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*  We numerically simulated 3D Ising transition on the sphere S*2 x R.

Overview of main results

- We observed almost perfect state-operator correspondence on an incredibly
small system size, i.e. |6 spins. (

* We identified |3 parity even primaries and 2 parity odd primaries.
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The magic recipe: make it fuzzy!

Sphere is a curved space.

Discretize Fuzzify

Lowest Landau
level projection

Spherical tiling fuzzy (non-commutative) sphere
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Spherical rotation

s broken badly. Spherical rotation

is kept exactly.
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Conformal symmetry and lattice models

2D classical Ising model: H = —.J Z 0;0
]

|+1D quantum Ising model: i — — Z 007, + hz o7

Conformal symmetry

(Oi(21)0;(22)Ok(x3)) = Aijk

- ’3;12 ‘Al +Az—As3 |$13 ’A1 +Asz3—As |$23 |A2+A3—A1

3D Ising transition is conjectured to be conformal.



State-operator correspondence

Radial quantization

R¢ S xR
N
Gd—1 r ———— AT
3 Weyl transformation >
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T = logr <
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FEigenstates of the quantum Hamiltonian defined on S¢~1 are
in one-to-one correspondence with CFT’s scaling operators.

Energy gaps~scaling dimensions: 0E,, = F, — Ey = 54,



Radial quantization on a lattice

2D CFT:We can just study a quantum Hamiltonian on a circle.

Most conformal data can be extracted. .

3D CFT:We need to put a quantum Hamiltonian on a two-sphere.
But a regular lattice won't fit since two-sphere has a curvature...




Spherical Landau levels

Electrons moving under 7 1 A2
p— A
a magnetic monopole. N 12 (O +i4y)
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Degeneracy: 25, + 2s + 1

spin-n + s irreducible representation of SO(3) rotation

Lowest Landau level wave-function (monopole Harmonics)
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Lowest Landau level (LLL) projection

Landau levels 1
"= 2M 12 (O + iAu)Q t Hin
R Eg Hiy = U / 090d 5(Qas)1 (B 0010y 1)
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LLL ®,, (0, ) = \/47?(5 (s m)!e Ccos 5 ) sin ;

Fermion annihilation: @2((9,90) — Z D Cp,.

Fermion density: (0, ¢) = Z Do, (I):w(ijnlCmT



Physics on the LLL

2s + 1 orbitals

2s + 1-site fermionic chain (O © © O O O O
m=—s,—s+1,---,s spin-s rep of SO(3)
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Physics on the LLL

2s + 1 orbitals

2s + 1-site fermionic chain (O © © O O O O
m=—s,—s+1,---,s spin-s rep of SO(3)

2-body 4-body interaction
Z ! em V] Z F(my, ma,m3,my, s,0)ch, el cmycm,

m=—s Ty, 12,1 3,14
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Model and phase diagram

H,,; = —/ande U(Qq, Q)n* (04, 0a)n® (0, 0p) — h/dﬂ n”* (84, ),

n(0,0) = (VL(0,9), ¥} (6, ¢)) o° (;f(e’ 90))
D U9, ) = 01 6() + g2 V26(u)
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, ............. \o h/‘/'l
N %/ Similar model on fuzzy torus has been studied.
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Symmetries and order parameter

2s + 1-site “fermionic chain” O © © O O O O
T (T f
Fermions are at half filling: N =2s+1  “m — (Cm,T’ Cm,i)
m=—-s,—s+1,---,s

N = 2s + 1 is the space volume, so N ~ L, X L,

UV model IR Ising transition
Cyy, — 0 Cpy Z2 |Ising symmetry
SO(3): Cm=—s,---,s spin-s irrep SO(3) Lorentz rotation
Particle-hole c,, — io’c), Space-time parity symmetr
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Ising order parameter: )/ = e -
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Finite size scaling: order parameter
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State-operator correspondence

U

ok, = F, — Ey = EA,,L

A. We use exact diagonalization to obtain low lying eigenstates of our

model.

B. We rescale the energy gaps by calibrating the energy momentum

tensor.

C. For each quantum number, we enumerate scaling operators and
compare them with rescaled energy gaps.

Z2 odd, parity even, L=0: o, Lio,

2 /
g, 0, a,ulaNQO-MlMQ?

Rescaled gaps of N=16 spins: 0.524,2.517,4.572 5.303,6.523



State-operator correspondence
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State-operator correspondence

Conformal multiplet of spinning operator:
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Energy momentum tensor is conserved.
2. Parity odd descendant.
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* We identified |5 primary operators, the numerical errors for all

State-operator correspondence

primaries are within 1.6%.

* We looked at 70 lowest lying states with L<5, all of them match

bootstrap results with small errors, namely 60 of them have errors
smaller than 3%, |0 of them have errors 3%~5%.
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Why does it work so well?!

Operator

Lo
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Even N=8 spins work!

Quantum number

CB data
0.5181489(10)
1.5181489(10)
2.5181489(10)
2.5181489(10)
3.5181489(10)
3.5181489(10)
4.5181489(10)
4.5181489(10)

4.5181489(10)

0.52428857

1.50941793

2.51722181

2.55937503

3.50635346

3.6059226

4.47002281

4.57231367

4.52'727499

0.5223286

1.50472673

2.47849119

2.04111144

3.42826396

3.40372029

4.2798376

4.59472215



Why does it work so well?!

Even N=8 spins work!
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What’s special here!? l/m

» 3D Ising CFT is simple!?
- Sphere! (Forbidding lots of irrelevant operators: flows to IR faster.)

* Fuzzy sphere? (Thermodynamic limit equals to continuum limit)



Opportunity to tackle 3D CFTs numerically

A zoo of 3D CFTs can be regularized using lowest Landau level:
+ O(2), O(3) Wilson-Fisher
* Non-linear sigma model with a WZW term:
. QCD3 (fermions coupled to SU(2) gauge field)
2. QED3!?
3. Stiefel liquid?

* Gross-Neveu-Yukawa!?

Amenat.>le to various Svsterm sive # of eigenstates for a
numerical methods Y given quantum number
Exact diagonalization N =16 ~ 20 50 ~ 100
DMRG N =30 ~ 50 2~ 10

Determinant Monte Carlo N =50 ~ 100 1



LLL projection and fuzzy sphere

For the relation between LLL and fuzzy sphere see e.g.

T 1 o
H = QMTQA“ = 57 (0, +14,,)

T, ,
Ly=MA,+s - Ly, L) =igwp Ly

Projecting to LLL, covariant angular momentum gets quenched: L, ~ s—t
r

Lowest Landau level orbitals <—> States on the fuzzy sphere
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LLL projection and fuzzy sphere

For the relation between LLL and fuzzy sphere see e.g.

1 1
IT = g R e )2
WANTED!
Ly, = , S,
o + A systematic way | z,
Projecting to LLL, covarji o quenched: L, ~ s—
- of fuzzifying a r

model or theory? °

Lowest Landau le e fuzzy sphere
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NOT a non-commutative field theory

- Non-commutative field theory is a field theory defined on a fuzzy
manifold, and it suffers the issue called UV-IR mixing.

Do we have a similar UV-IR mixing here? No!

The fuzziness comes from the monopole.
Electrons see a fuzzy sphere. Ising spins see a normal sphere.

W E%& Ising spin:

g et

p a




Summary

Thank you!

We simulated 3D Ising transition on the sphere SA2xR, and for the
first time we observed almost perfect state-operator correspondence
on an incredible small system size.

We have identified |3 parity even primary operators, all of them agree
with bootstrap results with a small error (within 1.6%).

We find two parity odd primary operators which were unknown.

Future study will be devoted to explore other transitions, and a
systematic framework of fuzzifying model or theory is needed.

Let’s explore the fuzzy world!



