ttja6nfvueSsXi6E6PE9oTEEYsYAS0kQblmitAD70gI5OBwK5k4VCDlPEDZq5ioYD+GP9u6bs+hINyxa7aM+Bl4uSkgnI0BuUv149JKmikCQeluo6d6F4GUjPC6aTkpoomQEYQ0q6hEQiqetnsuwk+MYqPg1iaijSeqb8nMhBKjYVnOqeHqkVvKv7rKXPKkPoL63Vw2ctYlKSaRmS+PUg51jGe5od9JinRfGwIEMnMA5gMQQLRJuWSScZZzGGZtM6qznm1dlur1K/yjIroCB2jU+SgC1RHN6iBmoigR/SMXtCr9WS9Wx/W57y1YOUzh+gPrO8fyVasEw==</latexit>

cm ! i�yc†m
<latexit sha1_base64="wO5FHSM/KR1ie14Y8ieZC3VHzOs=">AAACDXicbVDLSsNAFJ34rPXRqEs3g0VwY0mkqCspuHFZwT6gDWUyuWmGTiZhZqKU0G/wA9zqJ7gTt36DX+BvOG2z0NYDFw7n3Mu99/gpZ0o7zpe1srq2vrFZ2ipv7+zuVez9g7ZKMkmhRROeyK5PFHAmoKWZ5tBNJZDY59DxRzdTv/MAUrFE3OtxCl5MhoKFjBJtpIFdYX3JhpEmUiaP+IwN7KpTc2bAy8QtSBUVaA7s736Q0CwGoSknSvVcJ9VeTqRmlMOk3M8UpISOyBB6hgoSg/Ly2eETfGKUAIeJNCU0nqm/J3ISKzWOfdMZEx2pRW8q/uspc0oEwcJ6HV55ORNppkHQ+fYw41gneBoNDpgEqvnYEEIlMw9gGhFJqDYBlk0y7mIOy6R9XnMvavW7erVxXWRUQkfoGJ0iF12iBrpFTdRCFGXoGb2gV+vJerPerY9564pVzByiP7A+fwDy0Zvj</latexit>

i ! �i
Particle-hole 
symmetry

SO(3):
<latexit sha1_base64="RSOVVYJqmbMakNfOP1t9mSg4lQk=">AAACGXicbVDLSsNAFJ3UV62vqMtuBovgopZEirpRCm5cVrAPaEKYTCbt0MkkzEyEErrwO/wAt/oJ7sStK7/A33DSZqGtBy4czrmXe+/xE0alsqwvo7Syura+Ud6sbG3v7O6Z+wddGacCkw6OWSz6PpKEUU46iipG+okgKPIZ6fnjm9zvPRAhaczv1SQhboSGnIYUI6Ulz6w6EVIjP8zw1Muiq1NZd3AQK1mHcuqZNathzQCXiV2QGijQ9sxvJ4hxGhGuMENSDmwrUW6GhKKYkWnFSSVJEB6jIRloylFEpJvNnpjCY60EMIyFLq7gTP09kaFIyknk6878ZLno5eK/ntSnjEiwsF6Fl25GeZIqwvF8e5gyqGKYxwQDKghWbKIJwoLqByAeIYGw0mFWdDL2Yg7LpHvWsM8bzbtmrXVdZFQGVXAEToANLkAL3II26AAMHsEzeAGvxpPxZrwbH/PWklHMHII/MD5/AB3IoMU=</latexit>cm=�s,··· ,s spin-s irrep SO(3) Lorentz rotation

Ising order parameter:

<latexit sha1_base64="x7V8weSB3+u2vaPuBjCS6Tnmxlg="></latexit>
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<latexit sha1_base64="4RLTZ9yrPLd4Ey3BuBWiWtLTEzI="></latexit>

N = 2s+ 1 is the space volume, so N ⇠ Lx ⇥ Lx



Finite size scaling: order parameter
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hM2i ⇠ L4�2�
x = N2��

Phase transition:

<latexit sha1_base64="DE/1iaCF+xx1ylSWP49D7PH8p/M=">AAACJ3icbVDLSgMxFM34rPU16tJNsAi6sMyUoq6koAs3SgX7gE5bMumdNjSTGZKMUIZ+g9/hB7jVT3AnunTlb5g+Ftp6IHA45z5yjx9zprTjfFoLi0vLK6uZtez6xubWtr2zW1VRIilUaMQjWfeJAs4EVDTTHOqxBBL6HGp+/3Lk1x5AKhaJez2IoRmSrmABo0QbqW0fe4EkNPU4EV0O+KZV8OSYDlN820oLJ9i7Aq7JcNi2c07eGQPPE3dKcmiKctv+9joRTUIQmnKiVMN1Yt1MidSMmvlZL1EQE9onXWgYKkgIqpmOTxriQ6N0cBBJ84TGY/V3R0pCpQahbypDontq1huJ/3rKfKUHnZn1OjhvpkzEiQZBJ9uDhGMd4VFouMMkUM0HhhAqmTkA0x4xwWkTbdYk487mME+qhbx7mi/eFXOli2lGGbSPDtARctEZKqFrVEYVRNEjekYv6NV6st6sd+tjUrpgTXv20B9YXz+iO6Y1</latexit>

hM2i
N2��

<latexit sha1_base64="OSMTOu2oxQeky6gf2YbAr/zu+m0=">AAACInicbZDLSgMxFIYz9VbrrerSTbAKrspMKepGKbhxoVLBXqAzHTLpaRuayQxJRiylL+Bz+ABu9RHciSvBva9hello6w+Bj/+cw8n5g5gzpW3700otLC4tr6RXM2vrG5tb2e2dqooSSaFCIx7JekAUcCagopnmUI8lkDDgUAt6F6N67R6kYpG40/0YvJB0BGszSrSx/OyBy4nocMDXzQJ25YRdxUJ85T80i/gM3zQLfjZn5+2x8Dw4U8ihqcp+9tttRTQJQWjKiVINx461NyBSM8phmHETBTGhPdKBhkFBQlDeYHzNEB8ap4XbkTRPaDx2f08MSKhUPwxMZ0h0V83WRua/NWW+0oXWzHrdPvUGTMSJBkEn29sJxzrCo7xwi0mgmvcNECqZOQDTLpGEapNqxiTjzOYwD9VC3jnOF2+LudL5NKM02kP76Ag56ASV0CUqowqi6BE9oxf0aj1Zb9a79TFpTVnTmV30R9bXDzEgoqc=</latexit>

hM2i ⇠ L4
x = N2

Ordered phase:

Disorder phase:
<latexit sha1_base64="I37LvBtQxfOKnTSN08mWn9JhJkk=">AAACHXicbZDLSgMxFIYz9VbrrerShcEi1E2ZKUVdScGNG7WCvUBnWjLpaRuayQxJRihDlz6HD+BWH8GduBWfwNcwvSy09YfAx3/O4eT8fsSZ0rb9ZaWWlldW19LrmY3Nre2d7O5eTYWxpFClIQ9lwycKOBNQ1UxzaEQSSOBzqPuDy3G9/gBSsVDc62EEXkB6gnUZJdpY7eyhy4noccDXrSJ25ZRdxQJ8m79p2SftbM4u2BPhRXBmkEMzVdrZb7cT0jgAoSknSjUdO9JeQqRmlMMo48YKIkIHpAdNg4IEoLxkcsgIHxung7uhNE9oPHF/TyQkUGoY+KYzILqv5mtj89+aMl/pQ2duve6eewkTUaxB0On2bsyxDvE4KtxhEqjmQwOESmYOwLRPJKHaBJoxyTjzOSxCrVhwTgulu1KufDHLKI0O0BHKIwedoTK6QhVURRQ9omf0gl6tJ+vNerc+pq0pazazj/7I+vwBuLSg4Q==</latexit>

hM2i ⇠ O(N0)

<latexit sha1_base64="9zovrzrTniuh6P2hV47M4nnPMHE=">AAACFHicbVDLSsNAFJ3UV62vqODGzWARXIVEqnYlBV24rGAf0IQymdy0QycPZiZiqf0NP8CtfoI7ceveL/A3nLZZaOuBC4dz7uXee/yUM6ls+8soLC2vrK4V10sbm1vbO+buXlMmmaDQoAlPRNsnEjiLoaGY4tBOBZDI59DyB1cTv3UPQrIkvlPDFLyI9GIWMkqUlrrmgXsNXBGXpKlIHrBtnTlVp1LtmmXbsqfAi8TJSRnlqHfNbzdIaBZBrCgnUnYcO1XeiAjFKIdxyc0kpIQOSA86msYkAumNpveP8bFWAhwmQles8FT9PTEikZTDyNedEVF9Oe9NxH89qU/pQzC3XoVVb8TiNFMQ09n2MONYJXiSEA6YAKr4UBNCBdMPYNonglClcyzpZJz5HBZJ89Ryzq3KbaVcu8wzKqJDdIROkIMuUA3doDpqIIoe0TN6Qa/Gk/FmvBsfs9aCkc/soz8wPn8AB3qdWg==</latexit>

� ⇡ 0.518148



State-operator correspondence

A. We use exact diagonalization to obtain low lying eigenstates of our 
model. 

B. We rescale the energy gaps by calibrating the energy momentum 
tensor. 

C. For each quantum number, we enumerate scaling operators and 
compare them with rescaled energy gaps.

<latexit sha1_base64="eKAeU4dsnXr9QCFfvSSVKOS57O0="></latexit>

�, ⇤�, ⇤2�, �0, @µ1@µ2�µ1µ2 , · · ·Z2 odd, parity even, L=0:

Rescaled gaps of N=16 spins: 0.524, 2.517, 4.572 5.303, 6.523

<latexit sha1_base64="pKAjMRyVMHFPsVun4xsUprpA7eo=">AAACK3icbVDLSgMxFM3UV62vqks3wSK4aZmRom6Uggouq9gHdErJZO60oZnMkGQKZehX+B1+gFv9BFeKW/E3TB8LbT2Qy+Hcc7m5x4s5U9q2363M0vLK6lp2PbexubW9k9/dq6sokRRqNOKRbHpEAWcCapppDs1YAgk9Dg2vfzXuNwYgFYvEgx7G0A5JV7CAUaKN1MkXXR+4JvimI/DFpBZNtQ13A0loOhil9yPsXo9NHeMv2CV7ArxInBkpoBmqnfy360c0CUFoyolSLceOdTslUjPKYZRzEwUxoX3ShZahgoSg2unkrBE+MoqPg0iaJzSeqL8nUhIqNQw94wyJ7qn53lj8t6fMV3rgz63XwXk7ZSJONAg63R4kHOsIj4PDPpNANR8aQqhk5gBMe8RkpE28OZOMM5/DIqmflJzTUvmuXKhczjLKogN0iI6Rg85QBd2iKqohih7RM3pBr9aT9WZ9WJ9Ta8aazeyjP7C+fgDEnaYT</latexit>
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State-operator correspondence

<latexit sha1_base64="0bLoHwsJMa+lbFIJqLydU3WBmGY="></latexit>
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descendents:



State-operator correspondence

Conformal multiplet of spinning operator:
<latexit sha1_base64="mnuvNW5QV/amdpSs25+3k72U8bs="></latexit>
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1. Energy momentum tensor is conserved.
2. Parity odd descendant.



• We identified 15 primary operators, the numerical errors for all 
primaries are within 1.6%. 

• We looked at 70 lowest lying states with L<5, all of them match 
bootstrap results with small errors, namely 60 of them have errors 
smaller than 3%, 10 of them have errors 3%~5%.

State-operator correspondence

Bootstrap data from Simmons-Duffin, 2017
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Why does it work so well?! 
Even N=8 spins work!
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Why does it work so well?! 
Even N=8 spins work!

• 3D Ising CFT is simple?

• Sphere? (Forbidding lots of irrelevant operators: flows to IR faster.)

• Fuzzy sphere? (Thermodynamic limit equals to continuum limit)

What’s special here?



Opportunity to tackle 3D CFTs numerically

Exact diagonalization

DMRG

Determinant Monte Carlo

System size 

<latexit sha1_base64="oXdEuQ9NiNZbo75xlSKt1UN8TLY=">AAACCXicbVBLSgNBEK3xG+Mv6tJNYxBchZkQohsl4MaVRDAfSIbQ09OTNOnuGbt7hDDkBB7ArR7Bnbj1FJ7Aa9j5LDTxQcHjvSqq6gUJZ9q47pezsrq2vrGZ28pv7+zu7RcODps6ThWhDRLzWLUDrClnkjYMM5y2E0WxCDhtBcPrid96pEqzWN6bUUJ9gfuSRYxgYyX/9hJ5VdTVTKCy2ysU3ZI7BVom3pwUYY56r/DdDWOSCioN4Vjrjucmxs+wMoxwOs53U00TTIa4TzuWSiyo9rPp0WN0apUQRbGyJQ2aqr8nMiy0HonAdgpsBnrRm4j/etqeMqDhwnoTXfgZk0lqqCSz7VHKkYnRJBYUMkWJ4SNLMFHMPoDIACtMjA0vb5PxFnNYJs1yyauWKneVYu1qnlEOjuEEzsCDc6jBDdShAQQe4Ble4NV5ct6cd+dj1rrizGeO4A+czx86JJkz</latexit>

N = 16 ⇠ 20

<latexit sha1_base64="5AJvWCYd/hnXp+3+9XuQBf01kXs=">AAACCXicbVBLSgNBEK2Jvxh/UZduGoPgKsxo/GyUgBtXEsF8IBlCT08nadLdM3b3CGHICTyAWz2CO3HrKTyB17CTzEKjDwoe71VRVS+IOdPGdT+d3MLi0vJKfrWwtr6xuVXc3mnoKFGE1knEI9UKsKacSVo3zHDaihXFIuC0GQyvJn7zgSrNInlnRjH1Be5L1mMEGyv5Nxfo2EUdzQQ6cbvFklt2p0B/iZeREmSodYtfnTAiiaDSEI61bntubPwUK8MIp+NCJ9E0xmSI+7RtqcSCaj+dHj1GB1YJUS9StqRBU/XnRIqF1iMR2E6BzUDPexPxX0/bUwY0nFtveud+ymScGCrJbHsv4chEaBILCpmixPCRJZgoZh9AZIAVJsaGV7DJePM5/CWNo7J3Wq7cVkrVyyyjPOzBPhyCB2dQhWuoQR0I3MMTPMOL8+i8Om/O+6w152Qzu/ALzsc3OHCZMg==</latexit>

N = 30 ⇠ 50

<latexit sha1_base64="4DTc+eqFMLRi2fS1s9T6plWlN0I=">AAACCnicbVBLSgNBEO2Jvxh/UZduGoPgKvRI/GyUgBtXEsF8IBlDT08ladI9M3T3CGHIDTyAWz2CO3HrJTyB17CTzEITHxQ83quiqp4fC64NIV9Obml5ZXUtv17Y2Nza3inu7jV0lCgGdRaJSLV8qkHwEOqGGwGtWAGVvoCmP7ye+M1HUJpH4b0ZxeBJ2g95jzNqrPRwe4lPCe5oLrFLSLdYImUyBV4kbkZKKEOtW/zuBBFLJISGCap12yWx8VKqDGcCxoVOoiGmbEj70LY0pBK0l06vHuMjqwS4FylbocFT9fdESqXWI+nbTknNQM97E/FfT9tTBhDMrTe9Cy/lYZwYCNlsey8R2ER4kgsOuAJmxMgSyhS3D2A2oIoyY9Mr2GTc+RwWSeOk7J6VK3eVUvUqyyiPDtAhOkYuOkdVdINqqI4YUugZvaBX58l5c96dj1lrzslm9tEfOJ8/qmOZag==</latexit>

N = 50 ⇠ 100

# of eigenstates for a
given quantum number

<latexit sha1_base64="p0PBq+38Cfxx815S6zOAqNTISUI=">AAACB3icbVBLSgNBEO2Jvxh/UZduGoPgKvSIv5UE3LiMYD6QDKGnpyZp0j09dPcIIeQAHsCtHsGduPUYnsBr2ElmoYkPCh7vVVFVL0wFN5aQL6+wsrq2vlHcLG1t7+zulfcPmkZlmkGDKaF0O6QGBE+gYbkV0E41UBkKaIXD26nfegRtuEoe7CiFQNJ+wmPOqHVS54LgruES+4T0yhVSJTPgZeLnpIJy1Hvl726kWCYhsUxQYzo+SW0wptpyJmBS6mYGUsqGtA8dRxMqwQTj2ckTfOKUCMdKu0osnqm/J8ZUGjOSoeuU1A7MojcV//WMO2UA0cJ6G18HY56kmYWEzbfHmcBW4WkoOOIamBUjRyjT3D2A2YBqyqyLruSS8RdzWCbNs6p/WT2/P6/UbvKMiugIHaNT5KMrVEN3qI4aiCGFntELevWevDfv3fuYtxa8fOYQ/YH3+QMhwpih</latexit>

50 ⇠ 100
<latexit sha1_base64="KMArz+pHtj+ErPlAIlbc6sfUjzA=">AAACBXicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoJ4k4MVjBPOQZAmzs7PJkJnZZWZWCEvOfoBX/QRv4tXv8Av8DSfJHjSxoKGo6qa7K0g408Z1v5zC2vrG5lZxu7Szu7d/UD48aus4VYS2SMxj1Q2wppxJ2jLMcNpNFMUi4LQTjG9mfueRKs1ieW8mCfUFHkoWMYKNlR5qqK+ZQJ47KFfcqjsHWiVeTiqQozkof/fDmKSCSkM41rrnuYnxM6wMI5xOS/1U0wSTMR7SnqUSC6r9bH7wFJ1ZJURRrGxJg+bq74kMC60nIrCdApuRXvZm4r+etqeMaLi03kRXfsZkkhoqyWJ7lHJkYjSLBIVMUWL4xBJMFLMPIDLCChNjgyvZZLzlHFZJu1b1Lqr1u3qlcZ1nVIQTOIVz8OASGnALTWgBAQHP8AKvzpPz5rw7H4vWgpPPHMMfOJ8/NPyYKg==</latexit>

2 ⇠ 10

<latexit sha1_base64="RhgeZ6XIfhv9lU8pNsm0jUyNYyI=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqCcJePGYgHlAsoTZ2d5kyOzsMjMrhBD8AK/6Cd7Eq9/iF/gbTpI9aGJBQ1HVTXdXkAqujet+OYW19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCahGwSU2DTcCO6lCGgcC28Hobua3H1FpnsgHM07Rj+lA8ogzaqzU8Prlilt15yCrxMtJBXLU++XvXpiwLEZpmKBadz03Nf6EKsOZwGmpl2lMKRvRAXYtlTRG7U/mh07JmVVCEiXKljRkrv6emNBY63Ec2M6YmqFe9mbiv562pwwxXFpvoht/wmWaGZRssT3KBDEJmUVBQq6QGTG2hDLF7QOEDamizNjASjYZbzmHVdK6qHpX1cvGZaV2m2dUhBM4hXPw4BpqcA91aAIDhGd4gVfnyXlz3p2PRWvByWeO4Q+czx9fD5WT</latexit>

1

A zoo of 3D CFTs can be regularized using lowest Landau level: 

• O(2), O(3) Wilson-Fisher

• Non-linear sigma model with a WZW term: 

1. QCD3 (fermions coupled to SU(2) gauge field)

2. QED3?

3. Stiefel liquid?

• Gross-Neveu-Yukawa?

Amenable to various 
numerical methods



LLL projection and fuzzy sphere

<latexit sha1_base64="S9bDnOJVx/eU2VhFQVP7UgJcWAo="></latexit>

H =
1

2Mr2
⇤2
µ =

1

2Mr2
(@µ + iAµ)

2

For the relation between LLL and fuzzy sphere see e.g. K. Hasebe

<latexit sha1_base64="fDHvw/ZPMyayBJwMGol7EiCvYi0=">AAACEHicbVDLSsNAFJ34rPUVdelmsIiCUBIp6kYpuHHRRQX7gCaEyWTSDp08mJmIJeQT3Pgrblwo4talO//GSZqFtl4YOPece7hzjxszKqRhfGsLi0vLK6uVter6xubWtr6z2xVRwjHp4IhFvO8iQRgNSUdSyUg/5gQFLiM9d3yd6717wgWNwjs5iYkdoGFIfYqRVJSjH7UcK0jgJbRayuShojuBAlo+Rzh9yPss5Zmj14y6URScB2YJaqCstqN/WV6Ek4CEEjMkxMA0YmmniEuKGcmqViJIjPAYDclAwRAFRNhpcVAGDxXjQT/i6oUSFuxvR4oCISaBqyYDJEdiVsvJ/7RBIv0LO6VhnEgS4ukiP2FQRjBPB3qUEyzZRAGEOVV/hXiEVBJSZVhVIZizJ8+D7mndPKs3bhu15lUZRwXsgwNwDExwDprgBrRBB2DwCJ7BK3jTnrQX7V37mI4uaKVnD/wp7fMHcgycQw==</latexit>

Lµ = ⇤µ + s
xµ

r

<latexit sha1_base64="tGNvLc57dFNKh7Iwivvab9FLu3U=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0VwISUpRd0oBTcuXFSwD0hCmEwn7dDJJMxMCiX0P9z4K25cKOJKcOHfOGmz0NYLwz2ccy537gkSRqWyrG+jtLK6tr5R3qxsbe/s7pn7Bx0ZpwKTNo5ZLHoBkoRRTtqKKkZ6iSAoChjpBqObXO+OiZA05g9qkhAvQgNOQ4qR0pRv1p07343SM6gbTz14BSl0x0iQRFKmDZkWteCKYTzNPbr7ZtWqWbOCy8AuQBUU1fLNT7cf4zQiXGGGpHRsK1FehoSimJFpxU0lSRAeoQFxNOQoItLLZrdN4Ylm+jCMhX5cwRn7eyJDkZSTKNDOCKmhXNRy8j/NSVV46WWUJ6kiHM8XhSmDKoZ5ULBPBcGKTTRAWFD9V4iHSCCsdJwVHYK9ePIy6NRr9nmtcd+oNq+LOMrgCByDU2CDC9AEt6AF2gCDR/AMXsGb8WS8GO/Gx9xaMoqZQ/CnjK8fWGOhCQ==</latexit>

[Lµ, L⌫ ] = i"µ⌫⇢L⇢

Projecting to LLL, covariant angular momentum gets quenched:
<latexit sha1_base64="Ond9SGqARqbEmYPSSld2F4DeZ7A=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiRS1JUU3LhwUcE+oAllMp20Q2cmYWYilpCVG3/FjQtF3PoN7vwbJ20W2nrgwuGce7n3niBmVGnH+bZKS8srq2vl9crG5tb2jr2711ZRIjFp4YhFshsgRRgVpKWpZqQbS4J4wEgnGF/lfueeSEUjcacnMfE5GgoaUoy0kfr24U3f4wn0FOUQKuiFEuH0IdeyVGZ9u+rUnCngInELUgUFmn37yxtEOOFEaMyQUj3XibWfIqkpZiSreIkiMcJjNCQ9QwXiRPnp9I0MHhtlAMNImhIaTtXfEyniSk14YDo50iM17+Xif14v0eGFn1IRJ5oIPFsUJgzqCOaZwAGVBGs2MQRhSc2tEI+QSUKb5ComBHf+5UXSPq25Z7X6bb3auCziKIMDcAROgAvOQQNcgyZoAQwewTN4BW/Wk/VivVsfs9aSVczsgz+wPn8A2tSYwg==</latexit>

Lµ ⇠ s
xµ

r

<latexit sha1_base64="iV88cmEb+tKF8G2KIm8zFhuZ+eY="></latexit>

�m,s(✓,') =

s
(2s+ 1)!

4⇡(s+m)!(s�m)!
eim' coss+m

✓
✓

2

◆
sins�m

✓
✓

2

◆

Lowest Landau level orbitals <—> States on the fuzzy sphere
<latexit sha1_base64="q0DyHoFEKUwuGdRj54S/PVTDlbs=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLIFjLjBR1oxTcuKxgH9AOJZPJtKF5DElGKEM3/oobF4q49TPc+Temj4W2Hrhwcs693NwTJoxq43nfTm5peWV1Lb9e2Njc2t5xd/caWqYKkzqWTKpWiDRhVJC6oYaRVqII4iEjzXBwO/abj0RpKsWDGSYk4KgnaEwxMlbqugccXsMzXbJ16pdgB0fS2JfuukWv7E0AF4k/I0UwQ63rfnUiiVNOhMEMad32vcQEGVKGYkZGhU6qSYLwAPVI21KBONFBNjlgBI+tEsFYKlvCwIn6eyJDXOshD20nR6av572x+J/XTk18FWRUJKkhAk8XxSmDRsJxGjCiimDDhpYgrKj9K8R9pBA2NrOCDcGfP3mRNM7L/kW5cl8pVm9mceTBITgCJ8AHl6AK7kAN1AEGI/AMXsGb8+S8OO/Ox7Q158xm9sEfOJ8/ss2T7A==</latexit>

m = �s,�s+ 1, · · · , s



LLL projection and fuzzy sphere

<latexit sha1_base64="S9bDnOJVx/eU2VhFQVP7UgJcWAo="></latexit>

H =
1

2Mr2
⇤2
µ =

1

2Mr2
(@µ + iAµ)

2

For the relation between LLL and fuzzy sphere see e.g. K. Hasebe

<latexit sha1_base64="fDHvw/ZPMyayBJwMGol7EiCvYi0=">AAACEHicbVDLSsNAFJ34rPUVdelmsIiCUBIp6kYpuHHRRQX7gCaEyWTSDp08mJmIJeQT3Pgrblwo4talO//GSZqFtl4YOPece7hzjxszKqRhfGsLi0vLK6uVter6xubWtr6z2xVRwjHp4IhFvO8iQRgNSUdSyUg/5gQFLiM9d3yd6717wgWNwjs5iYkdoGFIfYqRVJSjH7UcK0jgJbRayuShojuBAlo+Rzh9yPss5Zmj14y6URScB2YJaqCstqN/WV6Ek4CEEjMkxMA0YmmniEuKGcmqViJIjPAYDclAwRAFRNhpcVAGDxXjQT/i6oUSFuxvR4oCISaBqyYDJEdiVsvJ/7RBIv0LO6VhnEgS4ukiP2FQRjBPB3qUEyzZRAGEOVV/hXiEVBJSZVhVIZizJ8+D7mndPKs3bhu15lUZRwXsgwNwDExwDprgBrRBB2DwCJ7BK3jTnrQX7V37mI4uaKVnD/wp7fMHcgycQw==</latexit>

Lµ = ⇤µ + s
xµ

r

<latexit sha1_base64="tGNvLc57dFNKh7Iwivvab9FLu3U=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0VwISUpRd0oBTcuXFSwD0hCmEwn7dDJJMxMCiX0P9z4K25cKOJKcOHfOGmz0NYLwz2ccy537gkSRqWyrG+jtLK6tr5R3qxsbe/s7pn7Bx0ZpwKTNo5ZLHoBkoRRTtqKKkZ6iSAoChjpBqObXO+OiZA05g9qkhAvQgNOQ4qR0pRv1p07343SM6gbTz14BSl0x0iQRFKmDZkWteCKYTzNPbr7ZtWqWbOCy8AuQBUU1fLNT7cf4zQiXGGGpHRsK1FehoSimJFpxU0lSRAeoQFxNOQoItLLZrdN4Ylm+jCMhX5cwRn7eyJDkZSTKNDOCKmhXNRy8j/NSVV46WWUJ6kiHM8XhSmDKoZ5ULBPBcGKTTRAWFD9V4iHSCCsdJwVHYK9ePIy6NRr9nmtcd+oNq+LOMrgCByDU2CDC9AEt6AF2gCDR/AMXsGb8WS8GO/Gx9xaMoqZQ/CnjK8fWGOhCQ==</latexit>

[Lµ, L⌫ ] = i"µ⌫⇢L⇢

Projecting to LLL, covariant angular momentum gets quenched:
<latexit sha1_base64="Ond9SGqARqbEmYPSSld2F4DeZ7A=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiRS1JUU3LhwUcE+oAllMp20Q2cmYWYilpCVG3/FjQtF3PoN7vwbJ20W2nrgwuGce7n3niBmVGnH+bZKS8srq2vl9crG5tb2jr2711ZRIjFp4YhFshsgRRgVpKWpZqQbS4J4wEgnGF/lfueeSEUjcacnMfE5GgoaUoy0kfr24U3f4wn0FOUQKuiFEuH0IdeyVGZ9u+rUnCngInELUgUFmn37yxtEOOFEaMyQUj3XibWfIqkpZiSreIkiMcJjNCQ9QwXiRPnp9I0MHhtlAMNImhIaTtXfEyniSk14YDo50iM17+Xif14v0eGFn1IRJ5oIPFsUJgzqCOaZwAGVBGs2MQRhSc2tEI+QSUKb5ComBHf+5UXSPq25Z7X6bb3auCziKIMDcAROgAvOQQNcgyZoAQwewTN4BW/Wk/VivVsfs9aSVczsgz+wPn8A2tSYwg==</latexit>

Lµ ⇠ s
xµ

r

<latexit sha1_base64="iV88cmEb+tKF8G2KIm8zFhuZ+eY="></latexit>

�m,s(✓,') =

s
(2s+ 1)!

4⇡(s+m)!(s�m)!
eim' coss+m

✓
✓

2

◆
sins�m

✓
✓

2

◆

Lowest Landau level orbitals <—> States on the fuzzy sphere
<latexit sha1_base64="q0DyHoFEKUwuGdRj54S/PVTDlbs=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLIFjLjBR1oxTcuKxgH9AOJZPJtKF5DElGKEM3/oobF4q49TPc+Temj4W2Hrhwcs693NwTJoxq43nfTm5peWV1Lb9e2Njc2t5xd/caWqYKkzqWTKpWiDRhVJC6oYaRVqII4iEjzXBwO/abj0RpKsWDGSYk4KgnaEwxMlbqugccXsMzXbJ16pdgB0fS2JfuukWv7E0AF4k/I0UwQ63rfnUiiVNOhMEMad32vcQEGVKGYkZGhU6qSYLwAPVI21KBONFBNjlgBI+tEsFYKlvCwIn6eyJDXOshD20nR6av572x+J/XTk18FWRUJKkhAk8XxSmDRsJxGjCiimDDhpYgrKj9K8R9pBA2NrOCDcGfP3mRNM7L/kW5cl8pVm9mceTBITgCJ8AHl6AK7kAN1AEGI/AMXsGb8+S8OO/Ox7Q158xm9sEfOJ8/ss2T7A==</latexit>

m = �s,�s+ 1, · · · , s

A systematic way
of fuzzifying a 
model or theory?



NOT a non-commutative field theory

• Non-commutative field theory is a field theory defined on a fuzzy 
manifold, and it suffers the issue called UV-IR mixing.

Ising Ferromagnent Paramagnent

2.0 2.2 2.4 2.6 2.8 3.0 3.2 3.4 3.6
0

1

2

3

4

5

6

LLL projection

(a)

(b)

The fuzziness comes from the monopole. 

Electrons see a fuzzy sphere. Ising spins see a normal sphere.

Do we have a similar UV-IR mixing here? No! 

<latexit sha1_base64="oVcKbczrXL17sWTUP0TNK43ce3w=">AAACNXicbVDLSgMxFM3UV62vqks3wSK4scxIUTdKwY0LFxXsA/riTpq2oZnMkGQsdehPufE/XOnChSJu/QXTdtDaeiFw7jn3cHOPG3CmtG2/WImFxaXlleRqam19Y3Mrvb1TUn4oCS0Sn/uy4oKinAla1ExzWgkkBc/ltOz2Lkd6+Y5KxXxxqwcBrXvQEazNCGhDNdPXNcU6HjTu8Tlp1FrQaUa1MAAp/f4Qk+nm6Edv+X0xNfHbNtMZO2uPC88DJwYZFFehmX4ybhJ6VGjCQamqYwe6HoHUjHA6TNVCRQMgPejQqoECPKrq0fjqIT4wTAu3fWme0HjMTjsi8JQaeK6Z9EB31aw2Iv/TqqFun9UjJoJQU0Emi9ohx9rHowhxi0lKNB8YAEQy81dMuiCBaBN0yoTgzJ48D0rHWeckm7vJZfIXcRxJtIf20SFy0CnKoytUQEVE0AN6Rm/o3Xq0Xq0P63MymrBizy76U9bXN76rreE=</latexit>

�z = c†"c" � c†#c#

Ising spin:



Summary

• We simulated 3D Ising transition on the sphere S^2xR, and for the 
first time we observed almost perfect state-operator correspondence 
on an incredible small system size.

• We have identified 13 parity even primary operators, all of them agree 
with bootstrap results with a small error (within 1.6%). 

• We find two parity odd primary operators which were unknown.

• Future study will be devoted to explore other transitions, and a 
systematic framework of fuzzifying model or theory is needed. 

Thank you!

Let’s explore the fuzzy world! 


